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a b s t r a c t

To accurately analyze proppant transport in rough intersecting fractures and elucidate the interaction
mechanisms among liquid, particles, and rough walls, this study reconstructed a numerical model of
fractures in inhomogeneous reservoirs with varying brittleness index (BI). Various auto-correlation
Gaussian rough fracture models were created using Matlab to assess roughness through the fractal
dimension method. This research innovatively combined Boolean operations to establish three-
dimensional rough fracture models, incorporating (Computational Fluid Dynamics) CFD-DEM (Discrete
Element Method) with a bidirectional method for cosimulation. The proppant transport in fractures was
categorized into three zones based on the difference in the turbulent kinetic energy. Artificially induced
fracture roughness increases fluid retention and turbulence, causing plugging effects and limiting
proppant flow into branch fractures. Additionally, compared with the superior deposition and significant
support effects of the spherical proppant, the low-sphericity proppant traveled farther under fracturing
fluid, inducing more pronounced plugging near curved fracture intersections; the variation in fracture
intersection angles primarily impacted the wall shear stress within the flow field, indicating smaller
angles led to higher shear energy at the intersection. Compared with the intersection angle of 30�, the
height and area deposited in the 90� branch fracture increased by 52.25% and 65.33%, respectively;
notably, injecting proppant from smaller to larger particles (S:M:L) and a low velocity effectively ensured
fracture conductivity near the wellbore at joint roughness coefficient (JRC) �46 while achieving satis-
factory placement in the branch fracture, making it a recommended approach.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

In recent decades, the development of drilling and completion
technologies, such as hydraulic fracturing has made the develop-
ment of conventional reservoirs with low porosity and perme-
ability economically feasible due to the reduction in hydrocarbon
reserves. Proppant is an essential substance used in the hydraulic
fracturing process to pump fracturing fluid into reservoirs as a
carrier to support fractures effectively and form an artificial fracture
with long-term conductivity. It mainly includes quartz sand,
ceramic granules and resin-clad sand (Wen et al., 2022). Under the
influence of closure pressure, the proppant will gradually undergo
ang).

y Elsevier B.V. on behalf of KeAi Co
changes such as embedding, crushing, and deformation, leading to
a gradual loss of hydraulic fracture conductivity. Therefore,
achieving efficient proppant transport in complex fractures and
forming fractures with long-lasting, high conductivity has been a
primary objective for relevant researchers.

The transport and distribution of proppant in hydraulic fractures
play a key role in determining fracture conductivity within the
fractures, attracting many scholars to conduct experimental
studies. Kern et al. (1959) were the first to conduct a plate experi-
ment on sand-water mixing transport, which indicated the injected
proppant would be deposited at the bottom of the tank to form a
dune-like structure, thus proposing a method for calculating the
equilibrium height. The STIM-LAB laboratory has studied proppant
transport experiments for more than 20 years and has collected
much experimental data on plate flow, while experimental results
have rarely been published (Patankar et al., 2002). Alotaibi and
mmunications Co. Ltd. This is an open access article under the CC BY-NC-ND license
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Miskimins (2015) studied the sand-carrying pattern of slickwater in
intersected fractures and proposed a relational equation to predict
the height of deposition adapted to different scales. Sievert et al.
(1981) employed dynamic sand-carrying experiments to derive
empirical formulas for determining the settling velocity of prop-
pant particles in flat fractures. However, owing to variations in
experimental equipment, materials, and conditions among re-
searchers, significant discrepancies exist in the resulting empirical
formulas.

Plate flow experiments revealed that the proppant was carried
by low-viscosity fluids, resulting in the large size of the proppant
gradually settling near the wellbore; as the sand bed grew, the
proppant gradually reached its equilibrium height and transformed
into a dike. Due to the obstruction of the sand dike, the flow of
fracturing fluid near the injection is altered, causing the subse-
quently injected proppant particles to be lifted vertically and car-
ried over the sand dike farther out (Qu et al., 2021, 2023a, 2023b). A
schematic diagram of proppant transport in the fracture is shown in
Fig. 1, which clearly shows that the transport state of the proppant
can be divided into three regions: the region of deposition, the
post-injection region, and the upper pure liquid area (Suri et al.,
2020; Wang et al., 2003; Sahai et al., 2014). Basiuk et al. (2021)
compared the results through qualitative analysis with smooth
walls more commonly found in laboratory tests and reported that
rough fractures at high pumping rates can significantly increase the
amount of proppant deposition. Research on different geological
and engineering parameters has been conducted with improve-
ments in experimental conditions and field data (Liu et al., 2024).

To address the specific demands and challenges of offshore
environments, smaller displacement and lower viscosity fluids are
typically employed in hydraulic fracturing, leading to insufficient
fracturing and reduced proppant suspension capabilities. The
brittleness index (BI) is a key parameter for characterizing reservoir
rock properties and guiding production. In the South China Sea, the
BI of offshore inhomogeneous reservoirs varies significantly, with
hydraulic fractures often exhibiting different degrees of roughness
(Martyushev et al., 2023a). To accurately represent the actual
condition of fracture surfaces, Barton derived empirical equations
for the peak shear strength of the structural surface inherent in rock
through numerous experimental studies since 1973, resulting in
the introduction of an important parameter for quantifying the
roughness of the surface, namely, the joint roughness coefficient
(JRC) (Barton, 1973). Methods for reconstructing rough fractures are
primarily divided into two categories: statistical approaches based
on fractal theory and digital rock-based techniques (Akhshik and
Rajabi, 2022). The former integrates simulation calculations more
effectively to address research needs concerning large de-
formations and nonlinearities; the latter can closely approximate
post-fracturing surfaces but encounter convergence issues in sim-
ulations. Currently, considering the limitations and costs of exper-
imental conditions, numerical simulation (CFD-DEM) has become
Fig. 1. Schematic diagram of prop
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another efficient method for evaluating proppant transport and
spreading within fractures (Tang et al., 2022; Zhang et al., 2022).
The Eulerian-Eulerian and Eulerian-Lagrange models are now
commonly applied in solid-liquid calculations. Studies on proppant
transport and placement processes in complex rough fractures are
often combined with scans of cores, focusing on the optimization of
production parameters (Aminnia et al., 2023; Martyushev et al.,
2023b; Zhou et al., 2011). However, existing studies have focused
almost exclusively on the roughness of specific reservoirs, lacking
broader applicability.

There are significant differences in the roughness of post-
fracturing fractures in offshore inhomogeneous reservoirs with
different BI. Previously, point cloud data of rough fractures were
generated by scanning via specific equipment to generate a
collection of vectors in a 3D coordinate system, which is expensive
and time-consuming and does not couple well with the CFD-DEM
simulation process, resulting in nonconvergent simulation results.
To solve this problem, Matlab programming was used to obtain
autocorrelated Gaussian surfaces to establish numerical models of
fractures with different roughnesses. Hereby, the JRC of rough
surfaces is innovatively quantified using the box-counting method
to determine fractal dimension. A reliable understanding of the
process (transport, deposition) within the flow field due to the
presence of rough fractures was achieved by incorporating the
Euler-Lagrange model in the CFD-DEM. This study addressed a
research gap in proppant transport and deposition concerning
sphericality, systematically evaluating how the intersection angles
of fracture and sequences of proppant injection influence place-
ment processes.
2. Methodology

Fig. 2(a) illustrates the process of CFD-DEM software coupling,
while Fig. 2(b) shows a schematic of solid-liquid motion during
coupling. The CFD-DEM simulations involve two-way coupling,
where pressure and momentum from the fluid are transferred to
particles by simultaneously calculating the pressure and velocity
fields. Various forces, including contact and Saffman lift forces, act
on the particles to update their positions and velocities. The
resulting particle reaction forces are then used to update the
pressure and velocity fields of the fluid.

To consider the transport patterns of different types of proppant
morphologies in intersecting rough fractures, our study examined
the transport processes of proppants with three different spheric-
ities using themultispherical construction of aspheric particles. The
discrete phase (particles) is considered a collection of individual
particles subject to the control of Newton's second law. The
continuous phase is set as an incompressible fluid. The change in
the position of the particles and the fluid is obtained by updating
the coupled calculation of the forces interacting between them
(drag force, lift force, pressure gradient force). The specific fluid-
pant transport in a fracture.



Fig. 2. (a) CFD-DEM coupling process (Zeng et al., 2016). (b) Schematic diagram of CFD-DEM coupling.

Fig. 3. Modeling of irregular particles.
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particle phase control equations are as follows.

2.1. Fluid phase

The calculation of the flow field is mainly controlled by locally
averaged three-dimensional Navier-Stokes equations with source
terms (Opoku et al., 2023). According to the finite volume calcu-
lation method, the fluid region is divided into numerous units
based on the law of mass conservation. The equation is expressed
as:

v
�
arf

�
vt

þ V,
�
arfuf

�
¼ 0 (1)

where uf is the fluid velocity, rf is the fluid density, a is the volume
fraction of the fluid phase and t is time. The conservation of mo-
mentum equation is (Dontsov and Peirce, 2014):

v
�
arfuf

�
vt

þV ,
�
arfufuf

�
¼ �aVpþaV , t� Sf þ arfg (2)

where p is the fluid pressure, t is the viscous stress tensor, and Sf is
the average interaction force per unit volume.

The source term Sf for a particular computational cell is calcu-
lated by summing the fluid interaction forces on all particles within
the cell and dividing by the fluid volume of the mesh.

Sf ¼

 PM
i¼1

Ff ;i

!

Vcell
(3)

where M is the number of particles in the cell, F f ;i is the fluid force
on the particles, and Vcell is the volume of fluid in the calculated cell.

2.2. Particle phase

The EDEM is used to simulate particle collisions. We present the
equations describing the CFD and DEM input parameters applied to
describe the control of motion of the fluid and particle phases.
Differences in the morphology (sphericity) of the particles lead to
great variations in their transport and deposition processes. The
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modeling process for irregular particles often presents a combi-
nation of rigidly connected spheres, where the model forces and
contacts are based on the location of the surface (Kruggel-Emden
et al., 2008). To control the study variables, this study establishes
the same volume of particles with different shapes as shown in
Fig. 3. When the distance between the centers of adjacent prop-
pants equals the sum of their radii, the particles are in contact.
Under the premise that all particles have a certain volume and
density, we innovatively established three different particle sam-
ples (Fig. 4), rod proppant (S1), irregular sub-circular composed of
12 particles (S2) and spherical particles (S3).

Sphericity describes the similarity between particles and
spheroids, which is strongly related to transport distance and
mineral morphology. The sphericity greatly determines the differ-
ence in the way the particles are transported. Particles with high
sphericity move in the way of rolling, while particles with low
sphericity move in a floating manner. According to China's oil and
gas industry standard SY/T5108-1997, the definition of sphericity is:

Sp ¼ dn
dc

(4)

where Sp is the sphericity of the particle; dn is the sphere diameter
of the equivalent volume of the particle; dc is the diameter of the
external sphere. By measuring the volume, the sphericity of the
three established particles is obtained as shown in Table 1.

According to Newton's second law, the transport of particle p
will be subject to gravity, buoyancy, contact forces (particle-



Fig. 4. Model of 3 kinds of particles with different sphericities.

Table 1
Establishment of three distinct proppants and their corresponding sphericities.

Particle Sphericity

Smooth sphere (S3) 1
Rod-shaped (S1) 0.92
Sub-circular (S2) 0.78
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particle, particle-wall), interaction forces (tension forces, wall shear
forces, rotational lift forces, etc.) (Wang et al., 2019).

mp
vup

vt
¼mpg

�
1� rf

rp

�
þ
 Xkc

i¼1

Fp
c;i

!
þ FDþ FS þ FM þ Fp (5)

wheremp is the mass of particle p; rp is the density of the particle;

Fp
c;i is the contact force acting on the first external spherical element

of particle p (kc is the number of spherical elements on the external
surface of irregular particle); FD is the fluid drag force; FS is the
shear lift or Saffman lift force; FM is the rotational lift or Magnus
force; Fp is the fluid pressure gradient force.

The rotational motion of particle p can be expressed as (Kuang
et al., 2009):

d
dt
Ipup ¼

Xkc
e¼1

�
Tp
t;e þTp

r;e

�
þTp

DT (6)

where the torque vectors of Tp
t;e and Tp

r;e (e ¼ 1,2 …, kc) are gener-
ated by tangential and normal contact forces acting on a particle of
a specific element, the moment of inertia is Ip, the angular velocity
of particle is up, and Tp

DT is the drag torque generated by rotation.
2.2.1. Contact force and torque
A schematic diagram of the collision forces between the ele-

ments of sub-circular particles is shown in Fig. 5. Combined with
the study of Renzo and Maio (2004), the contact force of the
element j of particle q on the element i of particle p is expressed as:

Fp
c;i ¼ Fn;ij þ Fd

n;ij þ Ft;ij þ Fd
t;ij (7)

The normal contact force is:
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Fn;ij ¼
4
3
E*

ffiffiffiffiffi
R*

p
d
3=2
n;ij (8)

where dn;ij is the normal overlap of the particles; E* is the equiva-

lent Young's modulus; R* is the equivalence radius; the normal
damping force obtained is:

Fd
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ffiffiffiffi
5
6

r
lneffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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wherem* is the equivalent particle mass ([1/miþ1/mj]�1),mi andmj

are the contact masses of the element for i, j; Sn;ij ¼ 2E*
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R*dn;ij

q
is

the normal stiffness; vn;pq is the normal velocity component at the
contact point; e is the recovery coefficient. The normal contact force
is:

Ft;ij ¼

8><
>:
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��Fn;ij

�� vt;pq��vt;pq��
��Ft;ij
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��
�dt;ijSt;ij
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where, St;ij ¼ 8G*
ffiffiffiffiffiffiffiffiffiffiffiffi
R*dt;ij

q
is the tangential stiffness; G* is the

equivalent shear modulus; dt;ij is the tangential overlap; ms is the
sliding friction coefficient; vt;pq is the relative tangential velocity at
the contact point. The tangential damping force is given as:

Fd
t;ij ¼ � 2

ffiffiffiffi
5
6

r
lne
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
St;ijm*

q
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The traction force on the particle is the resultant force exerted
by the fluid. Specifically, the drag force on particle p is:

FD¼0:5rfApCD
���uf �up

����uf �up

�
ε (12)

where uf � up is the slip velocity; AP is the frontal area of the
particle; CD is the coefficient of drag; ε is a function used to char-
acterize the effect of the presence of other particles in the sur-
rounding area.

Consequently, the drag torque generated acting on the particle p
due to the fluid velocity is (Zhao et al., 2023):

Tp
DT¼

rp
2

�
dp
2

�5

CDRjUjU (13)

where Rer is the Reynolds number. CDR is the rotational drag co-
efficient andU is the angular velocity of the particle with respect to
the fluid ðU ¼ V � uf =2 � upÞ.

CDR ¼

8>>><
>>>:

12:9
Re0:5r

þ 128:4
Rer

;32 � Rer <1000

64p
Rer

;Rer <32

(14)
2.2.2. Lifting force
The Saffman lift (FS) and Magnus lift (FM) are perpendicular to

the direction of the relative velocity between the particle and the
fluid (Saffman, 1968).



Fig. 5. Forces between contact units during the collision of particle p and particle q.
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FS ¼CLS
rfp
8
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(15)

where uf is the rotational velocity of the fluid, and CLS is the co-
efficient of lift.

FM ¼1
8
pd3prfup

�
uf �up

�
(16)

The pressure gradient force (Fp), caused by fluid pressure dif-
ferences across the surface of particle, is generally greater than the
lift force (Ma et al., 2024).

Fp ¼ � 1
6
pd3p

dp
dx

(17)

where dp is the diameter of the particle, and dp
dx is the pressure

gradient along the x direction.
3. Modeling of intersected rough fractures

3.1. Morphology of rough fractures with different BI after fracturing

To ensure the reliability of the model, thin-section analysis and
physical experiments for fracture propagationwere combined with
cores from the WC Formation in the LF block of the Pearl River
Estuary Basin, China. The experimental parameters are shown in
Table 2.

Combining rock sample #2 (BI_0.5) after fracturing depicted in
Fig. 6(a) with the pumping pressure curve, it is evident that a
vertically penetrating fracture formed, oriented perpendicular to
the minimum horizontal principal stress direction (length:
500 mm, width: approximately 100 mm). Additionally, the fracture
width of the hydraulic fracture is determined through inversion
using the operational parameters. As illustrated in Fig. 6(b), the
curve can be divided into three segments. The initial stage (0~t1) is
Table 2
Experimental parameters of fracture propagation.

Parameters Value

Primary fracture size, mm 500 � 100 � 2
Fracturing fluid viscosity, Pa$s 0.005
Fracturing fluid density, kg/m3 1000
Injection rate, m/s 0.2
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characterized by pressure accumulation. Upon activating the servo
pump pressure system and gradually injecting the fracturing fluid,
the pumping pressure in the sample increased linearly, reaching a
rupture pressure of 18.9 MPa after t1, resulting in fracture initiation.
The subsequent stage (t1~t2) represents the main fracture forma-
tion phase, during which the creation of the primary fracture en-
larges the internal space within the rock mass, leading to an
instantaneous pressure drop. The final stage (t2~t3) signifies the
extension of the main fracture, displaying a smooth curve with a
typical symmetrical bimodal expansion pattern, and the fracture
plane exhibits distinct rough surface features.

Owing to the strong heterogeneity of offshore tight sandstone,
incorporating the brittleness index (BI) offers a comprehensive
assessment of the elastic modulus and Poisson's ratio for charac-
terizing reservoir properties. Fig. 7 illustrates the post-fracturing
morphology of #1 (BI_0.4) and #3 (BI_0.62) under identical stress
boundary conditions. Laboratory experiments revealed that a
higher brittleness index in offshore rocks led to the formation of
intricate and rough artificial fracture patterns.

Fig. 8(a) reveals that rock #4 (BI_0.55) with natural fractures is
mainly composed of quartz sand. In addition, the fracturing result
of the WC formation reflects a primary fracture (main fracture)
perpendicular to the direction of the minimum horizontal principal
stress. A transverse fracture (branch fracture) initiated in the
middle, which occurred at 90� during propagation. The final
morphology of the fracture manifests as an intersected shape
(Fig. 8(b)). Due to the existence of natural fractures, the pumping
pressure curve clearly exhibits a sawtooth shape.
3.2. Quantification of the roughness of the different fractures

3.2.1. Joint roughness coefficient and fractal dimension (D)
Natural rock is a complex geological body containing a large

number of structural surfaces, the creation of which relies on the
deformation, strength, and permeability characteristics of the rock,
causing it to exhibit varying degrees of roughness (Filippov et al.,
Parameters Value

Branched fracture size, mm 400 � 100 � 1
Inlet opening Full open
Fracture node morphology Vertical
Fracture node location 1/2 of primary fracture



Fig. 6. (a) Test system. (b) Propagation of rock sample after fracturing and pump-pressure curve.

Fig. 7. Surfaces of fractures after fracturing of two different brittle rock samples.
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2022; Martyushev et al., 2022). The American mathematicians
Mandelbrot and Benoit (1983) proposed the theory of fractal ge-
ometry, which initiated the study of applications in various in-
dustries incorporating fractal geometry. Taking the fractured
section of a rock as an example, one of the main characteristics of
this object is its extreme irregularity. Thus, the most representative
box dimension method in fractal calculations is applied in our
research, which is commonly incorporated in mathematical cal-
culations and empirical estimation of rockmechanics. The scale and
1275
the number of boxes in the fracture model of the scanned spatial
coordinate system are calculated by the Cubic Covering Method
(CCM) based on the theory of box dimensions. The scatter diagram
of lnð1 =diÞ, ln Ndi was plotted via least squares in a double loga-
rithmic coordinate system (di is the scale of calculation for the CCM;
Ndi is the number of boxes) to obtain a linear regression line, which
estimates the fractal dimension (D) of the measured rough fracture.
Fractal dimension has been demonstrated to be larger for a con-
stant scale, indicating a rougher rock surface.



Fig. 8. (a) Rock composition. (b) Shape of intersected fractures after compression.

Fig. 9. Scatter diagram of typical contour lines and predicted values of the JRC.
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Zhou and Xie (2003) established an empirical relationship be-
tween JRC and D through research on the fractal model. Using the
median JRC values of the 10 contour lines as references, the fractal
approximation method was applied to analyze these lines to obtain
corresponding JRC (as shown in Fig. 9 with a comparison error of
approximately 5%). This method is formulated to quantitatively
describe the magnitude of the roughness of the rough surface.
Accordingly, the JRC can quantitatively reflect the morphological
characteristics of rough walls (Xie, 1995).
3.2.2. Quantitative identification process of roughness
Combined with the introduction, we conclude that the previous

analytical models conducted in the study of the proppant transport
process have certain limitations. The wall surface was smoothed,
neglecting the impact of the rough surface on proppant transport;
the study of a rough straight surface (only one fracture) ignored the
influence of the presence of branch fractures. Extensive experi-
ments confirmed the correlation between the BI of rock and the
roughness of fractures post-hydraulic fracturing, a detail explicitly
presented above. To characterize and establish the different rough
fractures, we formulate the following quantitative process. ① Core
scanning and Matlab were used to generate point cloud data for
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rough fracturemodeling. Additionally, to reduce the amount of data
and keep the surface smooth based on the actual fracture shape,
fractal interpolation is applied to process the point cloud data to
simulate the actual rough shape of the fracture (Dai and Liu, 2023).
A Gaussian auto-correlation function is transformed for the rough
surface dimensions as follows.

Chðu; vÞ¼sh
2 exp

"
�
�

u
lc1

�2

�
�

v

lc2

�2
#

(18)

where Ch ðu; vÞ is the auto-correlation function; sh2 is the square of
the overall roughness; u and v are the lags in x and y directions,
respectively; lc1 and lc2 are the correlation length coefficients in the
x, y directions.② The histogram of the distribution of the frequency
for aperture in the point cloud data is shown in Fig. 10(a), which
reveals the apertures satisfy a Gaussian normal distribution. A
combination of height and texture feature parameters is used to
characterize the macroscopic undulation quantitatively. Eventually,
the auto-correlation 3D surface is established after mapping the
point cloud data into the Cartesian coordinate system (x,y,z) as
Fig. 10(b). Where x and y correspond to the plane coordinates of
each pixel point of the image and z corresponds to the RGB value of
each pixel point. The quantification of roughness is an exceptionally
complicated process. After binarizing the autocorrelated surface of
2D, a suitable threshold is applied. Subsequently, the grayscale
image is thresholded using commercially available software for
segmentation according to grayscale levels. In this work, a
threshold value of 0 is set to implement the z coordinate.

③ Taking the grey-scale processed point cloud data in Fig. 10(b)
as an example, the box dimension growth in the fractal dimension
method is set to constants (100, 200, 350) to calculate the fractal
dimension (D) after processing the point cloud data. The fitting
results in Fig. 11 clearly reveal that the prediction fits better when
boxwidth_incr is 200. Consequently, D is 1.17 according to the
calculated slope, which is brought into the equation in Fig. 9 to
obtain the joint roughness coefficient (JRC) of 31 for the fracture.

3.3. Establishment of rough fractures with different roughnesses
(JRC)

Due to the limited number and large size of cores, four scans
were performed on the same fracture surface. By processing the
point cloud data and calculating the fractal dimension, the JRC



Fig. 10. (a) Frequency of aperture distribution when JRC is 31. (b) Processing of point cloud data.

Fig. 11. Fitting plot of the box dimension with three different boxwidth_incr.

Fig. 12. (a) Distribution of JRC corresponding to different BIs after the experiment. (b) Point cloud data with different JRC created by Matlab.
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distribution of fracture surfaces with three different BI was ob-
tained as in Fig. 12(a), revealing a weak positive correlation be-
tween the BI of tight sandstone and JRC. However, the post-
fracturing roughness of cores from the same reservoir is highly
specific, limiting its representativeness for most rough fractures
and its direct applicability for simulations. To address this, Matlab
was used to generate autocorrelated point cloud data for fractures
with arbitrary roughnesses. To explore the transport law of prop-
pant in intersecting fractures under different roughnesses, fractures
1277
with JRC of 0, 24, 31, 46, and 52 were established according to the
previous section, as shown in Fig. 12(b).

As aforementioned, to address the issue of low-order smooth-
ness in transforming point cloud data into 3D surfaces, fractal
interpolation calculations are conducted before establishing the
rough surface. After the calculation of the fractal interpolation of
the 3D surface, Fig. 13 indicates that the surface is smoothed well.

After comparison, intersecting fractures are verified to be more
time-consuming to model and simulate than unilateral vertical



Fig. 13. Fractal interpolation function applied to smooth surfaces.

Fig. 14. (a) Schematic diagram of complex fractures at 90� . (b) 3D model of intersected rough fractures (JRC31).
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fractures. However, the flow field for rough fractures performs
relatively close to the actual conditions for proppant transport.
Combining the result of fracture propagation in Fig. 8 and the im-
aging logging of the natural fracture distribution for representative
wells, an intersecting coarse fracture of the same size was estab-
lished with the parameters listed in Table 2. Fig. 14(a) illustrates a
schematic model with a 90� angle between the main fracture and
branch fracture. For computational convergence, the inlet bound-
ary condition is specified as a velocity-inlet, three outlets are set as
pressure-outlets, and the remaining boundaries are defined as
walls. By incorporating Boolean operations, we established a
complex rough model with JRC31, as shown in Fig. 14(b).
4. Validation of the computational model and analysis of the
flow field

Since the literature on fracture experiments often involves
analyzing fractures with bypass, we combined the distribution
pattern from the experimental study by Tong and Mohanty (2017)
on a smooth plate to verify the accuracy of the computational
model (CFD-DEM). The basic parameters of the proppant injection
experiment in the test and the subsequent simulation test param-
eters are listed in Table 3. As the simulation proceeds, comparing
the morphology of the proppant bed in the simulation and the
experiment (Fig. 15) reveals the shapes of the deposition derived
from the experiment and the simulation presents fairly consistent
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results within reasonable errors. The negligible differences may be
caused by the use of uncalibrated model parameters.
4.1. Mesh-independent verification

The parameters of the particles in the EDEM are consistent with
the process of verification, where the initial JRC of the simulation is
31, and the branch fracture angle is 90�. The coupling time step is
influenced by Young's modulus of the particles and increases as the
minimum particle size decreases. For 0.6 mm particles, with
Young's modulus of 1� 1011 Pa and a Poisson's ratio of 0.2, the time
step of DEM is set to 0.00015 s, which is 1/10 of the time step in CFD.
The boundary conditions for analyzing the rough wall flow field are
preset as follows: the velocity of inlet is 0.2 m/s; the outlet
boundary condition is defined as a pressure outlet; the wall is
defined as the nonslip wall. Moreover, the k-ε turbulence model of
RNG is applied in the calculation. To ensure the accuracy of the
calculation, the turbulence parameters at the inlet are defined in
terms of the turbulence intensity and turbulence viscosity ratio for
a specific value of 5%. In addition, the SIMPLEC algorithm was
chosen to couple the velocity and pressure, whereas the dis-
cretization calculations for pressure, momentum, turbulence in-
tensity and dissipation rate are in second-order windward format.

Given the complexity of the model, an unstructured tetrahedral
mesh divides fluid computations. Ensuring mesh elements triple
the proppant volume is pivotal for the bidirectional coupling



Table 3
Properties of the particles, fluids and overall model.

Parameters Value of validate Value of test Unit

Main slot setup dimension 0.381 � 0.076 0.5 � 0.1 � 0.002 m
Bypass slot dimension 0.191 � 0.076 0.4 � 0.1 � 0.001 m
Fracture width 2 e mm
Angle between two fractures 90 30, 45, 60, 90 degree
Inlet fluid velocity 0.1 0.3 m/s
Fluid viscosity 1 5 cp
Fluid density 998.2 998.2 kg/m3

Particle diameter 0.595 0.6 mm
Particle load 0.84 0.84 lb/gal
Poisson's ratio 0.2 0.2 e

Young's modulus 1e11 1e11 Pa
Restitution coefficient 0.7 0.7 e

Static friction coefficient 0.5 0.5 e

Rolling friction coefficient 0.01 0.01 e

Morphology of particles e S1, S2, S3 e

JRC Smooth 52, 46, 31, 24, Smooth e

Fig. 15. Proppant bed profile for proppant injection into intersected fractures, vali-
dated by experiments with Tong and Mohanty (2017).

Fig. 16. Scatter diagram of wall shear at different x-coordinates on the cross-section.

Fig. 17. Contour of the pressure distribution at different planes.
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model. To avoid sacrificing accuracy with excessively large ele-
ments, five meshes are introduced for mesh independence verifi-
cation and precision. Wall shear gains significance in delineating
flow on rough surfaces, controlling friction, and reflecting fluid
obstruction due to the viscosity of the fracturing fluid (Deng et al.,
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2022). The simulation at the z ¼ 50 mm cross section (Fig. 16) re-
veals a decrease in the wall shear stress from the inlet, which is
notably reduced by branch fractures. Ultimately, the use of 25632
meshes ensures the accuracy of the model calculation while
reducing the computation time.

4.2. Analysis of the flow field within rough intersecting fractures

To monitor the variation of the flow field after proppant depo-
sition in the fracture under the same boundary conditions, we
established five isometric planes (10, 30, 50, 70, and 90 mm) along
the z-axis to output the contour of pressure (Fig. 17). The figure
illustrates the pressure at the inlet (near the wellbore) decays
gradually along each outlet, the conclusion of which is consistent
with production.

Owing to the effect of the mean velocity gradient and buoyancy,
the turbulent kinetic energy (k) determines the magnitude of the
energy in the turbulent flow. More importantly, the effect of tur-
bulence on the dissipation of particle energy in two-phase flow is
not negligible and must be considered in the numerical analysis.
Therefore, we monitor the turbulent kinetic energy of the cross
section along the x-axis and the proppant deposition of each plane,
as shown in Fig. 18.

Fig. 18 distinctly presents the relationship between the turbu-
lent kinetic energy and particle deposition rate on each plane.
Combined with the proppant deposition in EDEM (Fig. 19), the
velocity of the proppant already deposited due to gravity tends to
approach 0, and the proppant bed is basically kept motionless by
the accumulation. This result can reasonably explain the conclusion



Fig. 18. Turbulent kinetic energy and particle deposition rate of different isometric
planes in the main fracture along the x-axis direction.
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that the turbulent motion of the proppant deposition is small while
the concentration of discrete phase (DPM C) is large for each plane.
The result, combined with the enlarged part at the intersection of
fractures, clearly demonstrates a significant turbulence effect,
leading to increased irregular movement of the proppant. Thus, this
phenomenon increases the probability of particles colliding with
the wall or particles when the proppant enters the branch fracture,
resulting in a significant decrease in its velocity. Consequently, the
velocities of particles on the left and right sides of the branch
fracture are lower than the main fracture, and tree-like deposition
is consistent with the rough fracture experiments carried out by
Huang et al. (2019).

There are two main types of proppant transport within branch
fractures: horizontal movement where the proppant is carried into
the fracture under the action of fluid force. After the deposition
reaches the equilibrium height, the proppant is carried to the back
of the sand dike under the influence of fluidization in the upper
part of the dike; under the action of gravity, the proppant settles in
the fracture to form a sand mound. The colors on the particles in
Fig. 20 represent the velocity of the proppant, while the colors on
the fracture walls indicate the turbulent kinetic energy. Notably,
regions with pronounced curvature on rough fractures exhibit
higher turbulent kinetic energy on the wall. This phenomenon
leads to the formation of plugging and gap effects, hindering the
flow of subsequently injected proppant. Moreover, the enlarged
Fig. 19. Velocity distribution and dep
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portion of the figure shows closely spaced deposited particles. The
wall exerts greater normal contact force on particles at locations
where these effects occur, indicating that after fracture closure,
proppants are more susceptible to embedment and crushing in
areas with higher curvature, leading to reduced fracture
conductivity.

To investigate the dynamic transport process of the proppant,
the velocity and displacement of particle A (deposition in the main
fracture) and particle B (deposition in the branch fracture) were
tracked, respectively. The velocity-displacement-time curves of the
monitored particles are shown in Fig. 21. Surprisingly, the proppant
(particle A) has a longer time of suspended motion compared to
particle B. Additionally, the collision between particles and the
fracture walls causes particle B, initially moving along the x-axis in
the branch fracture (red solid line on the coordinate axis), to shift
and decelerate sharply along the z-direction, which is consistent
with the results of the previous study. Accordingly, the transport
distance of particle B, which entered the branch fracture after the
collision, is only 0.35 m, shorter than the maximum distance of
0.45 m for the proppant that entered the main fracture.
5. Transport and deposition laws of the proppant

5.1. Effects of intersecting fractures with different roughnesses

The petrophysics of rocks largely depend on their constituents,
which in turn significantly change the brittleness of rocks, causing
tight sandstone, carbonate rock, and shale to exhibit different
roughness sizes after fracturing. To systematically study the influ-
ence of different roughnesses on proppant transport, this study
incorporates Matlab to construct point cloud data of different rock
roughnesses. To better simulate the actual shape, the fractal inter-
polation method is applied to simulate the actual rough surface of
the fracture, and five 90-degree fracture models with the same
length and width and different roughnesses are established, as
shown in Fig. 22.

Taking JRC46 as an example, the three selected moments of the
transport process of the proppant and the contours of the turbulent
kinetic energy on the wall are calculated (Fig. 23). As the proppant
is continuously injected, the amount of proppant deposited at the
bottom of the fracture will continuously increase due to gravity.
Branch fractures amplify fluid turbulent kinetic energy near the
wellbore, resulting in a gradual increase in the maximum turbulent
kinetic energy with the growing proppant bed. At 18 s, it peaks at
3.8 � 10�2 m2/s2, which is 2.1 times greater than JRC31. This
osition of proppant in fractures.



Fig. 20. Transport of proppant in the branch fracture.

Fig. 21. Time-velocity-displacement curves of transport obtained through monitoring for two different proppants.

Fig. 22. Model of intersected fractures with different roughnesses.
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phenomenon can carry post-injected particles to the back of the
proppant bed, causing further proppant transport.

Combined with the fracture model established in Fig. 22, the
results of the simulation test with the same parameters under the
initial boundary conditions are shown in Fig. 24. Lines are added at
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the entrance of each proppant bed to visually represent the changes
in the deposition angle. The results indicate that as roughness in-
creases, both the deposition height of the proppant bed in the main
fracture and the angle at the fracture entrance generally decrease.
However, some of the differentiated patterns may result from
localized proppant accumulation on rough fracture. Moreover, wall
roughness delays the reduction in settling velocity and horizontal
transport velocity of partial proppants as researched by Guo et al.
(2022), thereby facilitating more proppants to form plugging or
transport further, which is consistent with simulations. Proppant in
intersecting fractures with large roughness accumulates at the
bottom over longer distance, but the overall coverage area is not
significantly different. Consequently, as the simulation time in-
creases, more proppants deposit in the main fracture for rougher
surfaces, while the proppant coverage in the narrower branch
fractures is notably smaller.

The maximum proppant deposition height and coverage area in
the branch fracture both occur at JRC31. This happens because the
branch fracture is narrower than the main fracture, and excessive
roughness causes proppant to clog at the intersection, hindering
subsequent particle transport. Small roughnesses reduce the tur-
bulent kinetic energy in the fracture, resulting in faster proppant
deposition in the fracture. The comparison indicates that the
deposition height and coverage area in the branch fracture of the
smooth model decreased by 65.2% and 75.6%, respectively,



Fig. 23. Contours of the velocity and turbulent kinetic energy distributions of the proppant at different moments of JRC46.

Fig. 24. Proppant deposition under different roughness of fracture.
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compared to the intersected rough fracture model of JRC31 in
Fig. 24. Therefore, targeting reservoirs with appropriate rough-
nesses for fracturing during production can significantly improve
the effect of proppant placement.

5.2. Effects of different types of proppants

In the petroleum industry, sphericity is typically applied to
describe the similarity between proppant and sphere (Xu et al.,
2021). Due to the large difference in proppant shape between
ceramic and quartz sand, larger ceramic particles with greater
sphericity and quartz sand with relatively smaller sphericity are
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used in fracturing. To study the effects of different types of prop-
pant, three typical proppant shapes are established under the
premise of keeping a certain volume of proppant. These include
sphere, sub-circular and rod-shaped proppants, as shown in Fig. 4,
which are then imported into EDEM for coupling simulation.

The drag coefficient of nonspherical particles is determined by
the Reynolds number, particle shape and direction of transport
relative to the fluid. Fig. 25 illustrates the deposition of proppant
(S1) in the intersecting fracture. For identical rough fracture, the S1
can form two distinct sand dikes in the main fracture compared
with the spherical proppant (S3). The accumulation height,
coverage area and distance of transport in the main fracture are



Fig. 25. Proppant deposition at sphericity of 0.92.
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similar due to the small difference in sphericity, whereas the per-
formance of the above indicators varies tremendously in the branch
fracture for S1 and is significantly smaller than S3. Upon the
enlarged portion, the noticeably smaller concentration of prop-
pants deposit in the branch fracture is influenced by the shape of
the proppant, thereby affecting the support effectiveness.

Fig. 26 shows the deposition of the quartz sand proppant (S2)
with lower sphericity. A comparison of the proppants placement in
Figs. 18 and 19 reveals the height of the proppant bed in the main
fracture is much lower than that of S1 and S3 at 18 s. Additionally,
proppant S2 is carried farther by the fracturing fluid, while the area
of deposition is similar. The transport of the low-sphericity prop-
pant (0.78) in the main fracture creates a fixed channel (red solid
line), which causes a “jagged” effect at the top of the deposit. The
distance and height of the proppant transported in the branch
fractures are lower compared to S1 and S3. Due to the limitedwidth
of the branch fracture and the irregularity of the proppant, more
effects of plugging and gap are formed in rough walls with high
curvature. From the enlarged part on the left of Fig. 26, most of the
proppant gathered near the intersection, greatly hindering the
transport of proppant to the branched fracture (more significant
velocity reduction for particles with small sphericity). Compared to
the spherical proppant (S3), the proppant (S2) with smaller sphe-
ricity is sparsely distributed per unit area in the fracture. Conse-
quently, in production, spherical particles are selected to ensure a
longer distance of proppant transport in branch fractures, which is
Fig. 26. Deposition of the quartz sand pro
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consistent with the actual fracturing process.
5.3. Different fracture intersection angles

During fracture production, the orientation of the fractures is
influenced by a combination of factors such as the ground stress
difference, production conditions and matrix conditions, which are
characterized by the inclination angles between the main and
branch fractures. Therefore, this approach is applicable to the study
of the transport law of proppant in artificial and natural fractures.
Since the model is shown along the x-z plane, four different inter-
section angles of 30�, 45�, 60� and 90� are set in this section, as
shown in Fig. 27(a). H is used to describe the length of the branch
fracture along the z-axis for the four intersected rough fractures.

Comparing Figs. 16 and 18, a significant similarity in the distri-
bution of wall shear stress and turbulent kinetic energy within the
flow field is observed, particularly at branch fractures. Focusing on
the shear force distribution, Fig. 27(b) with scatter plots for four
different angles distinctly shows a decrease in wall shear stress at
the intersection as the angle approaches 90�. The maximum wall
shear stress is 15.3 Pawhen the angle is 30� for intersected fracture.
The higher turbulent kinetic energy and wall shear lead to an
increased probability of particle collision, which affects the effect of
proppant transport. To analyze the influence of the fracture inter-
section angle on proppant transport more systematically, the
deposition of proppant in Fig. 28 was obtained via coupled CFD-
ppant (S2) with a sphericity of 0.78.



Fig. 27. (a) Schematic diagram of the intersected fracture distribution at four different angles. (b) Scatter diagram of the shear force along the z-axis for four different angles.

Fig. 28. Scatter diagram of proppant deposition under different fracture intersection angles.

Fig. 29. Deposition of proppant in intersecting fracture (30�).

B. Yin, Y.-S. Lou, S.-Y. Liu et al. Petroleum Science 22 (2025) 1270e1288

1284



Fig. 30. Deposition of proppant under three different injection methods.
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DEM simulation under the premise of the single variable. The figure
obviously reveals the height of the proppant bed in the main
fracture slightly increases with increasing angle, accompanied by a
slight reduction in transport distance, while the area covered in the
main fracture remains relatively unchanged. Surprisingly, an
obvious difference was observed in the branch fracture. The
monitoring results show that as the angle decreases, the turbulent
kinetic energy and wall shear at the intersection increase, leading
to an increased probability of proppant-wall collision, which re-
duces the placement height and area of the branching fractures and
leads to more irregular bottom deposition.

For example, at a small angle of 30�, Fig. 29 shows two incon-
spicuous peaks occurring in the proppant bed deposited in the
main fracture, with blue particles at the bottomwhere the particle
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velocity is 0 forming the deposition zone. The red part shows the
particles creeping at the top, transporting the subsequently injec-
ted particles to transport farther. The area between the red and the
brown solid line is the suspension zone, which gradually becomes
covered as the proppant bed continues to rise. Compared with the
deposition of branch fracture in Fig. 19, the small intersection an-
gles cause the proppant to move mostly in the main fracture,
whereas fewer proppants enter the branch fractures, resulting in
inefficient transport.

5.4. Effects of different sequences of proppant injected

During the fracturing construction process, multistage pumping
of different proppant sizes is often adopted to control the amount of



Fig. 31. (a) Height of deposition in branch fractures with different roughness-velocity. (b) Volume fraction of proppant with different roughness-velocity.
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deposition near the entrance of the fractures to prevent the aper-
ture from reclosing or blocking near-well fractures after the pump
is stopped. Currently, few experimental studies exist on the effects
of different size combinations of proppant injection sequences on
the fracture filling effect. Based on the aforementioned experi-
ments on smooth fracture, this section designs an experimental
scheme for determining the filling effect of different proppant
combinations (mixed particle size (Mix), small(S)-medium(M)-
large(L) and (L)-(M)-(S)) according to the pumping habits at the
fracturing site. The simulation of different proppant sizes on frac-
ture is carried out to uncover the effect of the injected sequence on
proppant deposition, which provides effective guidance for
improving the rationality of pumping designed for fracturing.

Fig. 30 shows the proppant deposition of three different injec-
tion methods at the same moment. The comparison demonstrates
that the injection method of S:M:L transports proppants over 80%
of the distance achieved by the L:M:S within the branch fractures.
In contrast, the initial injection sequence of large proppants results
in a generally elevated proppant bed front, significantly reducing
the sand-carrying capacity of the fracturing fluid. The sequence of
L:M:S tends to cause blockage near the well and prevents the
transport of post-injected proppant into the branch fracture.
Moreover, larger proppants (0.8 mm) of mixed sizes can be trans-
ported farther along with smaller proppants, but effectiveness in
entering rough branch fractures may be limited. Yet, larger curva-
ture walls within the branch fracture tend to have plugging effects
when obstructed by larger proppants (shown in enlarged Mix of
Fig. 30). Consequently, when the fracture closes, smaller proppants
near the well reduce the effective conductivity of the fracture, thus
recommending the combination of S:M:L.

5.5. Effects of the synergistic influence of the injection rates and
roughnesses

The analysis revealed that differences in proppant placement
under varying degrees of roughness are primarily presented in
branch fractures. To investigate the synergistic influences of ve-
locity and roughness on proppant placement, a calculation time of
18 s was employed. As the velocity of the fracturing fluid reaches
0.7 m/s, some proppant flows out of the branch fractures. Conse-
quently, the proppant concentration and bed height were moni-
tored to evaluate placement effectiveness.

Fig. 31(a) shows that increasing the fracturing fluid flow rate
raises the proppant deposition height in branch fractures. However,
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as the fracture roughness increases, the deposition height de-
creases. At JRC � 46, greater velocity (0.7 m/s) causes local block-
ages, reducing the deposition height compared to 0.5m/s. Fig. 31(b)
indicates at higher flow rates, the proppant volume fraction per
unit area decreases significantly. Eventually, with increasing
roughness, the volume fraction decreases linearly at 0.3 and 0.5 m/
s, but decreases exponentially at 0.7 m/s. Greater roughness of
fractures during production requires a lower displacement of in-
jection to ensure a greater spreading concentration of proppant.

By scanning the fracture surface after hydraulic fracturing, the
approximate distribution of rock surface roughness (JRC) can be
obtained for different blocks. Moreover, the daily production vari-
ation of a single well and the natural fracture distribution obtained
from imaging logging were used to optimize the proppant size,
fracturing fluid injection rate and proppant injection sequence to
ensure the long-term stable flow conductivity of the fracture after
fracture closure. Additionally, there is a strong correlation between
lithology and post-fracturing roughness. Future studies with more
field data can explore the relationships between various lithologies
and optimal production parameters, providing systematic guidance
for oilfield production.

6. Conclusion

The quantification of rough hydraulic fractures has been a
challenging issue for scholars. The (Computational Fluid Dynamics)
CFD-DEM (Discrete Element Method) model was verified to be
highly accurate in simulating the proppant transport process by
comparison with previous experimental results. Ultimately, the
turbulent kinetic energy in the flow field is the primary factor
affecting the process of proppant transport within rough fractures,
which is not clearly evident in the deposition area. Some new
findings were obtained as follows:

1. Owing to the strong heterogeneity of offshore reservoirs, ex-
periments have revealed formations with higher brittleness
index (BI) are positively correlated with the post-fracturing joint
roughness coefficient (JRC), resulting in more complex and
rougher fracture morphologies.

2. Fractures of JRC46 exhibit 2.1 times greater turbulent kinetic
energy than JRC31, leading to more irregular motion of the
proppants. Excessive roughness (JRC � 46) hinders proppant
transport into branch fractures, decreasing proppant bed height
and coverage by 65.2% and 75.6%, respectively, compared with
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JRC31. Conversely, smoother models reduce turbulent kinetic
energy, causing faster proppant deposition and hindering sub-
sequent injections.

3. Spherical proppants ensure optimal performance of placement
in branch fractures. Additionally, decreasing sphericity results in
a sparser density of deposition, leading to insufficient support
during the subsequent closure of the fractures.

4. When the fracture angle increases from 30� to 90�, the
maximum shear force at the intersection of fractures decreases
to 40% at 30�. With increasing intersection angle, the proppant
bed in the main fracture changes slightly, whereas the accu-
mulation height and coverage area of the proppant bed in the
branch fracture increase by more than 50%, respectively.

5. When the post-fracturing roughness of fractures in the target
reservoir exceeds 46, proppants should be preferentially injec-
ted in a sequence from smaller to larger particles (S:M:L), and
the velocity of fracturing fluid should be maintained at less than
0.7 m/s. Conversely, using a large-to-small sequence (L:M:S)
may quickly cause blockage near perforations in offshore res-
ervoirs with high BI, hindering subsequent proppant injection.

6. A systematic study of reservoir roughness patterns can optimize
production parameters. With increasing fracture surface
roughness, a greater velocity and smaller proppant sphericity
lead to lower concentrations of proppant deposition on the
rough surfaces. Specifically, at a velocity of 0.7 m/s, the depo-
sition concentration shows an exponential decline.
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Nomenclature

CFD-DEM: Computational Fluid Dynamics-Discrete Element Method
t: time, s
u: fluid velocity, m/s
p: pressure of the fluid, Pa
Sf: average interaction force per unit volume, N
M: number of particles in the cell
F f ;i : fluid force on the particles, N
Vcell: volume of fluid in the calculated cell
Sp: sphericity of the particle
dn: diameter of the equivalent volume of the sphere, m
dc: diameter of external sphere, m
mp: mass of particle p, kg
Fp
c;i: contact force acting on particle p, N

kc: number of spherical elements on the external surface
FD: fluid drag force, N
FM: magnus force, N
1288
FS: Saffman lift, N
Fp: fluid pressure gradient force, N
Tp
t;e: tangential torque vector, N$m

Tp
r;e: normal torque vector, N$m

Ip: the moment of inertia, kg$m2

E*: equivalent Young's modulus, Pa
Rer: Reynolds number
Tp
DT : drag torque generated by rotation, N$m

Fn;ij: normal contact force, N
Fd
n;ij: normal damping force, N

R*: equivalence radius, m
m*: the equivalent particle mass, kg
Sn;ij: normal stiffness, N/m
vn;pq: relative normal velocity component of the contact point, m/s
e: recovery factor
G*: equivalent shear modulus, Pa
vt;pq: relative tangential velocity at the contact point, m/s
Ft;ij: tangential contact force, N
Fd
t;ij: tangential damping force, N

uf � up: slip velocity, m/s
AP: frontal area of the particle, m2

CD: coefficient of drag
CDR: rotational drag coefficient
CLS: lift coefficient
dp: diameter of the particle, m
dp
dx: pressure gradient along the x direction
JRC: Joint Roughness Coefficient
Chðu; vÞ: the auto-correlation function
u, v: the lag along x, y directions, respectively
lc1 , lc2: correlation length coefficients in the x, y direction
ms: sliding friction coefficient
a: volume fraction of the fluid phase
rf : fluid density, kg/m3

rp: density of particle p, kg/m3

t: viscous stress tensor, N/m2

dn;ij: normal overlap of the particles
U: angular velocity of particle relative to the fluid, rad/s
ε: function of the effect of other particles
uf : rotational velocity of the fluid, rad/s
up: angular velocity of the particle, rad/s
sh

2: the square of the overall roughness
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