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a b s t r a c t

The elastic properties of subsurface rocks are almost always stress-dependent, which is usually 
attributed to stress-sensitive microcracks. Incorporating the effect of stress on microcrack compliance, 
we use a novel PP-wave reflection coefficient to implement azimuthal amplitude inversion in an 
anisotropic media induced by horizontal uniaxial stress. Firstly, we assume the initial unstressed media 
is elastic and isotropic, and possesses a dual-porosity system with stress-insensitive background and 
randomly distributed and randomly orientated microcracks. When such the media is subjected to 
horizontal uniaxial stress, normal and tangential compliances of microcracks decrease depending on 
their orientation with respect to the applied stress. A corresponding stress-induced anisotropy model is 
proposed, and then utilized to construct the effective elastic stiffness tensor of the uniaxial-stress-
induced anisotropic media under the assumption of weak anisotropy. Two stress-induced anisotropy 
parameters (SIAPs), defined as the combination of elastic modulus, microcrack normal/tangential 
compliance and horizontal uniaxial stress, are introduced to quantify the magnitude of stress-induced 
normal and tangential anisotropy, respectively. Existing laboratory data of an uniaxially stressed rock 
sample illustrate that the effective elastic stiffness tensor possesses satisfactory accuracy. Subsequently, 
combining the perturbation of the stiffness tensor and the scattering theory, a linearized PP-wave 
reflection coefficient is established in terms of P-wave modulus, shear modulus, density and SIAPs. 
The effect of stress on seismic response characteristics is thoroughly analyzed. Finally, based on the 
azimuthal amplitude difference inversion method with the Cauchy-sparse and low-frequency prior 
regularization, the SIAPs are estimated form azimuthal seismic data. The inverted SIAPs are then used as 
inputs to estimate the remaining isotropic parameters. Numerical experiments and field data are used to 
illustrate the feasibility of the inversion method.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Seismic anisotropy is omnipresent in the Earth's interior, which 
reveals that the seismic wave velocity, amplitude, and other 
physical properties vary with direction. The physical mechanisms 
that cause anisotropy are diverse, including preferentially oriented 
crystals or minerals, fine layering or alignment of clay particles, 
stacking of layers with varying elastic properties, oriented frac-
tures, and in-situ stress (Thomsen, 1986; Maupin et al., 2007; Liu 
and Martinez, 2014). As one of the main sources of seismic

anisotropy, in-situ stress is often ignored when carrying out seismic 
anisotropy research. However, the horizontal in-situ stress, mainly 
caused by engineering production, tectonic movement and natural 
chemical reaction, is widespread in subsurface Earth 
(Sheikholeslami et al., 2021). In some regions, seismic anisotropy 
has been proven to be consistent with the maximum horizontal 
compressive stress (S Hmax ) (Boness and Zoback, 2006; Pastori et al., 
2009; Aiman et al., 2023). Consequently, incorporating the influ-
ence of stress on rock properties into seismic anisotropy has crucial 
practical applications in reservoir detection (Zong et al., 2015), in-
situ stress estimation (Aiman et al., 2023; Cao et al., 2025) and 
hydrocarbon exploration (Wang et al., 2022; Ma et al., 2022).

The elastic properties of crustal rocks are almost always stress-
dependent. Many experiments have demonstrated that the
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application of uniaxial stress to a rock induces elastic anisotropy 
(Nur and Simmons, 1969; Mavko et al., 1995; Sarkar et al., 2003). 
Theoretically, stress-induced anisotropy model can quantitatively 
reveal the interaction between in-situ stress and the correspond-
ing induced anisotropy. Third-order elasticity (TOE) theory, also 
known as acoustoelasticity theory, is widely applied to describe 
the stress-dependence of rock properties. Johnson and 
Rasolofosaon (1996) successfully used the TOE theory to charac-
terize the phenomenon that an initially isotropic media subjected 
to uniaxial stress becomes a transverse isotropic (TI) media. Under 
the assumption of weak background and stress-induced anisot-
ropy, Sarkar et al. (2003) demonstrated that an isotropic solid in 
the presence of uniaxial stress exhibits symmetry close to hexag-
onal. Although TOE theory has a superior ability of representing a 
complete framework that can compute signatures between arbi-
trary stress field and the corresponding anisotropic stiffness tenor, 
it ignores the effect of stress on the rock microstructure. In fact, the 
stress-dependent rock properties can be explained as the response 
of internal discontinuities, such as compliant grain contacts and 
microcracks, to the applied stress (Nur and Simmons, 1969; Mavko 
et al., 1995; Sayers and Kachanov, 1995; Angus et al., 2009; Sayers 
et al., 2024). In this study, we use the word “microcrack” to 
describe the stress-sensitive discontinuity, which displays a 
multitude of different orientations. If anisotropic stress is applied, 
microcracks will undergo anisotropic changes, resulting in elastic 
anisotropy of the rock. Shapiro and Kaselow (2005) described the 
stress-dependence of the elastic moduli of rocks by investigating 
the effect of stress as a result of pore space deformation. Consid-
ering the exponential dependence of the area of the displacement 
microcracks, analytical models have been proposed to describe 
uniaxial-stress-induced anisotropy (Gurevich et al., 2011). 
Compared to their studies, we explore the stress-dependence of 
rock properties through microcrack compliance, a crucial ingre-
dient for assessing rock stiffness and strength (Griffiths et al., 2017; 
Sayers et al., 2024). When an elastic isotropic media is subjected to 
horizontal uniaxial load, the effect of preferential decrease of 
microcrack compliance is emphasized and a corresponding stress-
induced anisotropy model is proposed.

The PP-wave reflection coefficient, serving as a critical link 
between the observed seismic data and the elastic, anisotropic or 
petrophysical parameters, can provide valuable information for 
amplitude variation with offset/angle and azimuth (AVOA/AVAZ). 
Many scholars have made landmark contributions in deriving the 
reflection coefficients at an interface between two distinct media, 
including isotropic media (Aki and Richards, 1980), fracture-
induced anisotropic media (Far et al., 2013; Rüger, 1997), and 
even arbitrary anisotropic media (P � sen � cík and Martins, 2001; 
Shaw and Sen, 2006). On this basis, the TOE theory is used to 
consider the effect of stress. Taking the initial stress into consid-
eration, Sharma (2007) studied the propagation of plane waves in 
a generally anisotropic elastic media. Liu et al. (2012) discussed the 
reflection and transmission of plane wave at the interface between 
fluid and stressed rock. Chen et al. (2023) proposed the dynamic 
elastic wave equations for fluid-saturated porous layered media to 
study the effect of horizontal uniaxial stress-induced anisotropy 
on shear wave splitting. Li and Hu (2023) investigated the reflec-
tion and transmission for the quasi-P-wave incident on the welded 
and non-welded interfaces between two stressed rocks by using 
TOE theory. Compared to the complexity of the exact equations, 
the approximate PP-wave reflection coefficient, expressed as a 
linear combination of the relevant model parameters, shows su-
periority in practical applications. Based on the variants of the TOE 
theory, involving certain modifications such as weak anisotropy 
assumption or small strain/stress approximation, many linearized 
stress-dependent PP-wave reflection coefficients have been

proposed. By substituting the anisotropic parameters of a rock 
subjected to uniaxial stress into a well-known approximate PP-
wave reflection coefficient in horizontal transversely isotropic 
(HTI) media (Rüger, 1997), Liu et al. (2009) derived a linear PP-
wave reflection coefficient for HTI media induced by uniaxial 
stress. Based on the TOE theory, the PP-wave reflection coefficients 
of biaxial stress-induced anisotropic media and overburden-
stressed isotropic media have been proposed (Chen and Zong, 
2022; Chen et al., 2024). Following nonlinear acoustoelastic the-
ory, the decoupled fracture- and stress-induced PP-wave reflection 
coefficients in horizontally stressed HTI media and horizontally 
stressed vertical transversely isotropic (VTI) media are derived 
(Pan and Zhao, 2024; Pan et al., 2024). Despite considerable efforts 
have been made, we have yet to find one incorporating the effect of 
stress on microcrack compliance, although it can be regarded as 
the mechanism of stress-induced anisotropy.

Furthermore, azimuthal amplitude inversion is an effective tool 
for obtaining stratigraphic properties, especially anisotropy in-
formation, from azimuthal seismic data (Shaw and Sen, 2006; Far 
et al., 2013; Pan and Zhao, 2024). Unfortunately, the contribution 
of anisotropic parameters to the reflection coefficient is much 
smaller than that of isotropic parameters, which makes it difficult 
to simultaneously invert multi-parameters based on the linear 
approximation of the reflection equation for anisotropic media. To 
improve the stability and accuracy of anisotropic seismic inver-
sion, many strategies have been proposed, such as the azimuthal 
Fourier series expansion method (Ma et al., 2022), the parameter 
combination method (Zong and Ji, 2021), and the azimuthal 
amplitude difference inversion method (Chen et al., 2017). How-
ever, deriving the Fourier series of a reflection coefficient requires 
extensive mathematical calculations. And model parameterization 
relies on strict assumptions during derivation, and the inversion 
result is a combination of parameter attributes. In contrast, the 
azimuthal amplitude difference inversion method can leverage the 
azimuthal difference of reflection coefficient to invert anisotropic 
parameters. Subsequently, the inverted anisotropic parameters 
can serve as prior information to achieve the estimation of the 
remaining isotropic parameters. This method is more convenient 
to operate and provides a stepwise solution for estimating the 
overall model parameters in azimuthally anisotropic media.

The article is organized as follows. Firstly, considering the 
stress-dependence of the normal and tangential compliances of 
microcracks, we derive an analytical model to explain the anisot-
ropy induced by the application of horizontal uniaxial stress to an 
elastic isotropic media. Furthermore, based on the equivalent 
medium theory and the assumption of weak anisotropy, the model 
is employed to construct the effective elastic stiffness tensor of the 
uniaxial-stress-induced anisotropic media. Then, by perturbing 
the effective elastic stiffness tensor components and relating the 
perturbations to the reflection coefficient via Born scattering 
theory, an approximate PP-wave reflection coefficient is proposed. 
Seismic response characteristics of this media at different stress 
levels are analyzed. Finally, we implement a stepwise azimuthal 
amplitude inversion in the uniaxial-stress-induced anisotropic 
media. The robustness and suitability of the inversion method is 
tested with numerical experiments and field data.

2. Characterization of anisotropy induced by horizontal 
uniaxial stress

Although quite a few researches have been carried out on 
fracture-induced anisotropy, in-situ stress can affect the rock 
microstructure, thereby also inducing anisotropy. We assume that 
the unstressed media is elastic and isotropic, and can be charac-
terized by a dual-porosity system with stress-insensitive
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background and stress-sensitive microcracks (Shapiro and 
Kaselow, 2005; Gurevich et al., 2011; Sayers et al., 2024). Based 
on the excess compliance theory (Sayers and Kachanov, 1995), the 
elastic anisotropy and stress-dependence of microcracks can be 
expressed as an excess compliance tensor, given by

ΔS ijkl =
1 
4

( 
α ik δ jl + α il δ jk + α jk δ il + α jl δ ik 

) 
+ β ijkl (1)

where δ ij is the Kronecker delta. α ij and β ijkl are second- and fourth-
rank compliance tensors, which are dependent on the number of 
microcracks, their area and their normal and tangential compli-
ances. In order to quantify the effect of microcracks, we define the 
position of a certain microcrack by introducing a spherical coor-
dinate system. Then, the components of normal direction n of the 
microcrack are

n 1 = sin θ p ⋅cos θ a ; n 2 = sin θ p ⋅sin θ a ; and n 3 = cos θ p (2)

where θ p and θ a are the polar angle and azimuth in the orientation 
normal to the microcrack, respectively.

Assuming that the microcracks within the unstressed media are 
identical, rotationally invariant, randomly orientated and randomly 
distributed, the second- and fourth-rank tensors are continuous 
functions of angular coordinate. Therefore, the components of the 
second- and fourth-rank compliance tensors can be analytically 
calculated using spherical integral (Sayers, 2002; Sayers et al., 2024):

α ij =
1 
4π

∫ π

θ p =0

∫ 2π

θ a =0

Ω T 
( 
θ p ; θ a 

) 
n i n j sin θ p dθ p dθ a (3)

β ijkl =
1 
4π

∫ π

θ p =0

∫ 2π

θ a =0

[ 
Ω N 

( 
θ p ; θ a 

) 
− Ω T 

( 
θ p ; θ a 

)] 
n i n j n k n l sin θ p dθ p dθ a

(4) 

where Ω N 
( 
θ p ; θ a 

) 
sin θ p dθ p dθ a and Ω T 

( 
θ p ; θ a 

) 
sin θ p dθ p dθ a are the

normal and tangential compliances of microcracks in the angular
range of normal direction from θ p to θ p + dθ p and θ a to θ a + dθ a ,
respectively.

Subsequently, we consider the scenario that the elastic
isotropic media is subjected to horizontal uniaxial stress τ 11 (The
model is shown in Fig. 1). Following Mavko et al. (1995), Shapiro
and Kaselow (2005) and Sayers et al. (2024), we assume that the
normal and tangential compliances of microcracks in a particular
direction decay exponentially with the normal compressive stress
τ n acting on that direction, given by

Ω N = Ω N0 exp 
( 

−
τ n
P Nc

) 

(5)

Ω T = Ω T0 exp 
( 

−
τ n
P Tc

) 

(6)

where Ω N0 and Ω T0 denote the normal and tangential compliances 
of microcracks before the application of stress, respectively, τ n =
τ 11 n21 is the stress applied in the direction normal to the micro-
cracks, and parameters P Nc and P Tc are the characteristic stresses 
representing the rate at which the normal and tangential com-
pliances of microcracks decrease with the applied stress, respec-
tively (Mavko et al., 1995; Gurevich et al., 2011; Sayers et al., 2024). 

Furthermore, based on the theory of weak anisotropy 
(Thomsen, 1986), we assume that the applied stress is small 
enough compared to both P Nc and P Tc , so that the first order Taylor

expansion of the exponential function can be used for the expo-
nential decay in Eqs. (5) and (6), given by

Ω N = Ω N0 exp 
(

− 
τ 11
P Nc

n21

) 

≈ Ω N0 

(

1 − 
τ 11
P Nc

n21

) 

(7)

Ω T = Ω T0 exp 
(

− 
τ 11
P Tc

n21

) 

≈ Ω T0 

(

1 − 
τ 11
P Tc

n21

) 

(8)

Substituting Eqs. (7) and (8) into Eqs. (3) and (4), and calcu-
lating the spherical integral with the software Mathematica, the 
second- and fourth-rank tensors are obtained, which are shown in 
Appendix A. Subsequently, substituting them into Eq. (1) and 
rewriting the excess compliance tensor ΔS ijkl in the form of a 6 × 6 
tensor ΔS ij using the Voigt notation (Sayers, 2002), the excess
compliance tensor of the anisotropic media induced by horizontal 
uniaxial stress can be computed as (The specific derivation is 
shown in Appendix A)

ΔS ij = ΔSisoij + τ 11− N ΔSani− N ij + τ 11− T ΔSani− T ij (9)

where ΔSisoij is the excess compliance tensor of the isotropic distri-

bution of microcracks in the unstressed rock, ΔSani− N ij and ΔSani− T ij

are the excess compliance tensors due to the effect of horizontal 
uniaxial stress on the normal and tangential compliances of the 
microcracks, respectively, and the normalized stresses are given by
τ 11− N = τ 11 =P Nc and τ 11− T = τ 11 =P Tc , respectively. To some extent, 
this model is formally similar to Gurevich et al. (2011), which re-
flects its plausibility. Meanwhile, the stress-dependence of the 
normal and tangential compliances of microcracks is considered, 
providing a new perspective on stress-induced anisotropy.

3. Parameterization of stiffness tensor in an anisotropic 
media induced by horizontal uniaxial stress

Combining the excess compliance theory and Eq. (9), the 
complete compliance tensor S ij of an anisotropic media induced by 
horizontal uniaxial stress can be expressed as

S ij = S bij + ΔSisoij
⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟

S0ij

+ τ 11− N ΔSani− Nij + τ 11− T ΔSani− Tij (10)

Horizontal
stress 11

Incident P-wave

Re flec ted P-wave

X1

X2

X3

11

Fig. 1. Schematic illustration of incident P-wave propagation in an elastic isotropic 
media subjected to horizontal uniaxial stress. The unstressed media possesses a dual-
porosity system with stress-insensitive background and randomly distributed and 
randomly orientated microcracks. θ and ϕ represent the incident angle and obser-
vation azimuth, respectively.
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where Sbij is the compliance tensor of the stress-insensitive back-
ground estimated from the mineral composition (Angus et al.,

2009) or behavior at high pressures (Sayers, 2002), and S0ij is the
effective compliance tensor of the unstressed media.

According to the non-interactive approximation theory, the 
effective compliance tensor of a cracked media can be expressed as 
the sum of the background compliance tensor and the excess 
compliance tensor of the microcracks (Liu and Martinez, 2014).

Therefore, the effective stiffness tensor C0ij = 
( 
S 0ij

) − 1 
of the un-

stressed media can be computed as

C0ij= 
[ 
Sbij + ΔSisoij

] − 1
=

⎡ 

⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢
⎣ 

M λ λ 0 0 0
λ M λ 0 0 0
λ λ M 0 0 0
0 0 0 μ 0 0
0 0 0 0 μ 0
0 0 0 0 0 μ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(11) 

where M = λ + 2μ = ρα 2 , and M, λ, μ, ρ and α denote P-wave
modulus, the first Lam�e constant, shear modulus, background
density, seismic P-wave velocity of the unstressed media, 
respectively.

To validate the randomly distributed and randomly oriented 
microcrack model, we assume that the microcracks are penny-
shaped. Then, Ω N0 and Ω T0 can be expressed as follows (Li et al., 
2023):

Ω N0= 
4(λ 0 + 2μ 0 )
3μ 0 (λ 0 + μ 0) 

e (12)

Ω T0= 
16(λ 0 + 2μ 0 )
3μ 0 (3λ 0 + 4μ 0) 

e (13)

where λ 0 and μ 0 denote the Lam�e constants of the stress-
insensitive background, and e is the density of the microcracks 
(Hudson, 1981).

Combining Eqs. (11)–(13) and Eq. (A-5), to calculate the effec-
tive P-wave modulus and shear modulus and compare them with

the Kuster-Toks €oz (K-T) model (Kuster and Toks €oz, 1974), as shown
in Fig. 2. Besides, to ensure the rationality of the model, we choose 
a stiff background sample with P-wave and shear modulus of 
33.992 GPa and 13.225 GPa, respectively, and a soft background 
sample with P-wave and shear modulus of 14.160 GPa and 5.687 
GPa, respectively. From Fig. 2(a) and (b), it can be seen that for both 
stiff and soft samples, the results of our model and K-T model are 
in good agreement. 

Subsequently, when the isotropic elastic rock is subjected to 
horizontal uniaxial stress τ 11 , anisotropy is induced due to the 
preferential decrease of microcrack compliance, as shown in Eq. 
(9). Under the assumption of weak anisotropy, the stress-
induced normal and tangential anisotropy is weak enough 
compared to the unstressed media. Therefore, the stiffness tensor
C ij of the anisotropic media induced by horizontal uniaxial stress 
can be derived as (Bakulin et al., 2000; Chen et al., 2017; Pan et al., 
2024)

C ij = C 0ij − τ 11− N C
0
ijΔSani− N ij C0ij − τ 11− T C

0
ijΔSani− T ij C0ij

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣ 

C 11 C 12 C 12 0 0 0
C 12 C 22 C 22 − 2C 44 0 0 0
C 12 C 22 − 2C 44 C 22 0 0 0
0 0 0 C 44 0 0
0 0 0 0 C 55 0
0 0 0 0 0 C 55

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14)

where

C 11 = M − 

(
8

105 
λ 2 + 

4
35
Mλ + 

1
7 
M 2 

) 

τ 11− N Ω N0

− 

(
2
35

λ 2 −
4 
35
Mλ + 

2
35
M 2 

) 

τ 11− T Ω T0

(15)

C 12 = λ − 
(
2 
21

λ 2 + 
22
105 

Mλ + 
1
35 
M 2 

) 

τ 11− N Ω N0

− 

( 

−
1 
35

λ 2 +
2
35 
Mλ −

1 
35
M 2 

) 

τ 11− T Ω T0

(16)
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Fig. 2. Variations in effective elastic properties with microcrack density for rocks permeated by randomly distributed and randomly oriented microcracks: (a) results for a stiff 
sample, (b) results for a soft sample. The dashed and solid lines are calculated using the K-T model and our model, respectively.
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C 22 = M − 

(
8
35

λ 2 + 
8

105
Mλ + 

1
35
M 2 

) 

τ 11− N Ω N0

− 

(
4

105
λ 2 −

8 
105

Mλ + 
4

105
M 2 

) 

τ 11− T Ω T0 (17)

C 44 = μ −
4

105
μ 2 τ 11− N Ω N0 −

2
21

μ 2 τ 11− T Ω T0 (18)

C 55 = μ −
4
35

μ 2 τ 11− N Ω N0 −
16
105

μ 2 τ 11− T Ω T0 (19)

From the symmetry of the stiffness tensor, we can find that the 
anisotropic media induced by horizontal uniaxial stress is similar 
with that of an unstressed transversely isotropic media with a 
horizontal symmetry axis (i.e., HTI media). In order to simplify Eqs. 
(15)–(19), we define

Ψ N = − τ 11− N MΩ N0 (20)

Ψ T = − τ 11− T μΩ T0 (21)

as two stress-induced anisotropy parameters (SIAPs) to repre-
sent the stress-induced normal and tangential anisotropy, 
respectively. Substituting Eqs. (20) and (21) into Eqs. (15)–(19), the 
elements of the elastic stiffness tensor for the horizontal uniaxial 
stress-induced anisotropic media can be obtained, which are given 
in Appendix B.

In order to verify the reasonability and precision of the derived 
elastic stiffness tensor, we use the laboratory data of Nur and 
Simmons (1969) on a sample of Barre Granite, which was used 
previously to test the modelling approach of Mavko et al. (1995) 
and Gurevich et al. (2011). The velocity variations of the uniaxially 
stressed rock sample are predicted at different stress levels and 
compared with the measured velocities. The elastic parameters 
(M, μ, Ω N0 , Ω T0 , P Nc and P Tc ) of the unstressed rock are determined 
from a hydrostatic pressure test by the fitting procedure described 
in Angus et al. (2009) and Gurevich et al. (2011). The fitted elastic

parameters of the rock sample are shown in Table 1 and the cor-
responding P- and SH-wave velocities measured along and 
perpendicular to the stress direction at different uniaxial stress 
levels are shown in Table 2. Fig. 3 compares the predicted and 
measured P- and SH-wave velocities, along and perpendicular to 
stress direction, versus uniaxial stress. It can be observed that the 
predictions are consistent with the trend of the laboratory data, 
verifying the feasibility of the proposed stress-induced anisotropy 
model. Meanwhile, although stress-induced microcrack closure 
leads to an overall increase in mechanical stiffness, the increase is 
greatest along the direction of stress and least in the direction 
perpendicular to stress. This indicates that stress induces elliptical 
anisotropy (Johnson and Rasolofosaon, 1996; Gurevich et al., 2011; 
Sayers et al., 2024).

Based on the method above, we further propose a rock physics 
modelling process for stress-induced anisotropic media, which 
lays the groundwork for subsequent seismic inversion. Fig. 4 
demonstrates the detailed rock physics modelling process. The 
stress-insensitive background can be constructed by rock min-
erals, volume fraction and porosity of matrix pores (Hill, 1952; 
Hornby et al., 1994). Then, the randomly distributed and 
randomly oriented microcracks are added to obtain the unstressed 
rock by Eq. (11), and the effect of horizontal uniaxial stress is 
considered by Eq. (14). The fluid is mixed by the Wood's formula 
(Wood, 1955) and added through the Brown-Korringa formula 
(Brown and Korringa, 1975).

4. Linearized PP-wave reflection coefficient

The linearized PP-wave reflection coefficient provides a math-
ematically tractable approximation for calculating the amplitude 
of the reflected P-wave. For a stress-induced anisotropic media, 
both the magnitude and direction of the stress have a dramatic 
effect on the resulting anisotropy. Moreover, excessive stress can 
cause the damage or failure of the rock. In the case of an interface 
separating two distinct uniaxial-stress-induced anisotropic media, 
the perturbed stiffness tensor is

Table 1
Elastic properties of rock samples.

Rock
elastic
parameters

Rock samples

Nur and 
Simmons 
(1969)

Chaudhry
(1995)

Han et al. (1986)

Barre
granite

Penrith
sandstone

Mexico A 
sandstone

Mexico B 
sandstone

Mexico C 
sandstone

M, GPa 38.2 25.5 16.5 17.2 29.9
μ, GPa 18.3 10.8 6.6 6.6 11.6
ρ, g/cm 3 2.66 2.77 1.78 1.79 2.08
Ω N0 , GPa − 1 0.0422 0.0413 0.0212 0.0273 0.0216
Ω T0 , GPa − 1 0.024 0.086 0.0333 0.0379 0.0267
P Nc = P Tc ,

MPa
18.3 13.4 7.8 8.3 10.9

0 5 10 15 20 25 30

Pressure, MPa

2000

3000

4000

5000

6000

Ve
lo

ci
ty

, m
/s

VP (90°)
VP (0°)
VSH (90°)
VSH (0°)

Fig. 3. Measured velocities of P-wave (open symbols) and SH-wave (solid symbols) 
and model predictions (lines) for a sample of Barre Granite. The dashed and solid lines 
are predictions of the stress-induced anisotropy model, and the circles and triangles 
denote the corresponding measurements of Nur and Simmons (1969). The degrees 
shown represent angles between uniaxial stress and direction of wave propagation.

Table 2
The measured P- and SH-wave velocities of Barre Granite under different uniaxial 
stresses (Nur and Simmons, 1969). Degrees shown represent angles between the 
uniaxial stress and the direction of wave propagation.

Stress,
MPa

P-wave velocity, m/s SH-wave velocity, m/s

0 ◦ 90 ◦ 0 ◦ 90 ◦

0 3790 3790 2630 2630
5 4040 – 2690 2650
10 4220 3850 2740 2680
15 4370 – 2830 2710
20 4510 3950 2880 2740
25 4600 – 2920 2770
30 4670 4020 2960 2790
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ΔC ij =

⎡ 

⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢
⎣ 

ΔC 11 ΔC 12 ΔC 12 0 0 0
ΔC 12 ΔC 22 ΔC 22 − 2ΔC 44 0 0 0
ΔC 12 ΔC 22 − 2ΔC 44 ΔC 22 0 0 0
0 0 0 ΔC 44 0 0
0 0 0 0 ΔC 55 0
0 0 0 0 0 ΔC 55 

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(22)

where the detailed expression of ΔC ij is given in Appendix B. 
Based on the asymptotic ray theory and stationary phase 

method, Shaw and Sen (2006) derived the relationship between 
the spatial perturbation of the elastic stiffness tensor and the PP-
wave reflection coefficient in an inhomogeneous media, given by

R PP =
1

4ρ cos 2 θ 
S PP (23)

where θ is the incident angle of the P-wave, and the scattering 
function S PP is

S PP = Δρξ PP + 
∑6

m=1

∑ 6

n=1

ΔC mn ηPPmn (24)

where Δρ is the perturbation in density term, and the Voigt sub-

scripts m = iδ ij + (9 − i − j) 
( 
1 − δ ij 

) 
, n = kδ kl + (9 − k − l)(1 −

δ kl ). ξ PP = 
[ 
ǵ  PP
i gPPk

]⃒ 
⃒
⃒
r=r ́ 0

, ηPPmn = 
[ 
pʹ PP
j gʹ PP

i pPPl gPPk
]⃒ 
⃒
⃒
r=r ́ 0

; p and g are

the slowness and polarization vectors of the incident P-wave; p′ 
and g′ are slowness and polarization vectors of the reflected P-
wave. More expressions of S PP are shown in Appendix C. 

According to the equations above, the linearized PP-wave 
reflection coefficient for the uniaxial-stress-induced anisotropic 
media can be derived as (The detailed derivation is given in 
Appendix C)

R PP (θ; ϕ) = RisoPP (θ) + Rani− N PP (θ; ϕ) + Rani− T PP (θ; ϕ) (25)

where

RisoPP (θ) = a M (θ)
ΔM
M

+ a μ (θ) 
Δμ 
μ

+ a ρ (θ) 
Δρ 
ρ

(26)

Rani− N PP (θ; ϕ) = a Ψ N (θ; ϕ)ΔΨ N (27)

Rani− T PP (θ; ϕ) = a Ψ T (θ; ϕ)ΔΨ T (28)

in which

a M (θ) =
1
4 
sec 2 θ (29)

a μ (θ) = − 2g sin 2 θ (30)

a ρ (θ) =
1 
2

( 

1 −
sec 2 θ
2 

) 

(31)

a Ψ N (θ; ϕ) =
1

105
⎡

⎢
⎣ 

( 
16g 2 sin 2 θ + 16g 2 tan 2 θ − 14g tan 2 θ 

) 
sin 2 ϕ+

24g 2 cos 2 θ + 8g 2 tan 2 θ + 

(
35
4

− 14g 
) 

sec 2 θ − 14g

⎤

⎥
⎦

(32)

a Ψ T (θ;ϕ)=
2g
105

[( 
tan 2 θ sin 2 θ− 5 sin 2 θ 

) 
cos 2 ϕ− 10 sin 2 θ+2 sec 2 θ 

] 

(33)

where ϕ denotes the azimuthal phase angle (ϕ = 0 ◦ for the direction 
along the applied horizontal uniaxial stress) and the denominators 
of ΔM/M, Δμ/μ, Δρ/ρ represent the average values of the parameters 
of the upper medium and the lower medium at the interface.

It is worth mentioning that the novel PP-wave reflection coef-
ficient of the anisotropic media induced by uniaxial stress can be
divided into three parts: R iso PP (θ) represents the reflection co-

efficients in the absence of stress, R ani− N PP (θ; ϕ) and Rani− T PP (θ; ϕ)
represent the normal and tangential anisotropic perturbations of 
these coefficients for the weakly anisotropic media induced by 
horizontal uniaxial stress (Shaw and Sen, 2006).

To illustrate the newly derived PP-wave refection coefficient, 
we design a two-layer model with weak property contrasts, and 
the model parameters are shown in Table 3. Subsequently, the 
novel reflection coefficient of Eq. (25) is calculated and compared

Table 3
Rock parameters of the two-layer model.

Model M,
GPa

μ,
GPa

ρ, g/ 
cm 3

Ω N0 , 
GPa − 1

Ω T0 , 
GPa − 1

τ 11-N = τ 11-T

Upper 17.2 7.6 2.21 0.0212 0.0379 0
Lower 20.3 8.45 2.3 0.0345 0.0498 − 0.7

Table 4
Procedures of seismic data processing.

1. Data reading and editing
2. Data format transformation
3. Trace editing and regulation
4. Static correction
5. Preserved-amplitude pre-stack processing
6. Deconvolution
7. First break picking and muting
8. Sort common mid-point (CMP) gathers
9. Velocity analysis
10. NMO (normal moveout)
11. DMO (dip moveout)
12. Pre-stack time migration
13. Random noise attenuation
14. Inverse NMO
15. New velocity picking
16. NMO with new velocities
17. Transform to time-angle domain

Calculating elastic parameters and SIAPs

Adding fluids using Brown-Korringa fluid substitution formula

Calculating the modulus of mixed fluid by Wood’s formula

Considering the effect of horizontal uniaxial stress using Eq. (14)

Adding randomly oriented microcracks using Eq. (11)

Constructing rock matrix using V-R-H average

Estimating stress-insensitive background by anisotropic SCA-DEM model

Fig. 4. Flowchart of rock physics modelling of an anisotropic media induced by hor-
izontal uniaxial stress.
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with the formula of P � sen � cík and Martins (2001). Fig. 5(a) dem-
onstrates the variation of PP-wave reflection coefficients with 
azimuth for incident angles of 10 ◦ , 20 ◦ and 30 ◦ . Fig. 5(b) demon-
strates the variation of PP-wave reflection coefficient with incident 
angle for azimuths of 0 ◦ , 45 ◦ , and 90 ◦ . It can be seen that the 
derived reflection coefficient shows a high degree of conformance 
with the formula of P � sen � cík and Martins (2001). Therefore, we 
conclude that the accuracy of the novel PP-wave reflection coef-
ficient for the anisotropic media induced by horizontal uniaxial 
stress can meet the requirements of subsequent seismic inversion.

5. Azimuthal amplitude inversion

5.1. Contribution analysis of model parameters

The accuracies of the inversion results depend on the contri-
bution of model parameters on the reflection coefficient, as shown 
in Fig. 6. Fig. 6(a)–(c) represent that background elastic parameters 
(M, μ and ρ) remain unaffected by azimuthal variations, while the 
reflection coefficient increases with higher values of ΔM/M and 
Δρ/ρ, and decreases as Δμ/μ rises. Fig. 6(d) and (e) represent that 
the SIAPs can contribute to the reflection amplitude variations 
with the incident angle and azimuth (AVAZ), and the effect of 
perturbations in stress-induced tangential anisotropy parameter
Ψ T is larger than that of stress-induced normal anisotropy 
parameter Ψ N . This may be explained that the normal compliance
Ω N decreases faster with increasing compressive stress than the 
tangential compliance Ω T (Sayers et al., 2024). A comparison be-
tween Fig. 6(a)–(c) with Fig. 6(d) and (e) indicates that the con-
tributions of SIAPs to the reflection coefficient are much lower 
than that of the isotropic parameters, posing challenges for the 
multi-parameter simultaneous inversion. Therefore, the azimuthal 
amplitude difference inversion emerges as the preferred meth-
odology. Moreover, Fig. 6(d) and (e) reveal that reflection ampli-
tude difference is most pronounced between the stress direction
ϕ 0 = 0 ∘ and the direction perpendicular to the stress direction
ϕ ⊥ = 90 ∘ . This provides favorable priori knowledge for azimuth 
selection in stress-induced anisotropy inversion.

As shown in Fig. 7, a stepwise azimuthal amplitude inversion 
strategy is adopted to estimate the model parameters in stress-
induced anisotropic media. We firstly apply azimuthal seismic 
amplitude difference inversion to estimate SIAPs through the

seismic data with azimuth ϕ 0 and azimuth ϕ ⊥ . In the second step, 
the inverted SIAPs are used as inputs to remove the effect of stress 
on observed seismic data. Then, the background isotropic param-
eters can be estimated through AVA inversion.
5.2. First step: azimuthal amplitude difference inversion for SIAPs

Based on Eq. (25), the difference of PP-wave reflection coeffi-
cient between azimuths ϕ 0 and ϕ ⊥ is

ΔR PP (θ; Δϕ) = R PP (θ; ϕ 0 ) − R PP (θ; ϕ ⊥ ) = a Ψ N (θ; Δϕ)ΔΨ N
+ a Ψ T (θ; Δϕ)ΔΨ T (34)

where

a Ψ N (θ; Δϕ) = a Ψ N (θ; ϕ 0 ) − a Ψ N (θ; ϕ ⊥ ) (35)

a Ψ T (θ; Δϕ) = a Ψ T (θ; ϕ 0 ) − a Ψ T (θ; ϕ ⊥ ) (36)

Combining the convolution model and Eq. (34), the azimuthal 
seismic amplitude difference can be formulated in the matrix form 

as

d = GX (37)

where

G =

⎡

⎢
⎢
⎢
⎢
⎢
⎣ 

a Ψ N (θ 1 ; Δϕ)W(θ 1 ; Δϕ)L a Ψ T (θ 1 ; Δϕ)W(θ 1 ; Δϕ)L 

a Ψ N (θ 2 ; Δϕ)W(θ 2 ; Δϕ)L a Ψ T (θ 2 ; Δϕ)W(θ 1 ; Δϕ)L 

⋮ ⋮

a Ψ N (θ h ; Δϕ)W(θ h ; Δϕ)L a Ψ T (θ h ; Δϕ)W(θ h ; Δϕ)L

⎤

⎥
⎥
⎥
⎥
⎥
⎦

d = 
[ 
d(θ 1 ; Δϕ); d(θ 2 ; Δϕ); ⋯ d(θ h ; Δϕ) 

] T 
;X = [ Ψ N Ψ T ] 

T 

(38)

and d(θ i , Δϕ) is the amplitude difference seismic data with inci-
dent angle θ i (i = 1, 2, …, h) and azimuths of ϕ 0 and ϕ ⊥ ; W is the 
incident angle and azimuth-dependent seismic wavelet; L is the 
first-order difference operator; X is the anisotropic parameter to 
be inverted and consists of Ψ N and Ψ T ; and G is the forward 
operator with respect to Ψ N and Ψ T .

According to the least square criterion, the misfit between the 
observed seismic data and the synthetic seismic data is measured 
by the L 2 norm. And the loss function is constructed as follows:

Novel

(a) (b)
R

PP

R  
PP

Fig. 5. Comparisons of the novel reflection coefficient (the dashed lines) with the P � sen � cík and Martins (2001) approximate formula (the solid lines). The variation of PP-wave 
reflection coefficient with (a) azimuth and (b) incident angle, respectively.
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J loss (X) = min 
X

{ 
‖d − GX‖2 2

}
(39)

To improve the resolution to solve Eq. (39), the Cauchy-sparse 
regularization (Zong et al., 2015; Chen et al., 2017; Wang et al., 
2020; Pan and Zhao, 2024) is applied. In addition, the low-
frequency models can compensate for relatively weak and noise-
susceptible low-frequency components, thereby improving the sta-
bility and reliability of the inversion results (Li et al., 2020). Therefore, 
the objective function of the first-step inversion can be established as

J 1 (X) = J loss (X) + J Cauchy (X) + J low (X)

= min 
X

{ 

‖d − GX‖22+ η 
∑2

i=1

ln 
( 
1 + X2

i

/ 
σ 2X

) 
+ 

∑2 

i=1

r i ‖ζ i − Q i X i ‖
2
2

} 

(40)

where

ζ i =
1 
2
ln 
(

X i
X i0

) 

; Q = 

∫ t i

t 0

dτ (41)

and η = σ 2n denotes the Cauchy-sparse regularization coefficient;
σ 2n and σ2X denote the variances of noise and unknown parameters,
respectively; r i (i = 1, 2) are constraint factors of two model pa-
rameters; X i0 is the initial value of the relevant model parameter, 
which can be estimated from logging curves.

The optimal solutions for model parameters can be obtained by 
taking the gradient of X through Eq. (40), given by
[ 

G T G + 
∑2

i=1

r i Q 
T
i Q i + ηV(X) 

]

X = G T d + 
∑2

i=1

r i Q 
T
i Q i (42)

where the diagonal matrix V(X) = diag 
{ [ 

1 + X2
i =σ2X

] − 1 
} 

.
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Fig. 6. The effect of model parameters on the reflection coefficient: (a) ΔM/M, (b) Δμ/μ, (c) Δρ/ρ, (d) ΔΨ N and (e) ΔΨ T . Each parameter ranges from − 0.2 to 0.2 in step of 0.1, and the 
arrow indicates the direction in which the parameter increases.
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Solving Eq. (42) is a nonlinear problem, and the iteratively 
reweighted least-squares (IRLS) algorithm (Bissantz et al., 2008) is 
employed; the specific process can be referred to in Algorithm 1. 
After several iterations, the anisotropic parameter X can be 
reasonably estimated.

Algorithm 1. Iteration process of IRLS method to solve Eq. (42).

5.3. Second step: AVA inversion for background elastic parameters

Eq. (26) provides the isotropic PP-wave reflectivity characterized 
by the relative variations in the P- and S-wave modulus and density, 
which can be written in natural logarithmic differential form as

ΔM 

M 
≈ Δln(M) = ΔX M ;

Δμ
μ

≈ Δln(μ) = ΔX μ ;
Δρ
ρ

≈ Δln(ρ) = ΔX ρ

(43) 

Once the SIAPs are obtained, the known influence of stress can 
be subtracted from azimuthal angle gathers through Eq. (25). The 
forward model of the second step can be expressed as

D − G ϕ 0 X 
⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟

d ́

= G ́ X ́ (44)

where

where D is the seismic data with ϕ = 0 ◦ , including h incident an-
gles, and X′ is the inversion parameter and consists of the natural 
logarithms of M, μ and ρ. The operator G ϕ 0 = G ϕ (ϕ = 0 ∘ ) (Eq. (38)) 
and G′ is the forward operator with respect to M, μ and ρ at ϕ = 0 ◦ . 

We imitate the inversion approach of the first-step and intro-
duce the corresponding regularization terms to ensure the accu-
racy of the inversion results. The objective function is with the 
same form as Eq. (40), expressed as

J 2 (X ́
 ) = min 

X ́

{ 

‖d ́ − G ́ X ́ ‖
2
2+ η ́ 

∑ 3

i=1

ln 
( 
1 + 

( 
X ́ i 
) 2

/ ( 
σ ́ i 
) 2 
) 
+ 
∑ 3

i=1

r ́i
⃦
⃦ζ ́ i − Q ́ i X ́i

⃦
⃦2 
2

} (46)

Likewise, we take the gradient on both sides of Eq. (46) with 
respect to X′ and apply the IRLS algorithm to optimize the solution 
for X M , X μ and X ρ . Ultimately, the trace integration method and a 
few mathematical operations are used to transform the inversion 
results X and X ' into the final layer attributes (Ma et al., 2022).

6. Results

6.1. Azimuthal seismic reflection response analysis

In order to gain a more intuitive understanding of the effect of 
stress-induced changes in microcrack compliance on the seismic 
response characteristics, the variation of the proposed PP-wave 
reflection coefficient with incident angle and azimuth under 
different stress levels are investigated (The negative sign indicates 
that the stress is compressive). For unstressed media, i.e., the 
isotropic rock containing randomly distributed and randomly 
orientated microcracks, the PP-wave reflection coefficient varies 
only with the incident angle (as shown in Fig. 8(a), (d) and (g)). The 
anisotropic media induced by horizontal uniaxial stress exhibits 
the characteristics of an HTI media due to the preferential decrease 
of microcrack compliance with respect to the applied stress. 
Therefore, the PP-wave reflection coefficient of the stressed rock 
varies not only with the incident angle but also with the azimuth 
(as shown in Fig. 8(b), (e) and (h)). As the stress increases, the 
decrease degree of microcrack compliance induced by the applied
stress leads to the enhancement of elastic anisotropy. The extreme 
points of the azimuthal reflection curves remain constant with the
increasing stress, but the extreme values increase (as shown in 
Fig. 8(c), (f) and (i)). In addition, the applied horizontal uniaxial 
stress decreases the critical angle of P-wave incidence, as 
demonstrated in Fig. 8(a)–(c), Fig. 8(d)–(f), and Fig. 8(g)–(i). In 
conclusion, horizontal uniaxial stress leads to the preferential 
decrease of microcrack compliance, which in turn changes the 
elastic properties of the rock. The amplitude and critical angle of 
the PP-wave reflection coefficient are affected, but the azimuthal 
periodicity remains invariant.

Azimuthal angle gathers

Step 1. Azimuthal amplitude difference inversion for SIAPs

Angle gathers after eliminating the effect of stress (Eq. (44))

Step 2. AVA inversion for background elastic parameters

Fig. 7. Stepwise azimuthal amplitude inversion strategy, developed and applied in 
this paper, for SIAPs and elastic parameters in stress-induced anisotropic media.

G 
′

= 

⎡

⎢ 
⎢
⎢ 
⎢ 
⎢
⎣ 

a M (θ 1 ; ϕ 0 )W(θ 1 ; ϕ 0 )L a μ (θ 1 ; ϕ 0 )W(θ 1 ; ϕ 0 )L a ρ (θ 1 ; ϕ 0 )W(θ 1 ; ϕ 0 )L 

a M (θ 2 ; ϕ 0 )W(θ 2 ; ϕ 0 )L a μ (θ 2 ; ϕ 0 )W(θ 2 ; ϕ 0 )L a ρ (θ 2 ; ϕ 0 )W(θ 2 ; ϕ 0 )L 

⋮ ⋮ ⋮

a M (θ h ; ϕ 0 )W(θ h ; ϕ 0 )L a μ (θ h ; ϕ 0 )W(θ h ; ϕ 0 )L a ρ (θ h ; ϕ 0 )W(θ h ; ϕ 0 )L

⎤

⎥
⎥
⎥
⎥
⎥
⎦

D = 
[ 
d(θ 1 ; ϕ 0 ) d(θ 2 ; ϕ 0 ) ⋯ d(θ h ; ϕ 0 ) 

] T 
; X 

′ 

= 
[ 
X M X μ X ρ 

] T

(45)

1) Initialize: Input d. Set X = X low , where X low is the low-frequency model of Ψ N
and Ψ T , which is obtained from well-logging data. Set η, r i , the maximum 

iterative number K, and the convergence threshold ε.
2) Construct the operators G and Q.

3) While
⃦
⃦
⃦X k+1 − Xk 

⃦
⃦
⃦
2 

> ε do
4) for i = 1, …, K

5) X k+1 = 
[ 
G T G + 

∑2
i=1 

r i Q 
T
i Q i + ηV 

( 
X k 

) ] − 1 [ 
G T d + 

∑2
i=1 

r i Q
T 
i Q i 

]

6) end
7) end
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6.2. Model inversion

The feasibility of the azimuthal amplitude inversion method 
proposed in this article is tested a real model, obtained from field 
logs. The logging model parameters are calculated by using well 
logs and rock physics analysis results. The true model parameters 
of P-wave modulus, shear modulus, density and SIAPs are dis-
played in black in Fig. 9, which have been filtered to the seismic 
frequency band. The green lines are the low-frequency models 
obtained by 8 Hz high-cut filtering.

The PP-wave reflection coefficient is calculated by Eq. (25) and 
the seismic data with azimuths of 0 ◦ and 90 ◦ are then synthesized 
using a Ricker wavelet with a dominant frequency of 30 Hz and a 
sampling interval of 2 ms. To implement the first-step inversion, 
the azimuthal amplitude difference is obtained by subtracting two 
azimuthal seismic records. And by solving Eq. (40), the SIAPs can 
be estimated, which are then used as inputs for the second step 
inversion. To further demonstrate the stability of the inversion 
method, we generate azimuth gathers by adding different 
Gaussian random noises to the noise-free seismic data to obtain

new pre-stack seismic gathers with signal-to-noise ratios (S/Ns) of 
8:1 and 4:1, as shown in Fig. 10. And the corresponding inversion 
results of model parameters are shown in Fig. 11(a), (b) and (c), 
respectively.
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The feasibility and robustness of the inversion method are 
confirmed through relative error analysis of the noise-free and 
noisy inversion results (Fig. 12). The relative error is calculated by

Γ = 
‖m ture − m inv ‖ 2

‖m inv ‖ 2
(47)
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where m ture and m inv are the true models and inversion results, 
respectively. Fig. 12(a)–(c) correspond to the noise-free and noisy 
inversion results in Fig. 11(a)–(c), respectively. We can observe that 
the accuracy of inversion result decreases as the noise interference 
increases. However, there is still a good agreement between the 
inversion results and the real values, confirming the feasibility and 
robustness of the inversion method proposed in this article.

6.3. Inversion of field seismic data

We further test the azimuthal amplitude inversion approach 
suggested in this article on real seismic data. The study area, 
located in northwestern China, is a sand-shale interbedded 
reservoir. Based on prior geological knowledge, the target layer is 
an oil-bearing reservoir, and experiences several tectonic activities 
with pronounced S Hmax . Through the logging data of a known well 
(Fig. 13), we can find that the shear wave splitting phenomenon 
exists. The highlighted shear wave splitting zones have relatively 
high S Hmax , which is positively correlated with S-wave anisotropy. 
Therefore, we think that the anisotropy in the study area originates 
from S Hmax . Meanwhile, the anisotropy azimuth is shown to be

105 ◦ , which provides prior information for selecting azimuthal 
seismic data.

To ensure that the selected azimuthal seismic data can repre-
sent the reflected features of the subsurface interface as properly 
as possible, we have implemented a complete seismic data pro-
cessing flow, as shown in Table 4. Fig. 14 shows the processed
seismic profiles of the selected area with azimuths of 15 ◦ and 105 ◦ ,
across well A. The stack incidence angles for each azimuth are 8 ◦ 

(pre-stack angle range is 2 ◦ –14 ◦ ), 18 ◦ (pre-stack angle range is 
14 ◦ –22 ◦ ) and 28 ◦ (pre-stack angle range is 22 ◦ –34 ◦ ). The black 
dotted line in Fig. 14 represents the location of well A and the area
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surrounded by the ellipse denotes the target area, which is mainly 
an oil-water layer. The rock physical modelling process for the 
target area follows Fig. 4, and the well curves for model parameters 
can be calculated. We then construct the initial low-frequency 
models of model parameters by interpolating, extrapolating, and 
smoothing the logging data along the layer, as shown in Fig. 15. The 
azimuthal difference seismic wavelets are extracted through the 
azimuthal amplitude difference between the two azimuths, as 
shown in Fig. 16(a). Subsequently, we perform the first-step 
inversion for SIAPs, as shown in Fig. 17.

Next, we take the estimated SIAPs as inputs to obtain angle 
gathers after eliminating the effect of stress through Eq. (44). The 
extracted seismic wavelets at three angles are shown in Fig. 16(b), 
which are used to estimate the remaining isotropic parameters 
through the second-step inversion process, as displayed in Fig. 17. 
From the inversion profiles in Fig. 17, it can be seen that P- and S-
wave modulus and density near the target layer both show low 

values, which is contrast to the high value anomalies of SIAPs. Due 
to the oil-bearing nature of the reservoir, this phenomenon can be 
explained by the Brown-Korringa formula (Brown and Korringa, 
1975).

To validate the reliability of our proposed inversion approach, 
we present the comparisons between the inversion results and the 
well logs estimated from the well log interpretations and rock 
physics analysis at well location, as displayed in Fig. 18. It can be 
seen that inversion results (red dashed lines) show an acceptable 
agreement with the logging curves (black solid lines). The accuracy 
of the proposed method is tested by calculating the relative error 
between the inversion results and the logging curves through Eq. 
(47), as shown in Fig. 19. Compared with the elastic parameters, 
the inversion results of anisotropic parameters have slightly larger 
errors, but the accuracy is still within acceptable limits. In terms of 
verifying stress-induced anisotropy, we further draw the cross-
plots between SIAPs and S Hmax , as displayed in Fig. 20. We can 
see that SIAPs have the potential to indicate S Hmax .

Finally, we apply the proposed method to the 3D work area and 
extracted the root-mean-square slices of estimated model pa-
rameters along the target layer, as shown in Fig. 21. Fig. 21(a)–(e)

show the slices of the inverted P-wave modulus, shear modulus, 
density, and SIAPs, and they are in good agreement with seismic 
amplitude of Fig. 21(f). The black dot indicates the location of the 
known well A. Around the well, the predicted P- and S-wave 
modulus and density show low values, but SIAPs show high values, 
which is consistent with the prior knowledge. The application of 
field seismic data verifies the effectiveness and feasibility of the 
proposed method. Therefore, we conclude that the inversion 
method suggested in this article can provide a reasonable esti-
mation of the model parameters in stress-induced anisotropic 
media.

7. Discussion

We implement azimuthal amplitude inversion in a horizontal 
uniaxial stress-induced anisotropic media using a novel PP-wave 
reflection coefficient that incorporates the effect of stress on 
microcrack compliance. An analytical model, similar to the results 
of Gurevich et al. (2011), is proposed to elucidate the anisotropy 
induced by horizontal uniaxial stress applied to an initially 
isotropic elastic media. Instead of invoking an exponential 
dependence of the area of the displacement microcracks with 
respect to the applied stress, we account for stress-induced 
anisotropy through the stress-dependence of microcrack compli-
ance. In contrast to the TOE theory, the effect of stress on rock 
microstructure is considered (as demonstrated in Eqs. (8) and (9)), 
allowing for a complete rock physical modelling process for the 
stress-induced anisotropic media (as shown in Fig. 4). Various 
approximate assumptions are used in the derivation process, and 
clarifying these assumptions will be useful for understanding the 
rationale behind them and their validity.

1) The rock is modeled as an elastic material, implying the 
exclusion of any anelastic and irreversible deformations. While 
this assumption is widely adopted in geophysical studies, it 
should be noted that such an idealization may not be univer-
sally valid for all rock types in nature. Nevertheless, for well-
consolidated rocks under low-stress conditions, this elastic
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approximation remains theoretically justified and practically 
applicable.

2) Our model represents the unstressed media as an elastic, 
isotropic media containing randomly oriented microcracks. 
Such a model is an idealization for most rocks, which are col-
lections of grains individually exhibiting elastic, anisotropic 
behavior. Although the deformation of individual grain is 
decidedly anisotropic, behavior of a large group of grains may 
be considered isotropic if the grains have no preferred orien-
tation. Crucially, if the rock is isotropic, the microcracks that 
significantly influence deformation behavior, must demon-
strate random spatial orientations.

3) We assume that microcrack compliance decreases exponentially 
with increasing stress. This assumption is inspired by the

progressive increase in contact area between opposing micro-
crack surfaces under growing compressive stress. We are not the 
first to propose this assumption; see Shapiro and Kaselow 

(2005), Gurevich et al. (2011) and Sayers et al. (2024). This 
assumption is clearly not universally valid, and a matter behind 
this assumption is about whether microcrack opening occurs. 
This limitation represents an important area for future devel-
opment of our model. Furthermore, the microcrack compliance is 
usually assumed to depend solely on the normal component of 
effective stress acting on the microcrack plane, which may imply 
that the unstressed media is dry. But as discussed by Gurevich 
et al. (2011), it can be applied to fluid-saturated rocks if the 
fluid-filled microcracks are hydraulically isolated. In the rock 
physics modelling process, we use the anisotropic Gassmann
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equation (Brown and Korringa, 1975) to compute the effect of 
fluid saturation. However, for higher frequencies, the frequency-
dependent dispersion caused by wave-induced fluid flow (WIFF) 
between microcracks and pores may need to be considered, such 
as the squirt-flow model (Gurevich et al., 2010).

4) The assumption of rotationally invariant microcrack implies 
that microcrack compliance matrix in the coordinate system 

convenient to the microcracks depends on two compliances, a 
normal compliance Ω N and a tangential compliance Ω T . And it

does not mean that microcracks are circular in shape, but rather 
that microcracks oriented parallel to a certain plane have 
random orientations in that plane.

5) We use the linearization expressions of the exponential decay 
for microcrack compliance, as shown Eqs. (5) and (6). Under 
this assumption, the properties of the uniaxially stressed rock 
(such as compliance, stiffness, and seismic wave velocity) vary 
linearly with stress. The applied stress is assumed to be small 
compared to the microcrack closing pressure. Such weak stress
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assumption will fail as the stress increases, and the higher-
order Taylor expansion of the exponential functions is 
required. But the corresponding stress-induced anisotropy 
model will be very complicated and difficult to be used for 
practical seismic inversion.

When constructing the stiffness tensor of the uniaxial-stress-
induced anisotropic media, two SIAPs, i.e., Ψ N and Ψ T , are intro-
duced to describe the strength of stress-induced normal and 
tangential anisotropy, respectively. Contrary to the physical 
meaning of the fracture weakness parameters (Bakulin et al., 
2000), which are defined as the weakening effect of fractures on 
the rock, the SIAPs can be regarded as parameters describing the 
stiffening effect of compressive stress on the rock. Larger SIAPs 
imply that the region is subjected to larger S Hmax , i.e., higher 
anisotropy.

For stress-induced anisotropy inversion, it is inherently a multi-
parameter problem. We propose a stepwise inversion strategy 
based on the characteristics of the azimuthal anisotropy to 
improve the accuracy of inversion results. However, it is worth 
noting that the results of the first-step have a considerable impact 
on the second-step. During the process of each inversion step, an 
initial trade-off between the model parameters is usually given 
based on their contributions (as shown in Fig. 6) and then slowly 
adjusted.

Furthermore, the inducements of seismic anisotropy are 
diverse, and it is difficult to fully determine whether seismic 
anisotropy is caused by in-situ stress. In this study, the shear wave 
splitting, the correlation between shear wave anisotropy and 
S Hmax , and the cross-plots between the inverted SIAPs and S Hmax 
can be used to prove stress-induced anisotropy. However, the 
assumption that the anisotropy is thoroughly stress-induced may 
have difficulty describing some exceptional cases, such as the 
intrinsic anisotropy (Pan and Zhao, 2024). In field data, the two 
factors are strongly coupled, and how to differentiate stress-
induced anisotropy from other types presents a challenge. 
Although seismic anisotropy is closely related to S Hmax in some 
regions, the subsurface stress field is quite complex, and consid-
ering only horizontal uniaxial stress may not accurately charac-
terize the stress state of the rock. Therefore, we intend to consider 
the normal stress traction acting on the microcrack surface for 
triaxial stress loading, and construct triaxial stress-induced 
anisotropy model. It should also be noted that stress orientation 
is a significant parameter. We use the anisotropy azimuth from 

imaging logging to indicate stress orientation. In recent years, 
scholars have conducted extensive research on prediction of stress 
orientation, such as the focal mechanism solutions (FMSs)
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(Heidbach et al., 2018), machine learning (ML) methods (Lyu et al., 
2024) and multi-scale data joint estimation method (Cao et al., 
2025). Therefore, further research should revolve around recon-
structing the 3D stress field based on the mechanism of stress-
induced anisotropy.

8. Conclusion

The presented methodology focuses on an incorporation case 
of azimuthal amplitude inversion with rock physics model in 
isotropic elastic media subjected to uniaxial compression. An 
analytical model is proposed to explain stress-induced anisotropy 
from the perspective of stress-dependence of microcrack compli-
ance, and then used to establish the effective elastic stiffness 
tensor of the uniaxial-stress-induced anisotropic media under the 
assumption of weak anisotropy. Subsequently, using the pertur-
bation tensor and the scattering function, we derived a linearized

PP-wave reflection coefficient in terms of P- and S-wave moduli, 
density and two defined SIAPs. Numerical results illustrate how 

the reflection coefficients are affected by horizontal uniaxial 
stress. Finally, combining the derived reflection coefficient and 
azimuthal amplitude difference inversion with the Cauchy-sparse 
and low-frequency information regularization, the SIAPs and 
elastic parameters are estimated stepwise from azimuthal seismic 
data demonstrated using both a well-logging-based synthetic test 
and field seismic data.
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Appendix A. Evaluation of excess compliance tensors

Calculating the spherical integrals with the software Mathe-
matica in Eqs. (3) and (4), the components of the second- and 
fourth-rank tensors are obtained as follows:

α 11 = 
Ω T0 
3

−
Ω T0 
5 

τ 11
P Tc

α 22 = α 33 = 
Ω T0 
3

−
Ω T0 
15

τ 11
P Tc

(A-1)

where all other components of tensor α ij are zero. Tensor β ijkl is 
symmetric with respect to all rearrangements of the indices, i.e.,
β ijkl = β jikl = β ikjl = β lkji ⋯. For an isotropic media subjected to 
uniaxial stress, the axial symmetry is considered. Therefore, the 
nonvanishing components of tensor β ijkl are the symmetries of
β 1111 , β 2222 , β 3333 , β 1122 , β 2233 and β 1133 .

For the convenience of analysis, we rewrite the excess 
compliance tensor ΔS ijkl in Eq. (1) in the form of a 6 × 6 tensor 
using Voigt notation: ii→i, ij→9 − i − j (i ∕= j) (i, j = 1, 2, 3) while the 
factors 2 and 4 are introduced as follows: ΔS ijkl →ΔS pq when both p 
and q are 1, 2, 3, 2ΔS ijkl →ΔS pq when one of p and q is 4, 5, 6, and 4Δ 

S ijkl →ΔS pq when both p and q are 4, 5, 6 (Sayers, 2002). Conse-
quently, the excess compliance tensor ΔS ij (the 6 × 6 tensor form) 
in Eq. (1) can be computed as

ΔS 11 = α 11 + β 1111 ; ΔS 12 = β 1122
ΔS 13 = β 1133 ; ΔS 21 = β 2211
ΔS 22 = α 22 + β 2222 ; ΔS 23 = β 2233
ΔS 31 = β 3311 ; ΔS 32 = β 3322
ΔS 33 = α 33 + β 3333 ; ΔS 44 = α 22 + α 33 + 4β 2233
ΔS 55 = α 11 + α 33 + 4β 1133 ; ΔS 66 = α 11 + α 22 + 4β 1122

(A-3)

where all other components of ΔS ij are zero. Combining Eqs. (A-
1)–(A-3), the excess compliance tensor ΔS ij of the anisotropic 
media induced by uniaxial stress can be obtained. To distinguish 
between the isotropic and anisotropic parts of ΔS ij , we give the 
resulting tensor in the form as

ΔS ij = ΔSisoij + τ 11− N ΔSani− Nij + τ 11− T ΔSani− Tij (A-4)

where

β 1111 = 
(Ω N0 − Ω T0 )

5
−

Ω N0
7 

τ 11
P Nc

+ 
Ω T0 
7

τ 11
P Tc

; β 2222 = 
(Ω N0 − Ω T0 )

5
−

Ω N0
35

τ 11
P Nc

+ 
Ω T0 
35

τ 11
P Tc

β 3333 = 
(Ω N0 − Ω T0 )

5
−

Ω N0
35

τ 11
P Nc

+ 
Ω T0 
35

τ 11
P Tc

; β 1122 = 
(Ω N0 − Ω T0 )

15
−

Ω N0
35

τ 11
P Nc

+ 
Ω T0 
35

τ 11
P Tc

β 1133 = 
(Ω N0 − Ω T0 )

15
−

Ω N0
35

τ 11
P Nc

+ 
Ω T0 
35

τ 11
P Tc

; β 2233 = 
(Ω N0 − Ω T0 )

15
−

Ω N0
105

τ 11
P Nc

+ 
Ω T0
105

τ 11
P Tc

(A-2)
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ΔS iso = Ω N0
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−
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2
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(A-5)

is the excess compliance tensor of the isotropic distribution of 
microcracks in the unstressed rock, and

ΔS ani− N = − Ω N0

⎡
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(A-6)

is the excess compliance contribution to the decrease in normal 
compliances of microcracks due to the application of horizontal 
uniaxial stress, and

ΔS ani− T = − Ω T0
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(A-7)

is the excess compliance contribution to the decrease in tangential

compliances of microcracks due to the application of horizontal 
uniaxial stress, and the normalized stresses τ 11-N and τ 11-T are given 
by τ 11− N = τ 11 =P Nc and τ 11− T = τ 11 =P Tc , respectively.

Appendix B. Effective stiffness tensor of anisotropic media 
induced by horizontal uniaxial stress

Substituting Eqs. (20) and (21) into Eqs. (15)–(19), the elastic 
stiffness tensor components of the anisotropic media induced by 
horizontal uniaxial stress can be represented as

C 11 = M + 

(
8χ
105

λ + 
4
35

λ + 
1 
7
M 

) 

Ψ N

+ 

(
2χ
35g 

λ −
4 
35g

λ + 
2
35g

M 

) 

Ψ T (B-1)

C 12 = λ + 

(
2χ
21

λ + 
22
105

λ + 
1
35
M 

) 

Ψ N + 

(

−
1χ
35g

λ +
2 
35g 

λ −
1
35g

M 

) 

Ψ T (B-2)

C 22 = M + 

(
8χ
35

λ + 
8

105
λ + 

1
35
M 

) 

Ψ N

+ 

(
4χ

105g
λ −

8 
105g

λ + 
4

105g
M 

) 

Ψ T (B-3)

C 44 = μ +
4g
105 

μΨ N +
2
21 

μΨ T (B-4)

C 55 = μ +
4g
35 

μΨ N + 
16
105 

μΨ T (B-5)

where g = μ=M and χ = λ=M.
Considering the weak perturbations of P-wave modulus, shear

modulus, Lam�e parameters and SIAPs across the interface sepa-
rating two distinct anisotropic media induced by horizontal uni-
axial stress, the elements of the perturbed effective elastic 
stiffness tensor can be obtained by neglecting the terms propor-
tional to Ψ N ΔM, Ψ N Δλ, Ψ N Δμ, Ψ T ΔM, Ψ T Δλ and Ψ T Δμ, given by

ΔC 11 = ΔM + 

(
8χ
105

+ 
4
35

) 

λΔΨ N+ 
1 
7
MΔΨ N + 

(
2χ
35g 

−
4 
35g

) 

λΔΨ T

+ 
2
35g 

MΔΨ T

(B-6)

ΔC 12 = Δλ + 

(
2χ
21

+ 
22
105

) 

λΔΨ N+ 
1
35
MΔΨ N + 

(

−
1χ
35g

+ 
2
35g

) 

λΔΨ T −
1
35g 

MΔΨ T (B-7)

ΔC 22 = ΔM + 

(
8χ
35

+ 
8

105

) 

λΔΨ N+ 
1
35
MΔΨ N + 

(
4χ

105g 
−

8 
105g

) 

λΔΨ T

+ 
4

105g 
MΔΨ T

(B-8)

ΔC 44 = Δμ − 
4g
105

μΔΨ N −
2
21 

μΔΨ T (B-9)
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ΔC 55 = Δμ − 
4g
35

μΔΨ N −
16
105 

μΔΨ T (B-10)

Appendix C. Derivation of the linearized PP-wave reflection 
coefficient

The polarization and slowness vectors of the incident P-wave 
and reflected P-wave are given by (Shaw and Sen, 2006)

g PP = [ sin θ cos ϕ; sin θ sin ϕ; cos θ ]

g ́ PP = [ − sin θ cos ϕ; − sin θ sin ϕ; cos θ ]

p PP = 

[
sin θ cos ϕ

α 
; 

sin θ sin ϕ
α 

;
cos θ 

α 

] 

p ́ PP = 

[ 

−
sin θ cos ϕ

α
; −

sin θ sin ϕ
α 

;
cos θ

α 

]

(C-1)

And the expressions of ξ PP and ηPPmn are listed as

ξ PP = cos 2θ

η PP11 =
sin 4 θ cos 4 ϕ

α 2
; ηPP12 = 

sin 4 θ sin 2 ϕ cos 2 ϕ
α 2

;

η PP13 = 
sin 2 θ cos 2 θ cos 2 ϕ

α 2

η PP22 =
sin 4 θ sin 4 ϕ

α 2
; ηPP 23 =

sin 2 θ cos 2 θ sin 2 ϕ
α 2

; ηPP 33 =
cos 4 θ

α 2

η PP44 =
− 4 sin 2 θ cos 2 θ sin 2 ϕ

α 2
; ηPP55 = 

− 4 sin 2 θ cos 2 θ cos 2 ϕ
α 2 

;

η PP66 =
4 sin 4 θ sin 2 ϕ cos 2 ϕ

α 2
; ηPP21 = ηPP12 ; η

PP
31 = ηPP13 ; η

PP
32 = ηPP23

(C-2)

Combining Eqs. (B-6)–(B-10), Eqs. (C-1)–(C-2), and Eq. (24), the 
scattering function S PP can be derived as

S PP = Δρ cos 2θ + 
sin 4 θ cos 4 ϕ

α 2

⎡

⎢
⎢
⎢
⎣ 

ΔM + 

(
8χ
105

λ + 
4
35

λ + 
1
7 
M 

) 

ΔΨ N

+ 

(
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35g 
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4
35g
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2
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M 

) 

ΔΨ T 

⎤

⎥
⎥
⎥
⎦
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⎡

⎢
⎢
⎢
⎣ 
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(
2χ
21
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1
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M 
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⎤
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⎤
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(
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1
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8 
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⎤

⎥
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1
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2
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) 

⎤

⎥
⎥
⎥
⎦
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1
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) 
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8 
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λ + 
4
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M 

) 
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⎤

⎥ 
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−
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21 

μΔΨ T

⎤
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⎥
⎦

−
4 sin 2 θ cos 2 θ cos 2 ϕ

α 2

[ 

Δμ +
4g
35 
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]

(C-3)
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Combining Eq. (C-3) and Eq. (23) yields

R PP (θ;ϕ) =
1
4 
sec 2 θ 

ΔM 

M
− 2g sin 2 θ 

Δμ
μ 
+ 
1
2

( 

1 −
sec 2 θ
2 

)
Δρ
ρ

+ 
1

105

⎡

⎢
⎣ 

( 
16g 2 sin 2 θ + 16g 2 tan 2 θ − 14g tan 2 θ 

) 
sin 2 ϕ+

24g 2 cos 2 θ + 8g 2 tan 2 θ + 

(
35
4

− 14g 
) 

sec 2 θ − 14g

⎤ 

⎥
⎦ΔΨ N

+ 
2g
105

[( 
tan 2 θ sin 2 θ − 5 sin 2 θ 

) 
cos 2 ϕ − 10 sin 2 θ + 2 sec 2 θ 

] 
ΔΨ T 

(C-4)
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