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a b s t r a c t

Elastic reverse time migration (RTM) uses the elastic wave equation to extrapolate multicomponent
seismic data to the subsurface and separate the elastic wavefield into P- and S-waves. P- and S-wave
separation is a necessary step in elastic RTM to avoid crosstalk between coupled wavefields. However,
the current curl-divergence operator-based separation method has a polarity reversal problem in PS
imaging, and vector separation methods often have separation artifacts at the interface, which affects the
quality of the imaging stack. We propose a non-artifact P- and S-wave separation method based on the
first-order velocity-strain equation. This equation is used for wavefield extrapolation and separation in
the first-order staggered-grid finite-difference scheme, and the storage and calculation amounts are
consistent with the classical first-order velocity-stress equation. The separation equation does not
calculate the partial derivatives of the elastic parameters, and thus, there is no artifact in the separated P-
and S-waves. During wavefield extrapolation, the dynamic characteristics of the reflected wave undergo
some changes, but the transmitted wavefield is accurate; therefore, it does not affect the dynamic
characteristics of the final migration imaging. Through numerical examples of 2D simple models, part
SEAM model, BP model, and 3D 4-layer model, different wavefield separation methods and corre-
sponding elastic RTM imaging results are analyzed. We found that the velocity-strain based elastic RTM
can image subsurface structures well, without spike artifacts caused by separation artifacts, and without
polarity reversal phenomenon of the PS imaging.
© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

With the development of oil and gas exploration, exploration
targets have become increasingly complex. To detect more
comprehensive underground structures and lithological informa-
tion, seismic exploration has gradually developed from conven-
tional single-component acoustic exploration to three-dimensional
multicomponent elastic wave exploration. Simultaneously, the
advancement of multicomponent geophone technology has
increased the application of multicomponent acquisition in oil and
Exploration and Information
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gas exploration. The multicomponent seismic acquisition can
obtain sufficient seismic information and provide data support for
underground converted shear-wave imaging. Shear waves have
advantages in gas cloud area imaging, fracture prediction, fluid
identification, and unconventional oil and gas exploration (Granli
et al., 1999; Knapp et al., 2001; Stewart et al., 2003; Birt et al.,
2020). Compared with single-component data, medium models
have changed from acoustic to elastic models. In the processing and
interpretation of multicomponent seismic data, elastic wave
equations are required to accurately describe the kinematic and
dynamic information of seismic waves.

Migration is a difficult and important problem in seismic data
processing. The quality of the migrated profile determines the
success or failure of the subsequent inversion and interpretation (Li
and Qu, 2022). Current multicomponent seismic data migration is
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mostly based on ray theory (Yang et al., 2015; Zhang et al., 2019).
However, as exploration targets become increasingly complex, such
as high-steep nappe structures, high-steep fault structures, and
complex subsalt structures, the ray theory-basedmigrationmethod
has difficulty achieving precise imaging of complex structures.
Elastic reverse time migration (RTM) can deal with any vertical and
horizontal variablemedium, can image complex structures, and can
image multiples (Zhang et al., 2021; Zhao et al., 2021). Elastic RTM
not only obtains traditional PP images, but also converted-wave PS
images (Yan and Sava, 2008). The PP and PS images of the multi-
component elastic RTM enrich the structural imaging information,
provide support for P- and S-wave joint inversion and interpreta-
tion, and reduce the non-uniqueness of inversion and interpreta-
tion. Chang and McMechan (1987) proposed elastic RTM, which
used the elastic wave equation to extrapolate multicomponent
seismic data to the subsurface. However, the coupling of the P- and
S-waves causes imaging crosstalk, and the imaging results have no
clear physical meaning. Yan and Sava (2008) separated the P- and S-
waves in wavefield extrapolation and then used the separated P-
and S-wave cross-correlation imaging conditions to obtain high-
precision PP and PS images of the subsurface structure, which can
avoid crosstalk between the coupled wavefields. Therefore, P- and
S-wave separation is a necessary step in elastic RTM. Furthermore,
P- and S-wave separation is also the main step for elastic wavefield
extrapolation-based processing and interpretation methods, such
as seismic wavefield simulation, elastic reverse time imaging for
source locating or converted-wave imaging (Shabelansky et al.,
2015; Li et al. 2018, 2021; Du et al., 2019; Yang and Zhu, 2019; Lin
et al., 2020; Zou and Cheng, 2021), elastic least-squares RTM (Li
et al., 2017; Qu et al. 2018, 2019a, 2019b; Zhong et al., 2021; Wu
et al., 2022), and elastic full waveform inversion (Wang and
Cheng, 2015; Wang et al., 2018; Yao et al., 2020; Zhang et al., 2022).

Elastic P- and S-wave separation methods include curl-
divergence operator separation and wavefield decoupling separa-
tion. The curl-divergence operator separates the P- and S-waves
according to the difference between their propagation and vibra-
tion directions. The P-wave vibrates along the propagation direc-
tion and is a non-curling field, which is obtained by the divergence
operator. The S-wave vibrates perpendicular to the propagation
direction and is a non-divergence field, which is calculated by the
curl operator. However, the curl and divergence operators are
spatial difference operators that change the phase and amplitude of
the separated wavefield (Sun et al. 2001, 2011). In addition, the P-
wave separated by the divergence operator is a scalar. The S-wave
separated by the curl operator is a scalar in a 2D medium, and the
separated wavefield has polarity reversal in different propagation
directions, which affects the multi-shot stack quality of the PS
image in elastic RTM (Duan and Sava, 2015). In 3D, the S-wave
separated by the curl operator is a vector; therefore, scalar PS im-
aging of elastic RTM is difficult (Du et al., 2014). The Helmholtz-
based P- and S-wave separation methods can preserve the phys-
ical meaning, phase, and amplitude information of the decomposed
wavefield, but this method requires to perform the 2D or 3D inte-
gral for each grid point, which is computationally intensive. Zhu
(2017) introduced a fast Poisson solver to reduce computational
complexity; however, this method is still computationally expen-
sive. Based on Helmholtz's theory, Yang et al. (2018) changed the
phase and amplitude of source wavelets and multicomponent re-
cords to achieve phase- and amplitude-preserving vector P- and S-
wave separation. However, in sharp velocity contrasts, this method
produces separation artifacts.

In recent years, wavefield decoupling-based P- and S-wave
separation methods have been commonly used in elastic RTM
(Zhang et al. 2007, 2020; Xiao and Leaney, 2010; Wang and
McMechan, 2015; Elita Li et al., 2018; Zhou et al. 2018, 2019; Hu
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et al., 2019; Shi et al., 2019; Zhang and Shi, 2019; Qu et al., 2020;
Li et al., 2021; Yang et al., 2021). The P- and S-waves separated by
this method are all vectors, which maintains the dynamic infor-
mation of the separated wavefield, such as phase and amplitude,
and the physical meaning of the separated wavefield is consistent
with the original wavefield. However, the derivation of the
decoupling equation is based on the assumption of constant Lam�e
coefficient l and m; thus, separation artifacts exist at the subsurface
interface (Tang and McMechan, 2018). For elastic RTM, the reflec-
tivity at the interface is the imaging target; therefore, the P- and S-
wave separation artifacts at the interface significantly affect the
imaging quality. With this problem, Tang and McMechan (2018)
proposed an improved system of P and S-wave separation that
considers the converted wave generated at the current time, and it
does not require the constant-shear-modulus assumption. Li et al.
(2018) proposed second-order P- and S-potentials equations for
P- and S-wave propagation without the assumption of homoge-
neous Lam�e parameters. Du et al. (2020) proposed an equation
without wavefield conversion at a discontinuous shear modulus for
elastic RTM. Another method to reduce the separation artifacts is to
smooth the migration velocity model so that m changes slowly
(Wang and McMechan, 2015; Yang et al., 2018). However, this
method increases the limitations. When the velocities contain
strong contrasts, excessive smoothing of the velocity model will
affect the kinematic and dynamic characteristics of the wavefield,
and insufficient smoothing will still cause separation artifacts.

This paper focuses on the P- and S-wave decoupling methods,
and proposes first-order velocity-strain equation-based P- and S-
wave decoupling methods. This method maintains the dynamic
information of the separated wavefield, such as the amplitude and
phase, and reduces separation artifacts. In this paper, we first an-
alyzes the characteristics of the curl-divergence operator separa-
tion and first-order velocity-stress wavefield decoupling methods.
In addition, we propose the first-order velocity-strain P- and S-
wave separation method, and use this separation method in elastic
RTM. Finally, we verify the effectiveness of this method using
simple and complex numerical models.
2. Methods

Two conventional P- and S-wave separation methods are
reviewed in this section, the curl-divergence operator-based sep-
aration method and the first-order velocity-stress equations-based
wavefield decoupling method. The advantages and disadvantages
of the two methods are analyzed. Aiming at the shortcomings of
traditional methods, a non-artifact P- and S-wave decoupling
method based on first-order velocity-strain equations is proposed.
2.1. Curl-divergence operator and Helmholtz-based P- and S-wave
separation and characteristic analysis

The curl-divergence separation method is based on the Helm-
holtz theory to separate P- and S-waves (Yan and Xie, 2012; Sun
et al., 2004; Dellinger and Etgen, 1990). This method assumes
that thewavefield consists of the gradient of a non-curling field and
the curl of a non-divergence field. The non-curling field is a po-
tential function of the P-wave, and the non-divergence field is a
potential function of the S-wave. Therefore, the S-wave is separated
by the curl operator, and the P-wave is separated by the divergence
operator of the original wavefield (Morse and Feshbach, 1954),

uP ¼V,u;
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uS ¼V� u; (1)

where u is the original vector wavefield, uP is the separated scalar
P-wave, uS is the separated vector S-wave, V· is the divergence
operator, and V� is the curl operator. In this method, the physical
meaning of the separated wavefield is inconsistent with the orig-
inal wavefield because of curl and divergence calculations. If the
original input wavefield is a displacement field, then the separated
wavefield after the curl and divergence calculations is the particle
velocity field. The transformation of Equation (1) from the time-
space domain to the frequency-wavenumber domain yields,

~uP ¼ ik,~u;

~uS ¼ ik � ~u; (2)

where ~u; ~up; and ~us are the original vector wavefield, separated P-
wave, and separated S-wave in the frequency-wavenumber
domain, respectively; i is the imaginary unit; and k is the wave-
number vector. From Equation (2), this method will change the
phase by 90� when multiplying the imaginary unit i, and will
change the amplitude when multiplying the wavenumber vector k.
The P-wave is a scalar because it is the dot product of two vectors.
The S-wave obtained by the curl operator in 2D (x-z plane) is a
vector parallel to the y-axis, which can be regarded as a scalar. In
3D, the S-wave obtained by the curl operator is a vector.

To analyze the effect of P- and S-wave separation, we con-
structed a horizontal and vertical layer model, as shown in Fig. 1,
where the horizontal layer is located at z ¼ 3 km, and the vertical
layer is located at x ¼ 3 km. The size of this model is 4 km � 4 km,
the interval is 10 m � 10 m, and the number of grid points is
400 � 400. The explosion source is a 10 Hz Ricker wavelet in the
model (1.5 km, 1.5 km), and the source is added in particle velocity
component. The time sampling interval is 1 ms. The separated P-
and S-waves obtained by the curl-divergence separation method
are shown in Fig. 2. We find that the P- and S-waves are clearly
separated, but the separated S-waves exhibit a polarity reversal
phenomenon.

At the same time, this method can further obtain the vector
Fig. 1. Horizontal and vertical layers model. The model contains a vertical interface
and a horizontal interface to observe the effect of P- and S-wave separation. The ve-
locity model of the white part is

�
vP ¼ 3;000 m=s; vs ¼ 1;800 m=s; r ¼ 1; 800 kg=m3�,

and the gray part is filled as
�
vP ¼ 3;500 m=s; vs ¼ 2;000 m=s; r ¼ 2;000 kg=m3�.
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separated wavefield based on the Helmholtz theory (Zhao et al.,
2018),

uP ¼V

�
lþ 2m

r
V ,u

�
;

uS ¼ �V�
�m
r
V�u

�
; (3)

where r, l, and m are the density and Lam�e parameters. The method
is to multiply the velocity term on the original curl and divergence
operators, and then calculate the gradient and curl operations. To
recover the true amplitude, the input source wavelet and the
multicomponent records must be filtered by 1

u2, where u is the
angular frequency. The P- and S-waves separated by this method
are vector field, and the phase and amplitude of the separated
wavefield are consistent with the original wavefield. The P- and S-
wave separation results obtained using the Helmholtz method are
shown in Fig. 3. It is found that the separated P- and S-waves have
separation artifacts at the interface.
2.2. Conventional first-order velocity-stress equation-based P- and
S-wave decoupling method and artifact analysis

In recent years, the first-order velocity-stress equation-based
wavefield decoupling method has been commonly used in elastic
RTM for P-and S-wave separation. Based on the elastic first-order
velocity-stress equations (Virieux, 1986; Graves, 1996),

_vi ¼
1
r
sij;j; (4)

_sij;j ¼ ldij;jvk;k þ m
�
vi;j þ vj;i

�
; (5)

where vi is the particle-velocity vector wavefield, and sij is the
stress. As shown in Appendix A, we can derive the velocity and
stress relations from the basic equations of dynamic elasticity,

vvx
vt

¼1
r

�
v

vx

	
lþ2m
2lþ2m

ðsxxþszzÞ


þvsxz

vz
� v

vx

	ðlþ2mÞszz�lsxx
2lþ2m


�
;

vvz
vt

¼1
r

�
v

vz

	
lþ2m
2lþ2m

ðsxxþszzÞ


þvsxz

vx
� v

vz

	ðlþ2mÞsxx�lszz
2lþ2m


�
;

(6)

If the medium is homogeneous, then the elastic parameters are
constants; therefore, the partial derivatives of the elastic parame-
ters l and m in the x- and z-directions are zero. The first term is the
partial derivative of the normal stress, which is the P-wave term,
and the second and third terms are the S-wave term. Therefore, the
particle velocity term in the 2D medium is divided into P- and the
S-waves (Zhang et al., 2007) as follows,

_vpi ¼
lþ 2m

rð2lþ 2mÞðsxx þ szzÞ;i; (7)

_vsi ¼
m

r

�
1
m
sij;j �

lþ 2m
mð2lþ 2mÞskk;i

�
: (8)

In addition, the separated P- and S-waves in 3D are (Zhou et al.,
2018)



Fig. 2. Separated scalar P- and S-wave based on the curl-divergence separation method. (a) separated P-wave by the divergence operator; (b) separated S-wave by the curl operator,
the red and blue arrows represent polarity reversal.

Fig. 3. Separated vector P- and S-wave based on Helmholtz separation. (a) and (b) separated x- and z-component of P-wave; (c) and (d) separated x- and z-component of S-wave.
There is a thin line at the position of the red arrow, which is the separation artifacts.
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_vpi ¼
lþ 2m

rð3lþ 2mÞ
�
sxx þ syy þ szz

�
;i; (9)

_vsi ¼
m

r

�
1
m
sij;j �

lþ 2m
mð3lþ 2mÞskk;i

�
; (10)

where vi; vpi; and vsi are the original, separated P-wave, and sepa-
rated S-wave particle-velocity vector wavefields, and sij is the
stress.

From the above derivation, it is clear that the first-order veloc-
ity-stress-based P- and S-wave decoupling equations are
completely valid in homogeneous media. However, in inhomoge-
neous media, the elastic parameters are no longer constant, and the
special derivative of the elastic parameters is not zero. The first-
order velocity-stress P- and S-wave decoupling equations ignore
the derivative term of the elastic parameters, so there is a high-
energy separation artifact at the interface. From the inhomoge-
neous to homogeneous hypothesis, when the velocity model
changes in the x-direction, the x-component P- and S-waves will
have separation artifacts, and when the velocity model changes in
the z-direction, the z-component P- and S-waves will have sepa-
ration artifacts. In addition, we find that Equation (7) plus Equation
(8) equals Equation (4), which indicates that the sum of the P- and
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S-wave terms is the total particle velocity, and the P- and S-wave
artifacts are opposite to each other.

Similarly, we use the velocity model in Fig. 1 to simulate the
wavefield and separate the P- and S-waves by decoupling the
velocity-stress equation, the source is added in particle velocity
component. The separated P- and S-waves are shown in Fig. 4. The
separation results contain separation artifacts, and the different
components have different characteristics. The separation artifacts
of the P- and S-waves in the x-component are concentrated in the
vertical layer, and the separation artifacts of the P- and S- wave in
the z-components are concentrated in the horizontal layer. This
phenomenon is consistent with the previous formula derivation
hypothesis for the separation of P- and S-waves in the velocity-
stress equation in the Section 2. Because the x-component omits
the elastic parameter derivative in the x-direction, separation ar-
tifacts appear for the vertical layers. The z-component omits the
derivative of the elastic parameters in the z-direction, so there will
be separation artifacts in the horizontal layers. It is foreseeable that
for the dipping stratum, there will be separation artifacts in the x-
and z-components because the partial derivatives of the elastic
parameters in the x- and z-directions are not zero. Because sepa-
ration artifacts appear on the interface, which is the core of elastic
RTM, the separation artifacts will cause incorrect migration imag-
ing results.



Fig. 4. Separated vector P- and S-wave based on velocity-stress equation. (a) and (b) separated x- and z-component of P-wave; (c) and (d) separated x- and z-component of S-wave.
There is a thin line at the position of the red arrow, which indicates the separation artifacts.
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2.3. Non-artifact P- and S-wave decoupling method based on the
first-order velocity-strain equations

2.3.1. Decoupling equation based on the velocity-strain equations
We propose a P- and S-wave decoupling equation based on the

first-order velocity-strain equation, which can realize the separa-
tion of P- and S-waves and avoid separation artifacts at the inter-
face. The first-order velocity-strain equation is given by

r _vi ¼ ldijεkk;j þ 2mεij;j; (11)

_εij ¼
1
2
�
vi;j þ vj;i

�
: (12)

Equation (12) does not require elastic parameters to obtain the
strain term, and all the elastic parameters related terms are
included the particle velocity calculation in Equation (11). In 2D, by
extending the Einstein summation notation and organizing the
equations into P- and S-wave velocity terms,

_vx ¼ lþ 2m
r

�
εxx;x þ εzz;x

�� 2m
r
εzz;x þ 2m

r
εxz;z;

_vz ¼ lþ 2m
r

�
εxx;z þ εzz;z

��2m
r
εxx;z þ 2m

r
εxz;x; (13)

The first term is the P-wave, and the last two terms are the S-
wave. In a 2Dmedium, the corresponding P- and S-wave separation
equations in the first-order velocity-strain equation are,

_vpx ¼ lþ 2m
r

�
εxx;x þ εzz;x

�
;

_vpz¼ lþ 2m
r

�
εxx;z þ εzz;z

�
; (14)

_vsx ¼ � 2m
r
εzz;x þ 2m

r
εxz;z;

_vsz¼2m
r
εxz;x � 2m

r
εxx;z:

Similarly, in a 3D medium,

_vpx ¼ lþ 2m
r

�
εxx;x þ εyy;x þ εzz;x

�
;
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_vpy ¼ lþ 2m
r

�
εxx;y þ εyy;y þ εzz;z

�
;

_vpz ¼ lþ 2m
r

�
εxx;z þ εyy;z þ εzz;z

�
; (15)

_vsx ¼ �2m
r

�
εyy;x þ εzz;x

�þ 2m
r

�
εxy;y þ εxz;z

�
;

_vsy ¼ �2m
r

�
εxx;y þ εzz;y

�þ 2m
r

�
εxy;x þ εyz;z

�
;

_vsz ¼ �2m
r

�
εxx;z þ εyy;z

�þ 2m
r

�
εxz;x þ εyz;y

�
:

Therefore, the first-order velocity-strain equation-based P- and
S-wave decoupling equations in 2D and 3D media are expressed in
Einstein summation notation as

_vpi ¼
lþ 2m

r
εkk;i;

_vsi ¼ � 2m
r
εkk;i þ

2m
r
εij;j: (16)

Compared to Equation (6), Equation (13) does not calculate the
partial derivatives of the elastic parameters. Therefore, the decou-
pling equation of the velocity-stress has a separation artifact,
whereas the decoupling equation of the velocity-strain is precise.
The velocity-strain based decoupling equation need not to omit the
partial derivative of the Lam�e coefficient. Therefore, the separated
P- and S-waves can obtain accurate separation results that preserve
the amplitude and phase information without separation artifacts.
2.3.2. Staggered-grid finite-differences scheme of the velocity-strain
equations

The velocity-strain equation and the velocity-stress equation
have similar expressions, so conventional finite element, spectral
element, pseudo-spectral, finite-difference, and other methods can
be used for the numerical simulation of the velocity-strain equa-
tion. In this paper, we use the staggered-grid finite-difference
method for the numerical simulations. Compared with the regular
grid finite-difference method, the staggered-grid finite-difference
method has the advantages of higher precision and lower disper-
sion (Virieux, 1986). The first-order velocity-strain staggered-grid
finite-difference is shown in Fig. 5. The terms vpx and vsx are at
the vx position. The terms vpz and vsz are at the vz position. The



Fig. 5. Grid layout for the staggered-grid finite-differences scheme of the velocity-
strain equation.
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second-order in time and M-order in space staggered-grid finite-
difference scheme of vx can be expressed as,
v
nþ1

2

x iþ1
2;j

¼ v
n�1

2

x iþ1
2;j
þ Dt
riþ1

2;j

XM
m¼1

Cmliþ1
2;j

h
ε
n
xx iþm;j � ε

n
xx i�m�1;j þ ε

n
zz i;jþm � ε

n
zz i;j�m�1

i

þ Dt
riþ1

2;j

XM
m¼1

2miþ1
2;j
Cm
h
ε
n
xz i;jþm � ε

n
xz i;j�m�1

i
;

(17)
where i and j are the discrete coordinate positions in the x- and z-
directions, and n is the time discrete coordinate. Cm is the
staggered-grid finite-difference coefficient, which is obtained by
Taylor expansion or by optimization methods such as least squares
(Liu, 2014). The elastic parameters of the staggered position can be
obtained by interpolation of the integer grid, such as riþ1

2; j
, liþ1

2; j
,

and miþ1
2; j

can be obtained by interpolation from ri; j, li; j, and mi; j.

The vz term has a finite-difference scheme similar to vx. The finite-
difference scheme of εxx is expressed as,

ε
n
xx i;j ¼ ε

n�1
xx i;j þ

Dt
ri;j

XM
m¼1

Cm

264vn�1
2

x i�1
2þm;j

� v
n�1

2

x iþ1
2�m;j

þ v
n�1

2

z i;j�1
2þm

� v
n�1

2

z i;jþ1
2�m

375:
(18)

Similarly, the terms εzz and εxz have a similar finite-difference
scheme to εxx. The source can be added either in the particle ve-
locity component or in the strain component. In this paper, the
source is added in particle velocity component.
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2.3.3. Comparison of separation effectiveness of velocity-stress and
velocity-strain equations

To analyze the effectiveness of the P- and S-wave separation
based on the velocity-strain equation, we use the staggered-grid
finite-difference scheme of Equations (13) and (14) to simulate
wavefield propagation for the velocitymodel shown in Fig.1, and the
explosion source of 10 Hz Ricker wavelet is added in particle velocity
component. By Equation (16), the separated P- and S-wave based on
the velocity-strain equation are shown in Fig. 6. It is found that the
velocity-strain based decoupling equation can separate the P- and S-
waves, and the separated P- and S-waves have no artifacts in either
the horizontal or vertical layers. However, compared with Fig. 4, the
reflected wave of the velocity-strain equation has a phase reversal
relative to the velocity-stress equation. From the analysis in
Appendix B, the velocity-stress equation corresponds to the second-
order displacement equation in a heterogeneous medium, and the
velocity-strain equation is equivalent to the second-order elastic
wave equation in a homogeneous medium, so the velocity-strain
equation is approximated in a heterogeneous medium. Fortunately,
the velocity-strain equation can ensure the accuracy of the trans-
mitted wavefield, and it can also ensure the accuracy of the source
forward-propagated down-going wave and the receiver backward-
propagated up-going wave in elastic RTM, so it can be used for the
accurate imaging of elastic RTM. However, for the velocity-stress
equation, the current vector separation methods, regardless of the
P- and S-wave decoupling or the Helmholtz separation, have sepa-
ration artifacts, which restrict their use in elastic RTM.
2.4. Elastic RTM based on non-artifact P- and S-wave decoupling

Elastic RTM is composed of wavefield extrapolation and imaging
conditions. As shown in the flowchart in Fig. 7, we use Equations
(11) and (12) to extrapolate the source forward wavefield and
receiver inverse wavefield, respectively. Because the source wave-
field propagates forward in time and the receiver wavefield prop-
agates backward in time, and the source wavefield and receiver
wavefield need to be multiplied at the same time in the imaging
condition, elastic RTM has a massive memory demand. To reduce
the source wavefield storage, we first calculate the source forward
wavefield and then calculate the source backward wavefield by the
boundary storage strategy (Clapp, 2008). Before the imaging con-
dition, we separate the P- and S-waves of the source and receiver
backward wavefield by Equation (14). Because the seismic source is
mainly an explosion source in seismic exploration, we mainly
consider PP and PS imaging. We choose the source P-wave and
receiver P-wave to obtain the PP image, and choose the source P-
wave and receiver S-wave to obtain the PS image. To maintain the
image amplitude and phase accuracy, the imaging conditions of
Zhou et al. (2019) are used here. The PP imaging condition is given
by



Fig. 6. Separated vector P- and S-wave based on velocity-strain equation. (a) and (b) separated x- and z-components of P-wave; (c) and (d) separated x- and z-components of S-
wave.

Fig. 7. Flowchart of single shot elastic RTM.
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IPPðx; y; zÞ¼
P

t

�
vsrcp ðx; y; z; tÞ,vrcvp ðx; y; z; tÞ

�
P

t

�
vsrcp ðx; y; z; tÞ,vsrcp ðx; y; z; tÞ

�; (19)

vp¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 2m

r

s
εkk; (20)

where vp is the derived scalar P-wave (the specific derivation pro-
cess are shown in Appendix), vsrcp ðx; y; z; tÞ and vrcvp ðx; y; z; tÞ are
scalar P-waves from the extrapolation of the source and receiver
wavefield, and IPPðx; y; zÞ is the PP imaging result.

It is difficult to derive amplitude and phase preserved scalar S-
waves. Therefore, PS imaging can be divided into two parts: sym-
bols and energy,

IPSðx; y; zÞ¼
P

tsignPS,
�vsrcp ðx; y; z; tÞ

,vrcvs ðx; y; z; tÞ�P
t

�
vsrcp ðx; y; z; tÞ,vsrcp ðx; y; z; tÞ

� ; (21)
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signPS ¼ sign
�
vsrcp ðx; y; z; tÞ , vrcvs ðx; y; z; tÞ

�
; (22)

where vsrcp ðx; y; z; tÞ and vrcvs ðx; y; z; tÞ are the source P-wave vector
and receiver S-wave vector, respectively, signPS is the PS imaging
sign, and IPSðx; y; zÞ are the PS imaging results. This imaging con-
dition can accurately describe amplitude preserved PS imaging
without polarity reversal.

The main objective of elastic RTM is to image the PP and PS
reflectivity of the subsurface interface, but the velocity-stress
equation-based P- and S-wave separation will cause artifacts at
the interface, which will affect reflectivity imaging. Therefore, we
propose a non-artifact P- and S-wave vector decoupling method
that can be used in elastic RTM. After amplitude preserving PP and
PS imaging conditions, accurate PP and PS images can be obtained.

3. Numerical examples

3.1. Horizontal three-layer model

To analyze the impact of different P- and S-wave separation
methods on elastic RTM, we constructed a simple three-layer ve-
locity model, as shown in Fig. 8. The model has 600 grid points in



Fig. 8. Three-layer model. The parameters of P-wave velocity, S-wave velocity, and
density of each layer are marked in parentheses.
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the horizontal direction, and 400 grid points in the vertical direc-
tion, with an interval of 10 m � 10 m. We use the first-order ve-
locity-stress equation to simulate the seismic gather of this model,
with the time sampling being 1 ms, and the source is a 15 Hz Ricker
wavelet. Next, with simulated seismic records as boundary
Fig. 9. (a) Elastic RTM PP imaging results and (b) elastic RTM PS imaging results obtained b
reversal phenomenon in the PS image, shown by the red and blue arrows.

Fig. 10. (a) Elastic RTM PP imaging results and (b) elastic RTM PS imaging results obtained
artifacts in the PP image, which are indicated by red arrows.
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conditions, we use the true velocity model in Fig. 8 for migration.
Velocity-stress equations and velocity-strain equations are used for
wavefield extrapolation, P- and S-wave separation, and migration
imaging. Figs. 9e12 show the PP and PS imaging results based on
the curl-divergence separation method, Helmholtz separation
method, wavefield decoupling method based on the velocity-stress
equation, and wavefield decoupling method based on the velocity-
strain equation, respectively. The PS image result based on the curl-
divergence method exists polarity reversal, which will affect the PS
multi-shot stack imaging quality. The PP and PS images based on
the Helmholtz separation or wavefield decoupling methods have a
horizontal line at the interface, as indicated by the red arrow, which
is an imaging artifact; this is because of the separation artifacts.
However, the imaging results obtained by the velocity-strain
equation P- and S-wave separation methods have no artifacts at
the interface and can effectively image the underground structure.

3.2. Complex model

To further verify the effect of P- and S-wave separation on elastic
RTM, we use part of the SEAM model (Fehler and Larner, 2008)
shown in Fig. 13 to compare and analyze the imaging results under
different wavefield separation methods. This model is 7.5 km and
4 km in horizontal and vertical directions, respectively, and the
space interval in both the x- and z-direction is 10 m. The model is
composed of several reflective stratas, and there is salt in the lower-
y the curl-divergence separation method of the three-layer model. There is a polarity

the Helmholtz separation method of the three-layer model. There are linear imaging



Fig. 11. (a) PP imaging results and (b) PS imaging results obtained by the velocity-stress equation-based P- and S-wave separation method of the three-layer model. There are linear
imaging artifacts indicated by the red arrows.

Fig. 12. (a) PP imaging result and (b) PS imaging result obtained by the velocity-strain equation-based P- and S-wave separation method of the three-layer model. These imaging
results have no artifact.

Fig. 13. (a) P-velocity, (b) S-velocity, and (c) density of the complex model.
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Fig. 14. (a) PP imaging result and (b) PS imaging result of the complex model obtained by the velocity-stress equation based P- and S-wave separation. The imaging event is not
smooth, and it contains spikes and thin lines, which are migration artifacts.

Fig. 15. (a) PP imaging result and (b) PS imaging result of the complex model obtained by the velocity-strain equation-based P- and S-wave separation. The imaging event is
smoother than that in Fig. 14, and the imaging results have no imaging artifacts.
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right part of the model. During the migration process, the source
uses a Ricker wavelet with a dominant frequency of 15 Hz, and the
time sampling is 1 ms. The PP and PS migration imaging results
obtained by the velocity-stress equation-based P- and S-wave
separationmethods are shown in Fig.14, and the PP and PS imaging
results based on the velocity-strain equation are shown in Fig. 15.
To show the imaging details of the two methods more clearly, we
zoomed in the square area of 2.5e4 km in the x-direction and
2.5e4 km in the z-direction. The partial magnifications are shown
in Fig. 16, where the upper part is the PP imaging result, the lower
part is the PS imaging result, the left side is the imaging result
obtained by the velocity-stress equation-based P- and S-wave
separation, the middle part is the image obtained by the velocity-
strain equation-based P- and S-wave separation, and on the right
side is the difference between the imaging results of the velocity-
stress and velocity-strain equations. The migration imaging re-
sults obtained by the velocity-stress equation-based P- and S-wave
separation have obvious high-frequency imaging artifacts at the
interface, while the imaging results obtained by the velocity-strain
equation-based P- and S-wave separation can image the interface
well, and without imaging artifacts. Through the imaging differ-
ence between the two imaging methods, it can be found that the
imaging difference is mainly concentrated on these interfaces, the
imaging results of the two methods are very remarkably close. This
shows that the reflected wave phase reversal problem of the
velocity-strain equation has little effect on the final elastic RTM
imaging. Simultaneously, we also show the waveform of the PP and
PS imaging results at 2, 4, and 6 km in Fig. 17. The imaging result
curve obtained by the velocity-strain equation-based P- and S-wave
separation is smooth. However, there are several spikes in the
imaging results obtained by the velocity-stress equation-based P-
and S-wave separation, and these spikes are migration imaging
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artifacts caused by the separation artifacts. This example shows
that the velocity-strain equation-based P- and S-wave separation
methods and their elastic RTM are accurate, and there are no sep-
aration and imaging artifacts. Velocity-strain equation-based P-
and S-wave separation methods is more suitable for elastic RTM
than the velocity-stress equation-based P- and S-wave separation
methods.
3.3. BP model

We also use the part of BP model (Billette and Brandsberg-Dahl,
2005) to verify the validity of the non-artifact P- and S-wave based
elastic RTM. The BP model are shown in Fig. 18. This model is 2,301
and 856 grid points in horizontal and vertical directions, respec-
tively, and the space interval in both the x- and z-direction is
12.5 m. The simulation source is Ricker wavelet with a dominant
frequency of 10 Hz. To image the subsalt structure with the diving
wave, we chose a large offset of 1,500 grid points for each shot. A
total of 231 shots are evenly distributed on the surface of themodel,
and each shot is spaced by 10 grid points. The migration velocity
model shown in Fig.19 is obtained by smoothing the original model
of Fig. 18. The migration model only slightly smooth the top inter-
face of the salt dome, and the smoothing is more severe elsewhere.
Because there is an obvious interface between the upper part of the
salt dome and other strata, this marked layer can be easily deter-
mined by seismic profiles and logging data. Therefore, we assume
that the specific location of the top of the salt dome is known, and
the accurate velocity model in other places is not easy to obtain, so
the smoothness is more serious in other places. By elastic RTM, the
PP and PS migration results obtained by the velocity-stress equa-
tion-based P- and S-wave separation methods are shown in Fig. 20,
and the PP and PS imaging results based on the velocity-strain



Fig. 16. Partial magnification of PP and PS images based on the velocity-stress equation, velocity-strain equation, and imaging differences in the square area of 2.5e4 km in the x-
direction and 2.5e4 km in the z-direction of Figs. 14 and 15. (a) and (d) are the PP and PS imaging results obtained by the velocity-stress equation-based P- and S-wave separation,
(b) and (e) are the PP and PS imaging results obtained by the velocity-strain equation-based P- and S-wave separation, (c) and (f) are the PP and PS image difference of velocity-
stress and velocity-strain based imaging.

Fig. 17. Image curve comparison of velocity-stress based imaging result (red dotted line) and velocity-strain based imaging result (black line) at 2, 4 and 6 km in the x-direction. (a)
PP imaging result curve comparison chart, (b) PS imaging result curve comparison chart.
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Fig. 18. Partial of BP model, (a) P- and S-wave velocity models, the color bars on the right represent P-wave and S-wave velocity values, respectively, (b) density model.

Fig. 19. Migration model, (a) P- and S-wave velocity models, (b) density model. The top of the salt dome is less smooth than elsewhere.

Fig. 20. (a) PP and (b) PS results of the BP model obtained by the velocity-stress equation-based elastic RMT. The lower right corner is a partial enlargement of the black box at the
upper left of the salt dome.

Fig. 21. (a) PP and (b) PS results of the BP model obtained by the velocity-strain equation-based non-artifact P- and S-wave separation. The lower right corner is a partial
enlargement of the black box at the upper left of the salt dome.
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Fig. 22. 3D 4-layers model. The P-wave velocity, S-wave velocity, and density of this 4-
layers model from top to bottom are (2,600 m/s, 1,200 m/s, 2.3 g/cm3), (2,700 m/s,
1,300 m/s, 2.4 g/cm3), (2,800 m/s, 1,400 m/s, 2.5 g/cm3), (2,900 m/s, 1,500 m/s, 2.6 g/
cm3).
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equation are shown in Fig. 21. It can be found that the two methods
can accurately image the underground structure. Except for the top
of the salt dome, the two imaging results are basically the same.
However, the velocity-strain equation-based elastic RTM can better
imaging the top of the salt dome than the velocity-stress equation,
as shown in the partial enlargement of Figs. 20 and 21. Because the
migration velocity model has a distinct interface at the top of the
salt dome, the P- and S-wave separation artifact based on the
velocity-stress equation can lead to artifacts in its elastic RTM im-
aging results. However, the elastic RTM based on the non-artifact P-
and S-wave separation method proposed in this paper can better
image the interface where the elastic parameters change rapidly.
Fig. 23. (a) PP imaging result and (b) PS imaging result of the 3D model ob
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3.4. 3D 4-layer model

We also built a simple 3D 4-layer model shown in Fig. 22 to test
the validity of the non-artifact P- and S-wave separation based
elastic RTM in 3D. This model is 400, 400, and 200 grid points in x-,
y- and z-direction, and the space interval in both the x-, y-, and z-
direction is 10 m. The source is 10 Hz Ricker wavelet. The PP and PS
migration imaging results obtained by the velocity-stress equation-
based P- and S-wave separation methods are shown in Fig. 23, and
the PP and PS imaging results based on the velocity-strain equation
are shown in Fig. 24. It can be found that the two methods can
image the underground structure. However, there are several
spikes in the imaging results of the velocity-stress equation-based
elastic RTM, while the imaging results obtained by the velocity-
strain equation-based elastic RTM can image the interface well,
and without imaging artifacts.
4. Discussion

The non-artifact vector P- and S-wave separation equations
proposed in this paper are an approximate equation. By comparing
Figs. 6 and 4, it can be found that the transmitted wave is consistent
with the first-order velocity-stress equation, and the reflectedwave
has a phase inversion problem. However, elastic RTM uses the
transmitted wave of the source forward-propagated and receiver
backward-propagated wavefields to calculate the cross-correlation
imaging conditions, so this approximation has trivial effect on the
imaging results of elastic RTM. From the migration imaging
waveforms in Fig. 17, the amplitude and phase of the imaging re-
sults of the two methods are roughly the same, but the presence of
spikes in the imaging results caused by separation artifacts will
have a greater impact on the imaging quality. Therefore, we believe
that non-artifact P- and S-wave separation methods are more
suitable for elastic RTM. Simultaneously, we envision that the non-
artifact P- and S-wave separation methods may also be suitable for
the following situations:

(1) Elastic RTM with substantial changes in velocity

In elastic RTM, when the velocity model changes significantly,
such as in the salt model, insufficient model smoothing may still
cause separation artifacts, resulting in imaging spike artifacts and
tained by the velocity-stress equation-based P- and S-wave separation.



Fig. 24. (a) PP imaging result and (b) PS imaging result of the 3D model obtained by the velocity-strain equation-based P- and S-wave separation.
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affecting later interpretation. However, excessive smoothing affects
the kinematics and dynamic accuracy of the forward and backward
wavefields and affects the final imaging quality. Therefore, for the
elastic RTM of the model with severe velocity changes, the non-
artifact P- and S-wave separation methods have great application
prospects.

(2) Up/down separation imaging of the elastic RTM

To remove the low-frequency noise and velocity gradients
caused false images, Fei et al. (2015) proposed up/down separation
based RTM. If the up/down separation is used for elastic RTM, the P-
and S-wave separation artifacts will cause obvious smearing in the
up and down wavefields, which will affect the imaging quality.
Therefore, it is also necessary to adopt non-artifact P- and S-wave
separation methods in up/down separation based elastic RTM.

(3) Least squares elastic RTM or elastic full waveform inversion

With the increase in inversion iterations number of least squares
elastic RTM or elastic full waveform inversion, the reflectivity
model and the velocity model will become more and more accu-
rate. An accurate reflection interface can easily lead to P- and S-
wave separation artifacts at the interface, particularly at sharp in-
terfaces or strong velocity contrasts. These artifacts affect the
inversion quality. Therefore, it is also necessary to adopt non-
artifact P- and S-wave separation in these methods.
5. Conclusions

The P- and S-wave separation methods are the basis of elastic
RTM. However, the traditional curl-divergence operator-based
separation method cannot maintain the dynamic characteristics of
the separated wavefield, and the velocity-stress equation-based
wavefield decoupling methods have separation artifacts. In this
paper, we propose a velocity-strain equation-based P- and S-wave
separation methods that maintain the dynamic characteristics of
the separated wavefield, and there is no separation artifact in the
separated wavefield. Used in elastic RTM, the velocity-strain based
separationmethod can accurately separate the P- and S-wave in the
extrapolated elastic wavefield and the imaging results obtained by
the velocity-strain based separation method are smooth, with no
migration artifacts.
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Appendix A. Derivation of Equation (6)

The basic equations in dynamic elasticity consist of the motion
equations,

r€ui ¼ sij;j þ rfi; (A-1)

the strain-displacement relations,

εij ¼
1
2
�
ui;j þuj;i

�
; (A-2)

and the stress-strain relations in isotropic media,

sij¼ lεkkdij þ 2mεij; (A-3)

where ui is the displacement, and fi is the body force (Aki and
Richards, 2002). Equation (4) is derived from Equation (A-1) by
omitting the body force and using the particle velocity instead of
the displacement. Equation (5) is derived by substituting Equation
(A-2) into Equation (A-3) and calculating the first-order partial
derivation of time.

By substituting Equation (A-3) into Equation (A-1), the
displacement-strain relations can be obtained,

r€ui ¼
�
lεkkdij þ 2mεij

�
;j: (A-4)

By expanding the Einstein summation in 2D and calculating the
first-order partial derivation of time, the particle velocity-strain
relations can be obtained as follows,

vvx
vt

¼ 1
r

�
v

vx
½lðεxx þ εzzÞ�þ v

vz
ð2mεxzÞ

�
;

vvz
vt

¼1
r

�
v

vz
½lðεxx þ εzzÞ� þ v

vx
ð2mεxzÞ

�
: (A-5)

Recombining Equation (A-5) provides,
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vvx
vt

¼1
r

�
v

vx
½ðlþ2mÞðεxx þ εzzÞ�þ v

vz
ð2mεxzÞ� v

vx
ð2mεzzÞ

�
;

vvz
vt

¼1
r

�
v

vz
½ðlþ2mÞðεxx þ εzzÞ�þ v

vx
ð2mεxzÞ� v

vz
ð2mεxxÞ

�
;

(A-6)

By substituting the strain and stress relationship into Equation
(A-6) (Aki and Richards, 2002),

εij ¼ � l

2mð2lþ 2mÞskkdij þ
1
2m

sij (A-7)

the velocity and stress equation can be obtained,

vvx
vt

¼1
r

�
v

vx

	
lþ2m
2lþ2m

ðsxxþszzÞ


þvsxz

vz
� v

vx

	ðlþ2mÞszz�lsxx
2lþ2m


�
;

vvz
vt

¼1
r

�
v

vz

	
lþ2m
2lþ2m

ðsxxþszzÞ


þvsxz

vx
� v

vz

	ðlþ2mÞsxx�lszz
2lþ2m


�
;

(A-8)

which is Equation (6) in the Section 2.
Appendix B. Comparison of velocity-stress and velocity-strain
equations

There are some differences in the wavefields obtained based on
the first-order velocity-stress equation and first-order velocity-
strain equation, mainly in terms of whether the equations calculate
partial derivatives of the elastic parameters. By substituting stress
Equation (5) into the velocity Equation (4) and replacing the ve-
locity term with displacement, the second-order displacement
equation corresponding to the velocity-stress equation is obtained
as,

r
v2ux
vt2

¼ v

vx

�
l

�
vux
vx

þ vuz
vz

�
þ2m

vux
vx

�
þ v

vz

�
m

�
vuz
vx

þ vux
vz

��

r
v2uz
vt2

¼ v

vx

�
l

�
vux
vx

þ vuz
vz

�
þ2m

vuz
vz

�
þ v

vx

�
m

�
vuz
vx

þ vux
vz

��
(B-1)

Because Equation (B-1) computes partial derivatives for the
elastic parameters, the separation of the longitudinal and shear
wavefields based on the decoupling equations of the velocity-stress
equations creates an artifact at the interface.

Similarly, by substituting strain Equation (12) into velocity
Equation (11), and replacing the velocity term with the displace-
ment, the second-order displacement equation corresponding to
the velocity-strain equation is obtained as,

r
v2ux
vt2

¼ðlþ 2mÞ
 
v2ux
vx2

þ v2uz
vxvz

!
þ m

 
v2ux
vz2

þ v2uz
vxvz

!

r
v2uz
vt2

¼ðlþ2mÞ
 
v2uz
vz2

þ v2uz
vxvz

!
þ m

 
v2uz
vx2

þ v2ux
vxvz

!
(B-2)

Equation (B-2) does not calculate the partial derivatives for
elastic parameters, so the corresponding decoupling equation does
not have artifacts at the interface.
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Appendix C. Derivation of scalar P-wave from the velocity-
strain equation

In an isotropic medium, the P-wave vibration direction is par-
allel to the propagation direction, so the scalar P-wave is obtained
by multiplying the vector P-wave by the P-wave propagation
direction,

vp ¼ vP,nP ; (C-1)

where vP is the vector P-wave, vp is the scalar P-wave, and nP is the
P-wave normalized propagation direction. By substituting the P-
wave decoupling formula of Equation (15) into Equation (C-1), we
obtain,

vvp
vt

¼ lþ 2m
r

�
εkk;i ,nPi

�
: (C-2)

This is Einstein's summation notation, and nPi is a component of
nP . By transforming Equation (C-2) from the time-space domain to
the frequency-wavenumber domain,

iuvp¼ lþ 2m
r

ðikxbεkk; ikzbεkkÞ,bnP ; (C-3)

where bvp, bεkk and bnP are the Fourier transforms of vp; εkk; and nP , i
is the imaginary unit, and u is the angular frequency. The trem bnP is
expressed by the P-wave wavenumber vector as,

bnP ¼
kP
jkP j

: (C-4)

By substituting Equation (C-4) into Equation (C-3),

iuvp¼ lþ 2m
r

ðikxbεkk; ikzbεkkÞ, kP
jkP j

: (C-5)

Organizing the above equation,

vp ¼ lþ 2m
r

,
jkP j
u
bεkk: (C-6)

By substituting the frequency dispersion relationship
jkP j
u ¼

ffiffiffiffiffiffiffiffiffi
lþ2m
r

q
into Equation (C-6), and transforming it from the

frequency-wavenumber domain to the time-space domain, we can
obtain the scalar P-wave equation,

vp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 2m

r

s
εkk: (C-7)
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