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the quantitative relationships for the variations of the inner boundary and propped fractures have not
been determined and incorporated in the semi-analytical models for the pressure and rate transient
analysis. This work focuses on describing the variations of the inner boundary and propped fractures and
capturing the typical characteristics from the pressure transient curves.

Edited by Yan-Hua Sun A generalized semi-analytical model was developed to characterize the dynamic behavior of the inner

boundary and propped fractures under long-term production conditions. The pressure-dependent length
Keywords: shrinkage coefficients, which quantify the length changes of the inner zone and propped fractures, are
Semi-analytical model modified and incorporated into this multi-zone semi-analytical model. With simultaneous numerical
Length shrinkage iterations and numerical inversions in Laplace and real-time space, the transient solutions to pressure
Dynamic behavior and rate behavior are determined in just a few seconds. The dynamic behavior of the inner boundary and

Boundary changes

- " propped fractures on transient pressure curves is divided into five periods: fracture bilinear flow (FR1),
Transient behavior

dynamic PFs flow (FR2), inner-area linear flow (FR3), dynamic inner boundary flow (FR4), and outer-area
dominated linear flow (FR5). The early hump during FR2 period and a positive upward shift during FR4
period are captured on the log-log pressure transient curves, reflecting the dynamic behavior of the inner
boundary and propped fractures during the long-term production period.

The transient pressure behavior will exhibit greater positive upward trend and the flow rate will be
lower with the shrinkage of the inner boundary. The pressure derivative curve will be upward earlier as
the inner boundary shrinks more rapidly. The lower permeability caused by the closure of un-propped
fractures in the inner zone results in greater upward in pressure derivative curves. If the permeability
loss for the dynamic behavior of the inner boundary caused by the closure of un-propped fractures is
neglected, the flow rate will be overestimated in the later production period.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).

1. Introduction

Huge-scale hydraulic fracturing of a tight reservoir may produce

a significant number of fractures. Depending on proppants and

fluids filled in the fractures, the fractures can be divided into
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(C. Cao). that the fracture closure can result in changes in physical properties
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and production loss (Jia et al., 2022; Pinzon et al., 2000; Sarna et al.,
2014). Three separate zones (the propped fracture zone, the stim-
ulated area, and the outer area) are usually divided from the multi-
fractured horizontal wells due to the changes in physical properties
(Aybar, 2014; Bello, 2009; Brown, 2009; Moussa et al., 2020). It is
believed that the PFs are in the main fracture zone while the UPFs
are mainly distributed in the stimulated inner zone (Yuan et al.,
2015; Stalgorova and Mattar, 2013). Recently, the dynamic
behavior of fractures has attracted much attention in hydrody-
namics and petroleum industry (Abirifard et al., 2022; Panahi et al.,
2022; Pettersson et al., 2021; Moradi and Angus, 2019; Ren et al,,
2018; Shi et al.,, 2023). It has been reported that only a small
portion of the fractures and stimulated inner area created by the
hydraulic and induced fractures will take effect in the later pro-
duction period (Gaddipati et al., 2020; Sen et al., 2018; Swami et al.,
2017). Therefore, the changes of dynamic boundary and fracture
length shrinkage caused by pressure depletion deserves attention
and further research.

In recent years, laboratory and numerical methods have been
conducted to study the dynamic characteristics of fracture propa-
gation and closure (Li et al., 2022; Wu et al., 2022; Ji et al., 2020;
Mustafa et al., 2018; Dahi-Taleghani, 2011; Jia et al., 2023). The flow
and geo-mechanics were coupled to analyze fracture width varia-
tion (Seth et al., 2018) and production loss with the closure of
propped fractures (Liu et al., 2018). Based on linear elastic fracture
mechanics, the PFs closure behavior during shut-in is properly
simulated in fluid and stress coupling model (Wang Q. et al., 2022).
The PFs closures for both 2D and 3D fracture geometry are simu-
lated in the dynamic fracture closure model (DFCM) to capture the
large-scale fracture deformation and small-scale contact deforma-
tion due to fluid depressurization (Wang et al., 2018). Unfortu-
nately, the computational burden caused by the large number of
fracture closures limits the application of this coupled fluid-geo-
mechanical model especially for the pressure transient analysis.
Moreover, numerous studies of the dynamic characteristics of PFs
on transient pressure behavior have been investigated (Gupta et al.,
2022; Wang K. et al., 2022; Cho and Kaneko, 2004; Karma et al.,
2001; Belytschko and Tabbara, 1996). The fracture closure effect
was considered as the stress-dependent conductivity/permeability
in the previous studies (Cho et al., 2013; Vairogs et al., 1971). The
pressure-dependent permeability, a simplified mathematical
expression for fracture closure, is widely incorporated into the
analytical models to analyze the transient pressure behavior
(Roussel and Agrawal, 2017; Mittal et al., 2015; Chipperfield et al.,
2007). However, the pressure-dependent permeability fails to
provide a reliable characterization of dynamic changes in fracture
geometry. The stress-dependent conductivity and fracture face skin
are used to describe the closure of PFs, and the signals of PFs closure
are identified from the pressure transient behavior (Hernandez
et al.,, 2023). The width changes of PFs and spontaneous imbibi-
tion are considered in history-matching approach to characterize
the dynamic behavior of PFs (Cao et al., 2023; Lamidi Benson and
Clarkson, 2023). The time-dependent fracture conductivity is
introduced to characterize the dynamic behavior of PFs during the
production stage. The greater pressure changes of the dynamic
fracture conductivity is the indicator for the PFs closure (Luo et al.,
2021). The PFs segments are divided into the high-conductivity and
low conductivity fracture segment to evaluate the PFs closure, and
the V-shape features are observed from the pressure transient
analysis (Di et al., 2021). However, this two-segments splitting and
time-dependent fracture conductivity are essentially the conse-
quence of fracture closure. It cannot truly simulate the dynamic
length shrinkage of PFs with the depletion of pressure. Besides, the
closure behavior of water-flooding induced fracture during shut-in
period on the transient pressure was also observed (Wang et al.,
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2019). The relationship between dynamic fracture length and
pressure changes is established to describe the dynamic closure of
PFs (Cao et al., 2022). Although the closure of PFs and water
injection-induced fractures have been well studied, the description
of dynamic behavior of inner boundary caused by the UPFs closure
and the typical signals of inner boundary shrinkage from the
transient pressure behavior has not been reported.

The results of the recent studies showed that UPFs distributed in
the stimulated inner zone would close gradually under long-term
production conditions, which could result in the loss of hydrocar-
bon production. The coupled hydro-mechanical model was pro-
posed to describe the normal stress and fracture closure of the UPFs
in porous media (Fabbri et al., 2021). The closure behavior of UPFs
was described by the continuum constitutive model. Unfortunately,
the effect of UPFs closure on transient pressure behavior has not
been investigated thoroughly. The coupled flow model of fracturing
fluid flow and proppant transport, proposed by Ji et al. (2019),
Kamali and Ghassemi (2019), Ren et al. (2019), indicated that UPFs
also have a significant contribution to the productivities. However,
this numerical algorithm requires a large number of grid divisions
and brings a huge computational effort, which is not suitable for the
quick analysis of transient flow behavior. To assess the long-term
influence of UPFs dynamic properties, the link between effective
stress and permeability of UPFs was employed and implemented
into the analytical model (Aybar, 2014). This simple pressure-
dependent permeability equation cannot precisely represent the
UPFs closure behavior. Until now, the length shrinkage of dynamic
boundary and propped fracture has still not been quantitatively
described and incorporated in the semi-analytical models, making
it hard to capture the typical characteristics from the pressure
transient curves. Above all, there is an urgent need for a semi-
analytical model that can balance computational cost and charac-
terization for the dynamic behavior of inner boundary and propped
fractures.

To characterize the dynamic behavior of inner boundary and
propped fractures during long-term production period, the
pressure-dependent factors are proposed to quantify the length
shrinkage of inner boundary and propped fractures. Then, they are
incorporated into the multi-zone semi-analytical model to identify
the typical features of dynamic behavior of inner boundary and
propped fracture during long-term production period from tran-
sient behavior. The transient solutions of pressure and flow are
derived by numerical calculations in Laplace space and real-time
iterations. Finally, the sensitivity analysis of variables related to
dynamic behavior of inner boundary and propped fractures (i.e.,
length shrinkage factor, retained coefficient and the closed-UPFs
permeability) on transient responses are investigated.

The most significant contribution of this work is to characterize
the length shrinkage of inner boundary and propped fractures. The
typical features of dynamic inner boundary and propped fractures
are identified from the transient pressure curves during the long
production period. The computational cost with only a few seconds
enables engineers to quickly observe typical signatures and make
the estimation of dynamic behavior of inner boundary and propped
fractures.

2. Description of the dynamic behavior of inner boundary
and propped fractures

2.1. The closure behavior of propped and un-propped fractures

During hydraulic fracturing treatment, a large number of fluids
and proppants are pumped into the wellbore. By interacting with
hydraulic fractures, certain natural fractures are reactivated, and a
stimulated region can be created. Hydraulic fractures are filled with
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large amounts of proppants (called propped fractures, abbreviated
PFs), while the activated natural fractures are usually filled with
only a small number of fracturing fluids with low conductivity (also
called un-propped fractures, abbreviated UPFs). The horizontal
wells with multi-stages of hydraulic fracturing stimulation
(MFHWs) are divided into propped fracture area, stimulated inner
area distributed lots of UPFs and outer area, as shown in Fig. 1(a)
and (b). As the fluids are removed from the fractures, the PFs and
UPFs will gradually close. Previous studies showed that the frac-
tures gradually closed from the tip to the center with the pressure
depletion during production period after fracturing. The details can
be found in Cao et al. (2022). The closure behavior of many irregular
UPFs and the shrinkage of inner boundary are investigated in this
paper. The stimulated inner area is regarded as a large fracture with
a length of x4, and the closure of the UPFs distributed in the stim-
ulated inner zone is simplified as the length shrinkage of the
stimulated area along the x axis, as shown in Fig. 1. Therefore, the
dynamic inner boundary can be further subdivided into an open
un-propped fractures inner area (open-UPFs inner area) and a
closed un-propped fractures inner area (closed-UPFs inner area),
while the fracture zone for the shrinkage of the propped fractures is
subdivided into a closed propped fracture area (closed-PFs area)
and an open propped fracture area (open-PFs area), as shown in
Fig. 1(c).

In this paper, the characterization of the dynamic behavior of
the inner boundary and propped fractures focuses on the length
changes and permeability variations. The changes in length and
permeability of the inner boundary and propped fractures are
described in Fig. 2. As for the closure of PFs, the closed-PFs area
with relatively lower permeability krc and the open-PFs area with
fracture permeability kg are generated with the depletion of frac-
ture pressure (kgc < kg). The effect of UPF closure in the inner zone
for the flow characteristics is considered as the shrinkage of the
inner boundary length and a significant decrease in the inner area
permeability (ke < kq). In other words, the length of the inner zone
is reduced from x; to xrand a decrease in permeability from kq to ke.

2.2. Dynamic fracture factor

Due to the various parameter configuration, the formation may
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Fig. 2. Changes in physical properties caused by dynamic inner boundary and the
closure of fractures.

often be separated into three zones after fracturing: the PFs zone,
the inner zone distributed lots of UPFs, and the outside area. It is
believed that the PFs are in the main fracture zone while the
complex and irregular UPFs are mainly distributed in the stimu-
lated inner zone (Bello, 2009; Brown, 2009). It is quite challenging
to provide a precise mathematical equation that captures the
closure effect of UPFs. In this work, the stimulated area composed
of complex and irregular UPFs is considered as a large fracture with
a length of x1. To simplify the fracture closure process and facilitate
the solution, the shrinkage of UPFs is considered as the variations of
inner boundary for the stimulated inner zone. It is worth noting
that the shrinkage effect will be limited by the fluids and proppants
in the fractures. In other words, the fracture will not entirely close
even if the fracture pressure lowers to 0, and a small part of the
fracture length will retain a certain conductivity. To more effec-
tively characterize the dynamic changes of inner boundary with
pressure depletion, a subsection function relation for the dynamic
fracture is provided.

Ye(Pwp) =YFo* 0F (1)

o w2 x X1 X2
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Fig. 1. Region configurations due to the dynamic shrinkage of inner boundary and the closure of fractures. (a) Schematic diagram of horizontal wells with multi-stages of hydraulic
fracturing stimulation; (b) Typical three-region configurations; (c) Redistribution of inner area and fracture areas. The orange circle indicates the location of the wellbore.
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0
oFmax<1 _ Pwb = Pap - pWD,b>

Xf(Pwp) =X1°01

Pwp — pevD

3 (4)

01 =max <1 — , c)
where ygp is the initial fracture length; yr is the length of the open
fracture area. The length of inner boundary shrinks from x1 to xg; o,
g4 are the dynamic factors of PFs and inner boundary, respectively;
or indicates the length ratio of open-PFs to the initial propped
fractures; o; indicates the extent of shrinkage along the x direction
of the inner boundary; «, § are the length shrinkage factors for PFs
and inner boundary, respectively, indicating how rapidly the PFs
close and the inner boundary shrinks, respectively; b, ¢ are the
retained coefficients of PFs and inner boundary, respectively, sug-
gesting the highest extent of fracture closure caused by fluid sup-
port. The retained coefficients of PFs (b) and inner boundary (c) are
used to measure the retained length of the propped fractures and
inner boundary when the pressure depleted.

2.3. Physical model of dynamic behavior of inner boundary and
propped fractures

The region divisions and configurations of MFHWSs are consid-
ered in this work (Lin et al., 2017; Wang et al., 2019). The three-zone
model is considered in this work to better represent the dynamic
behavior of the inner boundary caused by the UPFs closure. The
reconfiguration of the whole region caused by the dynamic changes
of inner boundary and propped fractures are shown in Fig. 3. To
further understand how fracture closure affects transient re-
sponses, multi-zone fractured system are divided in this paper,
including outer zone, open-UPFs inner zone, closed-UPFs inner
zone, closed-PFs zone, and open-PFs zone. The outer area is a tight
matrix, and the open-UPFs inner area and open-PFs area keep the
original permeability unchanged due to the support of fluids and
proppants in the fractures, and the permeability of these two areas
are the permeability of the stimulated inner area (kq) and fracture
permeability (kg), respectively. The length of closed-UPFs inner area
and closed-PFs area shrink along the x and y axes, respectively, and
the corresponding permeability is decreased during the pronged
production period.

The assumptions for the fracture closure of PFs and UPFs are
made as: (1) The UPFs are mainly distributed in the stimulated
inner zone, which is consider as a large fracture with the width of

Open-UPFs inner area

1

Closed-PFs area

Open-PFs area
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x1. Thus, the closure of UPFs can be simplified as the length
shrinkage of the inner boundary. (2) For dynamic behavior of inner
boundary and propped fractures during the long-term production
period, the formation is divided into a multi-zone configuration
with an outer zone, an open-UPFs inner zone, a closed-UPFs inner
zone, a closed-PFs zone, and an open-PFs zone. (3) It is supposed
that the compressibility and width of the fractures remain constant,
and that two-dimensional PFs are fully penetrated and distributed
uniformly along the x axis. (4) The underground fluid is regarded as
a single-phase fluid with slight compressibility and constant vis-
cosity. (5) The fluid is considered to flow perpendicular to the PFs
from the outside to the inner zone.

2.4. Mathematical model

As previously stated, the PFs and UPFs will close during long-
term production period and the multi-zone fractured system can
be divided into outer zone, open-UPFs inner zone, closed-UPFs
inner area, closed-PFs zone, and open-PFs zone. This work fo-
cuses on the shrinkage effect of inner boundary on transient
pressure and rate behavior. The mathematical models of outer area,
closed-UPFs inner area, open-UPFs inner area, closed-PFs area and
open-PFs area are as follows. The dimensionless definition of a
multi-zone dynamic fracture system can be found in Appendix A.
Appendix B provides a detailed explanation of the derivation.

Outer region. Assuming closed outer boundary conditions, the
unsteady fluid flow is mathematically represented as follows:

°Pop S
SPD_ 25 =0
ox3 772Dp2D
P2p(X1D) = Pep(¥X1D) (5)
9Pop —0
axD Xp=X2D

The open-UPFs inner and outer regions are defined by the
subscripts e and 2, respectively. The variable s is a Laplacian with
regards to time, and the superscript "—" denotes the Laplace
domain. The subscript D indicates the dimensionless variable.

Closed-UPFs inner region. The permeability hysteresis effect
has been mostly reported in existing studies (Juanes et al., 2006;
Mittal et al., 2015). Although the permeability (k.) of closed-UPFs
area is larger than the matrix permeability (k;), it is lower than
the permeability of the open-UPFs area (kq), which may be the
result of the partial closure of UPFs. Thus, the closed-UPFs inner
zone is considered as a stimulated inner area with a permeability of
the closed-UPFs area, ke. The continuous flow rate conditions and
partial differential equations (PDEs) in this closed-UPFs inner

Quter area

",
% 53 | Open-UPFs inner area Closed-UPFs inner area
&

5

X

Closed-PFs area Open-PFs area

L]

Tight matrix

wi2

Xi(Pwp)
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Fig. 3. The conceptual model for the shrinkage of inner area and the closure of propped fracture. w, x4, x» denote the fracture width, the initial length of the inner area, and the outer

area, respectively; x{pwp) is the length of the open-UPFs inner zone.
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region may be written as follows:

62]._76[) S =
“FD_ 25 5=0

ax% nereD
k2 9pap|  _ ke Pen

ox T (6)

M D lxip e Dlxip
kd al_7dD (XfD) B ke al_’)eD (XfD)
W xp  w xp

where the interface between the inner zone of closed-UPFs and the
outer zone is xqp, while the interface between the inner zone of
closed-UPFs and the inner zone of open-UPFs is xgp. The subscripts
2, e, and d represent the outer region, the closed-UPFs inner region,
and the open-UPFs inner region, respectively.

Open-UPFs inner region. The un-propped fracture closure
behavior is simplified as the length loss of inner zone. The initial
inner region gradually shrinks along the x direction, and the open-
UPFs inner area can be generated. Thus, the open-UPFs inner zone
has the same permeability as the original inner zone. The PDE in
this open-UPFs inner region can be represented as

(7)

At the interface xf between the inner zones of open- and closed-
UPFs, the pressure condition is continuous:

(8)

The interface w/2 between the open-UPFs inner zone, open-PFs,
and the closed-PFs area is under constant pressure.

Pap (Xﬂ)) =PeD (Xﬂ))

ﬁdD(%) :ﬁFD(%,O <Y¥p < UF) :I_)FCD(%’ Op <Yp < 1)
9)

where Pep, Ddp, Prps Prcp are the pressure variables in closed-UPFs
inner region, open-UPFs inner region, open-PFs region, and closed-
PFs region in Laplace domains, respectively; of indicates the PFs
shrinkage factor, defined in Eq. (3).

Closed-PFs area. The closed-PFs permeability (kgc) is lower than
permeability (kg) of PF area for the incomplete closure of PFs.
Additionally, there are transient fluxes along the x direction from
the open-UPFs inner area to the closed-PFs area. As a result, the
PDEs with transient fluxes from the open-UPFs inner area may be
expressed as

9°Prc | 2kg dpg
ay2  wkpc X

_ 1 9
X=W/2,yr <Yp <Yro Ui ot

(10)

The source item from the inner region is represented by the
second term on the left side of Eq. (10). Since the fracture tip is
considered as closed, the boundary conditions may be written as
follows:

OPkc
ay

(11)

Y=Yro

The continuous conditions at the interface between the closed-
PFs zone and the open-PFs zone are described as

Prc(Y=Yr) =DPr(Y =YF) (12)
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Opr Oprc

ke——  =kec (13)
W ly—ye W ly—ye
Egs. (10)—(13) can be rewritten as
*prcp . 2ka 9Pap _ 1 9prop
ayzD Wekpc 0Xp xp=wp/2.0<yp<1  TECD otp
Prcp(Yp = 0F) = Prp(Yp = 0F) (14)
0PrcD _0
ayD yp=1

where ¢ is the length ratio of the open-PFs (y) to the initial length
(Yro)-

Open-PFs area. The PDE in the open-PFs zone is provided by
considering the transient fluxes along the x direction from open-
UPFs in the inner area to the open-PFs.

0°pr | 2kq 0pa

ay?

_ 1 9pr

= (15)
WEKE X |y _w,20<y<y, T Ot

At the bottom of the well, the constant production condition is
stated as

Ope
oy

qri

- 2mkrwh (16)

‘y:O

The constant pressure state of the bottom of the well is repre-
sented as
Pr(Y=0) =pwr (17)

With Egs. (15)—(17), the mathematical model of the open-PFs zone
can be described as

0’prp | 2ky4 9pdp _ 1 9pm
a3 Wrkp XD |x—wy/20<y<s D D
kFapFD _ FcapFCD
ayD y=c GYD y=0 (18)
OpPrp T
p =—— (CRC
Wply—0 G (RO
ap]:D T _
D T e —0)=1 (CPC
Wb |y, o o Prp(¥p =0) (CPC)

2.5. General solution for dynamic changes of inner boundary and
propped fractures

The general solution of this dynamic closure of the inner
boundary and PFs are derived by combining fluid flow equations in
outer area, closed-UPFs inner area, open-UPFs inner area, closed-
PFs area, and open-PFs area with the relevant boundary condi-
tions, as shown in Eqgs. (19) and (20). The detailed derivations for
dynamic behavior of inner boundary and fracture closure are in
Appendix B.

The general solution of pressure at the constant rate condition is
given by

(cﬂs)sinh(o@) - cosh(am ))
(19)

_ T
P~ Fepesco(s)
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The general solution of flow rate at the constant pressure con-
dition is expressed as

Gro =~ \/&75) ( — Agsinh (01/67(5) )
+ BFcosh(a\/c;Ts‘) ) )

where coefficients c;—cg are described in Appendix B.

(20)

2.6. Computing implementation

The solutions are extremely tough to be determined in Laplace
space directly because the dynamic length factors («, () are
dependent on the pressure variations. To calculate the transient
solutions with less computation cost, the synchronous iteration
approach is adopted in this work. Fig. 4 depicts the precise pro-
cesses for the iterative computation of pressure and flow rate. It is
worth noting that the variable time step concept is utilized to
accelerate the pressure iteration process allowing for the realiza-
tion of the numerical inversion in Laplace domain.

3. Results
3.1. Model validation

The complex fractures can be characterized using numerical
simulation methods. However, the pressure dependence (as
described by Eqs. (1)—(4)) of this shrinkage effects for PFs and
dynamic inner boundary makes it extremely hard to characterize

Petroleum Science 21 (2024) 2520—2535

especially for the commercial numerical simulation software. To
verify the accuracy of the pressure and flow solutions proposed in
this work, the dynamic behavior of inner boundary and propped
fractures are simplified to static fractures and constant boundaries,
and further compared with the pressure and flow solutions of the
typical three-zone model (Stalgorova and Mattar, 2013). As shown
in Egs. (1) and (2), the dynamic fracture coefficient approaches 1
(0r—1) when the length shrinkage factor of PFs converges to in-
finity (« — o0), suggesting that the length of open fracture is equal to
the initial fracture length (yr Yro). Similarly, as the length
shrinkage factor of dynamic inner boundary tends to infinity
(B — ), the dynamic coefficient of the inner boundary is converged
to 1 (61 — 1), indicating the position of inner zone boundary is not
changed. It means that the moving boundary problem evolves into
a constant boundary problem. In addition, the permeability and
fracture conductivity are supposed to remain constant. The
permeability of closed-PFs and open-PFs are equal (kgc = kg), and
closed-UPFs inner permeability is equal to open-UPFs inner
permeability (ke = kq). With these parameter configurations, the
solutions of pressure and flowrate without considering the dy-
namic behavior of the propped fractures and the inner boundary
can be written as

Pup = = (21)
Crp-sy/ca(s)tanh(y/ca(s) )
e = \/C4(S tanh(\/c4(s )) (22)

In terms of the formulation of the expression, Egs. (21) and (22) are
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te[107,.... 10

[
[
[
[

)
)
)
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Laplace domain
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Fig. 4. Iterative procedure for the transient solutions.
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consistent with those proposed by Stalgorova and Mattar (2013).
The solutions of dimensionless pressure, pressure derivative, and
flow rate are further calculated in this paper for the careful analysis.
The parameters used for comparative analysis with “fracture-inner
zone-outer zone” three-zone model proposed by Stalgorova and
Mattar (2013) are presented in Table 1. The transient solutions are
in perfect agreement with the observations of Stalgorova and
Mattar (2013), which verifies the accuracy of this dynamic model
for propped fractures and inner boundary (see Fig. 5).

3.2. Transient flow response

The dynamic behavior of inner boundary and propped fracture
is considered in this study as the stimulated inner area and frac-
tures shrink. The typical flow stages and distinctive features of
dynamic inner boundary and propped fractures are captured by the
pressure and rate transient analysis. The parameters for the tran-
sient analysis of the dynamic behavior are listed in Table 2. The
transient flow behavior and comparative analysis between dy-
namic behavior and constant behavior for both inner boundary and
fractures are shown in Fig. 6. The shrinkage of PFs and inner
boundary causes an upward shift in the pressure and its derivative
curves compared to constant fractures. The detailed analysis of flow
stages and transient behavior are as follows.

Fracture bilinear flow (FR1). As shown in Fig. 6(a)—a straight
line with 1/4 slope is observed in the early stages of pressure and its
derivative curves. The fracture bilinear flow consists of a contin-
uous linear flow in the open-PFs and a transient flow in the
neighboring open-UPFs inner zone.

Dynamic PFs flow (FR2). The pressure derivative curve exhibits
an obvious upward shift, indicating the dynamic behavior of
propped fractures. The detailed analysis can be found in Cao et al.
(2022). As shown in Fig. 6(b), the inflection points of the line
deviating from a 1/4 slope can be used to detect the shrinkage of
propped fractures. Then, the pressure derivative curve is presented
a greater than unit slope, which is consistent with Wang et al.
(2019). The dynamic PFs flow (FR2) occurs before the linear flow
in the inner zone.

Inner-zone linear flow (FR3). The pressure derivative curve
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shows a half-slope straight line, which represents the fluid flows
from the inner zone of open-UPFs to the PFs area (Cinco et al., 1978;
El-Banbi, 1998). Compared with the constant PFs and UPFs (indi-
cated by the red curves), an upward parallel shift of the linear flow
in the inner zone occurs. It may be the result of the closure of
propped fractures.

Dynamic inner boundary flow (FR4). The closure of UPFs is
simplified as the length shrinkage of the inner boundary in this
paper. To better capture the dynamic behavior of inner boundary,
the pressure transient behavior of the dynamic PFs and UPFs with
the results of constant PFs and UPFs are compared in this work. As
shown in Fig. 6(b), the dynamic inner boundary is reflected on a
further upward shift in the pressure derivative curves and it also
presents a greater than unit slope in dynamic inner boundary flow
(FR4). Like the characteristics of dynamic propped fractures, the
shrinkage extent of inner boundary can be determined by deviating
from the linear flow period. Moreover, this dynamic inner bound-
ary flow (FR4) occurs between the middle and later stages of pro-
duction period after the inner linear flow (FR3), which is the most
obvious distinction from the dynamic behavior of propped
fractures.

Outer-area dominated liner flow (FR5). The flow behavior in
the late stages of the production period is governed by the
boundary conditions in the outer area. The pressure derivative
curve exhibits the unit slope straight line, which is the result of the
closed boundary condition. The flow characteristics will change if
the various outer boundary conditions are considered. It is note that
the five flow stages mentioned above may not appear at the same
time, depending on the parameter configurations (e.g., the
permeability of open-PFs, closed-PFs, closed-UPFs inner area, open-
UPFs inner area etc.).

3.3. Dynamic behavior analysis

The length shrinkage of inner boundary and propped fractures
are considered in this semi-analytical model. To fully examine the
effect of dynamic inner boundary and fracture closure on transient
responses, four possible combined modes of PFs and UPFs are
investigated, as shown in Table 2. Fig. 7(a) indicates the

Table 1

Variable configuration for the comparative investigation of the dynamic and constant fractures.
Variable Value

This model Stalgorova and Mattar, 2013

Half length of the PF ygo, m 50 50
Width of propped fracture w, m 0.01 0.0
Permeability of open-PFs kg, m? 1x 10712 1x 10712
Closed-PFs permeability kgc, m? 1x 1012 /
Dynamic factor of PFs af 1 /
Length shrinkage factor of PFs « Infinite /
Retained factor of PFs b 1 /
Closed-UPFs inner permeability ke, m? 1x 1071 1x10° "
Open-UPFs inner permeability kq, m? 1x10°1
Dynamic factor of inner boundary 74 1 /
Length shrinkage factor of inner boundary g Infinite /
Retained coefficient of inner boundary ¢ 1 /
Outer area permeability k,, m? 1x10°% 1x10°%
Open-PFs porosity ¢p 0.45 0.45
Closed-PFs porosity ¢rc 0.45
Closed-UPFs inner zone porosity ¢, 0.05 0.05
Open-UPFs inner zone porosity ¢q 0.05
Outer zone porosity ¢, 0.0064 0.0064
Open-PFs compressibility cg, Pa~' 8 x 10710 8 x 10710
Closed-PFs compressibility cpc, Pa™ 8 x 10710
Closed-UPFs inner zone compressibility ce, Pa~! 8 x 107" 8 x 1071
Open-UPFs inner zone compressibility cg, Pa~! 8 x 10!
Outer area compressibility c;, Pa™! 8 x 10712 8 x 10712
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(a) 1o

Pwo (Our model)

- = = pwoto (Our model)
o Pwo (Stalgorova et al., 2012)
o Pwo-to (Stalgorova et al., 2012)

104 4
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Fig. 5. Comparisons of constant fractures between this work and Stalgorova and Mattar
transient behavior.
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(b) 10

= = = Ourmodel
O  Stalgorova et al., 2012

10 10-2 10° 10? 10°

to

(2013). () log-log curves for pressure transient behavior; (b) log-log curves for rate

Table 2
Parameters for rate and pressure transient analysis of propped and un-propped fractures.
Parameter Value Parameter Value
Volume factor B, m3/m> 1 Closed-PFs compressibility cgc, Pa~! 8 x 101
Initial reservoir pressure p;, Pa 5.97 x 108 Open-UPFs inner compressibility cq, Pa~' 8 x 1071
Reservoir thickness h, m 6 Closed-UPFs inner compressibility ce, Pa~! 8 x 10712
Horizontal well length L, m 1850 Outer compressibility c,, Pa~! 8 x 10712
Number of fracturing stages, dimensionless 10 Open-PFs permeability ky, m? 1x 102
PFs half-length ygo, m 50 Closed-PFs permeability kg, m? 1x 10716
Fluid viscosity g, Pa s 1x103 Open-UPFs inner permeability kg, m? 1x107"7
Initial inner length x;, m 46.25 Closed-UPFs inner permeability ke, m? 1x10°18
Outer zone length x, m 92,5 Outer permeability k,, m? 1x1072°
Width of fracture, m 0.01 Open-PFs porosity ¢, fraction 0.45
Length shrinkage factor for PFs a 0.5 Closed-PFs porosity ¢gc, fraction 0.25
Retained factor of PFs b 0.5 Open-UPFs inner porosity ¢4, fraction 0.05
Length shrinkage factor of inner boundary 03 Closed-UPFs inner porosity ¢, fraction 0.03
Retained coefficient of inner boundary ¢ 0.5 Outer zone porosity ¢,, fraction 0.0064
Open-PFs compressibility cg, Pa™! 8 x 10710
(a) 10° (b) 10°
— Pw Fracture behavior Puo Pwofo
]l == Pwb ] oPF+DUPF - - -
(FR5) slope = 1 CPF + CUPF - T
10 4 10¢ 4
.2 )
° °
& 10 g 10
‘i i Shrinkage of UPFs, slope > 1 / '
é ] é ] Boundargs;;n;n?led flow,
(FR3) slope = 1/2
10° 4 10° 4 Shrinkage of PFs, slope > 1
(FR1) slope = 1/4 ]
Inner linear flow, slope = 1/2
== ™ (FR2) slope > 1, shrinkage of PFs -~
102 /. : i : : : : : 102 n Bi'u‘near ﬂowl, slope =I1/4 i : : .
10 10 10~ 10 100 108 10 10 10~ 10° 100 108
tD tD

Fig. 6. Transient flow behavior (a) and comparative analysis (b) of propped and un-propped fractures with constant fractures.

comparative results of these four combined modes for PFs and
UPPFs. It indicates that the dynamic behavior of inner boundary and
propped fractures will make the pressure and its derivative curve
upward, which was also observed by van den Hoek (2003). The
length loss of PFs is mainly reflected in FR2 stage, while the length
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loss of inner zone is mainly reflected in FR4 stage. More interest-
ingly, the length zone of inner boundary will aggravate this upward
trend especially for the FR4 period. From the transient flow rate
behavior in Fig. 7(b), the length loss of the inner zone will make the
flow rate decrease, especially in the middle and late stage.
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Fig. 7. The effect of dynamic behavior for the inner boundary and propped fractures on the transient responses. (a) Pressure transient behavior; (b) Rate transient behavior.

Table 3
Parameter configuration for four possible combined closure modes of PFs and UPFs.

Fracture behavior

Propped fracture Inner boundary

Parameter configuration

DPF DUPF
DPF CUPF
CPF DUPF
CPF CUPF

ke = 0.001, kg = 0.01, ke = 0.1, kg = 1000, b = 0.5, ¢ = 0.5, = 0.3, « = 0.5
ke = 0.01, kg = 0.01, kpc = 0.1, kg = 1000, b = 0.5,c =1, f = 00, @ = 0.5
ke = 0.001, kg = 0.01, krc = 1000, kg = 1000, b = 1, c = 0.5, § = 0.3, & = oo
ke = 0.01, kg = 0.01, kpc = 1000, kg = 1000, b =1, c =1, 8 = 00, a = o

Notes: DPF: dynamic propped fracture; CPF: constant propped fracture, DUPF: dynamic un-propped fracture, CUPF: constant un-propped fracture.

Therefore, the flow rate in the later stage of production period will
be larger if the length zone of inner boundary and propped frac-
tures is ignored.

All the permeabilities k in Table 3 are multiplied by 10> m?,
and other parameters are dimensionless.

3.4. Sensitivity analysis

In this paper, we focus on the dynamic behavior of inner
boundary and propped fractures on transient responses. Therefore,
the length shrinkage coefficient of inner boundary (8), retained
coefficient of inner boundary (c), and the closed-UPFs inner
permeability (ke) are investigated and the effects on the transient
responses are analyzed.

3.4.1. Effect of length shrinkage factor of inner boundary

The length shrinkage factor of inner boundary (8) affects the
shrinkage rate of the inner boundary, as shown in Egs. (3) and (4).
The smaller the value of ( is, the faster the inner boundary shrinks
along the x axis. The impact of length shrinkage coefficient of inner
boundary on transient pressure responses is investigated in this
work, and three cases of length shrinkage factor (8 = 10, 20, 30) of
inner boundary are selected, as shown in Fig. 8. In general, ¢ has
only a weak effect on the transient pressure behavior of FR4. To
observe the slight changes of dynamic inner boundary on pressure
derivative curves in FR4 stage, a magnified partial view is shown in
the bottom of the right side. It indicates that the pressure derivative
curve will be upward earlier as the inner boundary shrinks more
rapidly with the decrease of (.

3.4.2. Effect of the retained coefficient of inner boundary
Due to the supporting of fluids and proppants, the fractures will
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remain a certain conductivity with pressure depletion. As shown in
Eq. (4), the retained coefficient c is used to measure the retained
length of the inner boundary when the pressure depleted. If c is
equal to 0.8, it means that 20% of the inner boundary shrinks along
the x axis with the closed-UPFs inner permeability (k.) while the
remaining 80% of the inner boundary remains initial inner zone
permeability (kq). Essentially, a smaller ¢ means a larger length
shrinkage of the inner boundary, resulting in a smaller length of the
open-UPFs inner zone. The effect of various retained UPFs

Pwo & Pwo o

b

Fig. 8. The impact of length shrinkage coefficient of inner boundary on pressure
transient responses.
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Fig. 9. The impacts of retained coefficient of UPFs.

coefficients (c = 0.4, 0.6, 0.8) on the transient behavior was inves-
tigated in this paper. As shown in Fig. 9, the lower flow rate and
larger positive upward of pressure transient curves are observed
when the retained coefficient ¢ decreases. In other words, the
transient pressure behavior will exhibit a greater positive upward
trend and the flow rate will be lower with the shrinkage of the
inner boundary. Therefore, the flow rate will be overestimated if
the dynamic behavior of inner boundary is not taken into account,
particularly in the latter production period.

3.4.3. Effect of the closed-UPFs inner-zone permeability

The impacts of permeability in closed-UPFs inner zone
(ke = (0.00005—0.01) x 10~ "> m?) on transient behavior is analyzed
with the length loss of inner zone, and it has been compared with
the results of constant inner boundary. As shown in Fig. 10, the
transient behavior in pressure curves become more upward with
the decrease of ke, which is caused by the shrinkage of inner
boundary in the stimulated inner area. It means that the lower
permeability caused by the closure of un-propped fractures in inner
zone results in greater upward in pressure derivative curves. From
the transient flow rate in Fig. 11, the lower permeability in the

100
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k. =0.0001x10-" m?, DPF + DUPF - - = o
k. = 0.001x10-"® m?, DPF + DUPF —
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&
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<
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]
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Q
10°
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Fig. 10. The impacts of permeability in the closed-UPFs inner zone on pressure tran-
sient responses.
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closed-UPFs inner zone leads to the lower flow rate. Compared with
the results of constant inner boundary, there will be a large devi-
ation if the permeability loss in the stimulated inner area caused by
the shrinkage of inner boundary is neglected, especially when the
permeability in the inner area is extremely lower.

4. Discussion

As mentioned in the model assumptions, it is assumed that the
UPFs are mainly distributed in the stimulated inner area, and the
inner zone is considered as a large fracture with the width of x4, and
thus the closure of UPFs is simplified as the length shrinkage of
inner boundary. If the length of UPFs can be accurately described in
mathematical models in the near future, the length shrinkage of
UPFs will be more accurately analyzed. Moreover, this paper only
analyzes the case of higher permeability of closed-PFs and closed-
UPFs inner zone. When the permeability of the closed-UPFs inner
zone is close to the permeability of outer zone (ke = k3), the closed-
UPFs inner zone will merge with the outer zone, as shown in
Fig. 12(a). When the permeability of the closed-PFs zone is lower

102

N - - - k.=0.00005%10-"* m?, DPF + DUPF
=~ - - - k,=0.0001x10-' m?, DPF + DUPF
| - - - k,=0.001x10-'s m?, DPF + DUPF
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Fig. 11. The impacts of permeability in the closed-UPFs inner zone on rate transient
responses.
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Fig. 12. Two fracture closure models for further research. (a) ke = kz; (b) kq < krc.

than that of open-UPFs inner area (kq < kgc), the fluids in the open-
UPFs inner zone will be diverted to the bottom of the open-UPFs
inner zone rather than flowing into the closed-PFs zone., as
shown in Fig. 12(b). These two potential possibilities are proposed
for additional research in the near future.

5. Conclusions

The dynamic behavior of inner boundary and propped fractures
are captured, and the typical features are identified from the
transient behavior during the long-term production period. The
length variations of the inner boundary and propped fractures were
quantitatively characterized using the pressure-dependent length
shrinkage factors. By using simultaneous numerical iterations in
real space and numerical inversion in Laplace space, the transient
pressure and flow solutions are obtained in a couple of seconds. The
semi-analytical model of dynamical changes of inner boundary and
fracture closure allows for the following conclusions.

(1) The semi-analytical model with dynamic behavior of inner
boundary and propped fractures is represented by five flow
phases: fracture bilinear flow (FR1), dynamic propped-
fracture flow (FR2), inner area linear flow (FR3), dynamic
inner boundary flow (FR4), and outer-area dominated linear
flow (FR5).

(2) The propped fracture closure and dynamic inner boundary
are captured by the obvious positive upward shift of the FR2
and FR4 periods, respectively. More specifically, both of the
pressure derivative curves exhibit a greater than unit slope.
When compared to constant fractures, the closure of PFs and
shrinkage of inner boundary result in the positive upward
trend on transient pressure curves. More interestingly, the
dynamic behavior of inner boundary will exacerbate this
upward trend especially for FR4.

(3) The shrinkage coefficient § of inner boundary mainly affects
the shrinkage rate for the inner boundary. The pressure de-
rivative curve will be upwards earlier at smaller § values due
to the rapid shrinkage of inner boundary. As the retained
coefficient ¢ decreases, the pressure derivative indicates a
greater positive upward trend and the flow rate in the log-log
plot is lower.

(4) The lower permeability in the closed-UPFs inner zone leads
to greater upward trend in pressure derivative and lower
flow rates, which are attributed to the shrinkage of inner
boundary in the stimulated inner zone. If the permeability
loss in the stimulated inner region is neglected, especially
when the permeability of the inner region is relatively lower,
the flow rate will be exaggerated in the later pumping period.
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Appendix A. Dimensionless definition of a multi-zone
dynamic fracture system (PFs and UPFs)

Dimensionless pressure under constant flow-rate condition is
2TEkdh (p, — p])

qruB

Dimensionless pressure under constant pressure condition is

pjpp = (A1)

Di — Dj
DPip = I (A.2)
i Di — Dwr
Dimensionless flow rate under constant rate condition is
drp = e (A3)
qw

Dimensionless flow rate under constant bottomhole pressure
condition is

t)uB
2mtkgh (Pi - ow>
The dimensionless time is
kd ) t
th = — (A.5)
P (d’d“ctd ylz:o

Dimensionless conductivity of open-PFs and closed-PFs is
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krw
e A6
7 kayro (A.6)
- WkFC
R0 =3 kg (A7)

Dimensionless diffusivity of open-PFs, closed-PFs, open-UPFs,
and closed-UPFs is

U3

=t A8
D =7 (A8)
NEcp = LS (A9)
Nd
nap =4 = 1 (A.10)
Nd
NeDp = Te (A11)
Nd
Permeability ratio of the propped fracture is
k]:c
kFCD :T (A]Z)
F
Other dimensionless quantities are defined as
Yp= A (A.13)
Yro
Xt
Xp=— (A.14)
i Yro
Xop = X_z (A1 5)
Yro

Appendix B. Detailed derivation for the multi-zone dynamic
fracture system (PFs and UPFs)

B.1 Outer area

The typical form of the subsurface fluid flow is expressed
mathematically as follows:

P2 _ ¢aCal 9p2

w2k ot (B1)

The pressure at boundary between the closed-inner UPFs and
outside areas is continuous.

Pe(X1) =p2(x1) (B.2)
The outer boundary is assumed to be closed

Opop

“o =0 (B.3)

The mathematical model of outer area can be described using
the Laplace transformations and dimensionless definitions
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6252]3 S _
- =0
ox3 ﬂznpm
Pop(X1p) = Pep(X1D) (B.4)
9Pap -0
aXD Xp=X2D
The pressure solution to Eq. (B.4) is stated as
_ S
Pop(xp) = A2C05h((XD —X2p)4 S )
2D (B.5)

+ Bysinh ((xD — X2p)4 /i )
2D

B is 0 under the condition of constant pressure. The closed
boundary condition of (B.4) allows for the determination of the
coefficient A,.

AZ _ peD(X]D) (BG)
COSh((Xm —Xap) %)
The pressure in the outer area can therefore be solved as
cosh ((XD — XZD) 775;)
P2p(Xp) =Pep(X1D)* (B.7)

cosh ((XlD - XZD)\/%)

B.2 Closed-UPFs inner region

The closed-UPFs inner zone is divided by the closure of un-
propped fracture in stimulated inner area with closed perme-
ability ke, the PDE of this closed-UPFs inner area is given by

(B.8)
At the interface of a closed-UPF inner area and the outer area

ka 9pap|  _ke Pen

_ (B.9)
K axD X1D IS aXD X1D
The pressure solution to Eq. (B.8) can be written as
_ S
Pen(*p) = AeC05h<(XD — X1D)4 /18 >
eb (B.10)

+ Besinh<(xD — X1p)4 /i )
NeD

In Eq. (B.11), the coefficient A can be determined when xp is equal
to x1p, and then Be can be obtained using Eq. (9).

Ae:ﬁeD(xlD) (B-11)
Be =Pep(X1D)C1(S) (B.12)
c1(s) :;j—i, /Zz—';-tanh((xm — Xop),4 /%) (B.13)

Thus, the pressure solution to Eq. (B.10) is rewritten as



L.-S. Cheng, C. Cao, Q.-Y. Pan et al.

Pen(Xp) =Pep (X1D) (COSh ((XD - Xm)\/%)
+¢ (s)sinh((XD - X1D)\/%))

(B.14)

B.3 Open-UPFs inner region

The closure of un-propped fracture causes the length of the
stimulated inner area to shrink along the x-axis direction, and the
original stimulated inner area gradually degenerates into a open-
UPFs inner area. The inner zone of the open-UPFs maintains the
same permeability as the original inner zone. The PDE of this open-
UPFs inner area is expressed as

(B.15)
At the interface x; of the open-UPFs and closed-UPFs inner area

Pdp (XfD> =DPeD (Xﬂ)> (B.16)

kg Pan (*) _k, 9Pen (*m)

p 9xp p o OXp

Additionally, the interface between the open-UPFs inner region,
the open-PFs, and the closed-PFs all exhibit continuous pressure.

(B.17)

EdD(%) :ﬁFD<%7 0<J’D<0) :ﬁFCD(%v 0<)’D<1)
(B.18)

The pressure solution to Eq. (B.15) can be expressed as

Pap(¥p) = Agcosh ((XD - an) \/% )
+ Bdsinh<<xD - fo) \/% )

Combined with Egs. (B.16) and (B.17), the coefficients Aq and Bq
can be obtained

(B.19)

Agq=Dep(*1D)C2(S) (B.20)
B4 =Pep(*1D)C3(S5) (B.21)
c2(Ss) =cosh ((fo - x1D> \/%)
. . (B.22)
+¢ (s)smh((xm - xm) \/%>
Q(S):Z—Z %(sinh((xm—xm>%) 523

+cy(s)cosh (<fo N xlD) \/%))

Taking Egs. (20) and (21) back to the general solution, we can
rewrite Eq. (B.19)
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Pap (XD) = Pep (X1D) (cz(s)cosh ( (xD — XfD) \/%)
+ c3(s)sinh<<xD - fo) \/%))

Combined with Eq. (B.18), the pressure solution of open-UPFs

inner area can be rewritten as
S
(Cz(s)cosh(<xD - fo) ) /—)
Ndp

(B.24)

Prcp (%, 0<yp< 1)

C4(S)

Pap(Xp) =

+ 63(S)Sinh<("0 - "fD) %))
(B.25)
4(s) = ca(s)cosh ((% - fo) \/%)
| 2 ! (B.26)
+ c3(s)sinh ((7 - "fD) %)

B.4 Closed PFs region

In this work, the propped fracture is degraded to a closed zone of
PFs with improved permeability. Given the transient flows from the
open-UPFs inner area to the closed PFs area, the PDEs of the closed
PFs zone can be written as

9 Prcp azﬁFCDi S

Drcp =0 (B.27)
X3 03 kD Fe
At the interface between closed-PFs and open-PFs
OPrcn —0 (B.28)
aXD xp=0,yp=0

At the interface between open-UPFs inner zone and closed-PFs,
the pressure and flow rate are continuous

_ kq 9pap
W 0xp Xp=Wp/2,0<yp <1

krc 9Prcp

" (B.29)

Xp=Wp/2,0<yp<1

Prcp(Yp =0) =Prp(Yp =0) (B.30)

There is a closed boundary at the tip of propped fracture

0Prcp

=0
b

- (B31)
yp=1

Integrating Eq. (B.27) along the x direction, we can obtain

J‘WD/ 2 0*Prep 4, _ OProD _ 9PFcp
0 ax3 XD |w,2 XD g

_ ka 9pap (B.32)

kFC xp Xp=Wp/2,0<yp<1
wo/2 (2B s wp (8°Ppcp S
-—7p dxp = = — D
Jo < w2 meo 0)T P T2 vy e O
(B.33)

Taking the boundary condition Eq. (B.28) into Eq. (B.27), it gives
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CPrD _ . (5)prep =0 B.34
5 C6(S)Prcp = (B.34)
W5
where cg is expressed as
S 2 Wpkgc
cg(s) = — ——=—-=5(8), Cgcp = ——— B.35
5(S) o Cro 5(5), Cecp ke (B.35)

Therefore, the pressure solution to Eq. (B.34) is given by

Pren (Vo) = Arcpcosh ((vp — 1)v/G(s) )

(B.36)
+ Beepsinh (o — 1)V/¢6(6) )

With the combination of boundary condition Egs. (B.29) and (B.33),
the pressure in closed PFs region can be sloved

= Prp(0)
= cosh —1)\/cs(s
PreoVD) = o o e (0o - DVes())
(B.37)
B.5 Open-PFs area
The fluid flow in open-PFs area can be described as
P | P S
——DPp =0 B.38
aXZD ayzD nFDpFD ( )

The constant-rate and pressure condition can be expressed as

Pen = ——— (constant rate
Wply—0  Crp°S (B.39)
condition)
9Prp = —iﬁm, Pm(yp =0) = 1 (constant pressure
WD lyy—0 G s
condition)
(B.40)
Integrating Eq. (B.38) gives
JWD/Z 9*Prp dxp — 9Prp _ 9ppp| _ ka 91D
0 aXZD oxp wp/2 9xp |g ke 9xp Xp=Wp/2,0<yp <7
(B.41)
/2 (%P s wp (0°P s
— —Ppp |dxp = =2 _*p (B.42)
Jo < 0y el A a3 e
Eq. (B.39) can be rewritten as
ka 8Pap wp (0°Ppp S
s =P ~ P |=0  (B43)
ke 0xp Xp=Wp/2,0<yp <0 2 ayZD Ui}
It can be simplified as
0’p _
S PID ¢ (5)Prp =0 (B.44)
)
with
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2
_s B.45
)=~ 59 (B.45)
k
Cep = W,'?d £ (B.46)

The pressure solution to Eq. (B.43) is given by

Pro () = Arcosh ((yp — 0)v/c;(5) ) + Besinh (o — 0)v/c7(s) )

(B.47)
The coefficient B is obtained using Eq. (B.30)
B _ kecPrp(0) /Co(s)tanh (o — 1)/cg(s) )
F kF V C7(S) (B 48)
_ Arkec\/Co(s)tanh (0 — 1)1/c6(5)) _ Arca(s) '
ke \/C7(5) o
with
cs(s) :knl;%@ /Cs(s)tanh ((a —1)/cs(5) ) (B.49)
kFCD = % (B50)

Together with the constant rate condition, Ar can be determined

™

Ar = 0

(B.51)

Therefore, the bottomhole pressure is sloved and expressed as

Pwp = Prp(0)
T .
= Fop-sca(5) (cs(s)smh (0\/c7(s) ) — cosh (cr\/c7(s) ) )
(B.52)
If it is constant pressure, the coefficient Ag is given by
1 (B.53)

Ar :s(cosh(o\ /c7(s)) — cg(s)sinh(a+/c7(5)))

The corresponding solution of flow rate is expressed as

G = —C—:CD c7(s)( —AFsinh(a\/E7w(§ ) + Brcosh (m/ﬁ(sw) ) )

(B.54)
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