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Abstract The seismic reflection and transmission charac-
teristics of a single layer sandwiched between two dis-
similar poroelastic solids saturated with two immiscible
viscous fluids are investigated. The sandwiched layer is
modeled as a porous solid with finite thickness. The
propagation of waves is represented with potential func-
tions. The displacements of particles in different phases of
the aggregate are defined in terms of these potential func-
tions. Due to the presence of viscosity in pore fluids, the
reflected and transmitted waves are inhomogeneous in
nature, i.e., with different directions of propagation and
attenuation. The closed-form analytical expressions for
reflection and transmission coefficients are derived theo-
retically for appropriate boundary conditions. These
expressions are calculated as a non-singular system of
linear algebraic equations and depend on the various
parameters involved in this non-singular system. Hence,
numerical examples are studied to determine the effects of
various properties of the sandwich layer on reflection and
transmission coefficients. The essential features of layer
thickness, incident direction, wave frequency, liquid
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saturation and capillary pressure of the porous layer on
reflection and transmission coefficients are depicted
graphically and discussed. The analysis shows that reflec-
tion and transmission coefficients are strongly associated
with incident direction and various properties of the porous
layer.

Keywords Sandwiched layer - Immiscible pore fluids -
Inhomogeneous wave - Reflection and transmission
coefficients

1 Introduction

In general, earth is a layered structure with different elastic
properties. Thus, propagation of seismic waves through
such a layered structure is influenced very much by these
elastic properties. The nature of these layers present in the
interior of earth’s crust has not yet been addressed com-
pletely. Therefore, it is necessary to consider the various
studies to determine the actual internal structure of earth
and the various phases such as oil, gases and hydrocarbons
embedded in the earth. The problem of reflection and
transmission of seismic waves at a sandwiched layer is an
important phenomenon due to its practical applications in
earthquake engineering, geophysics, seismology, petro-
leum engineering and hydrology. During the past several
decades, most of the studies on reflection and transmission
phenomena have preferred to use a single interface, for
example Pride et al. (1992), Kaynia and Banerjee (1993),
Gurevich and Schoenberg (1999), Denneman et al. (2002),
Sharma (2008, 2013), Tomar and Arora (2006), Arora and
Tomar (2007), Yeh et al. (2010), Sharma and Kumar
(2011), Chen et al. (2012), Kumar and Saini (2012, 2016),
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Kumar and Sharma (2013), Kumar and Kumari (2014). The
latest book by Carcione (2014) is also recommended for
relevant references and detailed procedures. However, to
the best of our knowledge, in view the importance of the
transition layer, only a few limited efforts have been made
to study the phenomenon of reflection and transmission of
plane waves at a layer sandwiched between two dissimilar
media. Some of the recent studies on reflection and trans-
mission of seismic waves through a transition layer have
been carried out by various authors including Sinha (1964),
Cerveny and Vanek (1974), Kuo (1992), Ainslie (1996),
Wang et al. (2013), Lyu et al. (2014), Sahu et al. (2015)
and Paswan et al. (2016). Recently, Corredor et al. (2014)
studied the effects of layer thickness on reflection and
transmission coefficients of a single layer sandwiched
between two dissimilar poroelastic media. They also dis-
cussed several special cases. Chen et al. (2015) studied the
reflection of acoustic waves from the elastic seabed with an
overlying gassy poroelastic layer. They studied the influ-
ences of poroelastic layer thickness, wave frequency,
incident direction and liquid saturation on reflection
characteristics.

To the best of our knowledge, until now the problem of
reflection and transmission of plane waves at the surface of
a layer sandwiched between two dissimilar porous solids
saturated with two immiscible viscous fluids has not been
investigated. Generally, it is observed that natural rocks are
composed of multi-fluid porous solids. The phenomenon of
wave propagation is generally affected by the nature of
such rocks. In the present work, the complete reflection—
transmission phenomenon across a poroelastic layer sand-
wiched between two dissimilar porous solids saturated with
two immiscible viscous fluids is investigated. This type of
study is motivated by the problems faced by the oil
industry, where the desired product is usually found in the
form of multiple fluids. The mathematical model presented
in this article is based on the continuum mixture theory of
Tuncay and Corapcioglu (1997). Corredor et al. (2014)
studied the reflection and transmission coefficients of a
single layer embedded between two dissimilar porous solid
saturated with a single fluid. It is based on the poroelastic
theory of Biot. The present work generalizes reflec-
tion/transmission phenomenon studied by Corredor et al.
(2014) to the reflection/transmission phenomena across a
poroelastic layer sandwiched between two dissimilar por-
ous solids saturated with two immiscible viscous fluids.

In this study, the propagation of waves is represented
with potential functions. The displacement of particles in
different phases of the aggregate is defined in terms of
these potential functions. All the poroelastic media are
dissipative due to the presence of viscosity in pore fluids.
Hence, the propagation of plane waves in such media is
represented by inhomogeneous waves, i.e., different

directions of propagation and attenuation. Thus, the inci-
dent wave is an inhomogeneous wave specified by two
angles, one for the propagation direction and the other for
its deviation from the attenuation direction. The closed-
form expressions for reflection and transmission coeffi-
cients are derived theoretically for appropriate boundary
conditions. These expressions are calculated as a non-sin-
gular system of linear algebraic equations and depend on
various parameters involved in this non-singular system.
Hence, numerical examples are studied to determine the
effects of various properties of the sandwich layer on
reflection and transmission coefficients. The influences of
layer thickness, liquid saturation and capillary pressure of
the porous layer, incident direction and wave frequency on
reflection and transmission coefficients are depicted
graphically and discussed.

2 Basics equations

Following Tuncay and Corapcioglu (1997), the equations
of motion for two-phase immiscible viscous fluid flows in
deformable porous media, in the absence of body forces,
are defined as follows

501’,” = 50p0iii + dl(ﬂi — V,‘) + dz(ﬂi — W,'), (1)
- 511’51‘1) = 01V +di (Vi — 1), (2)
— 52!7.(1'2) = 0rpoW; + dp (Wi — 1), 3)

where u;, v; and w; denote the components of displacements
of solid, first fluid and second fluid particles, respectively.
pD, p@ are pressures in fluid phases, and 7;; is the stress
tensor for the drained porous frame. p’s are intrinsic den-
sities of constituents. Dots over these vectors denote partial
time derivatives. A comma before an index implies partial
differentiation in space. dg,d; and 0, are the volume
fractions of the solid, first and second fluid phases,
respectively. oo =1—f, 0; = (1 —o)f, 0, =fo with
09 + 01 + 0, = 1, where ¢ is the fraction of second fluid
saturation in connected pore space and f is porosity. d (=
Mot/ xokn) and da(= 1,85/ y0k2) are the dissipation
coefficients of first and second fluid phases, respectively.
These coefficients involve relative permeabilities (k,1, k;2)
and viscosities (v, v2) of the corresponding phases and the
intrinsic permeability of the composite medium y,. The

relative permeabilities (k,1, k,2) for current model are given
2(n—1)

as follows (Lo et al. 2005): k,y = (1 — o) [l — 01| ",

2
k= o*|1— {1 —o}"|", where n and y are fitting

parameters. Following Tuncay and Corapcioglu (1997), the
constitutive relations for stresses in the porous matrix and
fluid pressures in the pore space are given by
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501’,'j = (anv.ﬁ +apVv+ a13V.vT/) 5’!

2
+ G(ui,j +uj; — 3 Mk,kéij) ) (4)
— 0ip"V = (a1 Vil + an V.5 + a3 V)3, (5)
— 52]7(2) = (6131 Vﬁ + a32v.1_; -+ a33V.v_\5)5,~j, (6)

where J;; is the Kronecker symbol. The coefficients a;;(=
a;;) denote the elastic constants and are given by

ay = Ko, aia = Kido(1 — 0)(K. + K2) /K,
a;y = KzéoO’(Kc —+ K])/K,

ay = K151((1 — G)K2 —‘r—KC)/K, ayy = K1K2(1 — 0)52/K,

azyy = I<252(1<16+I(C)/I(7 K=K o+ K, +K2(1 — O'),

where K; and K, are the bulk moduli of first and second
fluid phases, respectively, whereas K is bulk modulus of
the porous frame or drained matrix. G is the shear modulus
of the porous solid. K. = 6K, Where K¢, is the equiva-
lent bulk modulus (Garg and Nayfeh 1986) for macroscopic
capillary pressure between wetting and non-wetting fluids.

Following Kumar and Saini (2012), the displacement
potentials ¢;, (i = 1,2,3,4), represent the propagation of
Py, P, P35, SV waves with velocities Vi, Vs, V3, V4, respec-
tively. The velocities (V1, V2, V3) of longitudinal waves are
derived from the three roots of a cubic equationin V2, given by

DV® + CV* + BV* + A =0. (7)
The various coefficients in this cubic equation are given by

A = ay Az + anA + aAy,
B =aj,Bs + AsAs + anBi +ai3By — A1 — 1Az,

C =a],Cs+ AB3 + ainCi + a13C, — 1B1 — y2Ba,
D = A,C3 — 1,C1 — 1, Co,
where

Ay = axaz — apass, Ay = apax — a;zan,

A3 = anaz; — axas,

By = az3y) —anndy — anyn, By = any, —aizd — axnyy,
B3 = an A +ayy,

4
= M4y, a), = an +5G,

Ci =My, C= 3

A1y, C3

and

1 1

n=—di, fr=—d A =01p+1,
w w

Ay = 62y + 12,

where 1 = v/—1 and o is angular frequency. The coupling
coefficients between the potentials of longitudinal waves
are given by

@ Springer

Ay —B1Vj2—|—C1Vj4 Az—Bzvjz—i—Csz
A3 —B3V2+ GV 7 A3 — BV + GV
(j=1,2,3).

K=

The shear wave velocity V4 and coupling coefficients
(I'y, I'y) are given by
G 21
Vi = , =L, I =
SRV SN FA TR /12

Ao = dopy + 11 + X2-

3 Displacements

For two-dimensional motion in the x — z plane, the dis-
placement components of solid and fluid phases are given
by

2\ 0p; 0g, 2\ 09; g,
x — . T A z = A T A 8
" ]:21 Ox 0z e ]:21 0z + Ox (8)

2. d¢; | dg, % , 204
szz,ltja—x]—ﬂa—z, —Zj j+ 13y
=

©)
3

00, 0 3. 0 0
N L v

(10)

4 Formulation of the problem

We consider a poroelastic layer sandwiched between two
dissimilar poroelastic solids saturated with two immiscible
viscous fluids. This poroelastic layer is considered as solid
matrix (or skeleton) whose pores are filled with two
immiscible viscous fluids. Hence, this system consists of
three dissimilar poroelastic media designated by Q;, (j =
1,2,3) as shown in Fig. 1. A rectangular Cartesian coor-
dinate system (x, y, z) is chosen with the z-axis directed
vertically downwards and the x-axis considered as the
horizontal direction. Let z =0 and z = & represent two
plane interfaces separating the media Q;, €, and 3,
respectively. Hence, the poroelastic solid €2; occupies the
region —oo<z<0, poroelastic layer €, occupies the
region 0<z<h, and poroelastic solid €3 occupies the
region h<z<oo.

5 Boundary conditions

Boundary conditions are considered to determine the
unknown complex amplitudes of various reflected and
transmitted waves. These boundary conditions concerning
the displacements of solid and fluid particles, normal and
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Fig. 1 Geometry of the problem

shear stresses, and fluids pressure need to ensure continuity ( 50%)(»%) = 50,522)(m+1)7 ( 50%)(*%) — (50%)(”1“)7

at the interfaces located at z = 0 and z = h. Therefore, the (1)\(m) () (n+1)

boundary conditions at the interfaces (Dutta and Ode 1983; (=0p")"™ = (=oip™) ’

Santos et al. 2004; Corredor et al. 2014), in the present  (—g,p)" = (—g5,p2)m+D)

formulations, are given by m m+1 m mt1 m m+1
“():“§r+)v ug):,é#-)’ vg):‘,§+>’
ng):wgm“), m=1,2 (11)
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The super-index (m) denotes the any variable associated
with the medium Q,,.

6 Reflection and transmission coefficients

In the present study, our goal is to analyze the reflection and
transmission coefficients of a poroelastic layer sandwiched
between two dissimilar poroelastic solids saturated with two
immiscible fluids. A plane wave, either P, or SV, is incident
on the plane interface z = 0 with an angular frequency w
and an angle of incidence 0y with respect to vertical z-axis.
This incidence results in four reflected waves generated in
the poroelastic medium ;. Furthermore, four waves from
the upper interface (i.e., z = 0) and four reflected waves
from the lower interface (i.e., z = h) are generated in the
poroelastic layer £, and four transmitted waves exist in the
poroelastic medium €23, as shown in Fig. 1. Hence, as a
result of multiple reflections at the boundaries of the layer,
eight resulting waves with different directions of propaga-
tion and attenuation are developed. The procedure used in
the present work to determine the reflection and transmis-
sion coefficients of plane waves is illustrated by Bre-
khovskikh (1960), p. 45. This recursive approach is used by
various authors including Carcione (2001), Wang et al.
(2013), Lyu et al. (2014), Corredor et al. (2014), Chen et al.
(2015, 2017), Sahu et al. (2015), Bai et al. (2015, 2016),
Paswan et al. (2016), Feng et al. (2016). All the poroelastic
media are dissipative due to the presence of viscosity in
pore fluids. Hence, the propagation of plane waves in such a
medium is represented by inhomogeneous waves, i.e., with
different directions of propagation and attenuation. Thus,
the incidence of an inhomogeneous wave at the boundary
z = 0 is specified through its propagation direction 6, and
attenuation angle y,. In the x-z plane, 0, is the angle that
propagation vector Py of the incident wave makes with the
z-axis and 7y, is the angle between propagation vector (}_5())

and attenuation vector (Ag).
In terms of these angles, the complex wave number k is
written as (Borcherdt 1982),

k= |130| sin 0 — 1’2{0‘ sin(fp — 7o), (12)

where for incident wave of velocity Vj, we have

AP () () /]
a4 {6 fon]
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Then, the displacement potential for the incident wave is
defined as

b0 = Fo exp(KO - F) exp(lﬁo ¥ — ot), (15)

The propagation vector By and attenuation vector A, are
defined as

Py = kgt + dorz, Ag = — ki% — doiz,
12

(@) -er]

where x and Z denote unit (or coordinate) vectors along x-
axis and z-axis, respectively. Fy is the amplitude of the
incident wave. Subscripts R and [/ denote the real and
imaginary parts of the corresponding complex quantities.

Following Borcherdt (1982), the displacement potential
functions of reflected and transmitted waves can be
expressed as

dy ==+ puw. 7 =xx+ zZ,

(1) In the poroelastic solid Q; (—oo<z<0)

. 1 (1) 3 S
(P} ) :F,(.j)GXP(Arj -r) exp{l(Prj -r—wt)}7 (16)

(i=1,23,4),

where arbitrary constants F ﬁj]), (j =1,2,3,4), represent the

amplitudes of reflected Py, P,, P3, SV waves, respectively.

. =(1 .
The propagation vectors BY and attenuation vectors

7
(1)

A, are defined as
=(1 R P! ~ A
BY =i —alz AV = — Ve +d)z,

) 1/2
n _ & )2
dV = +p. (\/“)) —(k< >) ,

where p.v. denotes the principal value of the complex
(1)
7j
chosen to ensure the decay of associated reflected wave
along negative z-direction, i.e., a positive value for imag-

inary part of d£j1>. Wave number k!) (= kg) + lk;l)) is a

quantity derived from the square root. The sign of d,;’ is

complex quantity such that kl(el) > 0 defines the propagation
in positive x-direction.
(2) In the poroelastic layer Q, (0<z<h)
2 2 22 32
(/)J(. ) = Ffj ) exp(A, " -F)exp{1(P; 7 — i)}
) 22 32 o 17

+ F,; exp(A,;” - F)exp{1(P; -7 — wt)}, (17)

(i=1,2,3,4),

where arbitrary constants F? (F(z)), (G=1,2,3,4), rep-

1 4
resent the amplitudes of reflected (transmitted)

Py, Py, P3, SV waves, respectively.
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The propagation vectors (1351),

vectors (A( ) A( ))

r]’

f’( )) and attenuation

are defined as

~(2) 2) 4 52 2) o 2) 5
Py =kt —dgz By = kg% +dgs,
-(2) 2) . “ =(2) 2) ~ 2) A
AV = e+ dz A = - Ve -d2s,
~ ) q1/2
@ _ ) —( <2>)2
d; =+xpv (V(2)> k )
L\ i
_ 5 112
B ® 2)?
d’’ ==xpv (W) _(k< ) ) (]_1’2’3 4)
L \Jj i

(3) In the poroelastic solid Q3 (h<z<o0)

(p(g) F(z) exp(A< ) - F) exp{z(ﬁtf) F—ot)}, (j

=1,2,3,4), (18)
where arbitrary constants F,(JS)7 (j=1,2,3,4), represent
the amplitudes of transmitted P, P, P3, SV waves,
respectively.

The propagation vectors P’ and attenuation vectors

K? are defined as

BY = k< s d<3)2

Ay i1 2
d,(ﬁ) == p. < ) ,

Sign of dt(j3) is chosen to ensure the decay of the associated

transmitted wave along the positive z-direction, i.e., a pos-

itive value for the imaginary part of d,f)

3)
i

g+ dlz A =

(i=1,2,3,4).

. The subscripts ¢, r
indicate the transmitted and reflected waves, respectively.
To satisfy the system of boundary conditions defined by
(11), the potentials given by (15), (16), (17) and (18) are used
to calculate the displacements and stresses in the media
Q;, (j=1,2,3). The continuity requirements along the
interfaces z = 0 and z = h are satisfied with the identical
phase for all the waves on either side of the interfaces. This
provides that Snell’s law for reflection/transmission phe-
nomenon is considered. This translates further into the same
wave number for all the waves across interfaces, i.e.,
k =k = k() = k®) Then, for an incident wave specified
with Vy, Op, 7 and w, k is calculated from (12). This k is used

further to calculate dfj'-"), dfjm), (m =1, 2, 3), for reflected
and transmitted waves, respectively. Applying boundary
conditions (11) and considering Snell’s law at the interfaces
z = 0and z = h,, we get two systems of simultaneous linear
equations (see Appendix 1). These two systems of equations

are combined by using matrix notations of Carcione (2007,

Section 6.4) to relate the fields at z = 0 and z = h. Hence,
these two systems are translated into a system of eight
simultaneous linear equations given by

(M —Nx*0)Q =R, (19)
where Q = (€, €, €. €. ¢ ¢ ¢, €T,
and N = T(0) « T(h)""

The matrices M, O and T are given in Appendix 2. The
matrix R in the system (19) is written as follows.

(1) For incident P-waves

T
R = [— myj, myj, —msj, —myj, —msj, mej, maj, mgj]

(i=1,2,3).

(2) For incident SV-wave

T
R= [m14, — M4, M34, Ma4, M54, — Neg, — 74, *m84] .

7 Numerical results and discussion
7.1 Numerical example

The expressions for velocities, reflection and transmission
coefficients involve a large number of parameters. Hence, to
study the dependence of reflection and transmission coeffi-
cients on layer thickness, wave frequency, liquid saturation,
capillary pressure of the porous layer, propagation and
attenuation direction of the incident wave, we restrict our
numerical work to a particular model. In this model, medium
2, is taken to be Columbia fine sandy loam saturated by an
air—-water mixture, medium €2, is taken to be sandstone sat-
urated by water, and CO,, medium 5 is taken to be
Columbia fine sandy loam saturated by an oil-water mixture.
Following Lo et al. (2005), the values of elastic and
dynamic constants chosen for Columbia fine sandy loam
(medium ;) saturated by an air-water mixture are as
follows. The skeletal frame of sandstone with bulk modu-
lus Ky = 8.33 MPa, rigidity modulus G = 3.83 MPa and
density po = 2650 kg/m’ supports the porosity f = 0.45.
The pore space is filled with air of bulk modulus
K, = 0.145 MPa, density p; = 1.1 kg/m® and viscosity
1, = 18 x 107 Ns/m* mixed with water of bulk modulus
K, =2.25 GPa, density p, =997 kg/m® and viscosity
n, = 0.001 Ns/m?. The fitting parameters n = 2.145, y =
0.5 along with intrinsic permeability y, = 5.3 x 10> m?
of composite. The value of K., = 0.005K; and ¢ = 0.5.
A reservoir rock (sandstone) saturated with water and
CO;, (medium €5) is chosen for the numerical model of the
poroelastic layer (Garg and Nayfeh 1986). The skeletal
frame of sandstone with bulk modulus Ky = 12 GPa,
rigidity modulus G = 9 GPa and density p, = 2650 kg/m®
supports the porosity f = 0.45. The pore space is filled with
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Fig. 2 Reflection and transmission coefficients as a function of incident direction (0p) for four different layer thickness: A =0, 1, 10m and

h — 00; w = 21 x 100Hz; ¢ = 0.2; Kyp = 0.005K3; incident Py wave

gas of bulk modulus K| = 3.7 MPaand density p; = 103 kg/
m> mixed with water of bulk modulus K> =2.25 GPa and
density p, = 990 kg/m’. Viscous dissipation in pores is
defined with coefficient d; = 0.04 MPa s m~~ for gas and
d, =1 MPa s m 2 for water.

Following Lo et al. (2005), the values of elastic and
dynamic constants chosen for Columbia fine sandy loam
(medium €23) saturated by an oil-water mixture are: the
skeletal frame of sandstone with bulk modulus
Ky = 8.33 MPa, rigidity modulus G = 3.85 MPa and den-
sity py = 2650 kg/m® supports the porosity f = 0.45. The
pore space is filled with oil of bulk modulus K| = 0.57 GPa,
density p, = 762 kg/m’ and viscosity ; = 0.00144 Ns/m>

@ Springer

mixed with water of bulk modulus K, = 2.25 GPa, density
Py =997 kg/m® and viscosity n, = 0.001 Ns/m?”. The fit-
ting parameters are n = 2.037, y = 0.5 along with intrinsic
permeability y, = 8 x 10713 m? of composite. The value of
Kcap = 0.005K; and 6 = 0.5.

7.2 Numerical discussion

The reflection and transmission coefficients defined in
Sect. 6 are calculated for incident direction 6 € (0, 90°).
In this article, the incidence of two main waves (i.e., P;
and SV) is considered. The variations of reflection and
transmission coefficients with incident direction (6,) are
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Fig. 3 Reflection and transmission coefficients as a function of incident direction () for three different liquid saturations: ¢ = 0.01, 0.5, 0.99;

o = 21 X 1000Hz; h = 1m; K, = 0.02K5; incident Py wave

shown in Figs. 26 (for incident P; wave) and in Figs. 7—
11 (for incident SV wave). The detailed discussion on
figures is as follows.

Figure 2 displays the variation of reflection and trans-
mission coefficients as a function of incident direction (6y)
for four different values of #: 0, 1, 10 m and & — oo. The
reflected and transmitted SV waves get stronger with an
increase in layer thickness. It is clear that at normal inci-
dence reflected and transmitted SV waves do not survive
quantitatively for any value of layer thickness (k). The
transmission coefficients of Py, P, P; waves behave dif-
ferently to reflection coefficients in regards to layer

thickness. A critical angle is observed between 8° and 15°.
In both cases (i.e., h = 0 and I — o0), the poroelastic layer
is eliminated from the system and represents the reflection
and transmission of waves at the boundary between two
dissimilar poroelastic solids saturated with two immiscible
fluids. In case of h = 0, the variations in reflection and
transmission coefficients with incident direction are dif-
ferent from that in the case of &7 — oo. This variation in
reflection and transmission coefficients occurs due to the
difference in the numerical values of elastic/dynamical
constants of the two media. The effect of the saturating
fluid on the variation of reflection and transmission
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incident direction (fp) for three different frequencies:

o = 2n X 0.1kHz, 27 x 0.5kHz, 2n X 1kHz; h = 1m; ¢ = 0.5; Kcqp = 0.005K3; incident P; wave

coefficients is shown in Fig. 3. It is observed that the
transmission coefficients of P; and SV waves behave
almost like reflection coefficients, for any value of g.
However, with the change in o, the transmission coeffi-
cients of P; and P, waves behave opposite to reflection
coefficients. The effect of wave frequency on reflection and
transmission coefficients is displayed in Fig. 4. It is noticed
that the reflection and transmission coefficients of P, P3
and SV waves increase with an increase in wave frequency
. The effect of frequency on the transmission coefficient
of the P, wave is insignificant. However, beyond 10°
incidence, the reflection coefficient of the P; wave
decreases with an increase in frequency. Further, the

@ Springer

behavior of the transmission coefficient of Py is opposite to
the corresponding 0o €
(50°,90%). The effect of capillary pressure on the reflec-
tion and transmission coefficients is displayed in Fig. 5.
For 0y € (0, 90°), the transmission coefficients of P3 and
SV waves behave like their corresponding reflection coef-
ficients. However, the transmission coefficients of P; and
P, waves behave opposite to the reflection coefficients with
the change in capillary pressure. The effect of viscosity of
pore fluids on reflection and transmission coefficients is
shown in Fig. 6. The viscosity of pore fluids may have
considerable effect on all the reflected and transmitted
waves for Oy € (20°, 85%) except for the transmitted P,

reflection coefficient for
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Fig. 5 Reflection and transmission coefficients as a function of incident direction (6y) for three different values of capillary pressure:

Kep = 0.1K3, 0.02K3, 0.005K3; o = 27 x 1000Hz; ¢ = 0.5; h = 1m; incident Py wave

wave. The reflection coefficient of the P; wave increases
due to the presence of viscosity in pore fluids, while all the
other reflection and transmission coefficients decrease due
to the presence of viscosity in pore fluids.

For the incidence of the SV wave, the reflection and
transmission coefficients as a function of incident direction
(8y) are shown in Fig. 7 for four different values of 4: 0, 1,
10 m and & — oo. In Fig. 7, a significant effect of varia-
tions in layer thickness is observed on the reflection and
transmission coefficients. It is clear that at normal inci-
dence only reflected SV waves survive quantitatively for

any value of layer thickness (%). In the absence of a
sandwiched layer (i.e., h =0), a critical angle is not
observed for both reflected and transmitted SV waves,
while critical angles are observed for all the other reflected
and transmitted waves. The effect of saturation (o) on
reflection and transmission coefficients is shown in Fig. 8.
A significant effect of saturation is observed on the
reflection and transmission coefficients of P, and P3 waves,
while P; and SV waves are only slightly influenced by a
change in liquid saturation. The transmission coefficients
of P, waves behave nearly opposite to their corresponding
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Fig. 6 Effect of viscosity of pore fluids on reflection and transmission coefficients; 7 = 1m; K¢y = 0.005K>; @ = 27 X 100Hz; ¢ = 0.8;

incident Py wave

reflection coefficient with respect to saturation. In Fig. 9, a
significant effect of variations in frequency is visible on all
the reflected and transmitted waves. Hence, all the waves
are dispersive in nature. In Fig. 10, a small effect of cap-
illary pressure is observed on the two main waves (i.e.,
Py, SV), but a significant effect of capillary pressure is
observed on the two slower waves (i.e., P, P3). The effect
of viscosity of pore fluids on reflection and transmission
coefficients is shown in Fig. 11. Similar to the case of
incident P; wave, the presence of viscosity in pore fluids
may have considerable effect on the reflection and trans-
mission coefficients for 0y € (20°, 80°). The variational
pattern of transmission coefficients is nearly similar to
reflection coefficients except for the SV wave.

@ Springer

8 Conclusions

In the present study, a theoretical procedure is used to
analyze the effects of layer thickness, liquid saturation,
capillary pressure of the porous layer, incident direction
and wave frequency on the reflection and transmission
characteristics. This mathematical model can be used in
many practical applications such as to predict the seismic
response of fractures in sandstones. Some interesting con-
sequences of the present study are explained as follows.

(1) At the normal incidence of P; wave, reflected and
transmitted SV waves do not survive quantitatively,
while at the normal incidence of SV wave, only

transmitted SV waves survive.
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Fig. 7 Same as Fig. 2 but for incident SV wave
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All the reflected and transmitted waves are strongly
influenced by variations in frequency for both
incidence (i.e., P; and SV). Therefore, all the
reflected and transmitted waves are frequency
dependent in nature.

For the incidence of SV wave, in the absence of a
sandwiched layer (i.e., h = 0 and h — ©0), a critical
angle is not observed for either reflected or trans-
mitted SV waves.

All the reflected and transmitted waves are signif-
icantly influenced by the presence of viscosity in
pore fluids for both incidences.

For both incidences, all reflected and transmitted
waves are strongly associated with layer thickness,

Absolute value of transmission coefficient

14 -
L N\ .
12 7\
+ 7/ AN i
q>) 1.0 g \\
g o8t / ~_ .
] / T~
Qo 08 / -~ J
/ =~
04 ~ E
. / e
02t/ 7/ >~
Lo y —v/’\ e e e T R T S e
20 40 60 80
x10-
. \,‘
VAR
3t s 1
1) e \
> _/'/ \
s . —" \
L - \
a N
L S S ]
1 P ———__
S —X
NPT L L L L L —
20 40 60 80
x10-
1 F : : . —
12 1
o 10T 1
5 sl .
2
& o[ '
4 b .
2 f —-\U1
\~
20 40 60 80
15 F i 7
’ \
/‘/-/
T L
(;“ B N R T PRSP, \
| A — - \
7 N Re=="" TN
05 | \\ - \*\'
- N
20 40 60 80

6o, in degree

liquid saturation, capillary pressure of the sand-
wiched layer and incident direction.

The study of reservoir characteristics such as layer thick-
ness, capillary pressure and saturation through seismic
(reflection and transmission) methods is helpful in detect-
ing hydrocarbons and minerals present beneath the Earth’s
surface. Hence, the various issues resolved in this study are
relevant to many of the practical problems of hydrology,
geophysics, petroleum engineering and seismology.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creative
commons.org/licenses/by/4.0/), which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a link
to the Creative Commons license, and indicate if changes were made.
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Fig. 8 Same as Fig. 3 but for incident SV wave

Appendix 1: Linear systems

The first system of simultaneous linear equations at the

interface z = 0 is given by

4 8 12
ZX,‘]C}YI)‘F ZXUCSIZ)—’— ZXUC’(,;) = bl’, l :] — 47
j=1 Jj=5 Jj=9

g=j—-8, i=1,2,3,4,56,7,8.

where
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_ 0] (1 ONZONAY
Xy =%+ (“j +2G )(drj /)7,

x4 =260(d [k, %y = 261 (d,]) k),
xa = GO /6 = 1), x5 = — BV (1 + (@ /1)),
X34 = O, X4j = — ) <1>(1 + (dijl)/k)z), X44 = 0.

J

For (j =5,6,7;1=j—4), we have

Xs5j = L, X54 = dii)/k, X6j = — d,(;)/k7 X64 = 1,
X7j = — ﬂ]<‘1>(d£j1>/k)a X7.4 = F<11)7 X8j = — V;l)(dg)/k%

X84 = F(Zl)

For (j=5,6,7;1=j—4), we have
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Fig. 9 Same as Fig. 4 but for incident SV wave

xiy= o + (o7 +262) () k)], x5 =2GP(d]) /k),
%2, = 26 (A /k), x5 = —GO () /k)* - 1),

Xy =B (14 (dP /K)?), x38 =0,
X4j= "/52)(1 + (dt(12> Jk)?), x45 =0,

X5 = — 1, X58 :dt(f)/k, XGJ:—dle/k, X6,8 = — 1,

x1j=—pu2(dP Jk), %75 =T,

xj = =97y k), xa= T3,

For (j=9, 10, 11; g=j—8), we have
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xpy = [0 + (@ +26)(dD) /k)?],

x112 = 26 (dG) [k), %25 = —2GP(d2) /),

X212 = —G<2)((d£i)/k)2 —1),x3; = ﬁ,(,z)(l + (dﬁ?/k)z),
X312 =0, x4; = y(qz>(1 + (dg)/k)z), X412 =0,

wsj= =1, xsiz == d3) /k, xs; = d) /k, xe12=—1,
X1 = ﬂﬁf) (dﬁﬁ)/kL X712 = — F(lz), X3 = y((f) (dﬁg)/k),
Xg12 = — F(22>.

The second system of simultaneous linear equations at the
interface z = h, is given by
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! _ (2) 3
Zyzjed hCU Jrzyl ld hc 2) _ Zzu i, th(j)’
q=j—8, l=1,27 3,4,5,6,7, 8.
(21)
For (j =1, 2, 3), we have
2 2)
ny ==l + (7 267 k),
yia = —2G2(dy /k),
2 2
vy = 2607 k), yoa = GO /7 — 1),
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_ 2 (2) /172
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y3a =0, yay=—3"(1+(dy /k)), yaa=0,
_ _ ) _ 40 _
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yij = (d k), yia =177, ysj =" (d; [k),
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Y84 = Fz .

For (j=5,6,7; g =j—4), we have
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[y
vy == o +( ' +26%)(d ,,,/k)] zy=— [V + (j +2G60)(dY) /)Yt
—2G6@ (4 — )
Y13 =2G ( 4 /k) ;= 2G ( /k) Zi4=— ZG ( /k)eld/4h

vas = —GA((dF k) — 1), y3; = — BA(1+ (d2) k),
38 =0, ya;=— 7’(2)( + (dﬁj)/kf), v4g =0,

vsi =1, ysg=d3 fk, yoj=—dP [k, yes =1,

2y == 267(d;) /) ¢
e G >ew’f4

3 2y 1dh
g =— w2 /k), yis =T, 3= — B+ (d) /k)D)e " 234 =0,
3 3) 2 -
vej == AP Jk), yga =TF. aj=— 01+ @ )™, s =0,
dDn
For (j =1, 2, 3), we have 755 =€ ", 2542—( 4 /k)e W

3) (3)
Z6'—( U /k)eld[j h7 Z64 _etdmh
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77) = ,uj@ (dfjs)/k)e'dff hozra =T e,
WdPn 3) a®
28, = y]<.3>(d,(j3)/k)e dp'h 254 = F?)e dy'h

Appendix 2: Linear systems

The final system of linear equations. The matrices given in
system (19) are defined as

[x11 x12 x13 x34 0 0 0 O
X201 X2p X3 x4 0 0 0 O
x31 x32 x33 x34 0 0 0 O
Xa1 Xap x43 xa4 0 0 0 O
M= : ; : :
Xs1 Xs2 Xxs3 xs4 0 0 0 O
X61 X62 X63 Xea O 0 0 O
X71 X172 x73 x74 0 0 0 O
| xs1 xg2 xg3 xg4 0 O O O]
and
[ 21 22 A3 24
21 22 23 24
31 B2 33 B4
0= 241 242 243 244

751 352 353 54
76,1 262 263 264
71 212 7213 274
781 4282 83 184 |

[=NeoNeoNoNoNoNoeNe
[=NoNeNoNoNoNeNe
eNeloBeoNeoBoNol=)
[=NeloBoNoloNoNel

Finally, N = T(0) * [T(h)] " and T(z) = S; % S1(z) being

yiuo Y12 Y13 Yiga Y15 Yie Yi,7 Y18
Y210 Y22 Y23 Y24 Y25 Y26 Y27 Y28
Y31 Y32 Y33 Y34 Y35 Y36 Y37 V38
S, = Y41 Ya2 Y43 Y44 Va5 YVie Y471 Vag
Y51 Y52 Y53 Ysa4 Y55 Yse6 V57 Y58
Y61 Y62 Y63 Y64 Y65 Y66 Y67 Y68
yiir Y12 Y13 Yi4 Yis Yie Y17 Y8
LYs,1 Y82 Y83 Y84 Y85 V86 Y87 V88 |

and
ez Q 0 0 0 0 0 0
0 ez 0 0 0 0 0 0
0 0 ez 0 0 0 0 0
0 0 0 etuz 0 0 0 0
S, =
0 0 0 e 'dnz 0 0 0
0 0 0 0 0 e 1dnz 0 0
0 0 0 0 0 0 e 1dnz 0
Lo o0 0 0 0 0 0 emidn7]
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