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a b s t r a c t

Reflection imaging results generally reveal large-scale continuous geological information, and it is
difficult to identify small-scale geological bodies such as breakpoints, pinch points, small fault blocks,
caves, and fractures, etc. Diffraction imaging is an important method to identify small-scale geological
bodies and it has higher resolution than reflection imaging. In the common-offset domain, reflections are
mostly expressed as smooth linear events, whereas diffractions are characterized by hyperbolic events.
This paper proposes a diffraction extraction method based on double sparse transforms. The linear
events can be sparsely expressed by the high-resolution linear Radon transform, and the curved events
can be sparsely expressed by the Curvelet transform. A sparse inversion model is built and the alter-
nating direction method is used to solve the inversion model. Simulation data and field data experi-
mental results proved that the diffractions extraction method based on double sparse transforms can
effectively improve the imaging quality of faults and other small-scale geological bodies.
© 2021 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Petroleum exploration has been changed from structural
exploration to lithology exploration. The imaging of small scale
geological bodies such as breakpoints, pinch points, small fault
blocks, caves, and fractures, is becoming a hot topic presently since
these small-scale discontinuous geological bodies are often asso-
ciated with oil/gas reservoirs. Conventional seismic exploration is
mainly based on reflection waves assuming that the reflecting in-
terfaces are smooth and infinite planes. Therefore, small-scale
geological bodies cannot be effectively identified. Diffractions are
responses of small-scale discontinuous geological bodies (Krey,
1952; Kunz, 1960), thus diffractions imaging method is an impor-
tant method to detect small-scale geological bodies. The separation
and imaging of diffractions from seismic records are of great sig-
nificance to determine underground faults, pinch-outs and small-
scale diffractors.

Diffractions and reflections have different kinematics and dy-
namics characteristics, furthermore, the energy of diffractions is
usually one to two orders of magnitude weaker than the energy of
y Elsevier B.V. on behalf of KeAi Co
reflections (Kamill et al., 1994). Even if the diffractions and re-
flections are accurately imaged, the diffraction wave will still be
covered by reflection wave. Therefore, extraction of diffraction in-
formation and diffraction imaging are crucial for high-resolution
imaging of small-scale geologic structures.

The diffraction imaging methods are mainly divided into two
categories at present. The first kind method is to realize separation
of diffractions and reflections at first, and then perform migration
imaging for separated diffractions. The diffractions extraction
methods are mainly based on the kinematic and dynamic differ-
ences between diffractions and reflections. Landa et al. (1987) used
the common-offset profile to construct a common-diffraction point
profile and realized diffraction imaging, which can detect local
discontinuous and heterogeneous geological bodies. Fomel (2002)
and Fomel et al. (2007) applied a prediction-error filter which is
constructed with the local slopes of reflections to suppress re-
flections and enhance diffractions. The plane-wave destruction
(PWD) method is a practical diffractions separating method. Taner
et al. (2006) and Kong et al. (2012, 2017) used the PWD filters in the
plane-wave domain to separate reflections with linear character-
istics and diffractions with hyperbolic characteristics. Zhao et al.
(2016a,b) used the sparse inversion method to extract diffractions
to identify discontinuous and heterogeneous geological informa-
tion after PWD filtering. Nowak and Imhof (2004) used the
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hyperbolic Radon transform to separate diffractions in the prestack
seismic records. Khaidukov et al. (2004) exploited the focusing-
defocusing method to remove the focused reflection wavefield
and finally obtain the diffraction wavefield. Based on their method,
the reflection energy can be focused to the reflection point while
the diffraction wave energies are scattered. In contrast, Berkovitch
et al. (2009) focused diffractions to the positions of diffracted points
by multi-focusing method. This is done by using a correlation
procedure that coherently focuses diffraction energy on a seismic
section by flattening diffraction events using a new local-time-
correction formula to parameterize diffraction travel time curves.
Liu et al. (2014) and Lin et al. (2020) applied the singular value
spectrum analysis method in the frequency-space domain to sup-
press reflection wavefield with strong energy and linear charac-
teristics in the common-offset gathers where the kinematic and
dynamic differences between the reflections and the diffractions
were simultaneously used. Klokov and Fomel (2012) used the linear
Radon transform to realize separation of diffractions and reflections
in the common-imaging point gathers. Gong et al. (2016) developed
an improved sparse apex-shifted hyperbolic Radon transform
(ASHRT) to separate diffractions before stacking. Serfaty et al.
(2017) used deep learning methods to separate reflections and
diffractions. Xu et al. (2019) and Shen et al. (2020) used dynamic
correction to flatten reflections and then applied singular value
spectrum analysis method to separate diffraction wavefield in the
common-shot gathers. Schwarz (2019) proposed the coherent
wavefield subtraction method to extract diffractions using a variety
of wavefront filters based on common-reflection-surface (CRS)
method. Zhao et al. (2020) developed a 3D low-rank diffraction
imaging method that used the Mahalanobis-based low-rank and
sparse matrix decomposition method for separating and imaging
3D diffractions in the azimuth-dip angle image matrix.

Another type of diffraction imaging method is to realize sepa-
ration and imaging of diffractions by modification of the migration
operator in the imaging process. Zhu and Wu (2010) identified and
imaged diffraction energy based on the energy-angle distribution
differences in the local image matrix that reflection energy exhibits
linear distribution along a certain dip direction, whereas diffraction
energy shows a scattered distribution in the entirematrix. Zhu et al.
(2013) used local dip filtering and prediction inversion jointly to
separate diffractions, overcoming loss of low-dip informationwhen
diffractions are separated by a single dip difference. Yu et al. (2017)
improved imaging condition based on dynamic properties of dif-
fractions, reflections can be suppressed and diffractions imaging
can be realized. Zhao et al. (2015) proposed a least-squares fitting
method based on double exponential functions to study the
amplitude function of diffractions, they modified the traditional
Kirchhoff imaging conditions to form a new imaging formula, and
used the polarity reversal of diffractions to eliminate strong re-
flections. Taking into account dynamic differences between re-
flections and diffractions in the common-shot gathers, Zhao et al.
(2016a,b) developed a Mahalanobis-based diffraction imaging
method by modifying the classic Kirchhoff formula with an expo-
nential function, reflections can be attenuated and diffractions can
be enhanced automatically. Liu et al. (2017) constructed an anti-
stationary phase filter into the Gaussian beam migration with the
help of dip-scanning and kinematic/dynamic ray tracing, and the
anti-stationary phase filter operator was used to modify migration
operator to obtain diffraction imaging profile. Zhang and Zhang
(2014) proposed a method to accurately estimate the Fresnel
zone in the dip-angle offset gathers, and the Fresnel zones related
to reflections were muted and phases of diffractions were cor-
rected, therefore diffractions in the migrated gathers can be
enhanced (Li et al., 2018). Wang et al. (2020) and Kong et al. (2020)
analyzed the differences of diffractions and reflections in the dip-
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angle gathers, and realized wavefield separation in the dip-angle
domain.

In this paper, we follow the idea of separating diffractions and
reflections in the common-offset domain. According to the features
that reflections are mostly smooth linear events in the common-
offset domain, while diffractions are still hyperbolic events, we
propose a diffraction wave extraction method based on double
sparse transforms. Two types of sparse transforms are exploited to
represent diffractions and reflections. The high-resolution Radon
transform is used to represent reflections, and the Curvelet trans-
form is used to represent diffractions. A sparse inversion model is
established, and the alternating direction method is used to solve
the inversion model to realize separation of diffractions and re-
flections. The effectiveness of this method is verified by the sepa-
ration and imaging results of two simulation data and a field data.
The numerical results show that this diffractions extractionmethod
based on double sparse transforms can get acceptable imaging
quality of faults and other small-scale geological bodies, and the
resolution of seismic exploration can be improved obviously.
2. Methodology

2.1. High-resolution linear Radon transform

The integration path of linear Radon transform is linear, so it can
focus the linear events in seismic records. The forward and inverse
transforms of the conventional linear Radon transform are defined
as

mðt; pÞ ¼
ð∞

�∞

dðt ¼ tþ px; xÞdx; (1)

and

dðt; xÞ ¼
ð∞

�∞

mðt ¼ t � px; pÞdp; (2)

wherem is the data in the Radon domain, t is the intercept, p is the
slope, d is the data in the time-space domain, t is the travel time,
and x is the offset.

The forward and inverse Radon transforms can be expressed in
the form of operators as follows

m ¼ LHd; (3)

d ¼ Lm; (4)

where L represents the Radon transform operator, LH is the con-
jugate transpose operator of L, and the objective function of the
inversion model of the conventional Radon transform is defined as

J ¼ kd� Lmk22: (5)

For the high-resolution linear Radon transform, the L1 norm
constraint condition is introduced to improve the resolution of
conventional linear Radon transform. The objective function of the
inversion model of the high-resolution linear Radon transform is

J ¼ kd� Lmk22 þ akmk1; (6)

where a is a weighting factor, and m is the result of the Radon
transform, which can be obtained by seeking the minimumvalue of
the above objective function. High-resolution linear Radon
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transform has a better focusing effect on linear events than con-
ventional Radon transform.
2.2. Curvelet transform

The strong sparseness of coefficients of seismic data in the
Curvelet domain enables the Curvelet transform accurately express
seismic signals with the least coefficients. In addition, multi-scale
and directional characteristics of the Curvelet transform renders
it a better focusing effect on curve events.

For the 2D data, the allowable condition of the window function
in the Curvelet transform is

8>><>>:
X∞
j¼�∞

W2
�
2jr
�
¼ 1; r2ð3=4;3=2Þ

X∞
l¼�∞

V2ðt � lÞ ¼ 1; t2ð � 1=2;1=2Þ
; (7)

where r is the radius of polar coordinate, t is the variable in time
domain, WðrÞ and VðtÞ are the radius and angle window functions
in the polar coordinates (where W � 0; V2R), q is a polar coor-
dinate, and u is the variable in frequency domain. The support in-
tervals are r2ð1 =2;2Þ and t2½ � 1;1�, respectively. And the
window function in the frequency domain is defined as

Ujðr; qÞ ¼ 2�3j=4W
�
2�jr

�
V

 
2Pj=2Rq
2p

!
; (8)

where Pj=2R is the integer part of j=2. Uj is a “wedge-shaped” win-
dow in the polar coordinates. The “mother” Curvelet is defined as

b4jðuÞ¼UjðuÞ: (9)

Curvelet functions on other scales can be obtained from this
“mother” function through rotation and translation. Defining

rotation angle sequence ql ¼ 2pl,2�Pj=2R, l ¼ 0; 1; ::: and translation

parameter k ¼ ðk1; k2Þ2Z2, then the Curvelet function at xðj;lÞk ¼
R�1
ql

ðk1 ,2�j; k2 ,2�j=2Þ with scale 2�j and direction ql is

4j;l;kðxÞ¼4j

�
Rql
�
x� xðj;lÞk

��
; (10)

where Rq is the rotation matrix. Curvelet transform can be written
in the form of inner product of signal f and the Curvelet function:

cðj; l; kÞ ¼ Cf ;4j;l;kD ¼
ð
R2

f ðxÞ4j;l;kðxÞdx: (11)

According to the Plancherel theory, the formula of Curvelet
transform in the frequency domain can be written as

cðj; l; kÞ ¼ 1

ð2pÞ2
ð bf ðuÞbb4 j;l;kðuÞdu

¼ 1

ð2pÞ2
ð bf ðuÞUj

�
Rqlu

�
eiCx

ðj;lÞ
k ;uDdu:

(12)
2.3. Diffraction wave separation method

Assuming that dobs is the seismic data in the common-offset
domain, which is composed of reflections and diffractions, the re-
flections events are linear or nearly linear with strong energy, and
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the diffractions exhibit hyperbolic events with weak energy in the
common-offset domain. Suppose dline represents the linear signal,
corresponding to the reflection information, dcurve represents the
hyperbolic signal, corresponding to the diffraction information, and
ε represents the random noise. Their relationship can be expressed
as

dline þ dcurve þ ε ¼ dobs: (13)

Since the linear events can be sparsely represented in the Radon
domain, it can be assumed that xline ¼ Fdline is sparse, where F

represents the high-resolution linear Radon transform, and F�1

represents the inverse high-resolution linear Radon transform.
Similarly, events with curved shapes are sparse in the Curvelet
domain. Assuming xcurve ¼ Jdcurve is sparse, J represents the

Curvelet transform, and J�1 is the inverse Curvelet transform.
Therefore, Eq. (13) can be expressed as

F�1xline þJ�1xcurve þ ε ¼ dobs: (14)

Based on the sparsity of xline and xcurve, the following sparsity
inversion problem can be established

min
xline1;xcurve

kxlinek1 þ kxcurvek1
s:t:
���dobs �F�1xline �J�1xcurve

���
2
� s;

(15)

where s is the energy estimation of noise. To solve the above
optimization problem, the alternate direction method is used due
to there exist two types of sparse variables xline and xcurve. That is,
the variable xcurve is fixed at first, updating the value of xline, and
then fix xline and updating the value of xcurve. The algorithm for
solving the problem is as follows:

Algorithm. Initialization: defining the initial solution d0line ¼ 0,

d0curve ¼ 0, the initial residual dres ¼ dobs, the initial threshold l0line;

l0curve, which are the product of the largest transform coefficient
with a factor, and the factor ranges from (0, 1).

In this solving process, THlð ,Þ denotes the soft thresholding



Fig. 1. Schematic diagram of collapse model.
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operation, lkline; l
k
curve can be reduced exponently, lmin

line ; l
min
curve take

small values.
3. Numerical tests

3.1. Simple collapse model example

In this section, a collapse model data is used to verify the per-
formance of the proposed method for diffraction separation. Fig. 1
is a schematic diagram of collapsed model which contains 14 hor-
izontal and inclined reflective interfaces of different lengths, and
four independent diffraction points are set between the interfaces.
The background velocity of model is 2000 m/s. Fig. 2a shows the
zero-offset synthetic seismic record of the collapse model. In this
Fig. 2. Synthetic seismic data and separation results of the collapse model
(a) Synthetic seismic data; (b) separated reflections; (c) separated diffractions.
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record, the reflections behave as linear events, while the diffrac-
tions appear as hyperbolic events, and the energy of diffractions is
weaker than that of reflections. There is a certain degree of events
superposition between the reflections and diffractions, and be-
tween different diffractions. Fig. 2b and c show the separated re-
flections and diffractions according to the proposed method. There
still left some diffractions in the reflection image due to the energy
of reflections and diffractions are overlaped at the apexs of the
diffraction hyperbolic events, but the method performs well in the
whole result, and the diffractions are obviously strengthened in
Fig. 2c.

Fig. 3a is the full wavefield imaging result obtained by one-way
wave depth migration. Since the reflections energy is much
stronger than that of the diffractions, the imaging profile mainly
reflects large-scale geological information, and it is difficult to
identify small-scale structures such as diffraction points. Fig. 3b and
c are the imaging results of the separated reflections and diffrac-
tions, respectively. The separated reflections imaging results reflect
the situation of reflective interfaces, while the separated diffrac-
tions imaging can better reflect the situation of fault breakpoints,
the boundary points of interface and the independent diffraction
points. The imaging accuracy of diffractions are higher in the po-
sitions of diffraction points. Although there are some artifacts and
noise at fault breakpoints and boundary positions, the results still
reveal good performance of the proposed method in separating
reflections and enhancing diffractions, which is beneficial to the
identification and positioning of small-scale geological anomalies.

To test the anti-noise capability of the proposedmethod, we add
Gaussian noise to the synthetic data with S/N of 5 as shown in
Fig. 4a. The amplitude of the noise is equivalent to that of the dif-
fractions. The corresponding separated reflections and diffractions
are shown in Fig. 4b and c, respectively. Compared with reflections,
diffractions have lower energy and are more affected by noise. The
corresponding imaging results are shown in Fig. 5. The imaging
result of separated diffractions can still reflect the situation of fault
breakpoints, the boundary points of interface and even the inde-
pendent diffraction points very well.



Fig. 3. Full-wavefield imaging result and separated data imaging results of the collapse model
(a) Full-wavefield imaging result; (b) separated reflection imaging result; (c) separated diffraction imaging result.

Fig. 4. Noisy data with S/N of 5
(a) Noisy data; (b) separated reflections; (c) separated diffractions.

Fig. 5. Full-wavefield imaging result and separated data imaging results of the noisy data
(a) Full-wavefield imaging result; (b) separated reflection imaging result; (c) separated diffraction imaging result.
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3.2. Sigsbee 2A model example

A part of the Sigsbee 2A data is used to verify the effectiveness of
538
the proposed method for complex geological structures. The model
is shown in Fig. 6, in which some faults and point diffractors are
marked by solid black lines and red circles, respectively. The zero-



Fig. 6. A part of the Sigsbee 2A velocity model.
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offset data is shown in Fig. 7a, which contains complex reflections
and diffractions. The separated results of reflections and diffrac-
tions by the proposed method are shown in Fig. 7b and c. The
Fig. 7. Full-wavefield seismic data and separation results of Sigsbee 2A data
(a) Full-wavefield seismic data; (b) separated reflections; (c) separated diffractions.

Fig. 8. Shallow time window results of the Sigsbee 2A model data and separated data
(a) Full-wavefield seismic data; (b) separated reflections; (c) separated diffractions.
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method still has a good performance for complex data, the re-
flections and diffractions can be well separated.

To highlights the separation effect of diffractions, the time win-
dows shown in Fig. 7 are extracted from the full-wavefield data, the
separated reflections data and the diffractions data, respectively, as
shown in Fig. 8 and Fig. 9. The method shows good separation effect,
and most of reflections in the wavefield can be separated and dif-
fractions are enhanced in the two time-windows.A small defect is the
apexes of the hyperbolic events of diffractions are mixed with
reflection events, and diffraction energy will be misjudged as reflec-
tion energy, causing a certain amount of energy loss of diffractions.

Fig. 10a, Figs. 10b and 10c are the imaging results of the full-
wavefield, the separated reflections and the diffractions, respec-
tively. In the full-wavefield imaging result, the fault surfaces and
point diffractors are covered up by reflection energy from contin-
uous strata. The reflections imaging result mainly reflects large-
scale geological structures, though some diffraction energy still
left in it. In the diffractions imaging result, the fault surfaces
(marked by black circle) and point diffractors (marked by red circle)
can still be clearly displayed compared with the full-wavefield
imaging result although parts of reflection energy with steep dips
remains, and the boundary shape of salt dome is also well pre-
served. The combination of the diffraction imaging and the full-



Fig. 9. Deep time window results of the Sigsbee 2A model data and separated data
(a) Full-wavefield seismic data; (b) separated reflections; (c) separated diffractions.

Fig. 10. Full-wavefield imaging result and separated data imaging results of Sigsbee 2A
(a) Full-wavefield imaging result; (b) separated reflection imaging result; (c) separated diffraction imaging result.

Fig. 11. Field data DMO stacked section. Fig. 12. Full-wavefield imaging result of field data.
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wavefield imaging results can improve the positioning accuracy of
diffractor targets, and provide more detailed structure information
for seismic interpretation.
3.3. Field data example

A field data (open source data from Madagascar software) is
used to further verify the effectiveness of the proposed method.
540
The data is a deep water 2D line acquired to image the Nankai
Trough subduction zone (Moore et al., 1990; Moore and Shipley,
1993; Decker et al., 2017). We used a fragment of the line whose
dip-moveout correction (DMO) stacked section is shown in Fig. 11
(Decker et al., 2017) to test our method. The corresponding one-
way wave time imaging result is shown in Fig. 12. The time-
migration velocity model is from Decker et al. (2017). The shallow
part of the data between 6 s and 7 s contain reflections and



Fig. 13. Separation results of field data
(a) Separated reflections; (b) separated diffractions.

Fig. 14. Separated diffraction imaging result
(a) Separated reflection imaging result; (b) separated diffraction imaging result.
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diffractions, and a few of diffractions are strong. This part of the
data is complicated because of the complex geologic structures. The
central part of the data approximately 7.1 s containweak reflections
and diffractions. The deeper part of the data approximately 7.5 s
contain strong reflections and some weak diffractions generated
from the discontinuities.

The corresponding separated results are shown in Fig. 13.
Fig. 13a is the separated reflections and Fig. 13b is the separated
diffractions. There is a little remaining linear noise in Fig. 13b
because of the leakage of the diffraction energy. The method has a
good performance for the whole data, the reflections and diffrac-
tions can be well separated especially for the central and deeper
part of the data. Fig. 14 shows the migration result of the separated
reflections and diffractions. Compared with original data imaging
result (Fig. 12), both images highlight fault surfaces, and the sepa-
rated diffractions imaging result (Fig. 14b) is better in displaying
finer discontinuities, such as those associated with the rough sur-
face of the subducting plate crust, located near 7.5 s (Moore and
Shipley, 1993).
541
4. Conclusion

We have proposed an inversion method based on double
sparse transforms to separate diffractions and reflections. In the
common-offset domain, reflections appear as linear events and
diffractions behave as hyperbolic events. Two transforms are used
to represent these two types of signals: the high-resolution linear
Radon transform is used to represent reflections, and the Curvelet
transform is used to represent diffractions. A sparse inversion
model was built and can be solved by an alternating direction
method. Numerical results indicated that the proposed method
can separate diffractions and reflections in the common-offset
domain, and the imaging results can clearly display small-scale
geological structures. By comparing the imaging results of dif-
fractions and reflections, the diffractions imaging results have
higher resolution for small-scale fractures, cracks, and heteroge-
neity. The extracted diffraction can be used as a kind of compar-
ative data to help geologists study small-scale geological
anomalies.
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