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a b s t r a c t

Rate-transient analysis (RTA) has been widely applied to extract estimates of reservoir/hydraulic fracture
properties. However, the majority of RTA techniques can lead to misdiagnosis of reservoir/fracture in-
formation when the reservoir exhibits reservoir heterogeneity and multiphase flow simultaneously. This
work proposes a practical-yet-rigorous method to decouple the effects of reservoir heterogeneity and
multiphase flow during TLF, and improve the evaluation of reservoir/fracture properties.

A new, general, semi-analytical model is proposed that explicitly accounts for multiphase flow, fractal-
based reservoir heterogeneity, anomalous diffusion, and pressure-dependent fluid properties. This is
achieved by introducing a new Boltzmann-type transformation, the exponent of which includes reservoir
heterogeneity and anomalous diffusion. In order to decouple the effects of reservoir heterogeneity and
multiphase flow during TLF, the modified Boltzmann variable allows the conversion of three partial
differential equations (PDE's) (i.e., oil, gas and water diffusion equations) into ordinary differential
equations (ODE's) that are easily solved using the Runge-Kutta (RK) method. A modified time-power-law
plot is also proposed to estimate the reservoir and fracture properties, recognizing that the classical
square-root-of-time-plot is no longer valid when various reservoir complexities are exhibited simulta-
neously. Using the slope of the straight line on the modified time-power-law plot, the linear flow
parameter can be estimated with more confidence. Moreover, because of the new Boltzmann-type
transformation, reservoir and fracture properties can be derived more efficiently without the need for
defining complex pseudo-variable transformations.

Using the new semi-analytical model, the effects of multiphase flow, reservoir heterogeneity and
anomalous diffusion on rate-decline behavior are evaluated. For the case of approximately constant
flowing pressure, multiphase flow impacts initial oil rate, which is a function of oil relative permeability
and well flowing pressure. However, multiphase flow has a minor effect on the oil production decline
exponent. Reservoir heterogeneity/anomalous diffusion affect both the initial oil production rate and
production decline exponent. The production decline exponent constant is a function of reservoir het-
erogeneity/anomalous diffusion only.

The practical significance of this work is the advancement of RTA techniques to allow for more
complex reservoir scenarios, leading to more accurate production forecasting and better-informed
capital planning.
© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
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1. Introduction

The rate-transient analysis (RTA) technique has been widely
applied to estimate reservoir and fracture parameters (e.g., matrix
reservoir permeability, fracture half-length, fluid-in-place, and etc.)
in support of field development and optimization. For this purpose,
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a variety of RTAmodels have been derived using analytical or semi-
analytical solutions to the classical diffusion equations adopted to
different flow regimes; however, these solutions require many
simplifications to reservoir/well boundary conditions, fluid/rock
properties, fracture geometry, etc. Despite these limitations, RTA
models have been successfully applied to conventional reservoirs
through application of superposition, pseudo-variables and rate-
normalized pressure. The combination of these data conversion
techniques allows for the application of single-phase liquid flow
solutions for the constant rate case to be extended to reservoirs
saturated with compressible fluids producing under variable
flowing pressures/rates at the well.

However, the majority of RTA models fail to account for reser-
voir complexities commonly observed in unconventional tight/
shale reservoirs, including multiphase flow, reservoir heterogene-
ity, pressure-dependent reservoir/fracture properties, and anoma-
lous diffusion (AD) in heterogeneous reservoirs. As a consequence,
significant errors can result from application of these RTAmodels to
multi-fractured horizontal wells (MFHW) producing from uncon-
ventional reservoirs. Therefore, in the past two decades, significant
effort has been made to extend the capabilities of RTA models so
that they can be applied to more complex unconventional
reservoirs.

For multiphase flow, several approaches have been used to
derive analytical RTA model solutions, including the iterative in-
tegral method (Qanbari and Clarkson, 2013), the modified pseudo-
variables method (Behmanesh et al., 2015; Yuan et al., 2015, 2017;
Qanbari and Clarkson, 2016; Clarkson, 2021), and the similarity-
based approach (Zhang et al., 2016; Hamdi et al., 2018). In addi-
tion, with more further simplifications (e.g., steady-state multi-
phase flow; one of multiphase is assumed approximately
immobile), material-balancemethod (Shi et al., 2020; Li et al., 2021)
have been applied to derive an analytical model. Among them, the
most popular approach is to use modified pseudo-variables to
linearize the multiphase flow equations; with this approach,
saturation- and pressure-dependent fluid/reservoir properties are
incorporated into the modified pseudo-variables (i.e., pseudo-
pressure, pseudo-time), which is necessary to derive the solutions
analytically (Behmanesh et al., 2015; Behmanesh, 2016; Yuan et al.,
2017, 2021). A drawback of this approach, however, is that pseudo-
variable calculation requires saturationepressure relationships to
be developed. For this purpose, Clarkson and Qanbari (2016)
developed an empirical saturationepressure relationship for oil/
gas flow. Another alternative approach is to derive the
saturationepressure relationship by employing the Boltzmann
variable to obtain the analytical or semi-analytical solutions (i.e.,
similarity-based solutions). The Boltzmann transformation allows
the simplification of the governing partial differential equations
(PDE's) to ordinary differential equations (ODE's). Boe et al. (1989)
and Behmanesh et al. (2015) utilized the Boltzmann variable to
derive the saturationepressure relationship for two-phase flow for
the constant-rate radial flow regime and constant-flowing-
pressure linear flow regime, respectively. Zhang et al. (2016) pro-
posed a modified similarity-based approach (using the Runge-
Kutta method) for multiphase liquid-rich gas (LRG) reservoirs
with two different inner-boundary conditions (i.e., constant-
flowing-pressure and constant-rate) for two-phase linear and
radial transient flow regimes. Hamdi et al. (2018) further developed
a semi-analytical model using the similarity-based Runge-Kutta
method to obtain saturationepressure relationships as a function of
the Boltzmann variable for three-phase flow in volatile oil reser-
voirs. Another key contribution of Hamdi et al. (2018) is that a
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straight-line analysis method was provided to derive the linear
flow parameter without requiring pseudo-variables. Those authors
later demonstrated practical applicability of the method to field
data (Hamdi et al., 2020). However, all the available analytical
models developed using the similarity-based method have only
been applied to cases with uniform distributions of reservoir
properties, and do not account for reservoir complexities such as
reservoir heterogeneity.

For reservoir heterogeneity, Yuan et al. (2019a, b) developed
analytical solutions for TLF by incorporating fractal-based matrix
reservoir permeability gradients away from the primary fracture.
Shahamat et al. (2018) modified the classical TLF solution
(Wattenbarger et al., 1998) for the case of a non-uniform matrix
reservoir permeability distribution. Acu~na (2016) defined “fracture
swarms” as “groups of near-parallel fractures with very small
spacing” and generated a network of fractures with fractally
distributed spacing; he demonstrated that this configuration (for
high conductivity fractures) can cause sub-linear flow. In parallel
with the above extensions of classical-diffusion-based solutions,
researchers have developed analytical or semi-analytical anoma-
lous-diffusion-based solutions incorporating matrix and fracture
heterogeneity. Raghavan and Chen (2017, 2018) derived the
analytical flowing solution for sub-linear flow caused by the com-
binations of fracture conductivity, fracture half-length, and fracture
spacing for hydraulically fractured wells. Also, in the framework of
anomalous diffusion (AD), the power-law decline model, based on
analytical single-phase flow solutions in heterogeneous oil and gas
reservoirs, has been applied by various researchers (Liu et al., 2018;
Albinali and Ozkan, 2016; Wang et al., 2017; Holy and Ozkan, 2017;
Al-Rebeawi, 2019; Artus et al., 2019; Valdes-Perez and Blasingame,
2020, etc.). However, all of the available anomalous-diffusion-based
solutions are still limited by the assumption of single-phase flow of
oil or gas, without consideration of multiphase flow. Yuan et al.
(2021) derived a semi-analytical solution accounting for the com-
bination of various reservoir complexities including anomalous
diffusion, reservoir heterogeneity, multiphase flow, and pressure-
dependent fluid and rock properties by using modified pseudo-
variables. However, the practicality of this method is limited
because the saturationepressure relationship used for the calcu-
lation of pseudo-variables was derived from numerical reservoir
simulation model output. In summary, to the best of our knowl-
edge, an analytical RTA model, and associated saturationepressure
relationship, for the case of three-phase flow in heterogeneous
reservoirs has not been developed. We believe that development of
such a model is of practical importance to the analysis of many
unconventional reservoirs.

The current work therefore proposes a new analytical RTA so-
lution that explicitly accounts for multiphase flow, reservoir het-
erogeneity, anomalous diffusion, and pressure-dependent fluid
properties. The fractal dimension and AD exponent are defined to
account for non-uniform distribution of reservoir permeability and
porosity. A new Boltzmann-type transformation, for which the
exponent includes reservoir geometric heterogeneity and AD, is
proposed for the first time. A theoretical explanation for the
occurrence of non-straight-line behavior on the square-root-of-
time plot for any of the producing phases (oil, water and gas)
caused by reservoir heterogeneity and AD is provided. A modified
time-power-law plot is also proposed to estimate reservoir and
fracture properties. The new analytical model is verified by using a
numerical reservoir simulation model and its practical application
is demonstrated with a field case. Moreover, the individual effects
of multiphase flow, reservoir heterogeneity and anomalous



J.-C. Li, B. Yuan, C.R. Clarkson et al. Petroleum Science 20 (2023) 309e321
diffusion on rate-decline behaviors in reservoirs exhibiting multi-
phase flow, reservoir heterogeneity and anomalous diffusion are
investigated using the new analytical model.

2. Theory and methods

2.1. Mathematical model

In this section, a new, general, analytical model is proposed that
explicitly accounts for multiphase flow, fractal-based reservoir
heterogeneity and pressure-dependent fluid properties. Hydraulic
fracturing is required to obtain the largest efficient production for
unconventional reservoir. Yuan et al. (2019a) suggested that the
quality of stimulated reservoir volume (SRV) is deteriorated caused
by the limited energy of hydraulic fracturing. Following thework by
Yuan et al. (2021), fractal theory is applied to characterize the
geometric heterogeneity of reservoir permeability and porosity as
follows:

fðxÞ ¼ fi

�
x
xi

�D�1
(1)

kðxÞ¼ ki

�
x
xi

�D�1�q

(2)

where xi is the reference location at the primary fracture face, ft; x is
the distance away from the primary fracture face, ft; fi is the initial
porosity at the reference position, fraction; ki is the initial perme-
ability at the reference position, mD;D is the fractal dimension used
to quantify the extent of reservoir heterogeneity; and q is the fluid
anomalous diffusion exponent caused by heterogeneity (Ozcan
et al., 2014). The diffusion equations describing multiphase fluid
flow through a reservoir with non-uniform distribution of perme-
ability and porosity in space are as follows:

Gas:

v

vx

�
akðxÞ vp

vx

�
¼ fðxÞ vb

vt
: (3)

Oil:

v

vx

�
akðxÞ vp

vx

�
¼ fðxÞ vb

vt
(4)

Water:

v

vx

�
gkðxÞ vp

vx

�
¼ fðxÞ vx

vt
(5)

where p is pressure; t is time; a and b are the simplified notations

for gas flow equation related to pressure and saturations, a ¼ krg
mgBg

þ
Rskro
moBo

, b ¼ Sg
Bg
þ RsSo

Bo
; a and b are the simplified notations for oil flow

equation related to pressure and saturations, a ¼ kro
moBo

þ Rvkrg
mgBg

, b ¼
So
Bo
þ RvSg

Bg
; g and x are the simplified notations for water flow equa-

tion related to pressure and saturations, g ¼ krw
mwBw

, x ¼ Sw
Bw
. The

mathematical notations are consistent with those of Hamdi et al.
(2018). Bg, Bo, Bw are the formation volume factors for gas, oil and
water; mg, mo, mw are the viscosities of gas, oil and water; Sg, So, Sw
are the gas, oil and water saturation, respectively; krg, kro, krw are
the gas, oil and water relative permeability, respectively; Rs is the
solution gas to oil ratio; Rv is the vaporized oil to gas ratio.

In this work, rock compressibility and capillary pressure are
neglected, which is the conventional assumption in analytical
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multiphase flow analysis methods (Hamdi et al., 2018). In addition,
the rock and fluid parameters utilize the following assumptions:

1. Bg(p), Bo(p), mg(p), mo(p), Rs(p), Rv(p) are functions of pressure.
2. krw(Sw), krg(Sg) are functions of the corresponding phase satu-

rations while kro(Sw, Sg) is a function of two-phase saturations
and calculated using Stone's first model (Stone, 1973).

The conventional Boltzmann variable can be used to reduce the
number of variables for cases with uniform permeability and
porosity distribution. However, for the diffusion equations corre-
sponding to heterogeneous reservoirs (Eqs. (3)e(5)), the conven-
tional Boltzmann variable cannot play the same role when
permeability and porosity are varying in space. To address this
issue, for the first time, a new Boltzmann-type variable (Eq. (6)) is
proposed using the method of undetermined coefficients (Stelson,
1950). The details are provided in Appendix A.

h ¼
ffiffiffiffiffi
fi
ki

s
xD�1�q
i x2þq�Dt

D�2�q
2þq : (6)

where h is the modified Boltzmann variable.
The type of Boltzmann variable could be simplified to be the

conventional Boltzmann variable that appears in Hamdi et al.
(2018) when reservoir is homogenous (D ¼ 1, q ¼ 0; h ¼ x(f/
kt)0.5). Through application of this new Boltzmann variable, the
original three-phase fluid flow PDEs are transformed to ordinary
differential equations (ODE's) as follows:

Gas:

d
dh

�
a
dp
dh

�
¼ whc

db
dh

: (7)

Oil:

d
dh

�
a
dp
dh

�
¼ whc

db
dh

: (8)

Water:

d
dh

�
g
dp
dh

�
¼ whc

dx
dh

: (9)

where w and c are intermediate variables used to simplify the
expression of the above equations:

w ¼ � 1
ð2þ q� DÞð2þ qÞ

�
fi
ki

�
1�c
2 xðcþ1Þð1�DÞþcq

i : (10)

c¼ D
2þ q� D

: (11)

Three-phase parameters in Eqs. (7)e(9) (a, b, a, b, g, x) are
functions of pressure and the phase saturations, e.g., a ¼ f ðp; Sw;
Sg Þ. Hence, as an example, the total differential of a can be
expressed as follows:

da ¼
�
va

vp

�
Sw;Sg

dpþ
�

va

vSw

�
p;Sg

dSw þ
�
va

vSg

�
p;Sw

dSg: (12)

For ease of simple expression, Eq. (12) can be further simplified
to be Eq. (13):

da ¼ a1dpþ a2dSw þ a3dSg: (13)

The total differentials for other variables (a, b, b, g, x) are derived
in a similar fashion as Eq. (13), the details of which are provided in
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Appendix B. After a series of mathematical derivations shown in
Appendix B, the equations describing water saturation and gas
saturation gradients with respect to the new Boltzmann variable
can be obtained as follows, respectively.

dSw
dh

¼ �dSg
dh

2
664
dp
dh ðaa3 � aa3Þ �whcðab3 � ab3Þ
dp
dh ðaa2 � aa2Þ �whcðab2 � ab2Þ

3
775

� dp
dh

2
664
dp
dh ðaa1 � aa1Þ �whcðab1 � ab1Þ
dp
dh ðaa2 � aa2Þ �whcðab2 � ab2Þ

3
775: (14)

dSg
dh

¼ dp
dh

dp
dh ðag1�ga1Þ�whcðax1�gb1Þ
dp
dh ðag2�ga2Þ�whcðax2�gb2Þ

�
dp
dh ðaa1�aa1Þ�whcðab1�ab1Þ
dp
dh ðaa2�aa2Þ�whcðab2�ab2Þ

�
dp
dh ðag3�ga3Þ�whcðax3�gb3Þ
dp
dh ðag2�ga2Þ�whcðax2�gb2Þ

þ
dp
dh ðaa3�aa3Þ�whcðab3�ab3Þ
dp
dh ðaa2�aa2Þ�whcðab2�ab2Þ

:

(15)

Eqs. (14) and (15) are non-linear ODEs including rock and fluid
properties and pressure gradient. Following thework of Zhang et al.
(2014) and Hamdi et al. (2018), the Rung-Kutta (RK) method is also
employed to solve the transformed governing flow equations (Eqs.
(7)e(9)) rigorously. For this purpose, Eqs. (14) and (15) can provide
the solutions of water and gas saturation in differential form. In
addition, the pressure gradient for the Boltzmann variable (h) is
required for capturing spatial and temporal pressure changes in
reservoir. However, because Eq. (8) is a second order ODE, an extra
ordinary differential variable (pressure gradient: pd ¼ adp=dh) is
needed for order reduction, which is necessary for the solution. As a
consequence, four ordinary differential equations (dp/dƞ, dSw/dƞ,
dSg/dƞ, dpd/dƞ) are developed as follows with their boundary
conditions:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

dp
dh

¼ 1
a
pd pjh¼0 ¼ pwf ; pjh¼∞ ¼ pi ðaÞ

dSw
dh

¼ Eq: 14 Swjh¼∞ ¼ Swi ðbÞ

dSg
dh

¼ Eq:15 Sg
��
h¼∞ ¼ Sgi ðcÞ

dpd
dh

¼ whc
db

�
p; sw; sg

	
dh

ðdÞ

: (16)

where pwf is flowing bottom hole pressure;w and c are related with
D and q that can be dealt with constant values. As evident from Eq.
(16), the initial conditions of the reservoir are the same as the
corresponding outer boundary of pressure and saturations. In Eq.
(16a), introduction of pd helps overcome the issue of pressure so-
lution to satisfy two boundary conditions. To find a consistent so-
lution for Eq. (16), pjh¼∞ ¼ pi is used as the primary boundary
condition; as a result, an input value (usually a very small number)
is then required for pd at h ¼ ∞ in such a way that the pressure
solution can satisfy another boundary condition, i.e., pjh¼0 ¼ pwf .
This is achieved by using a trial-and-error approach based on the
Bisectionmethod, which can find values of pd at the outer boundary
quickly. Then, the analytical solution for Eq. (16) can be found to
determine the distribution profile of pressure and phase satura-
tions as functions of the new Boltzmann variable.
Fig. 1. A step-wise workflow to estimate the linear flow parameter for multiphase
transient linear flow in heterogeneous reservoirs with anomalous diffusion effects.
2.2. RTA application

As described above, both the transient saturationepressure
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relationship and transient linear flow solution for the constant
flowing bottom hole pressure case are obtained using the new
Boltzmann-type transformation. For three-phase flow in hetero-
geneous reservoirs with AD effects, Eq. (17) is the transient rate
equation for the oil phase obtained using Darcy's law:

qo ¼ ka
�
p; Sw; Sg

	
A
�
dp
dx

�
x¼0

: (17)

where qo is the oil rate, m3/day; A is the cross sectional area, m2.
Using the new Boltzmann variable (Eq. (6)), Eq. (17) can be further
transformed as follows:

qo ¼ A12xfh
ffiffiffiffiffiffiffiffi
kifi

q
ð2þ q� DÞpdjh¼0ðA2tÞ

D�2�q
2þq : (18)

where A1, A2 are both the unit conversion factors for metric units
(A1 ¼ 27:32; A2 ¼ 86400); xf is the effective fracture half-length,
m; h is the reservoir thickness, m; t is the production time, day;
pdjh¼0 can be calculated from the set of ODE's where fi, h, D and q

must be known. Knowing the pressure, gas and water saturations,
a, a and g can be calculated. The pressure gradient ðdp=dhÞh¼0 can
be estimated further which means that Eq. (18) can rewrite for
water and gas phase as follows:

qg ¼ A12xfh
ffiffiffiffiffiffiffiffi
kifi

q
ð2þ q� DÞadp

dh

����
h¼0

ðA2tÞ
D�2�q
2þq : (19)

qw ¼ A12xfh
ffiffiffiffiffiffiffiffi
kifi

q
ð2þ q� DÞgdp

dh

����
h¼0

ðA2tÞ
D�2�q
2þq : (20)

where qg is the gas rate, m3/day; qw is the water rate, m3/day.
In contrast to the classical square-root-of-time plot, which

cannot be used for this case due to the impact of reservoir het-
erogeneity and anomalous diffusion, Eq. (18) can be used to develop
a time-power-law-plot of 1=qo versus tð2þq�DÞ=ð2þqÞ whose slope

can be expressed as 2xfhðkifiÞ0:5ð2þ q� DÞpd
���
h¼0

. As a result, the

linear flow parameter ðxfk0:5i ) can be estimated from the new time-
power-law plot for the case of reservoir heterogeneity and anom-
alous diffusion. Fig. 1 provides the step-wise workflow to calculate
xfk

0:5
i for TLF for wells flowing at constant flowing bottom hole

pressure conditions.
The workflow is summarized as follows:

Step 1: Gather the basic data for analysis including production
rates of different phases, bottom hole flowing pressure, relative
permeability curves, fluid PVT, matrix permeability and
porosity.
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Step 2: Solve the analytical model for multiphase transient
linear flow in heterogeneous reservoirs by using the Runge-
Kutta method to obtain pdjh¼0.
Step 3: Plot 1=qo versus tð2þq�DÞ=ð2þqÞ and evaluate the slope of
the observed straight-line.
Step 4: Estimate the linear flow parameter, xfk0:5i , using the
slope and pdjh¼0.
3. Results

In this section, the new analytical model and RTA workflow are
applied to a simulation case. Next, the model is applied to a field
case to demonstrate practical application.
3.1. Model verification with numerical simulation

In this section, the new analytical model and RTA workflow are
applied to a simulation case. The simulation model (Fig. 2) is
designed to simulate the TLF regime, and all hydraulic fractures are
assumed symmetrical with infinite conductivity. To reduce simu-
lation runtimes, an element of symmetry (single fracture stage)
model is applied, and then scaled up to a MFHW with the full
number of stages. To obtain accurate pressure and phase saturation
distributions, the grid blocks are refined in the near-fracture-face
region, as shown in Fig. 3. The well is operated under a constant
bottom hole pressure (10 MPa) condition.

To illustrate the impacts of reservoir heterogeneity and AD,
fractal theory is applied, where the fractal dimension is 0.7 and AD
exponent is 0.5. Fig. 4 presents the fractal-based non-uniform
distribution of matrix reservoir permeability and porosity, where
the reference permeability and porosity at the fracture face are 0.01
mD and 10%, respectively. Table 1 summarizes the other key input
parameters used to construct the simulation model. The relative
2. Illustration of a MFHW and the element of symmetry used for simulation
delling.

3. Gridblock pressures at early time generated using the reservoir simulation
del.
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permeability is calculated in Brooks-Corey equation (Christiansen
and Lake, 2007), the input parameters are listed in Table 2.

In this work, a black-oil model is applied. The simulated reser-
voir is at a depth of 1500 m with initial temperature of 50 �C and
initial pressure of 28.6 MPa. The initial water saturation in the
reservoir is 0.45, which is greater than the connate water satura-
tion, Swc ¼ 0:2. The relative permeability curves are generated with
Brooks�Corey equations (Christiansen and Lake, 2007). It should be
noted that the oil-phase relative permeability is calculated using
Stone's first model(Stone, 1973), kro ¼ f ðSw;SgÞ. The PVT properties
used in the simulation model are illustrated in Fig. 5.

Fig. 6aec compares the pressure, gas saturation and oil satura-
tion paths versus Boltzmann variable for both the numerical
simulation model and analytical model. The results demonstrate
good agreement between both models for the case of multiphase
transient linear flow in heterogeneous reservoirs with anomalous
diffusion. Differences between pressure and saturation for the two
methods are within 5%. In addition, by eliminating the Boltzmann
variable, the saturationepressure relationship can be obtained. The
gas saturationepressure and oil saturationepressure relationships
are illustrated in Fig. 7a and b, respectively. The SeP path is an
essential input for RTA using the modified pseudo-variable
Fig. 4. Non-uniform distribution of permeability and porosity generated using fractal
theory, where the fractal dimension is 0.7 and anomalous diffusion exponent is 0.5.

Table 1
Key input parameters of reservoir simulation model.

Parameter Value Parameter Value

Reference porosity 10% Thickness 10 m
Reference permeability 0.01 mD Initial reservoir pressure 28.6 MPa
Fracture half-length 152 m Bubble point pressure 28.6 MPa
Fractal dimension 0.7 Anomalous diffusion exponent 0.5

Table 2
Parameters for Brooks-Corey equations to calculate relative permeability.

now nw ng nog krwmax krgmax Sgc Swc Sorg Sorw

3 3 3 3 0.2 0.2 0 0.2 0.1 0.1

Note: now, nw are Brooks-Corey exponents for oil and water relative permeability in
oil-water system, dimensionless; nog, ng are Brooks-Corey exponents for oil and gas
relative permeability in oil-gas system, dimensionless; krw_max, krg_max are the
maximum water and gas relative permeability respectively, dimensionless; Swc and
Sgc are the critical water and gas saturation, dimensionless; Sorw and Sorg are residual
oil saturation in oil-water system and oil-gas system, dimensionless.



Fig. 5. PVT properties used in simulation model: (a) oil and gas viscosity, solution gas to oil ratio; (b) formation volume factors for oil and gas.

Fig. 6. Comparisons of pressure, water saturation and oil saturation paths obtained
from the fine-grid numerical simulation and the analytical solution: (a) pressure
versus Boltzmann variable; (b) gas saturation versus Boltzmann variable; (c) oil
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approach, as discussed by Hamdi et al. (2018).
As described in the previous section, the value of pd at h ¼ 0,

and the slope of straight-line analysis plot, can be employed to
estimate the linear flow parameter xfk0:5i . Fig. 8a provides the
classical square-root-of-time plot analysis (with the assumption of
a homogeneous reservoir) using the transient linear flow solution
of Wattenbarger et al. (1998). From this plot, the linear flow
parameter, xfk0:5i , is estimated to be 5.77 m$mD0.5, which is much
smaller than the value input into the simulator (15.20 m$mD0.5). In
contrast, the new time-power-law-plot (that is, 1/qo vs. t0.72 in this
case), which incorporates the impacts of reservoir heterogeneity
and multiphase flow, is shown in Fig. 8b. Using the slope of the
straight line of the time-power-law plot, the linear-flow-parameter
xfk

0:5
i is estimated to be 15.51 m$mD0.5, which is within 2% of the

simulation input. As a result, it is necessary to consider the impacts
of multiphase flow and reservoir heterogeneity when it occurs.

3.2. Model application to field data

In this section, practical application of the new model is
demonstrated using a hydraulically-fractured horizontal well
located in the Junggar Basin. The target reservoir has an initial
reservoir pressure of 71.3 MPa, reservoir temperature of 105 �C,
and a net play of 7 m. The relative densities of crude oil and gas
measured in the laboratory are 0.83 and 0.78, respectively. Fig. 9
provides some of the additional well data and PVT properties
calculated using the empirical formulas constrained by experi-
mental data. In this work, the relative permeability curves are
fitted to laboratory data using Brooks-Corey equations
(Christiansen and Lake, 2007) with the resulting parameters re-
ported in Table 3. From Fig. 10, it is observed that BHP declined
substantially at early time, after which (approximately 20 days)
BHP stayed constant about 46 MPa. In this work, the degree of
reservoir heterogeneity is estimated through slope of oil pro-
duction versus time on a log-log plot, resulting in D ¼ 0:85 and
q ¼ 0. Fig. 11 provides the comparison of rate-transient analysis
using the classical square-root-of-time plot (with the assumption
of a homogeneous reservoir) and the new time-power-law-plot
(that is, 1/qo vs. t0.575 in this case, of which the power-law expo-
nent is calculated using Eq. (18) with the original simulation in-
puts). The fracture half-length, xf, is estimated to be 43.76 m
(within 47.3% in error with the original input) using the classical
transient linear flow analysis. In comparison, the novel time-
power-law-plot incorporates the impacts of reservoir heteroge-
neity and multiphase flow. Using the slope of the straight line of
the time-power-law plot, the fracture half-length xf is estimated
saturation versus Boltzmann variable.
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Fig. 7. Oil (a) and gas (b) saturationepressure relationships obtained from numerical simulation and analytical model.

Fig. 8. Conventional square-root-of-time plot (a) and improved time-power-law plot (b). The latter can be used to evaluate the linear flow parameter for a heterogeneous reservoir
with multiphase flow.
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to be 85.3 m, which is within 2.8% of the value of history-matched
simulation case. Fig. 12 shows results of history matching oil/gas
rates and cumulative production using the analytical model. The
history-matching error of the cumulative production is within 3%.
Fig. 9. Data used for field case analysis: (a) schematic of studied wel
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4. Discussion

After successful validation of the new semi-analytical model
using numerical simulation, and practical application of the model
l with additional input data, (b) multiphase fluid PVT properties.



Table 3
Brooks-Corey parameters used to calculate relative permeability.

now nw ng nog krwmax krgmax Sgc Swc Sorg Sorw

2.5 1 1.5 3 0.1 0.7 0 0.2 0.15 0.15

Fig. 10. Production rates (oil & gas) and flowing bottom hole pressures (BHPs) for
target well in the Junggar Basin.
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to field data, a sensitivity study was performed to evaluate the
impacts of multiphase flow, reservoir geometric heterogeneity and
Fig. 11. Conventional square-root-of-time plot (a) and improved time-power-law plot (b). Th
with multiphase flow.

Fig. 12. History matching results for oil production rate and cumulative oil production (a) a
history or measured datapoints and “Cum” is abbreviation for cumulative production.
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anomalous diffusion on the rate-decline behavior respectively.
It is quite common for MFHWs completed in tight oil reservoirs

to exhibit power-law behavior on log-log diagnostic plots (Chu
et al., 2019), as described with the equation qo ¼ qinit�n where
qini is the initial oil production rate, m3/day, and n is the power-law
exponent, dimensionless. The new analytical model (Eq. (18)) also
predicts power-law behavior. Hence, the initial oil production rate
and production rate-decline exponent constant can be expressed as
shown in Eq. (21a, b). The detailed derivation can be found in
Appendix C.

Initial oil production rate:

qini ¼ A12xfh
ffiffiffiffiffiffiffiffi
kifi

q
ð2þ q� DÞpdjh¼0A

D�2�q
2þq

2 (21a)

Production decline exponent constant:

b¼1
n
¼ 2þ q

2þ q� D
(21b)

Using these relationships, the impact of multiphase flow on
initial oil rate, and the impacts of reservoir heterogeneity/rate-
decline behavior, can now be explored using the new model.
4.1. Impact of multiphase flow on initial oil production rate

As shown in Eq. (21a, b), multiphase flow only affects the initial
oil production rate and does not affect the production decline
exponent constant. In this work, the impact of multiphase flow is
e latter can be used to evaluate the linear flow parameter for a heterogeneous reservoir

nd gas production rate and cumulative gas production (b). In this plot “H” denotes the
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investigated using different oil/water relative permeability curves.
The BrooksCorey equation parameters are varied (see Table 4 for
model inputs) while all other input parameters are same as those
applied to the simulation model used for verification. As shown in
Fig. 13a and b, the values of initial oil rate in the rateedecline model
increase with the ehancement of oil mobility (i.e. as now and nog
Table 4
Summary of the input values for different Brooks-Corey
equation parameters used for sensitivity study.

Input parameters Value range

Case a: now 1e4
Case b: nog 1e4
Case c: ng 1e4
Case d: krwmax 0.2e0.8
Case e: krgmax 0.2e0.8

Fig. 13. Impact of multiphase flow (using BrooksCorey equations) on the init
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decrease). In contrast, the initial oil production rate drops with an
increase of gas/water mobility (i.e., as ng decreases, in Fig. 13c; as
krgmax, krwmax increase, in Fig. 13d and e), and it is noted that the
impact of water mobility has a minor impact on the initial oil
production rates (Fig. 13d). Compared to water production, the
enhancement of gas production has more significant impact on the
initial oil production rate (i.e., the impacts of nog vs. now, Fig. 13a vs.
Fig. 13b; the impact of krgmax vs. krwmax, Fig. 13d vs. Fig. 13e).
4.2. Impact of reservoir heterogeneity/anomalous diffusion on rate
decline behavior

To study these effects, different fractal dimension and anoma-
lous diffusion exponents are used (see Table 5) in the simulation
model while fluid properties are consistent with values used in
verification section. As suggested from Eq. (19), reservoir
ial oil production rate (qini): (a) now, (b) nog, (c) ng, (d) krwmax, (e) krgmax.



Table 5
Summary of the input values for fractal dimension and anomalous diffusion expo-
nents used in sensitivity study.

Case Fracture dimension D Anomalous diffusion exponent q

Case a 0.2e0.8 0
Case b 0.2e0.8 0.2
Case c 0.2e0.8 0.5
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heterogeneity/anomalous diffusion affect both the initial oil pro-
duction rate and production decline exponent. Fig.14 demonstrates
that reservoir heterogeneity and anomalous diffusion have an
obvious impact on qini. With a decrease of fractal dimension (D), the
extent of reservoir heterogeneity is exaggerated; as a result, the
initial oil production rate decreases. With an increase in the
anomalous diffusion exponent (q), the resistance to fluid flow
(caused by reservoir heterogeneity) increases, also leading to a drop
of initial oil production. Fig. 15 suggests that, with an increase in
reservoir heterogeneity and anomalous diffusion, the rate-decline
exponent constant (b) follows a decreasing trend; that is, the
decline of oil production is exaggerated. Furthermore, the impacts
of reservoir heterogeneity on the production decline exponent are
more evident than that of anomalous diffusion.
Fig. 14. Impact of reservoir heterogeneity and anomalous diffusion on the initial oil
production rate qini.

Fig. 15. Impact of reservoir heterogeneity and anomalous diffusion on the production
decline exponent constant b.
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5. Conclusions

In this work, a new semi-analytical model is developed that
explicitly accounts for multiphase transient flow, fractal-based
reservoir heterogeneity, anomalous diffusion (AD), and pressure-
dependent fluid properties simultaneously. To derive the semi-
analytical solution, a new Boltzmann-type variable is proposed,
the exponent of which incorporate reservoir geometric heteroge-
neity and AD parameters. The newmodel is verified using fine-grid
numerical reservoir simulation populated with light oil fluid
properties. A new time-power-law plot is also proposed to estimate
the reservoir and fracture properties, in recognition of the fact that
the classical square-root-of-time-plot can result in misestimates
when reservoir complexities are exhibited.

For the case of an approximately constant flowing pressure,
multiphase flow has a significant effect on initial oil production
rate, but has only a minor effect on the oil production decline
exponent. Reservoir heterogeneity/anomalous diffusion affect both
the initial oil production rate and production decline exponent.
Moreover, the production decline exponent is a function of reser-
voir heterogeneity/anomalous diffusion alone.

The practical importance of this work is the advancement of
analytical RTA models to allow for more complex reservoir sce-
narios, leading to more accurate production forecasting and better-
informed capital planning. Future work will endeavor to improve
the method for application to variable production conditions. This
stepwill improve the practicality and rigorousness of themethod of
modified pseudo-variables for RTA applications.
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Appendix A. Derivation of the new Boltzmann variable

Using the method of undetermined coefficients (Stelson, 1950),
the new Boltzmann variable is determined as:

h ¼ xmkðxÞefðxÞf tn (A-1)

where m, e, f, n are undetermined exponents, fraction. Eq. A-1 can
be written as Eq. A-2 through the fractal permeability and porosity
equations:

h ¼ kei f
f
i x

�ðeþf ÞðD�1Þþeq
i xmþðeþf ÞðD�1Þ�eqtn (A-2)

The left side of oil diffusion equation is v
vx



kðxÞa vp

vx

�
, which can

be transformed as follows by using the new Boltzmann variable.

v

vx

�
kðxÞa vp

vx

�
¼ v

vx

�
Bxmþðeþfþ1ÞðD�1Þ�ðeþ1Þq�1tn

dp
dh

�
(A-3)

B ¼ a½mþ ðeþ f ÞðD� 1Þ � eq �keþ1
i f

f
i x

�ðeþfþ1ÞðD�1Þþðeþ1Þq
i

(A-4)
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In Eq. A-4, mþ ðeþf þ1ÞðD�1Þ � ðeþ1Þq� 1 should be zero to
realize the reduction of equation order. To solve this equation, it is
difficult and even not very necessary to find a general solution for
the purpose of this work. Through using any unique solutions with
different values of m, e, and f, different formulates of Boltzmann
variables can be built, however, any types of unique solutions will
lead to the same results of analytical solution of the original PDEs
even with different formulates of Boltzmann variables. As a result,
for the same of computational efficiency but without paying the
prices of precision, a special unique solution is suggested with
m ¼ 1, e ¼ �1, f ¼ 0. The right side of oil diffusion equation is
similarly converted using the new Boltzmann variable. The oil
diffusion equation is transformed to be Eq. A-6 after some mathe-
matical manipulations.

h¼ k�1
i xðD�1�qÞ

i x2þq�Dtn (A-5)

d
dh

�
a
dp
dh

�
¼ n

ð2þ q� DÞ2
x1�D
i xDt�n�1db

dh
(A-6)

In Eq. (A-6), xDt�n�1 is a power-law function of h which follows

xDt�n�1 ¼ hhc; ki, xi are constant. Therefore,
�

h
k�1
i xD�1�q

i

�c

¼ xDt�n�1

is presented to calculate the unknown parameters.

xcð2þq�DÞtcn ¼ xDt�n�1 (A-7)

To make the space and time exponents consistent at both sides
of equation, c and n become:

c¼ D
2þ q� D

(A-8)

n¼D� 2� q

2þ q
(A-9)

To be of similar form to the conventional Boltzmann variable at
D ¼ 1, q ¼ 0, the new Boltzmann variable can be expressed as:

h ¼
ffiffiffiffiffi
fi
ki

s
xD�1�q
i x2þq�Dt

D�2�q
2þq (A-10)
Appendix B. Derivation of water saturation and gas
saturation gradients with respect to the new Boltzmann
variable

The auxiliary variables used to simplify the ODE's are as follows:

N ¼ dp
dh

; K ¼ dSw
dh

; L ¼ dSg
dh

;
K
N

¼ dSw
dp

;
L
N

¼ dSg
dp

(B-1)

Using Eq. B-1, Eq. (8) can be written as:
K ¼ � L½Nðaa3 � aa3Þ �whcðab3 � ab3Þ� þ N½Nðaa1 � aa1Þ �whcðab
Nðaa2 � aa2Þ �whcðab2 � ab2Þ

319
N
�
a1dp
dh

þ a2dSw
dh

þ a3dSg
dh

�
þ a

dN
dh

¼ whc
�
b1dp
dh

þ b2dSw
dh

þ b3dSg
dh

�
(B-2)

Nða1N þ a2K þ a3LÞ þ a
dN
dh

¼ whcðb1N þ b2K þ b3LÞ (B-3)

Then the oil diffusion equation Eq. B-3 can be transformed as:

a
dN
dh

þ Nða1N �whcb1Þ þ Kða2N �whcb2Þ þ Lða3N �whcb3Þ

¼ 0

(B-4)

Gas and water diffusion equations can also transform to the
following form:

a
dN
dh

þ Nða1N �whcb1Þ þ Kða2N �whcb2Þ þ Lða3N �whcb3Þ

¼ 0

(B-5)

g
dN
dh

þ Nðg1N �whcx1Þ þ Kðg2N �whcx2Þ þ Lðg3N �whcx3Þ

¼ 0

(B-6)

dN/dh is involved in three-phase flow equations. It can be
eliminated by employing the oil equation Eq. B-4. As a result, the
equation for dN/dh is obtained as follows:

dN
dh

¼ �1
a
½Nða1N �whcb1Þ þ Kða2N �whcb2Þ þ Lða3N

�whcb3Þ � (B-7)

Therefore, dN/dh in gas flow equations can be written as:

a
�
� N

a
ða1N�whcb1Þ�

K
a
ða2N�whcb2Þ�

L
a
ða3N�whcb3Þ

�
þNða1N�whcb1ÞþKða2N�whcb2Þþ Lða3N�whcb3Þ¼ 0

(B-8)

Eq. B-8 can be multiplied by a/N as follows:�
�aða1N�whcb1Þ�a

K
N
ða2N�whcb2Þ�a

L
N
ða3N�whcb3Þ

�

þaða1N�whcb1Þþa
K
N
ða2N�whcb2Þþa

L
N
ða3N�whcb3Þ¼0

(B-9)

After some mathematical manipulation, Eq. B-9 can be simpli-
fied as:
1 � ab1Þ� (B-10)
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Using Eq. B-1, Eq. B-10 can be written as follows:

dSw
dh

¼ �dSg
dh

2
664
dp
dh ðaa3 � aa3Þ �whcðab3 � ab3Þ
dp
dh ðaa2 � aa2Þ �whcðab2 � ab2Þ

3
775

� dp
dh

2
664
dp
dh ðaa1 � aa1Þ �whcðab1 � ab1Þ
dp
dh ðaa2 � aa2Þ �whcðab2 � ab2Þ

3
775 (B-11)

Similarly, the water phase flow equation can be transformed as
follows:

g

�
� N

a
ða1N�whcb1Þ�

K
a
ða2N�whcb2Þ�

L
a
ða3N�whcb3Þ

�
þNðg1N�whcx1ÞþKðg2N�whcx2Þþ Lðg3N�whcx3Þ¼0

(B-12)

Eq. B-12 can be multiplied by a/N as follows:

� gða1N�whcb1Þ�g
K
N
ða2N�whcb2Þ�g

L
N
ða3N�whcb3Þ

þaðg1N�whcx1Þþa
K
N
ðg2N�whcx2Þþa

L
N
ðg3N�whcx3Þ¼0

(B-13)

After mathematic rearrangement, Eq. B-13 can be simplified as
follows
K ¼ � L½Nðag3 � ga3Þ �whcðax3 � gb3Þ� þ N½Nðag1 � ga1Þ �whcðax1 � gb1Þ�
Nðag2 � ga2Þ �whcðax2 � gb2Þ

(B-14)
Eq. B-10 and Eq. B-14 can be combined to obtain an ODE
equation for gas saturation as follows:

dSg
dh

¼ dp
dh

dp
dh ðag1�ga1Þ�whcðax1�gb1Þ
dp
dh ðag2�ga2Þ�whcðax2�gb2Þ

�
dp
dh ðaa1�aa1Þ�whcðab1�ab1Þ
dp
dh ðaa2�aa2Þ�whcðab2�ab2Þ

�
dp
dh ðag3�ga3Þ�whcðax3�gb3Þ
dp
dh ðag2�ga2Þ�whcðax2�gb2Þ

þ
dp
dh ðaa3�aa3Þ�whcðab3�ab3Þ
dp
dh ðaa2�aa2Þ�whcðab2�ab2Þ

(B-15)

For the case of oil and gas flow, the gas saturation gradient can
be obtained by using Eq. B-11. It is noted that the differential var-
iables for water are eliminated. Therefore, the gas saturation
gradient is simplified as follows:

dSg
dh

¼ �dp
dh

dp
dh ðaa1 � aa1Þ �whcðab1 � ab1Þ
dp
dh ðaa3 � aa3Þ �whcðab3 � ab3Þ

(B-16)

Similar mathematical manipulations can be performed for oil/
water flow equations. The water saturation gradient is obtained as
follows:

dSw
dh

¼ �dp
dh

dp
dh ðag1 � ga1Þ �whcðax1 � gb1Þ
dp
dh ðag2 � ga2Þ �whcðax2 � gb2Þ

(B-17)
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Appendix-C. Derivation of rate-decline model to couple the
impacts of multiphase flow, reservoir geometric
heterogeneity and anomalous diffusion

The theory of all decline curve analysis begins with the concept
of the nominal (instantaneous) decline rate ar, which is defined as
the fractional change in rate per unit time:

ar ¼ �


Dq
q

�
Dt

¼ �1
q
Dq
Dt

(C-1)

Substituting the power-law production rate formula q ¼ qinit�n

into Eq. C-1 results in:

ar ¼n
t

(C-2)

Another approach to representing the decline rate can be ob-
tained by using the production rate q and the decline exponent
constant b:

ar ¼Kqb (C-3)

As a result, the decline rate a and production rate q at any time
satisfy the following relationship with initial decline rate a0 and
initial production rate qini:

ar
a0

¼
�

q
qini

�b

(C-4)
where b is decline exponent constant. Eq. C-4 can be transformed as
follows:

ar
a0

¼ 1
t
¼
�
qinit�n

qini

�b

¼ t�nb (C-5)

The production decline exponent constant b is determined as
follows:

b¼1
n

(C-6)
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