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ABSTRACT

The elastic Helmholtz equation is capable of readily simulating attenuation and dispersion behaviors of
the elastic wave and performing full-wavefield modeling in wave-equation-based elastic inversions and
migrations. However, solving the elastic Helmholtz equation using a finite-difference frequency-domain
(FDFD) method is computationally prohibitive especially in heterogeneous media with fine-scale het-
erogeneities. The FDFD method usually leads to a large discrete linear system of the elastic Helmholtz
equation. We develop a multiscale method of FDFD to solve the elastic Helmholtz equation in isotropic
media based on the general framework of heterogeneous multiscale method (HMM). The HMM
framework decomposes the elastic Helmholtz problem into a series of microscale problems and a
macroscale problem. The idea of multiscale basis functions is introduced to decouple the coupled
microscale and macroscale problems and to capture fine-scale heterogeneity in medium properties. A
reconstruction-based downscaling coupling and a flux-based upscaling coupling are used to convey the
fine-scale medium heterogeneity to a coarse scale. The dimension of the resulting linear system is much
smaller than those of linear systems generated with the conventional FDFD methods. We use a ho-
mogeneous model and a heterogeneous model to investigate the effects of the size of local sampling
domains and the coarse-element number per S-wave wavelength on the accuracy of our new method,
and employ two highly heterogeneous models to demonstrate the superiority in terms of the efficiency
and memory consumption of our method based on the optimal local sampling-domain size and stable
coarse-mesh discretization. The results demonstrate that our new method can approximate the fine-

scale reference FDFD solutions with a significant decrease in computational complexity.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

Liu, 2024) produce straightforward wavefield solutions, whereas
frequency-domain methods (e.g., Min et al., 2000; Chen and Cao,

Seismic wave modeling relates geological structures to seismic
responses and thus is a powerful tool for wave propagation
investigation and wave-modeling-based inversions and migra-
tions (e.g., Kohn et al., 2015; Zhou et al., 2022; Wu et al., 2023;
Chen et al., 2024). The essence of seismic wave modeling is to
solve the time-domain wave equation or its frequency-domain
counterpart. Time-domain methods (e.g., He et al., 2023; Xu and
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2016) have advantages on the attenuation, dispersion, and multi-
shot simulations as well as the parallelization for multiple fre-
quency components (Gosselin-Cliche and Giroux, 2014; Fan et al,,
2018). Among these methods, finite-difference (FD) methods
based on the structured mesh (e.g., Pratt, 1990; Stekl and Pratt,
1998; Min et al., 2000; Chen and Cao, 2016; Yang and Mao, 2017)
and finite-element (FE) methods based on the unstructured mesh
(e.g., Thompson and Pinsky, 1995; El Kacimi and Laghrouche,
2009; Zhao et al.,, 2017) receive much attention due to their
well-known trade-off between the accuracy and efficiency (Fu
et al,, 2019). However, these methods encounter a major chal-
lenge when they conduct wave modeling in highly heterogeneous
media. In these media, a sufficiently fine mesh discretization is
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necessary to capture fine-scale heterogeneities, and eventually
leads to huge discrete linear systems with millions or even billions
of degrees of freedom in the two- and three-dimensional scenarios
from the Helmholtz equation. Due to more displacement compo-
nents in the elastic case than that in the acoustic case, the issue
concerning the computational cost of solving the elastic Helmholtz
equation is relatively more severe.

The limitation of the computational cost attributes mainly to
the linear system solver. The main drawbacks of existing dominant
direct and iterative linear system solvers are the high memory
requirement related to the lower—upper (LU) factorization and low
efficiency associated with the convergence rate, respectively
(Gosselin-Cliche and Giroux, 2014; Li et al., 2015). Several methods
and techniques, such as the multifrontal method (e.g., Wang et al.,
2010, 2011, 2012), the block low-rank technique (e.g., Amestoy
et al.,, 2015), and the hierarchically semi-separable technique
(e.g., Xia et al., 2010), have been explored to achieve an improve-
ment in the memory consumption of the direct solvers. These
improved direct solvers depend on the impedance matrix struc-
ture in the linear system and complicated parallelization strategies
to alleviate the memory burden (Fu and Gao, 2017). Whereas, ef-
forts of improving the iterative solvers primarily focus on the
preconditioners whose role is to accelerate the convergence of an
iterative algorithm. Dominant preconditioners include multigrid-
based preconditioners (e.g., Erlangga et al., 2004, 2006) and
sweeping preconditioners (e.g., Engquist and Ying, 2011; Poulson
et al., 2013). The multigrid method is still the leading approach
for iteratively solving the Helmholtz equation (Fu and Gao, 2017).
In addition, the parallel strategy is introduced by some studies to
achieve a parallelization of preconditioners or iterative solvers for
further improvement in the efficiency (e.g., Poulson et al., 2013; Li
et al., 2015).

Another adverse factor associated with the high computational
costs is high degrees of freedom. The adaptive methods exploit a
space-adaptive grid scheme to generate linear systems with a low
degree of freedom. The space-adaptive methods use meshes with
different sizes to discretize model zones with different velocity
variations (Fan et al., 2018), which avoids redundant grids in the
model zones with small velocity contrasts and high velocity and
thus decreases degrees of freedom of the linear systems. Never-
theless, highly complex heterogeneous media fail effective appli-
cations of the space-adaptive methods. Barring the adaptive
methods, the numerical homogenization methods (e.g., Capdeville
and Marigo, 2007; Gao et al, 2015) provide an alternative
approach to achieve a reduction of the computational cost. These
numerical homogenization methods upscale the fine-scale het-
erogeneous media to produce the coarse-scale effective media.
Wave modeling is finally performed using the effective model on
the coarse level instead of the original model on the fine level.
However, a condition of long-wavelength assumption is required
for the numerical homogenization methods.

Multiscale methods provide another important means to
reduce the computational complexity of solving the Helmholtz
equation. The goal of the multiscale methods is to construct
reduced discrete linear systems from the Helmholtz equation
without loss of the fine-scale medium heterogeneity impact. The
relevant multiscale methods in wave propagation investigation
mainly include the multiscale finite-element method (MsSFEM)
(Hou and Wu, 1997) and heterogeneous multiscale method (HMM)
(E and Engquist, 2003). Some researchers (Efendiev et al., 2013;
Gao et al., 2018; Fu et al.,, 2019; Zhang et al., 2010a, 2010b) have
further developed the improved versions of MsSFEM, such as the
generalized, high-order, and extended MsFEMs. The philosophy of
these MsSFEMs of different versions is to perform a fine-to-coarse
projection of discrete Helmholtz equation systems before solving
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them. By contrast, the HMM is only a general framework with
which a specific multiscale algorithm can be designed, and can be
combined with the FD and FE methods (Chen, 2009). However,
most of HMM-based multiscale methods for transient (parabolic)
and steady (elliptic) problems use the FE methods as microscale
and macroscale solvers. Because the FD methods are widely
applied, Abdulle and E (2003) proposed a FD-HMM for the tran-
sient problems. Later, the FD-HMM has been applied to solve the
transient wave equation in the time domain (Engquist et al., 2011;
Arjmand and Runborg, 2017), and extended to develop an FDFD-
HMM for the steady acoustic Helmholtz equation in the fre-
quency domain (Jiang et al., 2021, 2022).

In this paper, we further develop an evolutionary elastic version
of FDFD-HMM for the elastic Helmholtz equation with coupled
displacement components in isotropic media. Different from the
acoustic case, it is necessary to consider the effect of the coupling
between different displacement components on the reconstruc-
tion and flux estimation in the elastic case. Following existing
HMM-based multiscale methods (e.g., Abdulle and E, 2003; Chen
and Ren, 2008; Chen, 2009; Engquist et al., 2011; Arjmand and
Runborg, 2017), the acoustic FDFD-HMM (Jiang et al., 2021,
2022) employs a linear medium-independent reconstruction
operator. Nevertheless, this reconstruction operator is inaccurate
in the elastic case. We design a medium-dependent reconstruction
operator to improve the accuracy in the elastic FDFD-HMM. To
further improve the accuracy in the elastic case, we develop an
eight-flux-based 21-point FD stencil to discrete the macroscale
problem for constructing the reduced coarse-scale linear system
due to the insufficient accuracy of a 9-point stencil used in the
existing HMM-based FD and FDFD methods (e.g., Abdulle and E,
2003; Chen and Ren, 2008; Chen, 2009; Arjmand and Runborg,
2017; Jiang et al., 2021, 2022).

2. Elastic Helmholtz equation

The elastic Helmholtz equation is formulated as (Fu et al., 2019)

V-6(U) + pa®U = —F,

6(U) = C: e(U), (1)

e(U) = % [VU + (VU)T] ,

where ¢(U) = 6(X, w) is the second-order stress tensor, e(U) = e(x,
) is the second-order strain tensor, C = C(X, ») is the fourth-order
stiffness tensor, U = U(X, ) is the displacement vector, p = p(X) is
the medium density, F = F(X, w) is the external force vector, x
denotes the Cartesian coordinate, and » = 2=xf represents the
angular frequency of the frequency f.

With the Voigt notation (Mavko et al.,, 2009), the stiffness
tensor of fourth order in isotropic media is abbreviated to a
second-order form:

Ci1 G2 G

212 Ezz 523
c=| G = G 7 2)

44
Css
Cos

with
Ci1 = Cop = C33,C44 = G55 = Cgp, C12 = C13 = Co3. 3)

We only consider a two-dimensional scenario in the x-z plane
in this paper. In this case, the stiffness tensor in Eq. (2) is reduced
to
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Chn G3 O
C=(Cs Gz 0 |, (4)
0 0 G

wherein nonzero entries are related to the velocities and density
by

Ciy = C33 = p13,Cy3 = ( 1%—21/3)7055 =1z, (5)

in which vp and vs are the P- and S-wave velocities, respectively.
Substituting Eq. (4) into Eq. (1) yields an explicit formulation of
the elastic Helmholtz equation in two-dimensional heterogeneous

isotropic media (Pratt, 1990; Stekl and Pratt, 1998):

= (CnaUX +C136UZ) +i (C O +C55£) +pw? Uy = —Fy,

0X 0z 0z 0z
oUyx oU, d oUyx oU, 2
(Css %z X+ Co5—— o ) +5 (C13 £ +C33—-- ) +pwU; =—F,,
(6)

where (Uy, U,)T = U, (Fy, F,)T =F, and (x, 2) = X.

3. Finite-difference heterogeneous multiscale method in the
frequency domain

In the following theory development, we focus on formulating
our FDFD-HMM for the elastic Helmholtz equation in the two-
dimensional isotropic media.

The theory development includes four parts: (1) the numerical
construction of multiscale basis functions from local elastic
Helmholtz problems; (2) the analytical formulation of a medium-
dependent reconstruction operator for a downscaling coupling of
the microscale and macroscale problems; (3) the coupled semi-
analytical solutions of the microscale problems; (4) the FD as-
sembly of a coarse-scale linear system from the upscaling-flux-
based macroscale problem (Fig. 1). A unique composite mesh
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with multiscale partitioning is designed to accommodate this al-
gorithm framework before the elaboration of these four parts.

3.1. Multiscale composite mesh

To accommodate the HMM framework, the computational
domain is partitioned with a multiscale composite mesh that in-
cludes a coarse mesh for discretizing the macroscale problem, a
global fine mesh for medium discretization, local sampling do-
mains for the missing macroscale flux estimation, and two local
fine meshes for discretizing the microscale problems.

We use a coarse mesh indicated by Qg that contains NH x NH
coarse elements to partition the computational domain, where N}
and NH are the x- and z-direction numbers of coarse elements,
respectively. The coarse elements are supports of the coarse-scale
displacement and force vectors in the macroscale problem,
namely, these coarse-scale quantities are defined at the center
points of their supports. The neighboring four coarse-element
center points constitute four vertices of a rectangular region
called H-cell (I in Fig. 2). We specify an H-cell by its center point.
Unlike the acoustic FDFD-HMM (Jiang et al., 2021, 2022), this
elasticity extension designs additional H-cells to capture the fine-
scale heterogeneity outside the local sampling domains (¥ in
Fig. 2) for constructing the medium-dependent reconstruction
operator.

Each coarse element in Qy is further partitioned with finer cells
that need to be sufficiently fine to characterize the fine-scale
heterogeneities in isotropic media. The fine cell numbers in the x
and z directions in a coarse element represent coarsening ratios ry
and r, in the corresponding directions, respectively. All fine cells in
Qu compose a global fine mesh indicated by Qn with ryNH x r,NH
fine elements. The fine-scale medium properties including the
stiffness tensor and density are defined at the center points of
these fine elements. In addition, as supports of the local microscale
problems, each H-cell is similarly partitioned by a local fine mesh

QE staggered with Qn. Whereas, we define the fine-scale

Microscale problems

Local elastic Helmholtz problems

v

Multiscale basis functions

v

Wavefields at vertices of local

Microscale problem solutions <

Macroscale flux
estimation

v

| S rm— e

sampling domains

Analytical representation:
Reconstruction operator

Macroscale problem

Macroscale problem solution

A4

Numerical representation

v

FDFD-HMM solution

Fig. 1. Framework of FDFD-HMM.
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displacement and discrete multiscale basis functions at the

vertices instead of center points of fine elements in QE to
accommodate the definition of coarse-scale displacements.

The local sampling domains are indispensable for fine-scale
heterogeneity capture in the HMM framework. For simplicity, we
name these local sampling domains as e-cells. They are centered at
the points (x;112, zj) and (x;, Zj+1)2) (Ifﬂ/z.j and Iiji]/z in Fig. 2).
Similarly, we specify an e-cell by its center point. These e-cells are
used as supports for both the local microscale problems and
macroscale flux estimation. Each e-cell is partitioned into a local
fine mesh Qj. The fine elements in Qj, are supports of the fine-
scale displacement vector and discrete multiscale basis functions
in the local microscale problems, leading to that these fine-scale
parameters are defined at the center points of their supports as
in Qu. Moreover, additional e-cells are necessary to support
macroscale fluxes of the mass acceleration term pw?U in Eq. (1).
For simplicity, we employ the coarse elements, that is I;j, in Qy to
act as these supports.

3.2. Microscale problems

3.2.1. Multiscale basis functions

The multiscale basis functions are vital to our FDFD-HMM
because they can decouple the coupled microscale and macro-
scale problems to simplify the procedure of solving the microscale
problems. Another two roles of these multiscale basis functions
are to capture the effect of fine-scale medium heterogeneities and
to couple the wavefields at two different scales. We construct the
multiscale basis functions over the H- and e-cells.

Because the elastic Helmholtz equation describes a vector
problem, the approach that constructs oscillating boundary con-
ditions by decomposing the elastic Helmholtz equation into uni-
dimensional formulations is inapplicable. We thus first use the
oversampling technique (Zhang et al., 2010a, 2010b) to generate
the oscillating boundary conditions of an original cell from the
linear boundary conditions of an oversampled cell.

Petroleum Science 23 (2026) 1860-1889

For each displacement component, we solve the following local
elastic Helmholtz problem over each of the oversampled H- and
e-cells (I"* and P* in Fig. 3) to construct temporary basis
functions:

V-6 (wh) + poy), = 0,in I, (7)

T
where i, = wi(X, 0) = (y/;m,y/zfm) with m = 1, ..., 8 are the

temporary basis functions to be solved, and I represents one of
the oversampled H- and e-cells. The number of the basis functions
for an oversampled cell is determined by d2¢, where d denotes the
dimensionality (namely the number of displacement components)
and 29 represents the number of coarse-scale boundary nodes.
There are d = 2 displacement components in the two-dimensional
case, and an oversampled cell has 2¢ = 4 coarse-scale boundary
nodes (black-filled squares labeled by h' with h = 1, ..., 4 in Fig. 4).
To solve the temporary basis functions ys;; associated with the x-
component displacement for m = 1, ..., 4 and corresponding to the
z-component displacement for m = 5, ..., 8, we assign the
boundary conditions as follows:

wh = (Gm,0)T.onal*, form=1,--,4, (8)
m (0,Gp_4)",on oI, form=>5, -8,

where G, represents the linear boundary condition corresponding
to the mth coarse-scale boundary node on I, and aI" denotes the

boundary of I'. In detail, G, is determined by G, (x;) = Sy With

m, h = 1, 2, 3, 4 at the coarse-scale boundary nodes, and varies
linearly along the boundaries of I, where x; denotes the hth
coarse-scale boundary node on aI", and &, is Kronecker delta
function.

Solving the local elastic Helmholtz problem defined in Egs. (7)
and (8), we obtain eight temporary basis functions for each of the
oversampled H- and e-cells. New temporary basis functions w, are
then constructed through a linear combination of w;:

X
T T T T T
1 1 1 1 1
| | | | |
| | | | |
zp—-—"%-""7-"—"—"®%~~—"—7T-—" "%~~~ "~ ¥ T+ -—-
[ [ [ [ [
1 1 1 1 1
[ [ [ [ [
T T T T T
| | | | |
[ [ [ [ [
| | | | |
F———#%——=—fF———# - ——— @ === =A==~ — = = —
: : : : : Coarse mesh Q e-cell [,
| | | | |
; ; ; ; ; P
L\ | | | ]
| | | | | e i Sk s Bl
1 1 1 1 1 | T
SR R AN I N Y A S P S U S [ S e
] ] ; ] ] [ T S
| | | | | | I A
| | | | | Lotodlodd
| | | | | !
| | | | | oo -
: : : : : H-cell /" e-cell I} jurp
5 ) g sy g 9 S S
| ] ] ] ]
| | | | | )
| | | | | Global fine mesh Q,,
1 1 1 1 1 R
! ! ! ! ! | 1 Local fine mesh Q}f
l l l l l -=id
1 1 1 1 1
R O P S (N Y O ) DL Y N A |:]Localfinemesi'wQ‘h
1 1 1 1 1
| | | | |
l l l l l
1 1 1 1 1

Fig. 2. lllustration of multiscale composite mesh.
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| T

i | 1K
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Fig. 3. Illustration of oversampled domains (light-gray-shaded rectangles) of the H-
cell and e-cells (gray-shaded rectangles).

8
Wmn (xv a)) = Z Cm.n‘l‘ﬁ (X, w)v (9)
n=1
where ¢, with myn = 1, ..., 8 are the combination coefficients
determined by (X, @) = (61,0)" when m = 1, ..., 4 and

W, (X, ) = (0, 6(m_4)h)T whenm =5, ..., 8, in which x, with h =1,
..., 4 denotes the hth coarse-scale boundary node (black-filled
squares labeled by h with h =1, ..., 4 in Fig. 4) of an H- or e-cell. The
oversampling technique developed by Zhang et al. (20104, 2010b)
only employs uncoupled components (y;,, withm =1, ..., 4 and
wim withm =5, ..., 8 related to the nonzero x- and z-component
displacement boundary conditions, respectively) to determine the
new temporary basis functions y,;, while our method takes the
coupled components (y;,, withm =5, ..., 8 and v ,, withm =1,
..., 4 corresponding to the nonzero z- and x-component displace-
ment boundary conditions, respectively) into account such that all

(@ 17 m m?
o002
o0 -0 o T

[}
¢ o o o o o
| |
¢ o o o o o
| |
¢ o o o o o
| |

|
e o o o o .
I
| |

JW--0- -0 -0 --o-#,
g ® .,
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the combination coefficients can be computed simultaneously and
the coupling effect of two displacement components is taken into
account. Explicitly, the Kronecker delta condition for determining
Cm,n can be written as a matrix form:

l/’;:] (x] s w) W:(r,s (xl ) (0)

Wy (Xg, 0) Yg(Xaw) | (11 €1

I//Z] (X1 ’ CU) W;s (x] ; w) C18 Cgg
(10)

l//;r,] (x47 CU) W;S (x47 C())

1
= 1
1
The temporary basis functions y, with m = 1, ..., 8 provide

oscillating information on the boundaries of an original H- or
e-cell. With these oscillating values, we next construct the ulti-
mate multiscale basis functions by solving the following elastic
Helmholtz problem over each of the H- and e-cells:

V'G((‘)m)+pw2(‘)m:0,in17 (11)

®m = Wnly,0n al, (12)
where @, = @, (X, ®) = (¢xm: q)zﬁm)T with m = 1, ..., 8 are the final
multiscale basis functions to be solved, and I represents one of the
H- and e-cells.

The local elastic Helmholtz problems in Egs. (7), (8), (11) and
(12) can be solved numerically by a FDFD method. Due to the
limited size and nonzero boundary conditions of the H- and e-cells,
we employ a compact nine-point FDFD method (e.g., Pratt, 1990;
Chen and Cao, 2016) to solve these local elastic Helmholtz prob-
lems. The obtained multiscale basis functions are medium- and
frequency-dependent. Their values contain the effects of fine-scale
medium heterogeneities and source frequencies. In consequence,
changes in the medium heterogeneity and source frequency
require a reconstruction of multiscale basis functions. To give an

(b) 1 2
| | | |
1 2
| | [} [ ] [ ] | |
[ ) [ [} [ ) [ ]
[ ] [} [ ] o [
[ ] [ ] [ ] [ ] [ ]
| | [ [ ] o n
3 4
| | | |
3 2

Fig. 4. Coarse- and fine-scale nodes for the (a) H-cell and (b) e-cell. The black-filled squares and black dots represent coarse- and fine-scale nodes, respectively.
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insight into the shape of constructed multiscale basis functions, Fig. 6(a)) are yielded by the nonzero x-component displacement

we use a heterogeneous cell shown in Fig. 5 to illustrate its mul- boundary conditions (Eq. (8)), and the x components of multiscale

tiscale basis functions (Fig. 6). In Fig. 6, the z components of basis functions for m = 5, ..., 8 (the first row in Fig. 6(b)) are ob-

multiscale basis functions for m = 1, ..., 4 (the second row in tained from the nonzero z-component displacement boundary
(a) Distance, m (b) Distance, m (c) Distance, m

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

3700 3800 3900 4000 4100 2150 2200 2250 2300 2350 2.40 2.42 244 2.46 2.48
P-wave velocity, m/s S-wave velocity, m/s Density, g/lcm?

Fig. 5. Example of a cell with fine-scale heterogeneous variations in the (a) P-wave velocity, (b) S-wave velocity, and (c) density.

Disy 3
IStanCe m&

m=5

Fig. 6. Multiscale basis functions corresponding to the (a) x- and (b) z-component displacements at a frequency of 20 Hz. The first and second rows in both (a) and (b) represent
the x and z components of multiscale basis functions, respectively.
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conditions (Eq. (8)), which reveal the coupling effect of two
displacement components.

3.2.2. Medium-dependent reconstruction operator

The multiscale basis functions within the e-cell cannot directly
couple the fine-scale wavefields on Qj with the coarse-scale
wavefields on Qu. A reconstruction operator is needed to analyti-
cally project the coarse-scale wavefields to the coarse-scale
boundary nodes of the e-cells, that is its vertices. We use the
multiscale basis functions for the additional H-cells to capture the
fine-scale medium property variations outside the e-cells, and
formulate a medium-dependent reconstruction operator.

We first determine the fine-scale wavefields on QE (green dots
in Fig. 7) in an H-cell from the coarse-scale wavefields located at
the vertices (black-filled squares in Fig. 7) of an H-cell. With the
multiscale basis functions constructed over the H-cells, the fine-
scale wavefield in an H-cell is given by

4
D(X7w) = Z (p (X’ w)UX Xm,w + Z (pm+4(X7 )UZ(Xmaw)7
m=1
(13)

where v = (vy, v;)! is the wavefield at the fine-scale node yx = (1, 7)
of QE, (Uy, U,)T = U is the macroscale problem wavefield solution at
the coarse-scale node x;; of Qy, and the superscript H of ¢, de-
notes that the multiscale basis function is obtained over an H-cell.
We next use the neighboring fine-scale wavefields v on QE (red
and blue dots in Fig. 7) to determine the wavefields U’ located at
the vertices (red- and blue-filled squares in Fig. 7) of the e-cells.
Considering the flexibility that the HMM allows the e-cell size to
vary, a bilinear interpolation operator within fine elements of QE
U= (U;(, U,Z)T
..,/4 of an e-cell:

is used to determine the wavefields at the four

vertices &, = (5[’1] n ) withh =1, .

_ I h _
, , &l )([ 7 v
U(&p,0)=U (f[h],fl[h],w) = (1 B 1 1— 5 1
I L R R 1 ]
[h] ¢ x1in 71 h £ e
n()ﬁ ,w) +—A)( —Ay o(x4 ,a)) +—A)(
I i _ ]
_nmmn [h) - ¢ X1
<1 Ar )1)(%2 ,w) + (1 7@( )
h) _
P77 (o
A}’ LY (X3 ’ C()) ’
(14)
where 1 = (1, /1), 8 = (8, J), 08 — (8, J1), and =
(;(L{”,yf}) represent four neighboring fine-scale nodes around the

vertex & with h =1, ..., 4 of an e-cell, and Ay and Ay are the x- and
z-direction sizes of fine elements in QE, respectively. For each of
the vertices &, with h = 1, ..., 4 of an e-cell, the bilinear interpo-
lation is carried out within a fine element, the smallest discrete
element in the multiscale discrete space, of Q}! rather than within
an H-cell.

According to Egs. (13) and (14), we finally obtain a recon-
struction operator of the wavefield U’ located at the vertices of an

e-cell with respect to the coarse-scale wavefield U:
U =R(U). (15)

We do not present a specific formulation of this reconstruction
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operator R(-) because it is involved in the final expression of the
microscale problem solution u (see Appendix A). Compared with
the medium-independent reconstruction operator that directly
interpolate the coarse-scale wavefield U to yield the e-cell
boundary wavefields (Jiang et al., 2021, 2022), R(-) based on the
multiscale basis functions in Eq. (15) captures the effect of fine-

scale medium heterogeneities outside  the e-cells
(Igl/zjil/zflfil/zd and Ilj:l/ZJil/Z [ji1), in Fig. 7, where
]ll'-:ltl/zji1/2 = Ii 1/2j-1/2 U11+1/2J 1/2Ulzl'-ll/2j+1/2U]ilil+1/2J+1/2v
1&1/2; =I 124V :+1/24 andluﬂ/2 _Iu 1/2U1u+1/2) In addition,

the multiscale basis functions involved in R(-) also contain the
coupling effect of two displacement components.

3.2.3. Microscale problem solutions within e-cells

The e-cells are the target local domains over which the
microscale problem wavefield solutions are obtained for the sub-
sequent estimation of the missing macroscale fluxes. With the
reconstructed wavefield U’ and the multiscale basis functions for
the e-cells, the fine-scale wavefield in an e-cell is given by

4 4
)= Z on (& a))U;((f;m,w) + Z ‘p§1+4(§>w)ujz(§maw)»
m=1 m=1
(16)

where u = (uy, u,)" is the wavefield at the fine-scale node & = (&, 1)
of Qj, the superscript ¢ of @, denotes that the multiscale basis
function is obtained over an e-cell.

Substituting the reconstruction operator in Eq. (15) into Eq. (16)
yields linear coupling expressions of the microscale problem so-
lution u with the macroscale problem solution U:

Zc & w

6

> dy

n=1

UXp, ®), forlfﬂ/w

(17)

U(xp,w), for Iuil/Z’

where ¢ (g w) and d;; (¢, ) with n = 1, ..., 6 are the coupling co-
efficient matrices. For each of the e-cells, its microscale problem
solution is only related to the wavefields at six coarse-scale nodes.
See Appendix A for more details on these six coarse-scale wave-
fields and the coupling coefficient matrices.

3.3. Macroscale problem

Accommodating to the HMM framework (E and Engquist,
2003), the elastic Helmholtz equation in Eq. (1) is reformulated
as a flux form:

V-P+ o?DU = —F, (18)

where P = (Py,P;)" and D are the macroscale fluxes in the local
sampling domains.

We follow the FD-HMM (Abdulle and E, 2003; Engquist et al.,
2011) to discretize Eq. (18) with a central difference scheme.
Considering the insufficient accuracy of the second-order FD
scheme based on four fluxes in the existing FD- and FDFD-HMMs
(Abdulle and E, 2003; Chen and Ren, 2008; Arjmand and Runborg,
2017; Jiang et al., 2021, 2022), a fourth-order FD scheme involving
eight fluxes is applied to the elastic Helmholtz equation of flux
form. The FD approximation of Eq. (18) is
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119 /= - 1
Ax [g (Pi+1/2,j - Pi—]/z,j) 54 ( i43/24 — Pi—3/2.j)}
179 /= - 1 19
+2z {g (Pi,j+1/2 - Pi,j—l/z) 54 ( ij+3/2 — Pu—3/2)} (19)
+w25iJUiJ: —Fu,

where 9/8 and —1/24 are the FD coefficients of fourth-order
(Levander, 1988; Hustedt et al., 2004). According to the explicit
form of the elastic Helmholtz equation in Eq. (6), the macroscale
fluxes in Eq. (19) are given by

_ P. .
P - 7x,1in/2J
ren/2g |:Pz‘ij:n/2j
// (Cﬂ —+ C]gauz> dxdz
l Iin/ZJ n— 1 3
auz I b I
li"/2d // (C55 + C55— )dxdz
un /2§
(20a)
_ P.::
P . _ _X,lJin/2i|
bin/2 {Pz,ijin/Z
// (C55 + C55%) dxdz
1 | B 13
auz b b b
lJin/Z // (C13— =+ C33—) dxdz
ltil /2
(20b)
], peodxez, (21)
il 1,

where (uy, u;)" = u is the microscale problem solution, and lijeQy
represents a coarse element. The partial differential terms in Eq.
(20) are calculated using a difference approximation (Abdulle and
E, 2003; Jiang et al., 2022).

By substituting the microscale problem wavefield solutions in
Eq. (17) into the macroscale fluxes in Eq. (20), Eq. (19) yields a 21-
point FD stencil (Fig. 8(a)) of the macroscale problem:
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Appendix B. The application of PMLs does not change the formu-
lation of the aforementioned local elastic Helmholtz problems.

Involving all the coarse elements, the FD stencil in Eq. (22) leads
to a discrete linear system:

AU= —F (23)

where A is a sparse square matrix (Fig. 8(b)) referred to as the

impedance matrix, and U and F are column vectors of the coarse-
scale wavefields and the source, respectively. Detailed formula-
tions of the linear system are presented in Appendix C. Solving the
linear system in Eq. (23) with a solver (e.g., the LU-decomposition-
based solver) ultimately yields the coarse-scale elastic wavefields
on Qy.

This method can be extended to the three-dimensional scenario
via trivial modifications of the local elastic Helmholtz problems
and the macroscale problem discretization, and nontrivial alter-
ations of the reconstruction operator and the macroscale fluxes. In
the three-dimensional case, the number of multiscale basis func-
tions that are solved from the local elastic Helmholtz problem over
an H- or e-cell increases to the value of 24. The fourth-order FD
discretization of the macroscale problem will involve twelve fluxes
(namely e-cells), which finally leads to an 81-point FD stencil.
Different from these trivial extensions, the reconstruction operator
and macroscale fluxes cannot be obtained by straightforwardly
extending their two-dimensional expressions. The three-
dimensional case will yield more complicated reconstruction
operator, giving rise to much complex formulations of the coupling
coefficients in the microscale problem solution. As for the macro-
scale fluxes, their three-dimensional forms incorporate the y-di-
rection differential terms that are omitted in the two-dimensional
case. We do not give a detailed discussion since the three-
dimensional FDFD-HMM is beyond the scope of this paper.

4. Numerical results

For the proposed FDFD-HMM, the H-cell size is constant after
the coarse-scale discretization with a coarse mesh, whereas the
e-cell size is flexible. To achieve an optimal trade-off between the
efficiency and accuracy, we attempt to use as small e-cells as
possible to produce FDFD-HMM solutions with high accuracy. For
this purpose, the effect of the e-cell size on the accuracy is first

AYU;i_1j 2 +AJU;j 5 + AU j o +AJU 55 1 +AZU 1 j 1 +AZU;j 1 + A Ui g

ij ij ij ij ij ij ij
+ AU 0 1 +AJU; 5 +AU; 1+ AL U+ AL U g+ AU+ AU 04

ij ij ij ij ij ij ij
+ AU 11 + AU +AB U1 AU o + AU 12 +AspU 2 + A Ui o= —

where ALJ with n = 1, ...,21 are the 2 x 2 coefficient matrices
corresponding to the coarse element with a center point of (x;, z;).
To attenuate the reflected wavefields from artificial boundaries of
the bounded computational domain, we employ the perfectly
matched layer (PML) (Zeng et al., 2001) in the difference and dif-
ferential terms in Eqs. (19) and (20). The resulting PML-related

coefficient matrices Ay with n = 1, ..., 21 are given in detail in
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ijs (22)

investigated in a homogeneous model and a heterogeneous model.
Moreover, the effect of the coarse-mesh discretization on the ac-
curacy is simultaneously analyzed to provide a guide for stable
FDFD-HMM modeling. We subsequently use two highly hetero-
geneous medium models to demonstrate the superiority of FDFD-
HMM over the FDFD method in terms of the accuracy and
computational complexities.

A relative Ly-norm error is defined to quantify the accuracy of
FDFD-HMM solutions:
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where U denotes the FDFD-HMM solution, and U,es denotes the
analytic or FDFD solution that serves as the reference solution. To
match with the scale of the FDFD-HMM solution, the reference
solution computed on Qy, is projected onto Q.

The oversampled H- and e-cells used to construct the oscil-
lating boundary conditions are slightly larger than the original H-
and e-cells. Generally, two additional layers of fine-mesh elements
outside an original H- or e-cell boundary suffice to provide decent
FDFD-HMM solutions. Although larger oversampled cells can yield
more accurate FDFD-HMM solutions, the increase in time cost is
nontrivial. Because the local elastic Helmholtz problems are
strictly independent of each other, we use a parallel strategy (40
threads) to compute multiscale basis functions and obtain an
additional speedup.

All the operations associated with matrices and vectors for both
the FDFD method and our FDFD-HMM depend on SuperLU (Li,
2005) and Armadillo (Sanderson and Curtin, 2016). Armadillo is
used to efficiently generate impedance matrices in the linear
systems, and it provides a SuperLU-driven interface for solving
linear systems with sparse coefficient matrices.

In all the following examples, the Ricker wavelet is used as a
source to generate the source-related column vector F of the linear
system in Eq. (23). The frequency-domain expression of the Ricker
wavelet is (Wang, 2015)

202 ?
w(w) = Vi exp (m(z)) , (25)

where wg = 2xfp is the corresponding angular frequency of the
dominant frequency fo. We employ a vertical point source form to
incorporate the Ricker wavelet into F. Namely, only one external
force vector F corresponding to the coarse element where the
source is located has a nonzero value of (0, w()) in the source-
related column vector F (see Eq. (C.2) in Appendix C).

(b)
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Column number

28 37 46 55 64 73

28 1

37 A

46 -

55 A

64 -

73 A

4.1. Effects of e-cell size and coarse-mesh discretization

4.1.1. Optimal e-cell size

A homogeneous model and a heterogeneous model are used to
investigate the effect of the e-cell size on the accuracy of FDFD-
HMM. The analytic and FDFD solutions are regarded as the refer-
ence solutions in the homogeneous and heterogeneous media,
respectively. The analytic reference solution with a vertical point
source (Min et al., 2000) is given by

cos@sin HH(()” (R—w> !
vp/) 4pid

(Rw) i cos@siné
_ +_ -
vp 2pvs

Rw
2y (R i
cos” OH — |+
0 (%) 4pv?
Ro\ i
Up 4[71/5

sin §— cos? Oy (R

s (1),
where i = v/—1 is the imaginary unit, R is the distance from the
source Xs = (xs, zs) to the receiver x = (x, z), & = tan™![(x — xs)/
(z — z5)], and Hél) and H(1” are the Hankel functions of first kind
with zero and first orders, respectively.

For the homogeneous model, its P- and S-wave velocities, and
density are 3800 m/s, 2200 m/s and 2.43 g/cm?, respectively. We
use a global fine mesh Qy, with 800 fine elements of 2 m in both
spatial directions to discretize the model. The coarsening ratio, the
fine-element number in a coarse element in a certain direction, is
ry = 1; = 5. The e-cells are partitioned by local fine meshes with a
same element size of 2 m x 2 m. We use several different e-cell
sizes for the analysis. Except for the case that the x- and z-direction
sizes of the e-cells are equal, we also investigate the cases that the
e-cell size in the x direction is different from that in the z direction.

For the latter, according to the distributions of Ifil/z.j and Iﬁji]/z,

cos@sin 6‘HE)1> (R—w)

Us

G2)

(26a)

i

2
4pvg
i cosédsing

Rw

Uy ref (X, @) =

HO
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_2pvp 1
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Fig. 9. The (a) x- and (b) z-component real-part wavefields of the analytic solution at 30 Hz in the homogeneous model when a vertical point source is imposed.

the size Oflfil/zd' in a direction is set to be identical with the size of
¢

Ry in an orthogonal direction. Let the x- and z-direction
numbers of fine elements in a local fine mesh Qj, to be N and N,
respectively, we then define [Ng] Eopy = [Ng] = N§ and
[Ngl. = [Ng] oy = N¢ for simplicity, where [-],f:mj and [-],Fw/z
means that variables in the brackets correspond to the e-cell of
1&1/2.] and I;‘Ji]/z, respectively. The source has a dominant fre-
quency of 20 Hz and is located at the point of (x, z) = (795, 795) m.
We test 5 discrete source frequencies: 10, 15, 20, 25, and 30 Hz. The
PML applied to four boundaries of the computational domain has a
width of 100 m.

We merely present the real parts of the x- and z-component
wavefields for both the analytic and FDFD-HMM solutions at a
certain frequency. Fig. 9 shows the x- and z-component wavefields
of the analytic solution at the frequency of 30 Hz. We find that
there are amplitude magnitude differences between the analytic
solution and the FDFD-HMM solutions. The differences in absolute
amplitudes are eliminated by scaling the amplitude magnitudes of
the FDFD-HMM solutions to that of the analytic solution in order
to facilitate comparisons. After the scaling, we compute the
amplitude errors (Figs. 10 and 11) of the FDFD-HMM solutions for
four representative e-cell sizes with respect to the reference ana-
lytic solution. The results of FDFD-HMM indicate the significant

3
L

e
i+1/2

effect of the e-cell size on the accuracy. In the cases of (Nf,,Nf,)
(5,5) and (N;Nf,) = (3,5), the FDFD-HMM solutions have obvious
amplitude errors. By contrast, we observe that the amplitude er-
rors reduce when (NE,N\S,) =(3,3) and (Ng,Nf,) = (5, 3). Espe-
cially, the e-cell size of (Ng,Nf,) = (5,3) leads to the smallest

amplitude errors compared with the other three e-cell sizes.

Fig. 12 provides the accuracy evaluation of other FDFD-HMM
solutions at the source frequencies of 10, 15, 20, and 25 Hz.
Although the FDFD-HMM solutions at 10, 15, and 20 Hz for

(Ng,Nf,) = (5,3) lead to slightly larger relative errors than those

for (N&,N¢ ) = (3,3), the relative errors associated with ( N¢, N¢
prv prilv

(5,3) still remain small values at higher frequencies.
The heterogeneous model used to verify the effect of the e-cell
size is a two-dimensional overthrust model whose P-wave
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velocity heterogeneity is revealed in Fig. 13. Its S-wave velocity
and density are generated from the P-wave velocity by vs = vp/V3

and p = 0.31 (vp)o‘zs, respectively. The model is discretely
parameterized by a 1000 x 720 global fine mesh Qn with an
element size of 3 m x 3 m. The coarsening ratio of the coarse
mesh Qy is set to ry = r, = 5. The source is located at (x, z) =
(1492.5, 337.5) m of the model, and its dominant frequency is
15 Hz. The test source frequencies include 5, 10, 15, 20, and 25 Hz.
The PML width is 105 m outside each of the four boundaries. The
same four representative e-cells as in the homogeneous model
are investigated.

Fig. 14 exhibits the reference FDFD solution at the test fre-
quency of 20 Hz. An amplitude scaling of the FDFD-HMM solutions
is also implemented to eliminate the amplitude magnitude dif-
ferences between the FDFD-HMM and reference solutions. The
wavefield differences between the FDFD-HMM and reference so-

lutions (Figs. 15 and 16) manifest that the e-cell size of (Nf,,Nf,) =
(5,3) also yields the most accurate solutions among four repre-
sentative e-cell sizes in the heterogeneous case. In addition, we
observe obvious wavefield amplitude errors of the FDFD-HMM
solutions in local model zones for (Ng,Nf,) = (3,5) in Figs. 15(c)
and 16(c). This is due to the distorted FDFD-HMM solutions
resulting from the severe numerical dispersion when (Ng,Nf,)

(3,5).

The relative Ly-norm errors in Fig. 17 also indicate that the
FDFD-HMM solutions corresponding to (Nf,, Ns) = (5,3) are more
accurate than those associated with the other three e-cell sizes,
and the distorted solutions for (N;,Nf,) = (3,5) have the highest
errors. These results in the heterogeneous model are in good
agreement with that in the homogeneous model.

According to the previous investigations, we ultimately follow
the conclusions implied by Figs. 10-12 and 15-17 to determine the
optimal e-cell size. Because the fine-element size of Qj, is set to be
identical to those of QE and Qp, we merely need to determine the
fine-element number in Qj for determining an e-cell size. In
consequence, the optimal e-cell size is given by N = ry and N; =3

for It , ;, while we have Ny =3 and N; =r; for I, .
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Fig. 10. Amplitude errors of the x-component real-part wavefields of the FDFD-HMM solutions at 30 Hz for the e-cell sizes of (a)
(3,5), and (d) (N;.,Nf,) = (5,3) with respect to the reference analytic solution in the homogeneous model.
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4.1.2. Minimum coarse-element number per S-wave wavelength

Figs. 12 and 17 manifest a degraded accuracy with the increase
of source frequency for FDFD-HMM. This phenomenon results
from the decrease in coarse elements per wavelength as the fre-
quency increases. The numerical dispersion analysis in homoge-
neous media is a routine approach to estimate the minimum of
grid-point number per wavelength for stable FDFD modeling
(Jiang et al., 2022). However, the dependence of the coefficient
matrices in Eq. (22) on the medium-dependent multiscale basis
functions and fine-mesh-dependent bilinear interpolation oper-
ator (see Appendices A and B) results in prohibitive application of
the numerical dispersion analysis to FDFD-HMM. For this issue, we
implement convergence analyses of the FDFD method and our
FDFD-HMM in a homogeneous medium to investigate the effect of
the coarse-mesh discretization on the accuracy for providing a
guide of stable FDFD-HMM modeling. This investigation is per-
formed based on the optimal e-cell size concluded from the above
analyses.

We set the space domain to [0,1] x [0,1]. The P- and S-wave
velocities and the density are 3000 m/s, 1800 m/s, and 2.2 g/cm?,
respectively. We solve the elastic Helmholtz equation on the fine
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(N5.5) = (3.3). (B) (N5.Ng) = (5.5). (c)

grids with fine element sizes of 1/35,1/70, 1/140, 1/280, and 1/560
for the FDFD method and on the coarse grids with coarse element
sizes of 1/7,1/14,1/28, 1/56, and 1/112 for FDFD-HMM under four
source frequencies of 9, 10, 12, 17 kHz.

Fig. 18 shows the relative errors of the FDFD and FDFD-HMM
solutions with respect to the exact analytic solutions given by
Eq. (26). These solutions become more accurate as the number of
grid elements increases (element size equivalently decreases). At
the frequency of 17 kHz, the grid with fine element size of 1/35
leads to the minimum number of fine grid elements per S-wave
wavelength in all the cases (Table 1). This value of 3.7 is close to the
minimum number of required grid points per S-wave wavelength
for the phase velocity error of approximate 2% in the FDFD method,
meaning a decent accuracy of all the FDFD solutions. Therefore,
provided the relative errors of the FDFD-HMM solutions are close
to or even lower than those of the FDFD solutions, we can consider
that FDFD-HMM has a comparable accuracy to the FDFD method
with a phase velocity error of less than 2%. We use the relative
errors of the FDFD solution corresponding to the fine element size
of 1/35 and the frequency of 17 kHz (Fig. 18(d)) as a threshold (blue
dashed lines in Fig. 18). For the FDFD-HMM solutions whose
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Fig. 11. Amplitude errors of the z-component real-part wavefields of the FDFD-HMM solutions at 30 Hz for the e-cell sizes of (a)
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relative errors are lower than this threshold, they can be regarded

30 as decent solutions. Combining Fig. 18 with Table 1, we find that at

least five coarse elements per S-wave wavelength are required to
generate a decent FDFD-HMM solution.

Based on the aforementioned investigations, we thus recom-

Distance, km

0 0.5 1.0 15 20 25

5 % mend the fewest coarse elements of 5 per S-wave wavelength for
€ i stable FDFD-HMM modeling with the optimal e-cell size. Never-
= . g theless, this recommended value can be moderately reduced due
s 5 to the local structure of low S-wave velocity in actual heteroge-
a 2 neous media.
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o
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Fig. 13. Overthrust P-wave velocity model. superior performance in terms of the computational complexities
(a) Distance, km (b) Distance, km
0 0.5 1.0 1.5 2.0 25 3.0 0 0.5 1.0 1. 5 2.0 2 5 3.0
0 ; * N3 t x10-10 0 y x10-1°
Z N T / N g
y f AL W\ I A
05 \\\‘\“ ‘.\\"}"’". N 0.5 // (\“\“ “e’ ”}‘ ) -
) \\\\\\ \\\\~ A% ! . N\ 3 ' \ (" \(I‘\‘\ 4
N N \) \ ‘ \
E \\\\ W = 77 g ) 3 £ & \\\\ W ’ lu"“ 3
= 10'\\\\\ X = 4:-«- o 2 £ “".\\\‘\ W\ i 2
a \\\ g a A /! 0 g
NS 7z < & | <
N ”
15 -3 1.5 1 -4
2.0 4 -6 2.0 A -8

Fig. 14. The (a) x- and (b) z-component real-part wavefields of the reference FDFD solution at 20 Hz in the heterogeneous overthrust model when a vertical point source is imposed.
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Ngg) (5,3) with respect to the reference FDFD solution in the heterogeneous overthrust model.

= (3.5), and (d) (N5, Ny) =

of FDFD-HMM while maintaining a comparable accuracy to the
conventional FDFD method. We refer to the runtime of assembling
impedance matrix for the FDFD method and the total runtime of
constructing multiscale basis functions and assembling imped-
ance matrix for FDFD-HMM as “offline time”. A corresponding
terminology “online time” refers to the elapsed time of solving a
linear system. The runtime and memory consumption in the
following two examples are measured on a computer with Intel i7-
14700 CPU.
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4.2.1. Periodical medium model

We first design a highly heterogeneous model with periodical
heterogeneities to verify FDFD-HMM. The P-wave velocity model
of this periodical medium is determined by

10+sin(2zxx/70) 10+ sin(2rz/70)

10+ cos(2xz/70) ' 10+ cos(2mx/70)] < 17>

vp(X,2)= (27)

Fig. 19 presents part of the periodical P-wave velocity model.

We use vs =vp/Vv/3 and p:0.31(vp)0'25 to generate the S-wave
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Fig. 17. Relative L,-norm errors of the (a) x- and (b) z-component real-part wavefields of the FDFD-HMM solutions for different e-cell sizes and source frequencies in the het-

erogeneous overthrust model.
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Fig.18. Convergence benchmark for the two component solutions of the FDFD method and our FDFD-HMM at frequencies of (a) 9, (b) 10, (¢) 12, (d) 17 kHz. The blue dashed lines
indicate a threshold below which the FDFD solutions have phase velocity errors of less than 2%.

velocity and density, respectively. These property models are
parameterized by a global fine mesh Qy containing 1000 x 800 fine
elements with an element size of 2 m in both spatial directions. We
set the coarse-element size of Qy to be 10 m in both directions,
which means ry = r, = 5. Based on the conclusion regarding the
optimal e-cell size, the sizes of Ifﬂ/z_j and If_jﬂ/z are set to
10 m x 6 mand 6 m x 10 m, respectively. The PML applied to each
domain boundary includes 50 fine elements or 10 coarse elements.
As a result, the number of mesh elements including the PMLs is
1100 x 900 in Q and 220 x 180 in Qy. We locate the source with a
dominant frequency of 15 Hz at (x, z) = (995, 205) m of the model.

In Fig. 20, we show the reference FDFD solution (Fig. 20(a) and
(b)) computed on Qp, and the multiscale solution (Fig. 20(c) and
(d)) computed using FDFD-HMM on Qy. An amplitude scaling of
the FDFD-HMM solutions is also performed. Although the het-
erogeneities complicate the wavefields because its comparable
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size to half of the S-wave wavelength results in non-negligible
elastic scattering, FDFD-HMM can yield similar wavefield charac-
teristics to the FDFD method. To give an insight into the accuracy of

Table 1
Number of coarse elements per S-wave wavelength for different grids and
frequencies.

Fine element 1/Gj 1/Gy

size 9KHz 10KkHz 12 kHz 17 kHz 9 kHz 10 kHz 12 kHz 17 kHz
135 700 630 525 370 140 126 105 074
1/70 1400 1260 1050 7.41 280 252 210 148
1/140 2800 2520 2100 1482 560 504 420 296
1/280 56.00 5040 42.00 2964 1120 10.08 840 592
1/560 112.00 100.80 84.00 5929 2240 20.16 1680 11.85

1/Gp and 1/Gy represent the minimum numbers of fine and coarse elements per S-
wave wavelength, respectively.
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Fig. 19. Part P-wave velocity model of the periodical medium. The other zones of the
periodical medium model possess the same heterogeneity structure.

the multiscale solution, we present its amplitude differences with
respect to the reference solution in Fig. 21. The corresponding
relative Ly-norm errors of the multiscale solution are 0.167 and
0.155 (columns of /5 in Table 2) for the x and z components,
respectively. In order to further validate the accuracy of FDFD-
HMM, we compute FDFD and FDFD-HMM solutions with a

Petroleum Science 23 (2026) 1860-1889

frequency interval of 0.5 Hz in 0-40 Hz to produce time-domain
seismograms (Fig. 22). For FDFD-HMM, the average number of
coarse elements per S-wave wavelength is 5.1 at 40 Hz, satisfying
the recommended coarse-element number for stable FDFD-HMM
modeling. The seismograms are obtained by receivers located at
z = 0 m and with a space interval of 20 m. We find a good agree-
ment of the FDFD-HMM seismograms with the reference FDFD
seismograms.

We measure the runtime and peak memory shown in Table 2
for implementing FDFD and FDFD-HMM simulations. The offline
stage of FDFD-HMM is more time-consuming than that of the
FDFD method. This anomaly results from the additional time cost
of the multiscale basis function construction (column Tpasis in
Table 2) and the increased time cost of the impedance matrix as-
sembly (column T in Table 2). The increase in Ta for FDFD-HMM is
caused by a large amount of summation operations for the
macroscale flux estimation. Whereas, the online runtime
measured from FDFD-HMM account for merely 0.62% of that for
the FDFD method (column Typjine in Table 2). In consequence,
FDFD-HMM contributes to a substantial time reduction of 94.2%
for modeling the time-domain seismogram (column Ty, in
Table 2). Besides the time reduction, FDFD-HMM contributes to a
significant saving in memory requirement. Compared with the
FDFD method, FDFD-HMM reduces the memory cost by 45.2%
(column Myysp in Table 2). It is worth mentioning that our program
is designed to be applicable to dynamic frequency-dependent
models. The storage of the dynamic models instead of a static
frequency-independent model increases memory consumption
notably. If we do not consider the memory cost (13190.77 MB)
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Fig. 20. The (a and c) x- and (b and d) z-component real-part wavefields of the (a and b) reference FDFD solution and (c and d) FDFD-HMM solution at 20 Hz in the periodical
medium model.
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Fig. 21. Amplitude differences of the (a) x- and (b) z-component real-part wavefields between the FDFD-HMM solution and the reference FDFD solution in the periodical medium

model.
Table 2
Performance comparisons between the FDFD method and FDFD-HMM for the periodical medium model.
Method (Nx,Nz) Totftine S Tontine S Totals S Mwsp, MB /20
Thasis Ta RV R[U]
FDFD (1100, 900) - 28.09 5184.69 417012.20 28217.58 - -
FDFD-HMM (220, 180) 241.31 82.05 32.18 24261.50 15455.27 0.167 0.155

Ny and N, represent the x- and z-direction element numbers in Q, or Qy including the PMLs, respectively. Tosfine and Toniine are the elapsed times in the offline and online
stages, respectively. Tpasis and Ta are the elapsed times of the basis function construction and impedance matrix assembly, respectively. Tora) denotes the runtime of
computing the time-domain seismograms. Mysp denotes peak memory consumption. /5 represents the relative L,-norm error of the multiscale solution at 20 Hz, and R [Uy]

and M[U,] are the x- and z-component real-part wavefields, respectively.
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Fig. 22. Comparisons of the (a) x- and (b) z-component seismograms between the reference FDFD solution (black line) and FDFD-HMM solution (red line) for the periodical

medium model.

attributed to the dynamic model storage, FDFD-HMM can lead to a
memory reduction of as high as 84.9%.

4.2.2. Random medium model

We next design a highly heterogeneous random medium model
via the von Karman correlation function (Bohlen, 2002; Klimes,
2002; Hong and Kennett, 2003). The P-wave velocity model of
this random medium is shown in Fig. 23. We use a same means as
in the previous case to construct the S-wave velocity and density
models. The model is heterogeneous at the scale of global fine
mesh Qp. There are 900 fine elements in both spatial directions
and the fine-element size is 2 m x 2 m in Qn. A coarse mesh Qy
with ry = r; = 5 is designed for a coarse-scale computational
domain discretization. Therefore, there are 180 coarse elements
with an element size of 10 m in both directions in Qy. The chosen

sizes ofI8 and If; ; o, are 10 m x 6 m and 6 m x 10 m,

i+1/2j ij+1/
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respectively. The application of PML increases a width of 100 m
outside each model boundary, which finally leads to 1000 x 1000
fine elements and 200 x 200 coarse elements. The source is
imposed at (x, z) = (855, 225) m of the model.

The wavefields in Fig. 24(a), (b) are the x and z components of
the reference FDFD solution, and Fig. 24(c), (d) presents the two-
component wavefields of the FDFD-HMM solution. We do not
observe distinctly visible wavefield differences between the two
solutions. FDFD-HMM only gives rise to weak amplitude errors in
its solution with respect to the reference FDFD solution (Fig. 25).
The corresponding relative errors are 0.157 and 0.171 (columns of
/>0 in Table 3) for the x- and z-component FDFD-HMM solutions,
respectively. Similarly, we compute frequency-domain wavefields
in 0-40 Hz using the FDFD method and FDFD-HMM to generate
their time-domain seismograms. There are on average 6.3 coarse
elements per S-wave wavelength at 40 Hz, implying a stable FDFD-
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Distance, km HMM modeling. The seismograms in Fig. 26 are obtained by re-
0 05 10 15 ceivers with the same layout as the previous periodic example.
FDFD-HMM reproduces the FDFD seismograms, demonstrating

the decent accuracy of FDFD-HMM.
54 In addition, Table 3 shows the measured time and memory
costs. Similar to the previous periodical case, FDFD-HMM results
in higher offline time compared with the FDFD method (columns
of Toiine in Table 3), yet it dramatically lowers the online time
(column Typjine in Table 3). As a result, the total computation time
using the FDFD-HMM is essentially reduced (column Tiga in
Table 3). In the frequency domain, the online stage computation
time usually matters most for practical applications (Fu et al.,
2019). We just need to repeat the online stage computation for
multisource wave modeling. Therefore, FDFD-HMM can be fairly
: S i ; efficient when we implement wave simulation for a set of sources.
s e T - 2 4 Regarding the memory cost, FDFD-HMM consumes approximately
S > = - 56.8% of the memory resource required by the FDFD method
(column Mysp in Table 3). Without taking the memory cost
(13763.82 MB) of dynamic model storage into account, the

Depth, km

;.
N
P-wave velocity, km/s

Fig. 23. P-wave velocity model of von Karman correlation random medium.
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Fig. 24. The (a and c) x- and (b and d) z-component real-part wavefields of the (a and b) reference solution and (¢ and d) FDFD-HMM solution at 20 Hz in the random medium
model.
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Fig. 25. Amplitude differences of the (a) x- and (b) z-component real-part wavefields between the FDFD-HMM solution and the reference FDFD solution in the random medium

model.
-[l’-:':fl:rilance comparisons between the FDFD method and FDFD-HMM for the random medium model.
Method (Nx,Nz) Toffline Tonline- S Tiotals S Mysp, MB /20
Thasis Ta R[U] R[U]
FDFD (1000, 1000) - 2041 4876.76 393140.36 28277.33 - -
FDFD-HMM (200, 200) 242.33 84.36 2493 26425.10 16072.38 0.157 0.171
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Fig. 26. Comparisons of the (a) x- and (b) z-component seismograms between the reference FDFD solution (black line) and FDFD-HMM solution (red line) for the random medium

model.

required memory resources for FDFD-HMM are merely 15.9% of
that for the FDFD method.

5. Conclusions

In the general framework of HMM, we have developed an
FDFD-driven multiscale method to solve the elastic Helmholtz
equation in isotropic media with fine-scale heterogeneities. The
FDFD method is used as a numerical solver to solve the two-scale
problems in the HMM framework. Constructed from the micro-
scale problems, the multiscale basis functions capture the effect of
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fine-scale heterogeneity in medium properties. Based on the
downscaling reconstruction operator and upscaling flux estima-
tion, these multiscale basis functions are incorporated into the
ultimate discrete macroscale problem system with a reduced de-
gree of freedom. We use several numerical examples to certify the
accuracy and computational complexities of our developed FDFD-
HMM. The results of the homogeneous and heterogeneous models
suggest significant impacts of the e-cell size and coarse-mesh
discretization on the accuracy, and conclude rules for deter-
mining the optimal e-cell size and minimum coarse-element
number per S-wave wavelength. The results of two highly
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heterogeneous models demonstrate that FDFD-HMM is capable of Appendix A. Wavefield solutions of microscale problems
solving the elastic Helmholtz equation with decent accuracy and

low computational burden compared with the conventional FDFD The related H-cells of 1§il/2J are 1&1/2J71/2 and 1,!1]/”“/2' and
methgd. However, the rgconstructlon operator for downscaling their coarse-scale boundary nodes include X; = (X(iz1/2)_1/2. Zj_1),
couplipg bztyveegl tl}e mlcroscalehgr;]d_macroscall;a problems are X2 = (X(ix1/2)+1/2+ Zj-1), X3 = (X(ix1/2)-1/2 Z)> X4 = (X(i=1/2)+1/2> Zi)s
comp icated in t. e elastic case, which increases the computatlon X5 = (X(i£1/2)-1/2 Zj41)» and Xg = (Xi+1/2)41/2. Zj+1). The solutions of
time of the offline stage and introduces more potential errors. the local microscale problems over ¢ are only constrained by
Some efforts are still necessary to further develop accurate and

i+1/24
simple reconstruction operator in the future works. the coarse-scale wavefields at these points. Thus, the specific form

of the coupling expression in Eq. (17) for LY is

u(g, w)=cy (& w)U(x(i;t1/2)—1/2~,Zj—1 ; w) +65 (&, w)U(X(i¢1/2)+1/272j_1 , w)

A1l
+c5 (&, U’)U(X(iil/Z)—l/szjJH) +cg (&, “’)U<X(iil/2)+1/27zj7w) (A1)
+c5 (&, w)U(X(iil/Z)—1/272j+1 ) w) +c5 (&, w)U(x(i:tl/Z)+1/27Zj+1 ; 0)),
CRediT authorship contribution statement where the coupling coefficient matrix ¢} (€, w) withn=1, ..., 6 is
specifically defined as
Wei Jiang: Writing — review & editing, Writing — original draft, . . N
Validation, Software, Methodology, Conceptualization. Xue-Hua N Chx(§ @) Crxx(8, @) Crx (& )
Wi fime i - o - . C, (& w)= = . (A.2)
Chen: Writing - review & editing, Validation, Supervision, Project ci (& ) (&) Ch(Ew)
administration, Methodology, Investigation, Funding acquisition, ’ ’ ’
Formal analysis, Conceptualization. Cong Wang: Visualization, The H-cells associated with IfJ. L1p are I}i 1/2j+1/2 and
Data curation. Iilil/z.jil/z' and their coarse-scale boundary nodes include x; =
. . (Xi—1, Z(i21)2)-1/2), X2 = (Xi, Z(j1/2)-1/2) X3 = (Xi1, Z(j+1/2)-1/2), Xa =
Declaration of interests (Xi—1, ZG£1/2)+1/2) X5 = (Xiy Z(i£1/2)+1/2) and Xg = (Xig1, Z(j+1/2)+1/2)- AS

a consequence, the specific formulation of the local microscale
The authors declare that they have no known competing problem solution in Eq. (17) for Iﬁiil 12 is
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

u(g, o) =d; (&)U (Xi—1 1Z(41/2)-1/25 w) +dy (&, w)U(xiaz(j:tl/Z)—]/Z» w)

A3
+d3 (&, ”’)U(XiJrl’Z(jil/Z)—l/Zaw) +df(§,w)U<Xz’717Zgi1/z>+1/sz> (A3)
+ds5 (&, w)U (sz Z(j+1/2)+1/2 w) +dg (&, w)U(xiH s Z(41/2)41/25 w) ,
Acknowledgements where the coupling coefficient matrix d;: (&, w) withn =1, ..., 6 is
specifically defined as
The authors would like to acknowledge the financial support
received from the National Natural Foundation of China (Grant No. d (5.0 [dix(g, o) } [d%_xx(ﬁ, w) di (&) (A4)
i i b w = ) = ) ) . o
42374163), the Key Program of Natural Science Foundation of n diz(i, ) dizx(& ) dizz(g’ )

Sichuan Province (Grant No. 2023NSFSC0019), and the Open Fund

of Key Laboratory of Earth Exploration and Information Techniques All elements in these two types of the coupling coefficient
(Chengdu University of Technology), Ministry of Education (Grant ~ matrices can be summarized as a general form as follows:
No. EEME202505).
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wl‘l,aﬁ(‘:a w) = w)r(ll(l/}(év 60) + w’r%g/;‘ (év (1)) + w’rﬁaﬁ (é: w) + w’rﬁaﬂ(ga CU),
’ wheren=1,...,6,and a, f =X, z.

(A5) In Eq. (A.6)-(A.9), the multiscale basis functions
. T . .
with (pllzl/lflx") = (40)'2;\’/;:),(/;2,(\;:)) with h = 1, ...,.4 and My = Mp(B, n) indi-

cate that they are constructed over the H-cell in which the coarse-
scale boundary node (vertex) X, of an e-cell locates, while ¢¢ ,

gl _Z[l] gl — },[1] . .
@& 0) = (1 s [ (A A ) st o) + ol (A A 0) ol s(& )]

gl — 41 AT 1
L (1= [l () A o) s &) + o) (155 @) o5 (8 )] (A6)

5[1]—)([1] ,7[1}_},[” Hx) (1] [1 . Hxi) ( [1] [1 e

Ax 1 A 1 [(/JX‘A}‘} (xg],r£]7w)wa,1(§7w)+¢27J: (xg]mg],w)%vs(éw)]
«f“ A A oy e

Ay Ay [(l’x M, ()(4 y¥q s )90(1,] (& )+(/)z M, ()(4 yVq s )4’(1,5(5’ w)]7

5[2] _ 1[2] ,I[Z] _ },[2] H
X; _ 1 1 (x2) (2] | [2] x2) (12 [2]
wn?a/;(év CU) - <1 - A}( l - A]/ |:(/)X,M§ (X] ay1 7(1)) (/Ja2(§7 ) +(pz M2 (X] ay1 ,(U)(Pa 6(§7w):|

P P =N b . Hoo) (21 2] Y e (A7)
4, 1- Ar [40 (xz s )rpa,z &) to, (){2 s )rpa,e(é w)]
=N = w2 N Hoo) (21 21\ e
+ 1- A){ A}/ |:¢X,M§ (}(3 ’ y3 ’ (A)) Pa2 (§7 CU) + ¢Z7M22 (}(3 ) }/3 ) (A)) (paﬁ (§7 CU):|

5[2 200 =P e (2 2
A [ﬂxMz)(}(L]ﬂ],w)%z(éva(/)z )(A]’}'L],w)wi,s(évw)],

X Bl )([1] i3l — y[13] Hoo) (3] 0] ‘ Hoo) (3] (] ‘ el 7)([]3]
T = (1= 5 ) (1= ol (0 )ois @ o) o) (o0 Jots @) | 22 (1
EIE]
n Y H(x: 3 .
S 1_) |:¢XM3>()([2],7[2]7 )fﬂag(éw) +ap >()([2]7;/[2]7 )(p,ﬂ(é,a})} + (1

B — NP =1 hooy Hs) (31 [3]
- [¢X~M3 (x3 73,0 )40;3(5.,,0’)"‘(/7271\/13 (;(3 )73 ,w)tﬂiy(é, w)]

Ay Ay
£B) 7)([ ] 3 — },[3]
+ A){ 1 A]/ 1 [(pi{,;\i]‘j (){ELVL% )(/7(8143(‘25{”) + (pZI(W3) (IE]’J/L]’ )40277(&7 ”)):|7 (AS)

Xe g — 4 1 =N He (a4 Hox) (4] )
wn,aﬁ(ﬁyw)Z liT liT [(P ()(1 71 7w)(ﬂa4(§> )+(PzM4 (?51 71 vw)‘ﬂas(‘g’w)}

g _ 1 g4 — 4 H( ” . Hixs 4 . A9
F i 11— N 1 [qox‘,\}‘j (;([2]77[2], )¢a,4(§,w)+(/)zv,w4 ()([2]77[2], )%3(&@)] (A.9)
& *%[14] 7 *7[14] Hxs) ( (4] [4] Hxi) ([4] 4]
+<1 — A)( Ay |:(PX (){3 V3 7w)(p(14(§7 )+¢ZM4 (){3 73 7w)(p(z8(‘§7w):|

5[4 )( 77”*}'[4] H(xq) [ [4 4 4
A){ A}’l |:(/)x](\/14)(}(h]vyahw)(pall(évw)+(/)2M4>(}(Ll]v},g]aw)(pfl,s(évw):L
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, 8 are constructed over Ifﬂm and Iui]/2 for
computing cﬁ (&, @) and dﬁ (&,w), respectively. Using Eq. (A.5)~(A.9),
we can obtain all coefficients in the coupling coefficient matrices
by assigning different values for some parameters.

For ¢ we have wp 45(&, 0) = ciaﬂ(gw) with

with m = 1, .

i+1/2°
(& 0) = (&) =0, ifn=56, A10)
& w0) = (Ew) =0, ifn=12, '

Petroleum Science 23 (2026) 1860-1889

Hxi) _ H(xs) _ Hx;) _ H(xa) _
q)M‘ b= (pM3 [q)MILx 1/2]i1/2 M, Y= q)M“ [(pMZ]IH»l/ZjiI 2
(A.15)
Note that it is unnecessary to determine My withh =1, ...,4in

Eq. (A.11) and (A.14) when @} a,;(é? o) =0.

Appendix B. Coefficient matrices of the coarse-scale FD
stencil

M (=xn) =My =xn)=n,_ M(p=zn)=M@E=zn=n+4, n=1..4, (A11)
Ms(p=x,n) =Myg(p=x,n)=n—-2, M3(f=2zn)=My(f=2zn)=n+2, n=3,.6, '
We define the coefficient matrices in Eq. (22) as
ij ij ij
Aij _ nx | _ An,xx An,xz n=1...21 (B])
" Al A Al o '
H(x;) _ H(Xz) _ H(xs) _ H(xs) _ nz nzx  inzz
My =P = [Py ] Oy =Py, = o]
1 2 i+1/2j-1/2 3 4 i+1/2j+1/2
(A12) For the eight-flux- based fourth-order FD stencil, we define
' (1” H)’ d, D+ and d ~ withn =1, ..., 6 as the coupling
where HIH and HIH } indicate that the variables in the coefﬁc1ent matrlces ofﬁne scale wavefield solutlons within I,+3/2J,
bracket are obtalned W1th1n the H-cells of 1&1/24 12 and LY Ifj+3/2, and I3 respectively. We can obtain c,<1 with

IiP;{H/ZjH/Z' respectively.

For I, 1 5, we have mp 4p(§, w) = i 15(& @) with

n =1, ..., 6 by replacing i with i £1 in Appendix A during their
computation. Similarly, d{*V* with n = 1, ..., 6 are computed by

substituting j4+1 for j in Appendix A. Therefore, the PML-related

w’r;ja/}(§7m) _ w’rﬁaﬂ(évw) —0, ifn=3,86, A13) coefficient matrices in Eq. (22) are specifically given by
Mi(p=x,n) =M3(f=x,n)=n, M (p=zn)=Msp=zn=n+4 n=1.2,

M](ﬁ:X7n):M3(ﬁ:X,n):n—17 M](ﬁ:Z7n):M3(/f—Z7n _n+37 n:4757 (A14)

My(p=xn)=Myg(p=x,n)=n-1, My(p=zn)=Myp=2zn)=n+3, n=23, '

Mz(ﬁ:X,n):M4(ﬂ:X7”):n—2, Mz(ﬁ:Z,n):M4(ﬂ:Z,n 7n+2a n:5567
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. (=1)—
AN // {Css ody, ) (&, w)+§ ody, '~ (&, w)] dxdz, (B2a)
=123, 24AZ(CZ g s oz Lo x
. (=1)—
%7123)2 // [C]EI od,!) (é,w)Jr@ od, ;'™ (&, w)} dxdz, (B2b)
I anzeYlE /2‘ . ox & oz
(=1)—
.. dc , ac s
Al_s914)x = / [C“ 2n 3)/5X(§ ”)+% Z=ll ‘”)} dxdz, (B.3a)
S aax(g e, ] ox & oz
(=1
Al(i—49 14).z = // {CSS G 2” LR w)+C55 %an3/52 )} dxdz, (B.3b)
T ’ 24Ax(§x 3/2 ’ i-3/2j 0z gX ox
Agjx = ‘// {C” TG e )+% aciza(é w)} dxdz
7 SAX gx 1/2 i-1/2] ox z z
// C11 0C2X o )+C13 6C22 (&) dxdz (B.4a)
24AX(CX 3/2 ’ LEpY ox {2 0z
// {CSS odq (& o )+@ ody , (&, w)} dxdz
SAZ(é’z '] 1/2‘ ij-1/2 Z §X ax
“1)—
// [C55 ody, " (& w) G od " (é,w):| ixds
24Az (AT /2‘ T oz Cx o
AV — // {Css 94§ @) Css acf,z(éw)} dxdz
Z
SAX(CX l 1/2J‘ I 12 0z Cx ox
// Css ac2x o )+Css (& w) dxdz (B.4b)
24Ax(§x 3 12 ) £ oz Ox o
// {CB od; (& @)  Cs3 0dy,(&, w)} dxdz
8Az &Y 1/2‘ . 0xX {7 0z
“1)—
| 1 [CB oy @) | Gy oy, (m)} s
2482(5,) |, /2‘ £y | Sx ox 2 P
Alej _ // |:C]] aC+ év ) & GC;Z(@', w):| dxdz
X a a
SAX é’x +]/2 ‘ 1+1 /2j X gZ Z4
// [cn 96 (& @) Cy3 96,(&, w)} dxdz (B.5a)
- 8ax( gx ‘ . ox & oz

i-1/2

8az( Cz)l‘l 1/2‘//
J,

ij-

24Az &Y

lJ 3/2 ij=3/2

{Css ody (& @) | Cs5 0d;,(§ @)

} dxdz
oz Cx ox

1/2
Css odf,)" (& @) L Gss adS V(& w)
oz gx ox

dxdz,
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AY — //
%2 gax( gx) ‘

l+1/2J

l:C55 1x(‘§7 o) n % actz(é, a)):| dxdz
(274 Cx ox

i+1/24

// [CSS a(:Zx S )+§ aciz(‘:’ w)} dxdz (B.5b)
- 8Ax( gx 12 ‘ s oz & ox
// {CB 9d; x( §7 @) Cs3 adz_,g(é w)} dxdz
8Az<cz iy /2\ e & oz
adS Ve, adS V™ (e,
// [CB (&) Cpads, (6 w)} dxdz.
24Az (&Y /2] T ox ¢ oz
. C 6C2 (&w) C acz (& w)
A7 = // { 1 );x +% zaz }dxdz
SAX CX +]/2 ’ 1+1 2j z
1 |:C]1 ()C (‘g‘, )+C13 (‘;;7 ):| dxdz (BG&)
24Ax(§x)l S+3/2J’ ey Cx o &z ()Z
ﬂ {CSS ad?:x & o) % ad?:,z(‘g’ w)} dxdz
8z, 1 1 oz &G oo
—1)—
/] C55 adsx (& o) +§ adéAZ ) (& w) dxdz,
24Az (U1 /2‘ T, oz x ox
Al // [css 3x(& @) | Css5 9€5,(& w)} dxdz
7z~ 8AX( gx ]/ZJ‘ . 0z Cx oxX
// [Css aciy (G o )Jr% ‘)C%l,f(g’“’)] dxdz (B.6b)
24AX(§){ l+3/2,]‘ 1+3/2_1 0z éX ox
// {CB od; x( §7 ) G ods (&, w)} dxdz
8L, I 1/2‘ £ & oz
ad( , ad D (e,
n [cw T Gyl w)} s
24Az P E /2’ ¢ ox 2 0z
Abox= // [C“ 23x&0) | Crs %655 w)} dxdz
8AX Z:x 1/2 ‘ i-1/2j X &z oz
ﬂ |:C]] ac4x (év )+C13 (év ):| dxdz (B7a)
2anx( g sa o A
+ |:C55 adl x(év ) +§ adTZ(éw)] dxdz
8Az(§z)’ Ei /2( Ll oz O ox
_ 9 [C55 ody (&, ) +§ 5d1z(§7w)] dxdz,
8az(& Y|l /2( g, 0z & o
T onl I e S s e U
8Ax &) I 1/2,;‘ o oz {x ox
// {Css o) (Ew )+c55 (é,w)] dxdz (B.7b)
24Ax gx) £ ‘ . oz Zx i
// {CB i (& 0) G i G )} dxds
SAz gz e /2’ Eion ox L oz
ﬂ [C]3 ad4 X(‘:v 60) +% adlzz(gva))i| dXdZ,
saz(GyE, /2’ £ ox & oz
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Cyq 065, (E. @) ;5 €], (& )
e T A e e i L
SAX(Z:X l+1/2]‘ it1/24 4
// {C“ acy (&, w)+% 0‘2;(570’)] s
SAX Cx 1/2 ‘ i-1/2 X & 0z
L [Css od3 4 (&, )+§ 0dzz(§,w)] dds
8AZ(CZ)’ i /2( [ N & ox
_ 9 [Css ods (&, w) L Gss adg,z(g,w)] ixdz.
8az(e )k, /2( N NP C oX
Css 0€3 (&, ) Css €3, (& o)
AY, 2=Dz+ // [ 5 332 % 3126x }dxdz
SAX gx 1 ]/2 ‘ 1+1 2j X
// [CSS oCy (& w) L Gss acy, (&, u))} dudlz
- 8Ax( gx © 1 ‘ . 0z G ox
SAZ Z-"Z ]/2‘ Liip oo &z oz
// {Cn o5 ,(& )  Ca3 05, (&, w)] dxdz.
8Az gz 1 /2‘ A ox I 0z
Al 9 {& ¢, (& @) Ci3 acy (&, w)} s
12 T » =T 4z
* SAX(CX)I Il§+1/2j I;+1 /2 Cx ox &z 0z
1)+ 1)+
/, [Cn 2 6ol G 5 (é’w)} dxdz
24Ax( é,X +3/2J’ HEPY 2 {7 oz
+ |:C55 6d3 ;;(&7 ) C55 ad3 Za(g, a)):| d dZ
8AZ(CZ)’ B /2‘ e z Zx X
_ J {Css odg (& o) | Css ad(;z(ﬁ,w)} ixdz.
8AZ( Y[l o 1l e 2 G o
A - {Css Xix&@)  Css m} iz
z= sAx(gx 12 ) £ oz y ox
1 [C55 ac?:,x (é’ {U) +§ OC:(;;+ (éaw):| dxdz
2448%(&x ) IzS 3/2J’ ey & oz Cx ox

C13 d3,(8 @)  Cy3 0d3,(§ ) dxdz
o0x ¢, 0z

8Az {Z)J‘I 1/2‘ /‘, .

-1/2 ‘//
AllJS X SAX gx ‘//

i-1/2

[cw 05, (& )  Cy3 ada,z@,w)} i

8Az &y ox {z oz

ij-1/2

|:C11 acs x(év w) + @ acg"z(gv w):| dXdZ
ox & oz

i-1/24

|:C1‘l acG X (§7 (‘)) C13 dce 7z ((‘;, (U):l

24Ax I, /ZJ‘/] ¢ i x L oz
N [Css odi(& @) Css adlz@?w)] dxdz
8AZ(CZ)] fj+]/2‘ Ifjﬂ/z ¢z 0z Cx 28
1 [CSS 6dgl‘;+ (& o) +$ ad(1172)+ (&, w):l dxdz
2482V I /2‘ e 0z & ox '
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(B.9a)

(B.9b)

(B.10a)
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1/2J | 1/2§

A= ————— ]
152~ 8AX Cx ‘

C55 €5 4(§ @)  Cs5 9C5,(§ @)
0z

Z X } dxdz

I // |:C55 acsx (§7 +C55 ach (§7 ):| dXdZ
24Ax( gx) e /ZJ‘ £ oz ix ox
[CB (&) Cy adzz(é,w)} dxds
8AZ(§Z)’ 1/2’ En L Cx ox &z Z
1 {clg ad} (& o) Cy ad%Q*(;w)} e
24AZ(§z)j I$J+3/2‘ Bjisr2 Ex o & %z ,
ij 9 [Cn ocs (é,w)+c13 ocs (& w )} drdz
16 i .
* 8AX(Ly)' If+1/2,j‘ g b& X & 9z
9 [C]] acaxa(é w) & acaza(gv w):| dxdz
8Ax(§x) e /ZJ‘ e X & z
// [C55 ods, ;;(é,w) Css 6d§2(~§, w)} declz
8AZ Cz 1/2‘ Lip Z & X
M+
ﬂ |:C55 adzx (éa )+§ adzﬁx (éaw):| dXdZ,
2402, ) | /2’ Eos oz Ox ax
ij 9 C55 6C+ (§7 w) +% 0C;Z(§, w) dxdz
162 E ¢ 174 14 ox
SAX(éx) 1/2‘]‘ ir1/24 - °Z X
/] [C55 aCGX ga ) % ac(;za(ga w):| dXdZ
SAX Cx I; ]/ZJ’ B2 %z Cx X
// [Cw ods, (& o) [&F ddgz(‘:, w)} dxdz
SAZ éfz 1/2‘ g oX &z 0z
Cy3 0y (& @) C ody)" (& o)
// [ 13 =33 "‘a dxdz,
24Az Cz)" i +3/2’ s ox gz Z
ij 9 [& 6ch(§7w)+% oc (&, w)} drdz
17X~ 0 . ile T -
FBAXG Iy o LG X & o2
1>+ )+
// [Cﬂ 9, (§0) Ci3 0csﬁza(§,w)} dxdz
24Ax(¢y) 1+3/2,]’ s oxX &z 74
// [Css ad (&, @) LG odg , (&, w)}
8AZ §Z 1/2‘ ij+1/2 oz CX ox
M+
// |:C55 ad3x & )+§ ad3_’z (":,w):| dxdz,
2482|1650} e 9z o X
i ; [ ox(&0)  Cos 96548 ) )} dxdz
17, i ,
& 8AX(Ly)' Ifﬂ/;j‘ g L 62 %z o X
(1)+
ﬂ |:C55 ac5 (‘57 )+§ acS,za (§7w):| dXdZ
24AX(Cx +3/2J) LYY oz Sx X
N [CB 5d6)é(§a @), Cx adgg(zé w)} dxdz
SAz(gz)J I P B L S X &
(1) (M+
// [CB ody, " (& ), Cx 6d3‘xa (é,w)] dudz,
24A2(5,) I3 /2‘ i ox (z 74
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(B.10b)

(B.11a)

(B.11b)

(B.12a)

(B.12b)
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(1)+ (1+
Al ! Cin %n-05x&0) | Crs Xian 6528 g, (B.13a)
(SIS 4 (&' |E i13/2j ‘ Ty | S ox & oz 7
M+ )+
ij I Gss OCon_g)/5x(5 @) Css OCon_g)5.(& @)
An—s13.18)2= ; —— —+ > ——— | dxdz, (B.13b)
e 248%(8)'|I¢, 5 /ZJ‘ Iy | G2 oz Cx ox
(1H+
AiJ J— 1 |:C55 adﬂflix(g’w) C55 ad (‘:v ):| dxdz (B ]4&)
(n=19,20.21) x 24820 I 5 ‘ Ep | Sz 0z Iy ax
. 0d D+ @ ad!V+, , @
Al(}J1:19‘20421)Az // CB 1gx(§ ) C33 "7132@ ) dxdz, (B.14b)
- 24AZ Z:z ‘ ij+3/2 X {Z z

Y

with
Dy = (#?Dj;,0),D; = (0,0?Dj;), (B.15)
-agwo(Da/Lomn)> . .
14+i———2 " inside PML,
Ca:x,z: + @ (B‘16)
1, outside PML,

where i = v/—1, qg is a constant, D, denotes the distance from a
point, which is indicated by the superscripts of ¢, _ x to the
boundary of the bounded computational domain in the a direction,
Lpyi denotes the PML width; Ax and Az are the x- and z-direction

sizes of coarse elements in Qy, respectively; (¢y)' = &y(%;) = Cx(iAX)
and (gz)i =¢, (zj) = ¢{,(jAz) represent the PML damping values at

the x-coordinate x; in the x direction and the z-coordinate z; in the z
direction, respectively.
An example is presented to exemplify the finite-difference

where (&, 1) = (kAE, IAR) is the discrete sampling point of the local
Cartesian coordinate & = (¢, ») in the e-cells, & = & (x) =x+ [k —
(1 4+ Ng) /2]Aé = ni(z) = z+ [l = (1 + Ng) /2]An, and (x, 2)
refers to the center point of an e-cell, (x, z) = (x;, zj.3/2), for instance;
the superscripts and subscripts of Css and ¢, — x, provide their

(Css)i? /A = Css <§k (%), 1412 (%’4/2))

kl+1/2 and
ez = & (§k+1/z(xi)), for instance. The finite-difference ap-

coordinates,

proximations of other integral terms in Eq. (B.2)-(B.14) can be
formulated similarly.

Appendix C. Discrete linear system of the macroscale
problem

With the coefficient matrices in Appendix B, we assemble the

impedance matrix A in Eq. (23). If we define the two column
vectors in Eq. (23) as the following forms:

- T
approximation of an integral term. For the integral term in Eq. U= (Uoﬁo» +,Unu_10, - Ug et -~~,UNXH,1A’N§,1> , (C.1)
(B.2a), its finite-difference approximation is
[/ {Css adnx (&) +C55 6d< (‘3,“’)} dxdz
oz Oy ox
1,1 3/2) ij-3/2
3/2 _
1 N Nl (C55);<Jl+1//2 [d Gy, 0) —d x) (fkﬂ?hw)] (B.17)
Nf( (N% - 1) k=1 I=1 Cz)-;Jrl/Z
. . 3/2 —1)-
1 N N (Con) A G e) — 43D (G, 0)]
(NS -ON; (5 5 Af(Cx)kH/z 7
- T
F= (FO.,O»"'-,FN;Ll,Ov"',FO,N;LD'“»FN;H,N;H) ; (C2)
in which U;; = (Uy,ij, UZ_iJ)T and F;j = (Fyj Fz,,‘l,')T withi =0, --7N,];l -
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B
Il

with

My M9 ™! 0 0 0 0
M, Ml M} M} 0 0 0
M? M3 M3 M2 M2 0 0
0 - - 0
NH-3 ONH-3 NH-3 o NH-3 o oNHo3 |
0 0 M, M oM T M MY
NH 2 NH 2 NH -2 NH_2
0 0 o M:?* ME? M MY
1 2 3 4
0 0 0 o Mt ME oM
1 2 3
(C3)
04 0,
AY AY o 0 0 0 0
Al Ay AY o0 0 0 0
2j 2j 2j
0 A¥ A} AY 0 0 0
0 0 - . : 0 o |,
0 0 o AW Al AN g
NH_2j ANH_2j L NH_2j
0 0 o0 0 A A} A}
NH-1j ANH-1j
0 0 O 0 0 Al A)
(C4)
AY A% AY 0 0 0 0
AV A AY Ay 0 0 0
A A AY A AY 0 0
0o - X : o |,
NH_3j oNH_3j ,NH_3j ,NH_3j ,NH_3j
0 0 A} AN AT Al A
0 0 0 AZ:LZJ AISV)';LZJ Ag":*ZJ A’;’E*ZJ
NH—1j ANH—_1j ANH_1j
0 0 O 0 A} AN AS
(C.5)
0j 04 0,
A% A% A% 0 0 0 0
1j 1j 14 14
Ap Ayl Ap Ag 0 0 0
2j a2j 2j 2j 2j
A9 AlO All A12 A]3 0 0
0 -~ - - o |,
NH-3j ANH-3j NH_3j  NH_3j  NH_3j
0 0 A9 AlO A]l A]Z A13
NH-2j ANH_2j ANH_2j NH_2j
0 0 0 A9 A]O All A12
NH_1j ANH_1j ANH_1j
0 0 o0 0 Ay Al Al
(C.6)
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A% A% A% o0 0 0 0
A AL A A 0 0 0
(A Ad Al Ay A 0 0
M,=| 0 - . 0o |,
0 0 o0 0 AN AN ANl
(C.7)
A% AY o 0 0 0 0
Al A AY 0 0 0 0
. 0 A% A3 A 0 0 0
M- 0 0 - . . 0 0
0 0 o A% Al AN
0 0o o0 o AN Al Al
0 0 0 o0 0 A ANl
(C8)
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