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a b s t r a c t

The elastic Helmholtz equation is capable of readily simulating attenuation and dispersion behaviors of 
the elastic wave and performing full-wavefield modeling in wave-equation-based elastic inversions and 
migrations. However, solving the elastic Helmholtz equation using a finite-difference frequency-domain 
(FDFD) method is computationally prohibitive especially in heterogeneous media with fine-scale het
erogeneities. The FDFD method usually leads to a large discrete linear system of the elastic Helmholtz 
equation. We develop a multiscale method of FDFD to solve the elastic Helmholtz equation in isotropic 
media based on the general framework of heterogeneous multiscale method (HMM). The HMM 
framework decomposes the elastic Helmholtz problem into a series of microscale problems and a 
macroscale problem. The idea of multiscale basis functions is introduced to decouple the coupled 
microscale and macroscale problems and to capture fine-scale heterogeneity in medium properties. A 
reconstruction-based downscaling coupling and a flux-based upscaling coupling are used to convey the 
fine-scale medium heterogeneity to a coarse scale. The dimension of the resulting linear system is much 
smaller than those of linear systems generated with the conventional FDFD methods. We use a ho
mogeneous model and a heterogeneous model to investigate the effects of the size of local sampling 
domains and the coarse-element number per S-wave wavelength on the accuracy of our new method, 
and employ two highly heterogeneous models to demonstrate the superiority in terms of the efficiency 
and memory consumption of our method based on the optimal local sampling-domain size and stable 
coarse-mesh discretization. The results demonstrate that our new method can approximate the fine- 
scale reference FDFD solutions with a significant decrease in computational complexity.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc- 

nd/4.0/).

1. Introduction

Seismic wave modeling relates geological structures to seismic 
responses and thus is a powerful tool for wave propagation 
investigation and wave-modeling-based inversions and migra
tions (e.g., K€ohn et al., 2015; Zhou et al., 2022; Wu et al., 2023; 
Chen et al., 2024). The essence of seismic wave modeling is to 
solve the time-domain wave equation or its frequency-domain 
counterpart. Time-domain methods (e.g., He et al., 2023; Xu and 

Liu, 2024) produce straightforward wavefield solutions, whereas 
frequency-domain methods (e.g., Min et al., 2000; Chen and Cao, 
2016) have advantages on the attenuation, dispersion, and multi- 
shot simulations as well as the parallelization for multiple fre
quency components (Gosselin-Cliche and Giroux, 2014; Fan et al., 
2018). Among these methods, finite-difference (FD) methods 
based on the structured mesh (e.g., Pratt, 1990; �Stekl and Pratt, 
1998; Min et al., 2000; Chen and Cao, 2016; Yang and Mao, 2017) 
and finite-element (FE) methods based on the unstructured mesh 
(e.g., Thompson and Pinsky, 1995; El Kacimi and Laghrouche, 
2009; Zhao et al., 2017) receive much attention due to their 
well-known trade-off between the accuracy and efficiency  (Fu 
et al., 2019). However, these methods encounter a major chal
lenge when they conduct wave modeling in highly heterogeneous 
media. In these media, a sufficiently  fine  mesh discretization is 
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necessary to capture fine-scale  heterogeneities, and eventually 
leads to huge discrete linear systems with millions or even billions 
of degrees of freedom in the two- and three-dimensional scenarios 
from the Helmholtz equation. Due to more displacement compo
nents in the elastic case than that in the acoustic case, the issue 
concerning the computational cost of solving the elastic Helmholtz 
equation is relatively more severe.

The limitation of the computational cost attributes mainly to 
the linear system solver. The main drawbacks of existing dominant 
direct and iterative linear system solvers are the high memory 
requirement related to the lower‒upper (LU) factorization and low 
efficiency  associated with the convergence rate, respectively 
(Gosselin-Cliche and Giroux, 2014; Li et al., 2015). Several methods 
and techniques, such as the multifrontal method (e.g., Wang et al., 
2010, 2011, 2012), the block low-rank technique (e.g., Amestoy 
et al., 2015), and the hierarchically semi-separable technique 
(e.g., Xia et al., 2010), have been explored to achieve an improve
ment in the memory consumption of the direct solvers. These 
improved direct solvers depend on the impedance matrix struc
ture in the linear system and complicated parallelization strategies 
to alleviate the memory burden (Fu and Gao, 2017). Whereas, ef
forts of improving the iterative solvers primarily focus on the 
preconditioners whose role is to accelerate the convergence of an 
iterative algorithm. Dominant preconditioners include multigrid- 
based preconditioners (e.g., Erlangga et al., 2004, 2006) and 
sweeping preconditioners (e.g., Engquist and Ying, 2011; Poulson 
et al., 2013). The multigrid method is still the leading approach 
for iteratively solving the Helmholtz equation (Fu and Gao, 2017). 
In addition, the parallel strategy is introduced by some studies to 
achieve a parallelization of preconditioners or iterative solvers for 
further improvement in the efficiency (e.g., Poulson et al., 2013; Li 
et al., 2015).

Another adverse factor associated with the high computational 
costs is high degrees of freedom. The adaptive methods exploit a 
space-adaptive grid scheme to generate linear systems with a low 
degree of freedom. The space-adaptive methods use meshes with 
different sizes to discretize model zones with different velocity 
variations (Fan et al., 2018), which avoids redundant grids in the 
model zones with small velocity contrasts and high velocity and 
thus decreases degrees of freedom of the linear systems. Never
theless, highly complex heterogeneous media fail effective appli
cations of the space-adaptive methods. Barring the adaptive 
methods, the numerical homogenization methods (e.g., Capdeville 
and Marigo, 2007; Gao et al., 2015) provide an alternative 
approach to achieve a reduction of the computational cost. These 
numerical homogenization methods upscale the fine-scale  het
erogeneous media to produce the coarse-scale effective media. 
Wave modeling is finally performed using the effective model on 
the coarse level instead of the original model on the fine  level. 
However, a condition of long-wavelength assumption is required 
for the numerical homogenization methods.

Multiscale methods provide another important means to 
reduce the computational complexity of solving the Helmholtz 
equation. The goal of the multiscale methods is to construct 
reduced discrete linear systems from the Helmholtz equation 
without loss of the fine-scale medium heterogeneity impact. The 
relevant multiscale methods in wave propagation investigation 
mainly include the multiscale finite-element method (MsFEM) 
(Hou and Wu, 1997) and heterogeneous multiscale method (HMM) 
(E and Engquist, 2003). Some researchers (Efendiev et al., 2013; 
Gao et al., 2018; Fu et al., 2019; Zhang et al., 2010a, 2010b) have 
further developed the improved versions of MsFEM, such as the 
generalized, high-order, and extended MsFEMs. The philosophy of 
these MsFEMs of different versions is to perform a fine-to-coarse 
projection of discrete Helmholtz equation systems before solving 

them. By contrast, the HMM is only a general framework with 
which a specific multiscale algorithm can be designed, and can be 
combined with the FD and FE methods (Chen, 2009). However, 
most of HMM-based multiscale methods for transient (parabolic) 
and steady (elliptic) problems use the FE methods as microscale 
and macroscale solvers. Because the FD methods are widely 
applied, Abdulle and E (2003) proposed a FD-HMM for the tran
sient problems. Later, the FD-HMM has been applied to solve the 
transient wave equation in the time domain (Engquist et al., 2011; 
Arjmand and Runborg, 2017), and extended to develop an FDFD- 
HMM for the steady acoustic Helmholtz equation in the fre
quency domain (Jiang et al., 2021, 2022).

In this paper, we further develop an evolutionary elastic version 
of FDFD-HMM for the elastic Helmholtz equation with coupled 
displacement components in isotropic media. Different from the 
acoustic case, it is necessary to consider the effect of the coupling 
between different displacement components on the reconstruc
tion and flux  estimation in the elastic case. Following existing 
HMM-based multiscale methods (e.g., Abdulle and E, 2003; Chen 
and Ren, 2008; Chen, 2009; Engquist et al., 2011; Arjmand and 
Runborg, 2017), the acoustic FDFD-HMM (Jiang et al., 2021, 
2022) employs a linear medium-independent reconstruction 
operator. Nevertheless, this reconstruction operator is inaccurate 
in the elastic case. We design a medium-dependent reconstruction 
operator to improve the accuracy in the elastic FDFD-HMM. To 
further improve the accuracy in the elastic case, we develop an 
eight-flux-based  21-point FD stencil to discrete the macroscale 
problem for constructing the reduced coarse-scale linear system 
due to the insufficient  accuracy of a 9-point stencil used in the 
existing HMM-based FD and FDFD methods (e.g., Abdulle and E, 
2003; Chen and Ren, 2008; Chen, 2009; Arjmand and Runborg, 
2017; Jiang et al., 2021, 2022).

2. Elastic Helmholtz equation

The elastic Helmholtz equation is formulated as (Fu et al., 2019) 

∇⋅σ(U) + ρω2U = − F;

σ(U) = C : e(U);

e(U) =
1
2

[
∇U + (∇U)

T
]
;

(1) 

where σ(U) = σ(x, ω) is the second-order stress tensor, e(U) = e(x, 
ω) is the second-order strain tensor, C = C(x, ω) is the fourth-order 
stiffness tensor, U = U(x, ω) is the displacement vector, ρ = ρ(x) is 
the medium density, F = F(x, ω) is the external force vector, x 
denotes the Cartesian coordinate, and ω = 2πf represents the 
angular frequency of the frequency f.

With the Voigt notation (Mavko et al., 2009), the stiffness 
tensor of fourth order in isotropic media is abbreviated to a 
second-order form: 

C=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

C11 C12 C13
C12 C22 C23
C13 C23 C33

C44
C55

C66

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

; (2) 

with 

C11 = C22 = C33;C44 = C55 = C66;C12 = C13 = C23: (3) 

We only consider a two-dimensional scenario in the x-z plane 
in this paper. In this case, the stiffness tensor in Eq. (2) is reduced 
to 
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C=

⎛

⎝
C11 C13 0
C13 C33 0
0 0 C55

⎞

⎠; (4) 

wherein nonzero entries are related to the velocities and density 
by 

C11 = C33 = ρv2
p;C13 = ρ

(
v2

p − 2v2
s

)
;C55 = ρv2

s ; (5) 

in which vp and vs are the P- and S-wave velocities, respectively.
Substituting Eq. (4) into Eq. (1) yields an explicit formulation of 

the elastic Helmholtz equation in two-dimensional heterogeneous 
isotropic media (Pratt, 1990; �Stekl and Pratt, 1998): 

⎧
⎪⎪⎨

⎪⎪⎩

∂
∂x

(

C11
∂Ux

∂x
+C13

∂Uz

∂z

)

+
∂
∂z

(

C55
∂Ux

∂z
+C55

∂Uz

∂x

)

+ρω2Ux = − Fx;

∂
∂x

(

C55
∂Ux

∂z
+C55

∂Uz

∂x

)

+
∂
∂z

(

C13
∂Ux

∂x
+C33

∂Uz

∂z

)

+ρω2Uz = − Fz;

(6) 

where (Ux, Uz)T = U, (Fx, Fz)T = F, and (x, z) = x.

3. Finite-difference heterogeneous multiscale method in the 
frequency domain

In the following theory development, we focus on formulating 
our FDFD-HMM for the elastic Helmholtz equation in the two- 
dimensional isotropic media.

The theory development includes four parts: (1) the numerical 
construction of multiscale basis functions from local elastic 
Helmholtz problems; (2) the analytical formulation of a medium- 
dependent reconstruction operator for a downscaling coupling of 
the microscale and macroscale problems; (3) the coupled semi- 
analytical solutions of the microscale problems; (4) the FD as
sembly of a coarse-scale linear system from the upscaling-flux- 
based macroscale problem (Fig. 1). A unique composite mesh 

with multiscale partitioning is designed to accommodate this al
gorithm framework before the elaboration of these four parts.

3.1. Multiscale composite mesh

To accommodate the HMM framework, the computational 
domain is partitioned with a multiscale composite mesh that in
cludes a coarse mesh for discretizing the macroscale problem, a 
global fine  mesh for medium discretization, local sampling do
mains for the missing macroscale flux estimation, and two local 
fine meshes for discretizing the microscale problems.

We use a coarse mesh indicated by QH that contains NH
x × NH

z 

coarse elements to partition the computational domain, where NH
x 

and NH
z are the x- and z-direction numbers of coarse elements, 

respectively. The coarse elements are supports of the coarse-scale 
displacement and force vectors in the macroscale problem, 
namely, these coarse-scale quantities are defined  at the center 
points of their supports. The neighboring four coarse-element 
center points constitute four vertices of a rectangular region 
called H-cell (IH in Fig. 2). We specify an H-cell by its center point. 
Unlike the acoustic FDFD-HMM (Jiang et al., 2021, 2022), this 
elasticity extension designs additional H-cells to capture the fine- 
scale heterogeneity outside the local sampling domains (Iε in 
Fig. 2) for constructing the medium-dependent reconstruction 
operator.

Each coarse element in QH is further partitioned with finer cells 
that need to be sufficiently  fine  to characterize the fine-scale 
heterogeneities in isotropic media. The fine cell numbers in the x 
and z directions in a coarse element represent coarsening ratios rx 

and rz in the corresponding directions, respectively. All fine cells in 
QH compose a global fine mesh indicated by Qh with rxNH

x × rzNH
z 

fine  elements. The fine-scale  medium properties including the 
stiffness tensor and density are defined  at the center points of 
these fine elements. In addition, as supports of the local microscale 
problems, each H-cell is similarly partitioned by a local fine mesh 

QH
h staggered with Qh. Whereas, we define  the fine-scale 

Local elastic Helmholtz problems

Multiscale basis functions

Microscale problem solutions Wavefields at vertices of local
sampling domains

Macroscale problem Macroscale problem solution

FDFD-HMM solution

Macroscale flux
estimation

Analytical representation:
Reconstruction operator

Numerical representation

Microscale problems

Fig. 1. Framework of FDFD-HMM.
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displacement and discrete multiscale basis functions at the 

vertices instead of center points of fine  elements in QH
h to 

accommodate the definition of coarse-scale displacements.
The local sampling domains are indispensable for fine-scale 

heterogeneity capture in the HMM framework. For simplicity, we 
name these local sampling domains as ε-cells. They are centered at 
the points (xi±1/2, zj) and (xi, zj±1/2) (Iε

i±1=2;j and Iε
i;j±1=2 in Fig. 2). 

Similarly, we specify an ε-cell by its center point. These ε-cells are 
used as supports for both the local microscale problems and 
macroscale flux estimation. Each ε-cell is partitioned into a local 
fine  mesh Qε

h. The fine elements in Qε
h are supports of the fine- 

scale displacement vector and discrete multiscale basis functions 
in the local microscale problems, leading to that these fine-scale 
parameters are defined  at the center points of their supports as 
in QH. Moreover, additional ε-cells are necessary to support 
macroscale fluxes of the mass acceleration term ρω2U in Eq. (1). 
For simplicity, we employ the coarse elements, that is Ii,j, in QH to 
act as these supports.

3.2. Microscale problems

3.2.1. Multiscale basis functions
The multiscale basis functions are vital to our FDFD-HMM 

because they can decouple the coupled microscale and macro
scale problems to simplify the procedure of solving the microscale 
problems. Another two roles of these multiscale basis functions 
are to capture the effect of fine-scale medium heterogeneities and 
to couple the wavefields at two different scales. We construct the 
multiscale basis functions over the H- and ε-cells.

Because the elastic Helmholtz equation describes a vector 
problem, the approach that constructs oscillating boundary con
ditions by decomposing the elastic Helmholtz equation into uni
dimensional formulations is inapplicable. We thus first  use the 
oversampling technique (Zhang et al., 2010a, 2010b) to generate 
the oscillating boundary conditions of an original cell from the 
linear boundary conditions of an oversampled cell.

For each displacement component, we solve the following local 
elastic Helmholtz problem over each of the oversampled H- and 
ε-cells (IH+ and Iε+ in Fig. 3) to construct temporary basis 
functions: 

∇⋅σ
(
ψ+

m
)
+ ρω2ψ+

m = 0; in I+; (7) 

where ψ+
m = ψ+

m(x;ω) =
(

ψ+
x;m;ψ+

z;m

)T 
with m = 1, …, 8 are the 

temporary basis functions to be solved, and I+ represents one of 
the oversampled H- and ε-cells. The number of the basis functions 
for an oversampled cell is determined by d2d, where d denotes the 
dimensionality (namely the number of displacement components) 
and 2d represents the number of coarse-scale boundary nodes. 
There are d = 2 displacement components in the two-dimensional 
case, and an oversampled cell has 2d = 4 coarse-scale boundary 
nodes (black-filled squares labeled by h' with h = 1, …, 4 in Fig. 4). 
To solve the temporary basis functions ψ+

m associated with the x- 
component displacement for m = 1, …, 4 and corresponding to the 
z-component displacement for m = 5, …, 8, we assign the 
boundary conditions as follows: 

ψ+
m =

{

(Gm;0)T
;on ∂I+; for m = 1;⋯;4;

(0;Gm− 4)
T;on ∂I+; for m = 5;⋯;8;

(8) 

where Gm represents the linear boundary condition corresponding 
to the mth coarse-scale boundary node on I+, and ∂I+ denotes the 

boundary of I+. In detail, Gm is determined by Gm

(
x+

h

)
= δmh with 

m, h = 1, 2, 3, 4 at the coarse-scale boundary nodes, and varies 
linearly along the boundaries of I+, where x+

h denotes the hth 
coarse-scale boundary node on ∂I+, and δmh is Kronecker delta 
function.

Solving the local elastic Helmholtz problem defined in Eqs. (7) 
and (8), we obtain eight temporary basis functions for each of the 
oversampled H- and ε-cells. New temporary basis functions ψm are 
then constructed through a linear combination of ψ+

m: 

x

z

H-cell IH

ε-cell I εi±1/2, j

ε-cell I εi , j±1/2

Coarse mesh QH

Global fine mesh Qh

Local fine mesh Qh
H

Local fine mesh Qh
ε

Fig. 2. Illustration of multiscale composite mesh.
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ψm(x;ω)=
∑8

n=1

cm;nψ+
n (x;ω); (9) 

where cm,n with m,n = 1, …, 8 are the combination coefficients 

determined by ψm(xh;ω) = (δmh;0)
T when m = 1, …, 4 and 

ψm(xh;ω) = (0; δ(m− 4)h)
T when m = 5, …, 8, in which xh with h = 1, 

…, 4 denotes the hth coarse-scale boundary node (black-filled 
squares labeled by h with h = 1, …, 4 in Fig. 4) of an H- or ε-cell. The 
oversampling technique developed by Zhang et al. (2010a, 2010b)
only employs uncoupled components (ψ+

x;m with m = 1, …, 4 and 
ψ+

z;m with m = 5, …, 8 related to the nonzero x- and z-component 
displacement boundary conditions, respectively) to determine the 
new temporary basis functions ψm, while our method takes the 
coupled components (ψ+

x;m with m = 5, …, 8 and ψ+
z;m with m = 1, 

…, 4 corresponding to the nonzero z- and x-component displace
ment boundary conditions, respectively) into account such that all 

the combination coefficients can be computed simultaneously and 
the coupling effect of two displacement components is taken into 
account. Explicitly, the Kronecker delta condition for determining 
cm,n can be written as a matrix form: 
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ψ+
x;1(x1;ω) ⋯ ψ+

x;8(x1;ω)

⋮ ⋮ ⋮

ψ+
x;1(x4;ω) ⋯ ψ+

x;8(x4;ω)

ψ+
z;1(x1;ω) ⋯ ψ+

z;8(x1;ω)

⋮ ⋮ ⋮

ψ+
z;1(x4;ω) ⋯ ψ+

z;8(x4;ω)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎝

c1;1 ⋯ c8;1

⋮ ⋮ ⋮
c1;8 ⋯ c8;8

⎞

⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
⋱

1
⋱

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

:

(10) 

The temporary basis functions ψm with m = 1, …, 8 provide 
oscillating information on the boundaries of an original H- or 
ε-cell. With these oscillating values, we next construct the ulti
mate multiscale basis functions by solving the following elastic 
Helmholtz problem over each of the H- and ε-cells: 

∇ ⋅ σ(φm)+ ρω2φm =0; in I; (11) 

φm = ψm|∂I;on ∂I; (12) 

where φm = φm(x;ω) =
(
φx;m;φz;m

)T with m = 1, …, 8 are the final 
multiscale basis functions to be solved, and I represents one of the 
H- and ε-cells.

The local elastic Helmholtz problems in Eqs. (7), (8), (11) and 
(12) can be solved numerically by a FDFD method. Due to the 
limited size and nonzero boundary conditions of the H- and ε-cells, 
we employ a compact nine-point FDFD method (e.g., Pratt, 1990; 
Chen and Cao, 2016) to solve these local elastic Helmholtz prob
lems. The obtained multiscale basis functions are medium- and 
frequency-dependent. Their values contain the effects of fine-scale 
medium heterogeneities and source frequencies. In consequence, 
changes in the medium heterogeneity and source frequency 
require a reconstruction of multiscale basis functions. To give an 

I ε

I ε+

I ε

I ε+

IH

IH+

Fig. 3. Illustration of oversampled domains (light-gray-shaded rectangles) of the H- 
cell and ε-cells (gray-shaded rectangles).

1 2

3 4

1 2

3 4

1′

3′ 4′

2′(a) 1′

3′ 4′

2′(b)

Fig. 4. Coarse- and fine-scale nodes for the (a) H-cell and (b) ε-cell. The black-filled squares and black dots represent coarse- and fine-scale nodes, respectively.
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insight into the shape of constructed multiscale basis functions, 
we use a heterogeneous cell shown in Fig. 5 to illustrate its mul
tiscale basis functions (Fig. 6). In Fig. 6, the z components of 
multiscale basis functions for m = 1, …, 4 (the second row in 

Fig. 6(a)) are yielded by the nonzero x-component displacement 
boundary conditions (Eq. (8)), and the x components of multiscale 
basis functions for m = 5, …, 8 (the first row in Fig. 6(b)) are ob
tained from the nonzero z-component displacement boundary 
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conditions (Eq. (8)), which reveal the coupling effect of two 
displacement components.

3.2.2. Medium-dependent reconstruction operator
The multiscale basis functions within the ε-cell cannot directly 

couple the fine-scale  wavefields  on Qε
h with the coarse-scale 

wavefields on QH. A reconstruction operator is needed to analyti
cally project the coarse-scale wavefields  to the coarse-scale 
boundary nodes of the ε-cells, that is its vertices. We use the 
multiscale basis functions for the additional H-cells to capture the 
fine-scale  medium property variations outside the ε-cells, and 
formulate a medium-dependent reconstruction operator.

We first determine the fine-scale wavefields on QH
h (green dots 

in Fig. 7) in an H-cell from the coarse-scale wavefields located at 
the vertices (black-filled squares in Fig. 7) of an H-cell. With the 
multiscale basis functions constructed over the H-cells, the fine- 
scale wavefield in an H-cell is given by 

υ(χ;ω)=
∑4

m=1

φH
m(χ;ω)Ux(xm;ω) +

∑4

m=1

φH
m+4(χ;ω)Uz(xm;ω);

(13) 

where υ = (υx, υz)T is the wavefield at the fine-scale node χ = (χ, γ) 

of QH
h , (Ux, Uz)T = U is the macroscale problem wavefield solution at 

the coarse-scale node xm of QH, and the superscript H of φm de
notes that the multiscale basis function is obtained over an H-cell.

We next use the neighboring fine-scale wavefields υ on QH
h (red 

and blue dots in Fig. 7) to determine the wavefields U′ located at 
the vertices (red- and blue-filled squares in Fig. 7) of the ε-cells. 
Considering the flexibility that the HMM allows the ε-cell size to 

vary, a bilinear interpolation operator within fine elements of QH
h 

is used to determine the wavefields  Uʹ =
(
Ux́;Uź

)T at the four 

vertices ξh =
(

ξ[h]; η[h]
)

with h = 1, …,4 of an ε-cell: 

Uʹ(ξh;ω)=Uʹ(ξ[h]; η[h];ω
)
=

(

1 −
ξ[h] − χ[h]1

Δχ

)(

1 −
η[h] − γ[h]1

Δγ

)

υ
(

χ[h]
1 ;ω

)
+

ξ[h] − χ[h]1
Δχ

η[h] − γ[h]1
Δγ

υ
(

χ[h]
4 ;ω

)
+

ξ[h] − χ[h]1
Δχ

(

1 −
η[h] − γ[h]1

Δγ

)

υ
(

χ[h]
2 ;ω

)
+

(

1 −
ξ[h] − χ[h]1

Δχ

)

η[h] − γ[h]1
Δγ

υ
(

χ[h]
3 ;ω

)
;

(14) 

where χ[h]
1 =

(
χ[h]1 ;γ[h]1

)
, χ[h]

2 =
(

χ[h]2 ;γ[h]2

)
, χ[h]

3 =
(

χ[h]3 ;γ[h]3

)
, and χ[h]

4 =
(

χ[h]4 ; γ[h]4

)
represent four neighboring fine-scale nodes around the 

vertex ξh with h = 1, …, 4 of an ε-cell, and Δχ and Δγ are the x- and 

z-direction sizes of fine elements in QH
h , respectively. For each of 

the vertices ξh with h = 1, …, 4 of an ε-cell, the bilinear interpo
lation is carried out within a fine  element, the smallest discrete 

element in the multiscale discrete space, of QH
h rather than within 

an H-cell.
According to Eqs. (13) and (14), we finally  obtain a recon

struction operator of the wavefield U′ located at the vertices of an 
ε-cell with respect to the coarse-scale wavefield U: 

Uʹ=R(U): (15) 

We do not present a specific formulation of this reconstruction 

operator R(⋅) because it is involved in the final expression of the 
microscale problem solution u (see Appendix A). Compared with 
the medium-independent reconstruction operator that directly 
interpolate the coarse-scale wavefield  U to yield the ε-cell 
boundary wavefields  (Jiang et al., 2021, 2022), R(⋅) based on the 
multiscale basis functions in Eq. (15) captures the effect of fine- 
scale medium heterogeneities outside the ε-cells 
(IH

i±1=2;j±1=2 − Iε
i±1=2;j and IH

i±1=2;j±1=2 − Iε
i;j±1=2 in Fig. 7, where 

IH
i±1=2;j±1=2 = IH

i− 1=2;j− 1=2 ∪ IH
i+1=2;j− 1=2 ∪ IH

i− 1=2;j+1=2 ∪ IH
i+1=2;j+1=2, 

Iε
i±1=2;j = Iε

i− 1=2;j ∪ Iε
i+1=2;j, and Iε

i;j±1=2 = Iε
i;j− 1=2 ∪ Iε

i;j+1=2). In addition, 

the multiscale basis functions involved in R(⋅) also contain the 
coupling effect of two displacement components.

3.2.3. Microscale problem solutions within ε-cells
The ε-cells are the target local domains over which the 

microscale problem wavefield solutions are obtained for the sub
sequent estimation of the missing macroscale fluxes. With the 
reconstructed wavefield U′ and the multiscale basis functions for 
the ε-cells, the fine-scale wavefield in an ε-cell is given by 

u(ξ;ω)=
∑4

m=1

φε
m(ξ;ω)Ux́(ξm;ω) +

∑4

m=1

φε
m+4(ξ;ω)Uź(ξm;ω);

(16) 

where u = (ux, uz)T is the wavefield at the fine-scale node ξ = (ξ, η) 
of Qε

h, the superscript ε of φm denotes that the multiscale basis 
function is obtained over an ε-cell.

Substituting the reconstruction operator in Eq. (15) into Eq. (16)
yields linear coupling expressions of the microscale problem so
lution u with the macroscale problem solution U: 

u(ξ;ω)=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑6

n=1

c±n (ξ;ω)U(xn;ω); for Iε
i±1=2;j;

∑6

n=1

d±
n (ξ;ω)U(xn;ω); for Iε

i;j±1=2;

(17) 

where c±n (ξ;ω) and d±
n (ξ;ω) with n = 1, …, 6 are the coupling co

efficient matrices. For each of the ε-cells, its microscale problem 
solution is only related to the wavefields at six coarse-scale nodes. 
See Appendix A for more details on these six coarse-scale wave
fields and the coupling coefficient matrices.

3.3. Macroscale problem

Accommodating to the HMM framework (E and Engquist, 
2003), the elastic Helmholtz equation in Eq. (1) is reformulated 
as a flux form: 

∇ ⋅ P + ω2DU = − F; (18) 

where P = (Px;Pz)
T and D are the macroscale fluxes in the local 

sampling domains.
We follow the FD-HMM (Abdulle and E, 2003; Engquist et al., 

2011) to discretize Eq. (18) with a central difference scheme. 
Considering the insufficient  accuracy of the second-order FD 
scheme based on four fluxes in the existing FD- and FDFD-HMMs 
(Abdulle and E, 2003; Chen and Ren, 2008; Arjmand and Runborg, 
2017; Jiang et al., 2021, 2022), a fourth-order FD scheme involving 
eight fluxes is applied to the elastic Helmholtz equation of flux 
form. The FD approximation of Eq. (18) is 
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Fig. 7. Illustration of wavefield projection from the coarse-scale nodes (black-filled squares) on QH to the vertices (red- and blue-filled squares) of the ε-cells via (a) computing 
fine-scale wavefields (green dots) within the H-cells, (b) extracting neighboring fine-scale wavefields (red and blue dots) around the ε-cell vertices, and (c) bilinear interpolation 
to compute wavefields at the ε-cell vertices.
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1
Δx

[
9
8

(
Pi+1=2;j − Pi− 1=2;j

)
−

1
24

(
Pi+3=2;j − Pi− 3=2;j

)]

+
1

Δz

[
9
8

(
Pi;j+1=2 − Pi;j− 1=2

)
−

1
24

(
Pi;j+3=2 − Pi;j− 3=2

)]

+ ω2Di;jUi;j = − Fi;j;

(19) 

where 9/8 and − 1=24 are the FD coefficients  of fourth-order 
(Levander, 1988; Hustedt et al., 2004). According to the explicit 
form of the elastic Helmholtz equation in Eq. (6), the macroscale 
fluxes in Eq. (19) are given by 

Pi±n=2;j =

[
Px;i±n=2;j

Pz;i±n=2;j

]

=
1

⃒
⃒
⃒Iε

i±n=2;j

⃒
⃒
⃒

⎡

⎢
⎢
⎢
⎢
⎣

∫∫

Iε
i±n=2;j

(

C11
∂ux

∂x
+ C13

∂uz

∂z

)

dxdz

∫∫

Iε
i±n=2;j

(

C55
∂ux

∂z
+ C55

∂uz

∂x

)

dxdz

⎤

⎥
⎥
⎥
⎥
⎦
;n = 1;3;

(20a) 

Pi;j±n=2 =

[
Px;i;j±n=2

Pz;i;j±n=2

]

=
1

⃒
⃒
⃒Iε

i;j±n=2

⃒
⃒
⃒

⎡

⎢
⎢
⎢
⎢
⎣

∫∫

Iε
i;j±n=2

(

C55
∂ux

∂z
+ C55

∂uz

∂x

)

dxdz

∫∫

Iε
i;j±n=2

(

C13
∂ux

∂x
+ C33

∂uz

∂z

)

dxdz

⎤

⎥
⎥
⎥
⎥
⎦
;n = 1;3;

(20b) 

Di;j =
1
⃒
⃒Ii;j
⃒
⃒

∫∫

Ii;j

ρ(x)dxdz; (21) 

where (ux, uz)T = u is the microscale problem solution, and Ii,j ∈ QH 
represents a coarse element. The partial differential terms in Eq. 
(20) are calculated using a difference approximation (Abdulle and 
E, 2003; Jiang et al., 2022).

By substituting the microscale problem wavefield solutions in 
Eq. (17) into the macroscale fluxes in Eq. (20), Eq. (19) yields a 21- 
point FD stencil (Fig. 8(a)) of the macroscale problem: 

where Ai;j
n with n = 1, …,21 are the 2 × 2 coefficient  matrices 

corresponding to the coarse element with a center point of (xi, zj). 
To attenuate the reflected wavefields from artificial boundaries of 
the bounded computational domain, we employ the perfectly 
matched layer (PML) (Zeng et al., 2001) in the difference and dif
ferential terms in Eqs. (19) and (20). The resulting PML-related 

coefficient  matrices Ai;j
n with n = 1, …, 21 are given in detail in 

Appendix B. The application of PMLs does not change the formu
lation of the aforementioned local elastic Helmholtz problems.

Involving all the coarse elements, the FD stencil in Eq. (22) leads 
to a discrete linear system: 

~A~U= − ~F; (23) 

where ~A is a sparse square matrix (Fig. 8(b)) referred to as the 
impedance matrix, and ~U and ~F are column vectors of the coarse- 
scale wavefields  and the source, respectively. Detailed formula
tions of the linear system are presented in Appendix C. Solving the 
linear system in Eq. (23) with a solver (e.g., the LU-decomposition- 
based solver) ultimately yields the coarse-scale elastic wavefields 
on QH.

This method can be extended to the three-dimensional scenario 
via trivial modifications  of the local elastic Helmholtz problems 
and the macroscale problem discretization, and nontrivial alter
ations of the reconstruction operator and the macroscale fluxes. In 
the three-dimensional case, the number of multiscale basis func
tions that are solved from the local elastic Helmholtz problem over 
an H- or ε-cell increases to the value of 24. The fourth-order FD 
discretization of the macroscale problem will involve twelve fluxes 
(namely ε-cells), which finally  leads to an 81-point FD stencil. 
Different from these trivial extensions, the reconstruction operator 
and macroscale fluxes cannot be obtained by straightforwardly 
extending their two-dimensional expressions. The three- 
dimensional case will yield more complicated reconstruction 
operator, giving rise to much complex formulations of the coupling 
coefficients in the microscale problem solution. As for the macro
scale fluxes, their three-dimensional forms incorporate the y-di
rection differential terms that are omitted in the two-dimensional 
case. We do not give a detailed discussion since the three- 
dimensional FDFD-HMM is beyond the scope of this paper.

4. Numerical results

For the proposed FDFD-HMM, the H-cell size is constant after 
the coarse-scale discretization with a coarse mesh, whereas the 
ε-cell size is flexible. To achieve an optimal trade-off between the 
efficiency  and accuracy, we attempt to use as small ε-cells as 
possible to produce FDFD-HMM solutions with high accuracy. For 
this purpose, the effect of the ε-cell size on the accuracy is first 

investigated in a homogeneous model and a heterogeneous model. 
Moreover, the effect of the coarse-mesh discretization on the ac
curacy is simultaneously analyzed to provide a guide for stable 
FDFD-HMM modeling. We subsequently use two highly hetero
geneous medium models to demonstrate the superiority of FDFD- 
HMM over the FDFD method in terms of the accuracy and 
computational complexities.

A relative L2-norm error is defined to quantify the accuracy of 
FDFD-HMM solutions: 

Ai;j
1 Ui− 1;j− 2 +Ai;j

2 Ui;j− 2 +Ai;j
3 Ui+1;j− 2 +Ai;j

4 Ui− 2;j− 1 +Ai;j
5 Ui− 1;j− 1 +Ai;j

6 Ui;j− 1 +Ai;j
7 Ui+1;j− 1

+ Ai;j
8 Ui+2;j− 1 +Ai;j

9 Ui− 2;j +Ai;j
10Ui− 1;j +Ai;j

11Ui;j +Ai;j
12Ui+1;j +Ai;j

13Ui+2;j +Ai;j
14Ui− 2;j+1

+ Ai;j
15Ui− 1;j+1 +Ai;j

16Ui;j+1 +Ai;j
17Ui+1;j+1 +Ai;j

18Ui+2;j+1 +Ai;j
19Ui− 1;j+2 +Ai;j

20Ui;j+2 +Ai;j
21Ui+1;j+2= − Fi;j; (22) 
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l =

⃦
⃦
⃦U − Uref

⃦
⃦
⃦

2⃦
⃦
⃦Uref

⃦
⃦
⃦

2

; (24) 

where U denotes the FDFD-HMM solution, and Uref denotes the 
analytic or FDFD solution that serves as the reference solution. To 
match with the scale of the FDFD-HMM solution, the reference 
solution computed on Qh is projected onto QH.

The oversampled H- and ε-cells used to construct the oscil
lating boundary conditions are slightly larger than the original H- 
and ε-cells. Generally, two additional layers of fine-mesh elements 
outside an original H- or ε-cell boundary suffice to provide decent 
FDFD-HMM solutions. Although larger oversampled cells can yield 
more accurate FDFD-HMM solutions, the increase in time cost is 
nontrivial. Because the local elastic Helmholtz problems are 
strictly independent of each other, we use a parallel strategy (40 
threads) to compute multiscale basis functions and obtain an 
additional speedup.

All the operations associated with matrices and vectors for both 
the FDFD method and our FDFD-HMM depend on SuperLU (Li, 
2005) and Armadillo (Sanderson and Curtin, 2016). Armadillo is 
used to efficiently  generate impedance matrices in the linear 
systems, and it provides a SuperLU-driven interface for solving 
linear systems with sparse coefficient matrices.

In all the following examples, the Ricker wavelet is used as a 
source to generate the source-related column vector ~F of the linear 
system in Eq. (23). The frequency-domain expression of the Ricker 
wavelet is (Wang, 2015) 

w(ω)=
2ω2
̅̅̅
π

√
ω3

0

exp

(

−
ω2

ω2
0

)

; (25) 

where ω0 = 2πf0 is the corresponding angular frequency of the 
dominant frequency f0. We employ a vertical point source form to 
incorporate the Ricker wavelet into ~F. Namely, only one external 
force vector F corresponding to the coarse element where the 
source is located has a nonzero value of (0, w(ω))T in the source- 
related column vector ~F (see Eq. (C.2) in Appendix C).

4.1. Effects of ε-cell size and coarse-mesh discretization

4.1.1. Optimal ε-cell size
A homogeneous model and a heterogeneous model are used to 

investigate the effect of the ε-cell size on the accuracy of FDFD- 
HMM. The analytic and FDFD solutions are regarded as the refer
ence solutions in the homogeneous and heterogeneous media, 
respectively. The analytic reference solution with a vertical point 
source (Min et al., 2000) is given by 

Ux;ref(x;ω)=
i

4ρv2
p

cos θ sin θH(1)
0

(
Rω
vp

)

−
i

4ρv2
s

cos θ sin θH(1)
0

(
Rω
vs

)

−
i

2ρvp

cos θ sin θ
Rω

H(1)
1

(
Rω
vp

)

+
i

2ρvs

cos θ sin θ
Rω

H(1)
1

(
Rω
vs

)

;

(26a) 

Uz;ref(x;ω)=
i

4ρv2
p

cos2 θH(1)
0

(
Rω
vp

)

+
i

4ρv2
s
sin2 θH(1)

0

(
Rω
vs

)

−
i

4ρvp

cos2 θ − sin2 θ
Rω

H(1)
1

(
Rω
vp

)

−
i

4ρvs

sin2 θ − cos2 θ
Rω

H(1)
1

(
Rω
vs

)

;

(26b) 

where i =
̅̅̅̅̅̅̅
− 1

√
is the imaginary unit, R is the distance from the 

source xs = (xs, zs) to the receiver x = (x, z), θ = tan− 1[(x − xs)/ 

(z − zs)], and H(1)
0 and H(1)

1 are the Hankel functions of first kind 
with zero and first orders, respectively.

For the homogeneous model, its P- and S-wave velocities, and 
density are 3800 m/s, 2200 m/s and 2.43 g/cm3, respectively. We 
use a global fine mesh Qh with 800 fine elements of 2 m in both 
spatial directions to discretize the model. The coarsening ratio, the 
fine-element number in a coarse element in a certain direction, is 
rx = rz = 5. The ε-cells are partitioned by local fine meshes with a 
same element size of 2 m × 2 m. We use several different ε-cell 
sizes for the analysis. Except for the case that the x- and z-direction 
sizes of the ε-cells are equal, we also investigate the cases that the 
ε-cell size in the x direction is different from that in the z direction. 
For the latter, according to the distributions of Iε

i±1=2;j and Iε
i;j±1=2, 
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Fig. 8. Illustration of (a) the 21-point FD stencil and (b) the sparsity pattern of its corresponding impedance matrix for an example of 9 × 9 coarse mesh.
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the size of Iε
i±1=2;j in a direction is set to be identical with the size of 

Iε
i;j±1=2 in an orthogonal direction. Let the x- and z-direction 

numbers of fine elements in a local fine mesh Qε
h to be Nε

x and Nε
z , 

respectively, we then define 
[
Nε

x
]

Iε
i±1=2;j 

=
[
Nε

z
]

Iε
i;j±1=2 

= Nε
p and 

[
Nε

z
]

Iε
i±1=2;j 

=
[
Nε

x
]

Iε
i;j±1=2 

= Nε
v for simplicity, where [⋅]Iε

i±1=2;j 
and [⋅]Iε

i;j±1=2 

means that variables in the brackets correspond to the ε-cell of 
Iε
i±1=2;j and Iε

i;j±1=2, respectively. The source has a dominant fre

quency of 20 Hz and is located at the point of (x, z) = (795, 795) m. 
We test 5 discrete source frequencies: 10, 15, 20, 25, and 30 Hz. The 
PML applied to four boundaries of the computational domain has a 
width of 100 m.

We merely present the real parts of the x- and z-component 
wavefields  for both the analytic and FDFD-HMM solutions at a 
certain frequency. Fig. 9 shows the x- and z-component wavefields 
of the analytic solution at the frequency of 30 Hz. We find  that 
there are amplitude magnitude differences between the analytic 
solution and the FDFD-HMM solutions. The differences in absolute 
amplitudes are eliminated by scaling the amplitude magnitudes of 
the FDFD-HMM solutions to that of the analytic solution in order 
to facilitate comparisons. After the scaling, we compute the 
amplitude errors (Figs. 10 and 11) of the FDFD-HMM solutions for 
four representative ε-cell sizes with respect to the reference ana
lytic solution. The results of FDFD-HMM indicate the significant 

effect of the ε-cell size on the accuracy. In the cases of 
(

Nε
p;N

ε
v

)
=

(5;5) and 
(

Nε
p;N

ε
v

)
= (3;5), the FDFD-HMM solutions have obvious 

amplitude errors. By contrast, we observe that the amplitude er

rors reduce when 
(

Nε
p;N

ε
v

)
= (3;3) and 

(
Nε

p; Nε
v

)
= (5; 3). Espe

cially, the ε-cell size of 
(

Nε
p;N

ε
v

)
= (5;3) leads to the smallest 

amplitude errors compared with the other three ε-cell sizes.
Fig. 12 provides the accuracy evaluation of other FDFD-HMM 

solutions at the source frequencies of 10, 15, 20, and 25 Hz. 
Although the FDFD-HMM solutions at 10, 15, and 20 Hz for 
(

Nε
p;N

ε
v

)
= (5;3) lead to slightly larger relative errors than those 

for 
(

Nε
p;N

ε
v

)
= (3;3), the relative errors associated with 

(
Nε

p;N
ε
v

)
=

(5;3) still remain small values at higher frequencies.
The heterogeneous model used to verify the effect of the ε-cell 

size is a two-dimensional overthrust model whose P-wave 

velocity heterogeneity is revealed in Fig. 13. Its S-wave velocity 
and density are generated from the P-wave velocity by vs = vp=

̅̅̅
3

√

and ρ = 0:31
(
vp
)0:25, respectively. The model is discretely 

parameterized by a 1000 × 720 global fine  mesh Qh with an 
element size of 3 m × 3 m. The coarsening ratio of the coarse 
mesh QH is set to rx = rz = 5. The source is located at (x, z) =
(1492.5, 337.5) m of the model, and its dominant frequency is 
15 Hz. The test source frequencies include 5, 10, 15, 20, and 25 Hz. 
The PML width is 105 m outside each of the four boundaries. The 
same four representative ε-cells as in the homogeneous model 
are investigated.

Fig. 14 exhibits the reference FDFD solution at the test fre
quency of 20 Hz. An amplitude scaling of the FDFD-HMM solutions 
is also implemented to eliminate the amplitude magnitude dif
ferences between the FDFD-HMM and reference solutions. The 
wavefield differences between the FDFD-HMM and reference so

lutions (Figs. 15 and 16) manifest that the ε-cell size of 
(

Nε
p;N

ε
v

)
=

(5;3) also yields the most accurate solutions among four repre
sentative ε-cell sizes in the heterogeneous case. In addition, we 
observe obvious wavefield  amplitude errors of the FDFD-HMM 

solutions in local model zones for 
(

Nε
p;N

ε
v

)
= (3;5) in Figs. 15(c) 

and 16(c). This is due to the distorted FDFD-HMM solutions 

resulting from the severe numerical dispersion when 
(

Nε
p;N

ε
v

)
=

(3;5).
The relative L2-norm errors in Fig. 17 also indicate that the 

FDFD-HMM solutions corresponding to 
(

Nε
p;N

ε
v

)
= (5;3) are more 

accurate than those associated with the other three ε-cell sizes, 

and the distorted solutions for 
(

Nε
p;N

ε
v

)
= (3;5) have the highest 

errors. These results in the heterogeneous model are in good 
agreement with that in the homogeneous model.

According to the previous investigations, we ultimately follow 
the conclusions implied by Figs. 10–12 and 15–17 to determine the 
optimal ε-cell size. Because the fine-element size of Qε

h is set to be 

identical to those of QH
h and Qh, we merely need to determine the 

fine-element  number in Qε
h for determining an ε-cell size. In 

consequence, the optimal ε-cell size is given by Nε
x = rx and Nε

z = 3 
for Iε

i±1=2;j, while we have Nε
x = 3 and Nε

z = rz for Iε
i;j±1=2.
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Fig. 9. The (a) x- and (b) z-component real-part wavefields of the analytic solution at 30 Hz in the homogeneous model when a vertical point source is imposed.
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4.1.2. Minimum coarse-element number per S-wave wavelength
Figs. 12 and 17 manifest a degraded accuracy with the increase 

of source frequency for FDFD-HMM. This phenomenon results 
from the decrease in coarse elements per wavelength as the fre
quency increases. The numerical dispersion analysis in homoge
neous media is a routine approach to estimate the minimum of 
grid-point number per wavelength for stable FDFD modeling 
(Jiang et al., 2022). However, the dependence of the coefficient 
matrices in Eq. (22) on the medium-dependent multiscale basis 
functions and fine-mesh-dependent  bilinear interpolation oper
ator (see Appendices A and B) results in prohibitive application of 
the numerical dispersion analysis to FDFD-HMM. For this issue, we 
implement convergence analyses of the FDFD method and our 
FDFD-HMM in a homogeneous medium to investigate the effect of 
the coarse-mesh discretization on the accuracy for providing a 
guide of stable FDFD-HMM modeling. This investigation is per
formed based on the optimal ε-cell size concluded from the above 
analyses.

We set the space domain to [0,1] × [0,1]. The P- and S-wave 
velocities and the density are 3000 m/s, 1800 m/s, and 2.2 g/cm3, 
respectively. We solve the elastic Helmholtz equation on the fine 

grids with fine element sizes of 1/35, 1/70, 1/140, 1/280, and 1/560 
for the FDFD method and on the coarse grids with coarse element 
sizes of 1/7, 1/14, 1/28, 1/56, and 1/112 for FDFD-HMM under four 
source frequencies of 9, 10, 12, 17 kHz.

Fig. 18 shows the relative errors of the FDFD and FDFD-HMM 
solutions with respect to the exact analytic solutions given by 
Eq. (26). These solutions become more accurate as the number of 
grid elements increases (element size equivalently decreases). At 
the frequency of 17 kHz, the grid with fine element size of 1/35 
leads to the minimum number of fine grid elements per S-wave 
wavelength in all the cases (Table 1). This value of 3.7 is close to the 
minimum number of required grid points per S-wave wavelength 
for the phase velocity error of approximate 2% in the FDFD method, 
meaning a decent accuracy of all the FDFD solutions. Therefore, 
provided the relative errors of the FDFD-HMM solutions are close 
to or even lower than those of the FDFD solutions, we can consider 
that FDFD-HMM has a comparable accuracy to the FDFD method 
with a phase velocity error of less than 2%. We use the relative 
errors of the FDFD solution corresponding to the fine element size 
of 1/35 and the frequency of 17 kHz (Fig. 18(d)) as a threshold (blue 
dashed lines in Fig. 18). For the FDFD-HMM solutions whose 
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)
= (5;3) with respect to the reference analytic solution in the homogeneous model.
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relative errors are lower than this threshold, they can be regarded 
as decent solutions. Combining Fig. 18 with Table 1, we find that at 
least five coarse elements per S-wave wavelength are required to 
generate a decent FDFD-HMM solution.

Based on the aforementioned investigations, we thus recom
mend the fewest coarse elements of 5 per S-wave wavelength for 
stable FDFD-HMM modeling with the optimal ε-cell size. Never
theless, this recommended value can be moderately reduced due 
to the local structure of low S-wave velocity in actual heteroge
neous media.

4.2. Performance analysis

Two highly heterogeneous examples are used to validate the 
superior performance in terms of the computational complexities 
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of FDFD-HMM while maintaining a comparable accuracy to the 
conventional FDFD method. We refer to the runtime of assembling 
impedance matrix for the FDFD method and the total runtime of 
constructing multiscale basis functions and assembling imped
ance matrix for FDFD-HMM as “offline  time”. A corresponding 
terminology “online time” refers to the elapsed time of solving a 
linear system. The runtime and memory consumption in the 
following two examples are measured on a computer with Intel i7- 
14700 CPU.

4.2.1. Periodical medium model
We first design a highly heterogeneous model with periodical 

heterogeneities to verify FDFD-HMM. The P-wave velocity model 
of this periodical medium is determined by 

vp(x;z)=
[

10+sin(2πx=70)
10+cos(2πz=70)

+
10+sin(2πz=70)
10+cos(2πx=70)

]

×1750: (27) 

Fig. 19 presents part of the periodical P-wave velocity model. 

We use vs = vp=
̅̅̅
3

√
and ρ=0:31

(
vp
)0:25 to generate the S-wave 
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velocity and density, respectively. These property models are 
parameterized by a global fine mesh Qh containing 1000 × 800 fine 
elements with an element size of 2 m in both spatial directions. We 
set the coarse-element size of QH to be 10 m in both directions, 
which means rx = rz = 5. Based on the conclusion regarding the 
optimal ε-cell size, the sizes of Iε

i±1=2;j and Iε
i;j±1=2 are set to 

10 m × 6 m and 6 m × 10 m, respectively. The PML applied to each 
domain boundary includes 50 fine elements or 10 coarse elements. 
As a result, the number of mesh elements including the PMLs is 
1100 × 900 in Qh and 220 × 180 in QH. We locate the source with a 
dominant frequency of 15 Hz at (x, z) = (995, 205) m of the model.

In Fig. 20, we show the reference FDFD solution (Fig. 20(a) and 
(b)) computed on Qh, and the multiscale solution (Fig. 20(c) and 
(d)) computed using FDFD-HMM on QH. An amplitude scaling of 
the FDFD-HMM solutions is also performed. Although the het
erogeneities complicate the wavefields  because its comparable 

size to half of the S-wave wavelength results in non-negligible 
elastic scattering, FDFD-HMM can yield similar wavefield charac
teristics to the FDFD method. To give an insight into the accuracy of 
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indicate a threshold below which the FDFD solutions have phase velocity errors of less than 2%.

Table 1 
Number of coarse elements per S-wave wavelength for different grids and 
frequencies.

Fine element 
size

1/Gh 1/GH

9 kHz 10 kHz 12 kHz 17 kHz 9 kHz 10 kHz 12 kHz 17 kHz

1/35 7.00 6.30 5.25 3.70 1.40 1.26 1.05 0.74
1/70 14.00 12.60 10.50 7.41 2.80 2.52 2.10 1.48
1/140 28.00 25.20 21.00 14.82 5.60 5.04 4.20 2.96
1/280 56.00 50.40 42.00 29.64 11.20 10.08 8.40 5.92
1/560 112.00 100.80 84.00 59.29 22.40 20.16 16.80 11.85

1/Gh and 1/GH represent the minimum numbers of fine and coarse elements per S- 
wave wavelength, respectively.
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the multiscale solution, we present its amplitude differences with 
respect to the reference solution in Fig. 21. The corresponding 
relative L2-norm errors of the multiscale solution are 0.167 and 
0.155 (columns of l 20 in Table 2) for the x and z components, 
respectively. In order to further validate the accuracy of FDFD- 
HMM, we compute FDFD and FDFD-HMM solutions with a 

frequency interval of 0.5 Hz in 0–40 Hz to produce time-domain 
seismograms (Fig. 22). For FDFD-HMM, the average number of 
coarse elements per S-wave wavelength is 5.1 at 40 Hz, satisfying 
the recommended coarse-element number for stable FDFD-HMM 
modeling. The seismograms are obtained by receivers located at 
z = 0 m and with a space interval of 20 m. We find a good agree
ment of the FDFD-HMM seismograms with the reference FDFD 
seismograms.

We measure the runtime and peak memory shown in Table 2
for implementing FDFD and FDFD-HMM simulations. The offline 
stage of FDFD-HMM is more time-consuming than that of the 
FDFD method. This anomaly results from the additional time cost 
of the multiscale basis function construction (column Tbasis in 
Table 2) and the increased time cost of the impedance matrix as
sembly (column TA in Table 2). The increase in TA for FDFD-HMM is 
caused by a large amount of summation operations for the 
macroscale flux  estimation. Whereas, the online runtime 
measured from FDFD-HMM account for merely 0.62% of that for 
the FDFD method (column Tonline in Table 2). In consequence, 
FDFD-HMM contributes to a substantial time reduction of 94.2% 
for modeling the time-domain seismogram (column Ttotal in 
Table 2). Besides the time reduction, FDFD-HMM contributes to a 
significant  saving in memory requirement. Compared with the 
FDFD method, FDFD-HMM reduces the memory cost by 45.2% 
(column MWSP in Table 2). It is worth mentioning that our program 
is designed to be applicable to dynamic frequency-dependent 
models. The storage of the dynamic models instead of a static 
frequency-independent model increases memory consumption 
notably. If we do not consider the memory cost (13190.77 MB) 
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attributed to the dynamic model storage, FDFD-HMM can lead to a 
memory reduction of as high as 84.9%.

4.2.2. Random medium model
We next design a highly heterogeneous random medium model 

via the von K�arm�an correlation function (Bohlen, 2002; Klime�s, 
2002; Hong and Kennett, 2003). The P-wave velocity model of 
this random medium is shown in Fig. 23. We use a same means as 
in the previous case to construct the S-wave velocity and density 
models. The model is heterogeneous at the scale of global fine 
mesh Qh. There are 900 fine  elements in both spatial directions 
and the fine-element size is 2 m × 2 m in Qh. A coarse mesh QH 
with rx = rz = 5 is designed for a coarse-scale computational 
domain discretization. Therefore, there are 180 coarse elements 
with an element size of 10 m in both directions in QH. The chosen 
sizes of Iε

i±1=2;j and Iε
i;j±1=2 are 10 m × 6 m and 6 m × 10 m, 

respectively. The application of PML increases a width of 100 m 
outside each model boundary, which finally leads to 1000 × 1000 
fine  elements and 200 × 200 coarse elements. The source is 
imposed at (x, z) = (855, 225) m of the model.

The wavefields in Fig. 24(a), (b) are the x and z components of 
the reference FDFD solution, and Fig. 24(c), (d) presents the two- 
component wavefields  of the FDFD-HMM solution. We do not 
observe distinctly visible wavefield differences between the two 
solutions. FDFD-HMM only gives rise to weak amplitude errors in 
its solution with respect to the reference FDFD solution (Fig. 25). 
The corresponding relative errors are 0.157 and 0.171 (columns of 
l 20 in Table 3) for the x- and z-component FDFD-HMM solutions, 
respectively. Similarly, we compute frequency-domain wavefields 
in 0–40 Hz using the FDFD method and FDFD-HMM to generate 
their time-domain seismograms. There are on average 6.3 coarse 
elements per S-wave wavelength at 40 Hz, implying a stable FDFD- 
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Fig. 21. Amplitude differences of the (a) x- and (b) z-component real-part wavefields between the FDFD-HMM solution and the reference FDFD solution in the periodical medium 
model.

Table 2 
Performance comparisons between the FDFD method and FDFD-HMM for the periodical medium model.

Method (Nx;Nz) Toffline, s Tonline, s Ttotal, s MWSP, MB l 20

Tbasis TA 𝕽[Ux] 𝕽[Uz]

FDFD (1100, 900) – 28.09 5184.69 417012.20 28217.58 – –
FDFD-HMM (220, 180) 241.31 82.05 32.18 24261.50 15455.27 0.167 0.155

Nx and Nz represent the x- and z-direction element numbers in Qh or QH including the PMLs, respectively. Toffline and Tonline are the elapsed times in the offline and online 
stages, respectively. Tbasis and TA are the elapsed times of the basis function construction and impedance matrix assembly, respectively. Ttotal denotes the runtime of 
computing the time-domain seismograms. MWSP denotes peak memory consumption. l 20 represents the relative L2-norm error of the multiscale solution at 20 Hz, and 𝕽[Ux]

and 𝕽[Uz] are the x- and z-component real-part wavefields, respectively.

Fig. 22. Comparisons of the (a) x- and (b) z-component seismograms between the reference FDFD solution (black line) and FDFD-HMM solution (red line) for the periodical 
medium model.

W. Jiang, X.-H. Chen and C. Wang Petroleum Science 23 (2026) 1860–1889

1877



HMM modeling. The seismograms in Fig. 26 are obtained by re
ceivers with the same layout as the previous periodic example. 
FDFD-HMM reproduces the FDFD seismograms, demonstrating 
the decent accuracy of FDFD-HMM.

In addition, Table 3 shows the measured time and memory 
costs. Similar to the previous periodical case, FDFD-HMM results 
in higher offline time compared with the FDFD method (columns 
of Toffline  in Table 3), yet it dramatically lowers the online time 
(column Tonline in Table 3). As a result, the total computation time 
using the FDFD-HMM is essentially reduced (column Ttotal in 
Table 3). In the frequency domain, the online stage computation 
time usually matters most for practical applications (Fu et al., 
2019). We just need to repeat the online stage computation for 
multisource wave modeling. Therefore, FDFD-HMM can be fairly 
efficient when we implement wave simulation for a set of sources. 
Regarding the memory cost, FDFD-HMM consumes approximately 
56.8% of the memory resource required by the FDFD method 
(column MWSP in Table 3). Without taking the memory cost 
(13763.82 MB) of dynamic model storage into account, the 
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Fig. 24. The (a and c) x- and (b and d) z-component real-part wavefields of the (a and b) reference solution and (c and d) FDFD-HMM solution at 20 Hz in the random medium 
model.
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required memory resources for FDFD-HMM are merely 15.9% of 
that for the FDFD method.

5. Conclusions

In the general framework of HMM, we have developed an 
FDFD-driven multiscale method to solve the elastic Helmholtz 
equation in isotropic media with fine-scale  heterogeneities. The 
FDFD method is used as a numerical solver to solve the two-scale 
problems in the HMM framework. Constructed from the micro
scale problems, the multiscale basis functions capture the effect of 

fine-scale  heterogeneity in medium properties. Based on the 
downscaling reconstruction operator and upscaling flux  estima
tion, these multiscale basis functions are incorporated into the 
ultimate discrete macroscale problem system with a reduced de
gree of freedom. We use several numerical examples to certify the 
accuracy and computational complexities of our developed FDFD- 
HMM. The results of the homogeneous and heterogeneous models 
suggest significant  impacts of the ε-cell size and coarse-mesh 
discretization on the accuracy, and conclude rules for deter
mining the optimal ε-cell size and minimum coarse-element 
number per S-wave wavelength. The results of two highly 
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Fig. 25. Amplitude differences of the (a) x- and (b) z-component real-part wavefields between the FDFD-HMM solution and the reference FDFD solution in the random medium 
model.

Table 3 
Performance comparisons between the FDFD method and FDFD-HMM for the random medium model.

Method (Nx;Nz) Toffline, s Tonline, s Ttotal, s MWSP, MB l 20

Tbasis TA 𝕽[Ux] 𝕽[Uz]

FDFD (1000, 1000) – 20.41 4876.76 393140.36 28277.33 – –
FDFD-HMM (200, 200) 242.33 84.36 24.93 26425.10 16072.38 0.157 0.171

Fig. 26. Comparisons of the (a) x- and (b) z-component seismograms between the reference FDFD solution (black line) and FDFD-HMM solution (red line) for the random medium 
model.
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heterogeneous models demonstrate that FDFD-HMM is capable of 
solving the elastic Helmholtz equation with decent accuracy and 
low computational burden compared with the conventional FDFD 
method. However, the reconstruction operator for downscaling 
coupling between the microscale and macroscale problems are 
complicated in the elastic case, which increases the computation 
time of the offline  stage and introduces more potential errors. 
Some efforts are still necessary to further develop accurate and 
simple reconstruction operator in the future works.
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Appendix A. Wavefield solutions of microscale problems

The related H-cells of Iε
i±1=2;j are IH

i±1=2;j− 1=2 and IH
i±1=2;j+1=2, and 

their coarse-scale boundary nodes include x1 = (x(i±1/2)− 1/2, zj− 1), 
x2 = (x(i±1/2)+1/2, zj− 1), x3 = (x(i±1/2)− 1/2, zj), x4 = (x(i±1/2)+1/2, zj), 
x5 = (x(i±1/2)− 1/2, zj+1), and x6 = (x(i±1/2)+1/2, zj+1). The solutions of 
the local microscale problems over Iε

i±1=2;j are only constrained by 

the coarse-scale wavefields at these points. Thus, the specific form 
of the coupling expression in Eq. (17) for Iε

i±1=2;j is 

where the coupling coefficient matrix c±n (ξ;ω) with n = 1, …, 6 is 
specifically defined as 

c±n (ξ;ω)=

[
c±n;x(ξ;ω)

c±n;z(ξ;ω)

]

=

[
c±n;xx(ξ;ω) c±n;xz(ξ;ω)

c±n;zx(ξ;ω) c±n;zz(ξ;ω)

]

: (A.2) 

The H-cells associated with Iε
i;j±1=2 are IH

i− 1=2;j±1=2 and 

IH
i+1=2;j±1=2, and their coarse-scale boundary nodes include x1 =

(xi− 1, z(j±1/2)− 1/2), x2 = (xi, z(j±1/2)− 1/2), x3 = (xi+1, z(j±1/2)− 1/2), x4 =

(xi− 1, z(j±1/2)+1/2), x5 = (xi, z(j±1/2)+1/2), and x6 = (xi+1, z(j±1/2)+1/2). As 
a consequence, the specific  formulation of the local microscale 
problem solution in Eq. (17) for Iε

i;j±1=2 is 

where the coupling coefficient matrix d±
n (ξ;ω) with n = 1, …, 6 is 

specifically defined as 

d±
n (ξ;ω)=

[
d±

n;x(ξ;ω)

d±
n;z(ξ;ω)

]

=

[
d±

n;xx(ξ;ω) d±
n;xz(ξ;ω)

d±
n;zx(ξ;ω) d±

n;zz(ξ;ω)

]

: (A.4) 

All elements in these two types of the coupling coefficient 
matrices can be summarized as a general form as follows: 

u(ξ;ω)= c±1 (ξ;ω)U
(

x(i±1=2)− 1=2; zj− 1;ω
)
+ c±2 (ξ;ω)U

(
x(i±1=2)+1=2; zj− 1;ω

)

+c±3 (ξ;ω)U
(

x(i±1=2)− 1=2; zj;ω
)
+ c±4 (ξ;ω)U

(
x(i±1=2)+1=2; zj;ω

)

+c±5 (ξ;ω)U
(

x(i±1=2)− 1=2; zj+1;ω
)
+ c±6 (ξ;ω)U

(
x(i±1=2)+1=2; zj+1;ω

)
;

(A.1) 

u(ξ;ω)=d±
1 (ξ;ω)U

(
xi− 1; z(j±1=2)− 1=2;ω

)
+d±

2 (ξ;ω)U
(

xi; z(j±1=2)− 1=2;ω
)

+d±
3 (ξ;ω)U

(
xi+1; z(j±1=2)− 1=2;ω

)
+d±

4 (ξ;ω)U
(

xi− 1; z(j±1=2)+1=2;ω
)

+d±
5 (ξ;ω)U

(
xi; z(j±1=2)+1=2;ω

)
+d±

6 (ξ;ω)U
(

xi+1; z(j±1=2)+1=2;ω
)
;

(A.3) 
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ϖn;αβ(ξ;ω)=ϖx1
n;αβ(ξ;ω) + ϖx2

n;αβ(ξ;ω) + ϖx3
n;αβ(ξ;ω) + ϖx4

n;αβ(ξ;ω);

(A.5) 

with 

where n = 1, …, 6, and α, β = x, z.
In Eq. (A.6)–(A.9), the multiscale basis functions 

φH(xh)

Mh
=
(

φH(xh)

x;Mh
;φH(xh)

z;Mh

)T 
with h = 1, …,4 and Mh = Mh(β, n) indi

cate that they are constructed over the H-cell in which the coarse- 
scale boundary node (vertex) xh of an ε-cell locates, while φε

α;m 

ϖx2
n;αβ(ξ;ω)=

(

1 −
ξ[2] − χ[2]1

Δχ

)(

1 −
η[2] − γ[2]1

Δγ

)
[
φH(x2)

x;M2

(
χ[2]1 ; γ[2]1 ;ω

)
φε

α;2(ξ;ω)+φH(x2)

z;M2

(
χ[2]1 ; γ[2]1 ;ω

)
φε

α;6(ξ;ω)
]

+
ξ[2] − χ[2]1

Δχ

(

1 −
η[2] − γ[2]1

Δγ

)
[
φH(x2)

x;M2

(
χ[2]2 ; γ[2]2 ;ω

)
φε

α;2(ξ;ω)+φH(x2)

z;M2

(
χ[2]2 ; γ[2]2 ;ω

)
φε

α;6(ξ;ω)
]

+

(

1 −
ξ[2] − χ[2]1

Δχ

)
η[2] − γ[2]1

Δγ

[
φH(x2)

x;M2

(
χ[2]3 ; γ[2]3 ;ω

)
φε

α;2(ξ;ω)+φH(x2)

z;M2

(
χ[2]3 ; γ[2]3 ;ω

)
φε

α;6(ξ;ω)
]

+
ξ[2] − χ[2]1

Δχ
η[2] − γ[2]1

Δγ

[
φH(x2)

x;M2

(
χ[2]4 ; γ[2]4 ;ω

)
φε

α;2(ξ;ω)+φH(x2)

z;M2

(
χ[2]4 ; γ[2]4 ;ω

)
φε

α;6(ξ;ω)
]
;

(A.7) 

ϖx3
n;αβ(ξ;ω) =

(

1 −
ξ[3] − χ[3]1

Δχ

)(

1 −
η[3] − γ[3]1

Δγ

)
[
φH(x3)

x;M3

(
χ[3]1 ; γ[3]1 ;ω

)
φε

α;3(ξ;ω) + φH(x3)

z;M3

(
χ[3]1 ; γ[3]1 ;ω

)
φε

α;7(ξ;ω)
]
+

ξ[3] − χ[3]1
Δχ

(

1

−
η[3] − γ[3]1

Δγ

)
[
φH(x3)

x;M3

(
χ[3]2 ; γ[3]2 ;ω

)
φε

α;3(ξ;ω) + φH(x3)

z;M3

(
χ[3]2 ; γ[3]2 ;ω

)
φε

α;7(ξ;ω)
]
+

(

1

−
ξ[3] − χ[3]1

Δχ

)
η[3] − γ[3]1

Δγ

[
φH(x3)

x;M3

(
χ[3]3 ; γ[3]3 ;ω

)
φε

α;3(ξ;ω) + φH(x3)

z;M3

(
χ[3]3 ; γ[3]3 ;ω

)
φε

α;7(ξ;ω)
]

+
ξ[3] − χ[3]1

Δχ
η[3] − γ[3]1

Δγ

[
φH(x3)

x;M3

(
χ[3]4 ; γ[3]4 ;ω

)
φε

α;3(ξ;ω) + φH(x3)

z;M3

(
χ[3]4 ; γ[3]4 ;ω

)
φε

α;7(ξ;ω)
]
; (A.8) 

ϖx4
n;αβ(ξ;ω)=

(

1 −
ξ[4] − χ[4]1

Δχ

)(

1 −
η[4] − γ[4]1

Δγ

)
[
φH(x4)

x;M4

(
χ[4]1 ; γ[4]1 ;ω

)
φε

α;4(ξ;ω)+φH(x4)

z;M4

(
χ[4]1 ; γ[4]1 ;ω

)
φε

α;8(ξ;ω)
]

+
ξ[4] − χ[4]1

Δχ

(

1 −
η[4] − γ[4]1

Δγ

)
[
φH(x4)

x;M4

(
χ[4]2 ; γ[4]2 ;ω

)
φε

α;4(ξ;ω)+φH(x4)

z;M4

(
χ[4]2 ; γ[4]2 ;ω

)
φε

α;8(ξ;ω)
]

+

(

1 −
ξ[4] − χ[4]1

Δχ

)
η[4] − γ[4]1

Δγ

[
φH(x4)

x;M4

(
χ[4]3 ; γ[4]3 ;ω

)
φε

α;4(ξ;ω)+φH(x4)

z;M4

(
χ[4]3 ; γ[4]3 ;ω

)
φε

α;8(ξ;ω)
]

+
ξ[4] − χ[4]1

Δχ
η[4] − γ[4]1

Δγ

[
φH(x4)

x;M4

(
χ[4]4 ; γ[4]4 ;ω

)
φε

α;4(ξ;ω)+φH(x4)

z;M4

(
χ[4]4 ; γ[4]4 ;ω

)
φε

α;8(ξ;ω)
]
;

(A.9) 

ϖx1
n;αβ(ξ;ω)=

(

1 −
ξ[1] − χ[1]1

Δχ

)(

1 −
η[1] − γ[1]1

Δγ

)
[
φH(x1)

x;M1

(
χ[1]1 ; γ[1]1 ;ω

)
φε

α;1(ξ;ω)+φH(x1)

z;M1

(
χ[1]1 ; γ[1]1 ;ω

)
φε

α;5(ξ;ω)
]

+
ξ[1] − χ[1]1

Δχ

(

1 −
η[1] − γ[1]1

Δγ

)
[
φH(x1)

x;M1

(
χ[1]2 ; γ[1]2 ;ω

)
φε

α;1(ξ;ω)+φH(x1)

z;M1

(
χ[1]2 ; γ[1]2 ;ω

)
φε

α;5(ξ;ω)
]

+

(

1 −
ξ[1] − χ[1]1

Δχ

)
η[1] − γ[1]1

Δγ

[
φH(x1)

x;M1

(
χ[1]3 ; γ[1]3 ;ω

)
φε

α;1(ξ;ω)+φH(x1)

z;M1

(
χ[1]3 ; γ[1]3 ;ω

)
φε

α;5(ξ;ω)
]

+
ξ[1] − χ[1]1

Δχ
η[1] − γ[1]1

Δγ

[
φH(x1)

x;M1

(
χ[1]4 ; γ[1]4 ;ω

)
φε

α;1(ξ;ω)+φH(x1)

z;M1

(
χ[1]4 ; γ[1]4 ;ω

)
φε

α;5(ξ;ω)
]
;

(A.6) 
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with m = 1, …, 8 are constructed over Iε
i±1=2;j and Iε

i;j±1=2 for 

computing c±n (ξ;ω) and d±
n (ξ;ω), respectively. Using Eq. (A.5)–(A.9), 

we can obtain all coefficients in the coupling coefficient matrices 
by assigning different values for some parameters.

For Iε
i±1=2;j, we have ϖn;αβ(ξ;ω) = c±n;αβ(ξ;ω) with 

⎧
⎨

⎩

ϖx1
n;αβ(ξ;ω) = ϖx2

n;αβ(ξ;ω) = 0; if n = 5;6;

ϖx3
n;αβ(ξ;ω) = ϖx4

n;αβ(ξ;ω) = 0; if n = 1;2;
(A.10) 

φH(x1)

M1
=φH(x2)

M2
=
[
φM1

]

IH
i±1=2;j− 1=2

;φH(x3)

M3
=φH(x4)

M4
=
[
φM3

]

IH
i±1=2;j+1=2

;

(A.12) 

where [⋅]IH
i±1=2;j− 1=2 

and [⋅]IH
i±1=2;j+1=2 

indicate that the variables in the 

bracket are obtained within the H-cells of IH
i±1=2;j− 1=2 and 

IH
i±1=2;j+1=2, respectively.

For Iε
i;j±1=2, we have ϖn;αβ(ξ;ω) = d±

n;αβ(ξ;ω) with 

⎧
⎨

⎩

ϖx1
n;αβ(ξ;ω) = ϖx3

n;αβ(ξ;ω) = 0; if n = 3;6;

ϖx2
n;αβ(ξ;ω) = ϖx4

n;αβ(ξ;ω) = 0; if n = 1;4;
(A.13) 

φH(x1)

M1
= φH(x3)

M3
=
[
φM1

]

IH
i− 1=2;j±1=2

;φH(x2)

M2
= φH(x4)

M4
=
[
φM2

]

IH
i+1=2;j±1=2

:

(A.15) 

Note that it is unnecessary to determine Mh with h = 1, …, 4 in 
Eq. (A.11) and (A.14) when ϖxh

n;αβ(ξ;ω) = 0.

Appendix B. Coefficient matrices of the coarse-scale FD 
stencil

We define the coefficient matrices in Eq. (22) as 

Ai;j
n =

⎡

⎣
Ai;j

n;x

Ai;j
n;z

⎤

⎦ =

⎡

⎣
Ai;j

n;xx Ai;j
n;xz

Ai;j
n;zx Ai;j

n;zz

⎤

⎦;n = 1;⋯;21: (B.1) 

For the eight-flux-based  fourth-order FD stencil, we define 

c(1)+n , c(− 1)−
n , d(1)+

n , and d(− 1)−
n with n = 1, …, 6 as the coupling 

coefficient matrices of fine-scale wavefield solutions within Iε
i+3=2;j, 

Iε
i− 3=2;j, I

ε
i;j+3=2, and Iε

i;j− 3=2, respectively. We can obtain c(±1)±
n with 

n = 1, …, 6 by replacing i with i ±1 in Appendix A during their 

computation. Similarly, d(±1)±
n with n = 1, …, 6 are computed by 

substituting j±1 for j in Appendix A. Therefore, the PML-related 
coefficient matrices in Eq. (22) are specifically given by 

{
M1(β = x;n) = M2(β = x;n) = n; M1(β = z;n) = M2(β = z;n) = n + 4; n = 1;⋯;4;

M3(β = x;n) = M4(β = x;n) = n − 2; M3(β = z;n) = M4(β = z;n) = n + 2; n = 3;⋯;6; (A.11) 

⎧
⎪⎪⎨

⎪⎪⎩

M1(β = x;n) = M3(β = x;n) = n; M1(β = z;n) = M3(β = z;n) = n + 4; n = 1;2;
M1(β = x;n) = M3(β = x;n) = n − 1; M1(β = z;n) = M3(β = z;n) = n + 3; n = 4;5;
M2(β = x;n) = M4(β = x;n) = n − 1; M2(β = z;n) = M4(β = z;n) = n + 3; n = 2;3;
M2(β = x;n) = M4(β = x;n) = n − 2; M2(β = z;n) = M4(β = z;n) = n + 2; n = 5;6;

(A.14) 
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Ai;j
(n=1;2;3);x =

1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C55

ζz

∂d(− 1)−
n;x (ξ;ω)

∂z
+

C55

ζx

∂d(− 1)−
n;z (ξ;ω)

∂x

]

dxdz; (B.2a) 

Ai;j
(n=1;2;3);z =

1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C13
ζx

∂d(− 1)−
n;x (ξ;ω)

∂x
+

C33
ζz

∂d(− 1)−
n;z (ξ;ω)

∂z

]

dxdz; (B.2b) 

Ai;j
(n=4;9;14);x =

1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C11
ζx

∂c(− 1)−
(2n− 3)=5;x(ξ;ω)

∂x
+

C13
ζz

∂c(− 1)−
(2n− 3)=5;z(ξ;ω)

∂z

]

dxdz; (B.3a) 

Ai;j
(n=4;9;14);z =

1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C55

ζz

∂c(− 1)−
(2n− 3)=5;x(ξ;ω)

∂z
+

C55

ζx

∂c(− 1)−
(2n− 3)=5;z(ξ;ω)

∂x

]

dxdz; (B.3b) 

Ai;j
5;x = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−1;x(ξ;ω)
∂x

+
C13
ζz

∂c−1;z(ξ;ω)
∂z

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C11

ζx

∂c(− 1)−
2;x (ξ;ω)

∂x
+

C13
ζz

∂c(− 1)−
2;z (ξ;ω)

∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
1;x(ξ;ω)

∂z
+

C55

ζx

∂d−
1;z(ξ;ω)

∂x

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C55
ζz

∂d(− 1)−
4;x (ξ;ω)

∂z
+

C55
ζx

∂d(− 1)−
4;z (ξ;ω)

∂x

]

dxdz;

(B.4a) 

Ai;j
5;z = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55

ζz

∂c−1;x(ξ;ω)
∂z

+
C55

ζx

∂c−1;z(ξ;ω)
∂x

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C55

ζz

∂c(− 1)−
2;x (ξ;ω)

∂z
+

C55

ζx

∂c(− 1)−
2;z (ξ;ω)

∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
1;x(ξ;ω)

∂x
+

C33
ζz

∂d−
1;z(ξ;ω)

∂z

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C13
ζx

∂d(− 1)−
4;x (ξ;ω)

∂x
+

C33
ζz

∂d(− 1)−
4;z (ξ;ω)

∂z

]

dxdz;

(B.4b) 

Ai;j
6;x =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11
ζx

∂c+1;x(ξ;ω)
∂x

+
C13
ζz

∂c+1;z(ξ;ω)
∂z

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−2;x(ξ;ω)
∂x

+
C13
ζz

∂c−2;z(ξ;ω)
∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
2;x(ξ;ω)

∂z
+

C55

ζx

∂d−
2;z(ξ;ω)

∂x

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C55

ζz

∂d(− 1)−
5;x (ξ;ω)

∂z
+

C55

ζx

∂d(− 1)−
5;z (ξ;ω)

∂x

]

dxdz;

(B.5a) 
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Ai;j
6;z =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55

ζz

∂c+1;x(ξ;ω)
∂z

+
C55

ζx

∂c+1;z(ξ;ω)
∂x

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55
ζz

∂c−2;x(ξ;ω)
∂z

+
C55
ζx

∂c−2;z(ξ;ω)
∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
2;x(ξ;ω)

∂x
+

C33
ζz

∂d−
2;z(ξ;ω)

∂z

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C13
ζx

∂d(− 1)−
5;x (ξ;ω)

∂x
+

C33
ζz

∂d(− 1)−
5;z (ξ;ω)

∂z

]

dxdz;

(B.5b) 

Ai;j
7;x =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11
ζx

∂c+2;x(ξ;ω)
∂x

+
C13
ζz

∂c+2;z(ξ;ω)
∂z

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C11
ζx

∂c(1)+1;x (ξ;ω)
∂x

+
C13
ζz

∂c(1)+1;z (ξ;ω)
∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
3;x(ξ;ω)

∂z
+

C55

ζx

∂d−
3;z(ξ;ω)

∂x

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C55

ζz

∂d(− 1)−
6;x (ξ;ω)

∂z
+

C55

ζx

∂d(− 1)−
6;z (ξ;ω)

∂x

]

dxdz;

(B.6a) 

Ai;j
7;z =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55

ζz

∂c+2;x(ξ;ω)
∂z

+
C55

ζx

∂c+2;z(ξ;ω)
∂x

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C55
ζz

∂c(1)+1;x (ξ;ω)
∂z

+
C55
ζx

∂c(1)+1;z (ξ;ω)
∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
3;x(ξ;ω)

∂x
+

C33
ζz

∂d−
3;z(ξ;ω)

∂z

]

dxdz

+
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C13
ζx

∂d(− 1)−
6;x (ξ;ω)

∂x
+

C33
ζz

∂d(− 1)−
6;z (ξ;ω)

∂z

]

dxdz;

(B.6b) 

Ai;j
10;x = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−3;x(ξ;ω)
∂x

+
C13
ζz

∂c−3;z(ξ;ω)
∂z

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C11
ζx

∂c(− 1)−
4;x (ξ;ω)

∂x
+

C13
ζz

∂c(− 1)−
4;z (ξ;ω)

∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55

ζz

∂d+
1;x(ξ;ω)

∂z
+

C55

ζx

∂d+
1;z(ξ;ω)

∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
4;x(ξ;ω)

∂z
+

C55

ζx

∂d−
4;z(ξ;ω)

∂x

]

dxdz;

(B.7a) 

Ai;j
10;z = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55

ζz

∂c−3;x(ξ;ω)
∂z

+
C55

ζx

∂c−3;z(ξ;ω)
∂x

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C55

ζz

∂c(− 1)−
4;x (ξ;ω)

∂z
+

C55

ζx

∂c(− 1)−
4;z (ξ;ω)

∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
1;x(ξ;ω)

∂x
+

C33
ζz

∂d+
1;z(ξ;ω)

∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
4;x(ξ;ω)

∂x
+

C33
ζz

∂d−
4;z(ξ;ω)

∂z

]

dxdz;

(B.7b) 
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Ai;j
11;x =Dx +

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11
ζx

∂c+3;x(ξ;ω)
∂x

+
C13
ζz

∂c+3;z(ξ;ω)
∂z

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−4;x(ξ;ω)
∂x

+
C13
ζz

∂c−4;z(ξ;ω)
∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55

ζz

∂d+
2;x(ξ;ω)

∂z
+

C55

ζx

∂d+
2;z(ξ;ω)

∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
5;x(ξ;ω)

∂z
+

C55

ζx

∂d−
5;z(ξ;ω)

∂x

]

dxdz;

(B.8a) 

Ai;j
11;z =Dz +

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55
ζz

∂c+3;x(ξ;ω)
∂z

+
C55
ζx

∂c+3;z(ξ;ω)
∂x

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55

ζz

∂c−4;x(ξ;ω)
∂z

+
C55

ζx

∂c−4;z(ξ;ω)
∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
2;x(ξ;ω)

∂x
+

C33
ζz

∂d+
2;z(ξ;ω)

∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
5;x(ξ;ω)

∂x
+

C33
ζz

∂d−
5;z(ξ;ω)

∂z

]

dxdz;

(B.8b) 

Ai;j
12;x =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11
ζx

∂c+4;x(ξ;ω)
∂x

+
C13
ζz

∂c+4;z(ξ;ω)
∂z

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C11
ζx

∂c(1)+3;x (ξ;ω)
∂x

+
C13
ζz

∂c(1)+3;z (ξ;ω)
∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55

ζz

∂d+
3;x(ξ;ω)

∂z
+

C55

ζx

∂d+
3;z(ξ;ω)

∂x

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C55

ζz

∂d−
6;x(ξ;ω)

∂z
+

C55

ζx

∂d−
6;z(ξ;ω)

∂x

]

dxdz;

(B.9a) 

Ai;j
12;z =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55

ζz

∂c+4;x(ξ;ω)
∂z

+
C55

ζx

∂c+4;x(ξ;ω)
∂x

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C55

ζz

∂c(1)+3;x (ξ;ω)
∂z

+
C55

ζx

∂c(1)+3;z (ξ;ω)
∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
3;x(ξ;ω)

∂x
+

C33
ζz

∂d+
3;z(ξ;ω)

∂z

]

dxdz

−
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j− 1=2

⃒
⃒
⃒

∫∫

Iε
i;j− 1=2

[
C13
ζx

∂d−
6;x(ξ;ω)

∂x
+

C33
ζz

∂d−
6;z(ξ;ω)

∂z

]

dxdz;

(B.9b) 

Ai;j
15;x = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−5;x(ξ;ω)
∂x

+
C13
ζz

∂c−5;z(ξ;ω)
∂z

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C11
ζx

∂c(− 1)−
6;x (ξ;ω)

∂x
+

C13
ζz

∂c(− 1)−
6;z (ξ;ω)

∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55
ζz

∂d+
4;x(ξ;ω)

∂z
+

C55
ζx

∂d+
4;z(ξ;ω)

∂x

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C55

ζz

∂d(1)+
1;x (ξ;ω)

∂z
+

C55

ζx

∂d(1)+
1;z (ξ;ω)

∂x

]

dxdz;

(B.10a) 
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Ai;j
15;z = −

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55

ζz

∂c−5;x(ξ;ω)
∂z

+
C55

ζx

∂c−5;z(ξ;ω)
∂x

]

dxdz

+
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i− 3=2;j

⃒
⃒
⃒

∫∫

Iε
i− 3=2;j

[
C55

ζz

∂c(− 1)−
6;x (ξ;ω)

∂z
+

C55

ζx

∂c(− 1)−
6;x (ξ;ω)

∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
4;x(ξ;ω)

∂x
+

C33
ζz

∂d+
4;z(ξ;ω)

∂z

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C13
ζx

∂d(1)+
1;x (ξ;ω)

∂x
+

C33
ζz

∂d(1)+
1;z (ξ;ω)

∂z

]

dxdz;

(B.10b) 

Ai;j
16;x =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11

ζx

∂c+5;x(ξ;ω)
∂x

+
C13
ζz

∂c+5;z(ξ;ω)
∂z

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C11
ζx

∂c−6;x(ξ;ω)
∂x

+
C13
ζz

∂c−6;z(ξ;ω)
∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55
ζz

∂d+
5;x(ξ;ω)

∂z
+

C55
ζx

∂d+
5;z(ξ;ω)

∂x

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C55

ζz

∂d(1)+
2;x (ξ;ω)

∂z
+

C55

ζx

∂d(1)+
2;x (ξ;ω)

∂x

]

dxdz;

(B.11a) 

Ai;j
16;z =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55

ζz

∂c+5;x(ξ;ω)
∂z

+
C55

ζx

∂c+5;z(ξ;ω)
∂x

]

dxdz

−
9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i− 1=2;j

⃒
⃒
⃒

∫∫

Iε
i− 1=2;j

[
C55

ζz

∂c−6;x(ξ;ω)
∂z

+
C55

ζx

∂c−6;z(ξ;ω)
∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
5;x(ξ;ω)

∂x
+

C33
ζz

∂d+
5;z(ξ;ω)

∂z

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C13
ζx

∂d(1)+
2;x (ξ;ω)

∂x
+

C33
ζz

∂d(1)+
2;x (ξ;ω)

∂z

]

dxdz;

(B.11b) 

Ai;j
17;x =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C11
ζx

∂c+6;x(ξ;ω)
∂x

+
C13
ζz

∂c+6;z(ξ;ω)
∂z

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C11
ζx

∂c(1)+5;x (ξ;ω)
∂x

+
C13
ζz

∂c(1)+5;z (ξ;ω)
∂z

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C55
ζz

∂d+
6;x(ξ;ω)

∂z
+

C55
ζx

∂d+
6;z(ξ;ω)

∂x

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C55

ζz

∂d(1)+
3;x (ξ;ω)

∂z
+

C55

ζx

∂d(1)+
3;z (ξ;ω)

∂x

]

dxdz;

(B.12a) 

Ai;j
17;z =

9

8Δx(ζx)
i
⃒
⃒
⃒Iε

i+1=2;j

⃒
⃒
⃒

∫∫

Iε
i+1=2;j

[
C55

ζz

∂c+6;x(ξ;ω)
∂z

+
C55

ζx

∂c+6;z(ξ;ω)
∂x

]

dxdz

−
1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C55

ζz

∂c(1)+5;x (ξ;ω)
∂z

+
C55

ζx

∂c(1)+5;z (ξ;ω)
∂x

]

dxdz

+
9

8Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+1=2

⃒
⃒
⃒

∫∫

Iε
i;j+1=2

[
C13
ζx

∂d+
6;x(ξ;ω)

∂x
+

C33
ζz

∂d+
6;z(ξ;ω)

∂z

]

dxdz

−
1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C13
ζx

∂d(1)+
3;x (ξ;ω)

∂x
+

C33
ζz

∂d(1)+
3;x (ξ;ω)

∂z

]

dxdz;

(B.12b) 
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with 

Dx =
(

ω2Di;j;0
)
;Dz =

(
0;ω2Di;j

)
; (B.15) 

ζα=x;z =

⎧
⎪⎨

⎪⎩

1 + i
a0ω0(Dα=LPML)

2

ω
; inside PML;

1; outside PML;

(B.16) 

where i =
̅̅̅̅̅̅̅
− 1

√
, a0 is a constant, Dα denotes the distance from a 

point, which is indicated by the superscripts of ζα = x,z, to the 
boundary of the bounded computational domain in the α direction, 
LPML denotes the PML width; Δx and Δz are the x- and z-direction 

sizes of coarse elements in QH, respectively; (ζx)
i
= ζx(xi) = ζx(iΔx)

and (ζz)
j
= ζz

(
zj

)
= ζz(jΔz) represent the PML damping values at 

the x-coordinate xi in the x direction and the z-coordinate zj in the z 
direction, respectively.

An example is presented to exemplify the finite-difference 
approximation of an integral term. For the integral term in Eq. 
(B.2a), its finite-difference approximation is 

where (ξk, ηl) = (kΔξ, lΔη) is the discrete sampling point of the local 
Cartesian coordinate ξ = (ξ, η) in the ε-cells, ξk = ξk(x) = x+

[
k −

(
1 + Nε

x
)
=2
]
Δξ, ηl = ηl(z) = z+

[
l −

(
1 + Nε

z
)
=2
]
Δη, and (x, z) 

refers to the center point of an ε-cell, (x, z) = (xi, zj-3/2), for instance; 
the superscripts and subscripts of C55 and ζα = x,z provide their 

coordinates, (C55)
i;j− 3=2
k;l+1=2 = C55

(
ξk(xi); ηl+1=2

(
zj− 3=2

))
and 

(ζx)
i
k+1=2 = ζx

(
ξk+1=2(xi)

)
, for instance. The finite-difference ap

proximations of other integral terms in Eq. (B.2)–(B.14) can be 
formulated similarly.

Appendix C. Discrete linear system of the macroscale 
problem

With the coefficient matrices in Appendix B, we assemble the 
impedance matrix ~A in Eq. (23). If we define  the two column 
vectors in Eq. (23) as the following forms: 

~U=
(

U0;0;⋯;UNH
x − 1;0;⋯;U0;NH

z − 1;⋯;UNH
x − 1;NH

z − 1

)T
; (C.1) 

~F=
(

F0;0;⋯; FNH
x − 1;0;⋯; F0;NH

z − 1;⋯; FNH
x − 1;NH

z − 1

)T
; (C.2) 

in which Ui,j = (Ux,i,j, Uz,i,j)T and Fi,j = (Fx,i,j, Fz,i,j)T with i = 0;⋯;NH
x −

1 and j = 0;⋯;NH
z − 1, the corresponding impedance matrix is 

Ai;j
(n=8;13;18);x = −

1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C11
ζx

∂c(1)+
(2n− 6)=5;x(ξ;ω)

∂x
+

C13
ζz

∂c(1)+
(2n− 6)=5;z(ξ;ω)

∂z

]

dxdz; (B.13a) 

Ai;j
(n=8;13;18);z = −

1

24Δx(ζx)
i
⃒
⃒
⃒Iε

i+3=2;j

⃒
⃒
⃒

∫∫

Iε
i+3=2;j

[
C55

ζz

∂c(1)+
(2n− 6)=5;x(ξ;ω)

∂z
+

C55

ζx

∂c(1)+
(2n− 6)=5;z(ξ;ω)

∂x

]

dxdz; (B.13b) 

Ai;j
(n=19;20;21);x = −

1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C55

ζz

∂d(1)+
n− 15;x(ξ;ω)

∂z
+

C55

ζx

∂d(1)+
n− 15;z(ξ;ω)

∂x

]

dxdz; (B.14a) 

Ai;j
(n=19;20;21);z = −

1

24Δz(ζz)
j
⃒
⃒
⃒Iε

i;j+3=2

⃒
⃒
⃒

∫∫

Iε
i;j+3=2

[
C13
ζx

∂d(1)+
n− 15;x(ξ;ω)

∂x
+

C33
ζz

∂d(1)+
n− 15;z(ξ;ω)

∂z

]

dxdz; (B.14b) 

1
⃒
⃒
⃒Iε

i;j− 3=2

⃒
⃒
⃒

∫∫

Iε
i;j− 3=2

[
C55

ζz

∂d(− 1)−
n;x (ξ;ω)

∂z
+

C55

ζx

∂d(− 1)−
n;z (ξ;ω)

∂x

]

dxdz

≈
1

Nε
x
(
Nε

z − 1
)
∑N

ε
x

k=1

∑N
ε
z− 1

l=1

(C55)
i;j− 3=2
k;l+1=2

[
d(− 1)−

n;x (ξk; ηl+1;ω) − d(− 1)−
n;x (ξk; ηl;ω)

]

Δη(ζz)
j− 3=2
l+1=2

+
1

(
Nε

x − 1
)
Nε

z

∑N
ε
x − 1

k=1

∑N
ε
z

l=1

(C55)
i;j− 3=2
k+1=2;l

[
d(− 1)−

n;z (ξk+1; ηl;ω) − d(− 1)−
n;z (ξk; ηl;ω)

]

Δξ(ζx)
i
k+1=2

;

(B.17) 
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~A=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

M0
3 M0

4 M0
5 0 0 0 0

M1
2 M1

3 M1
4 M1

5 0 0 0

M2
1 M2

2 M2
3 M2

4 M2
5 0 0

0 ⋱ ⋱ ⋱ ⋱ ⋱ 0

0 0 MNH
z − 3

1 MNH
z − 3

2 MNH
z − 3

3 MNH
z − 3

4 MNH
z − 3

5

0 0 0 MNH
z − 2

1 MNH
z − 2

2 MNH
z − 2

3 MNH
z − 2

4

0 0 0 0 MNH
z − 1

1 MNH
z − 1

2 MNH
z − 1

3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

(C.3) 

with 

Mj
1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

A0;j
2 A0;j

3 0 0 0 0 0

A1;j
1 A1;j

2 A1;j
3 0 0 0 0

0 A2;j
1 A2;j

2 A2;j
3 0 0 0

0 0 ⋱ ⋱ ⋱ 0 0

0 0 0 ANH
x − 3;j

1 ANH
x − 3;j

2 ANH
x − 3;j

3 0

0 0 0 0 ANH
x − 2;j

1 ANH
x − 2;j

2 ANH
x − 2;j

3

0 0 0 0 0 ANH
x − 1;j

1 ANH
x − 1;j

2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

(C.4) 

Mj
2=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

A0;j
6 A0;j

7 A0;j
8 0 0 0 0

A1;j
5 A1;j

6 A1;j
7 A1;j

8 0 0 0

A2;j
4 A2;j

5 A2;j
6 A2;j

7 A2;j
8 0 0

0 ⋱ ⋱ ⋱ ⋱ ⋱ 0

0 0 ANH
x − 3;j

4 ANH
x − 3;j

5 ANH
x − 3;j

6 ANH
x − 3;j

7 ANH
x − 3;j

8

0 0 0 ANH
x − 2;j

4 ANH
x − 2;j

5 ANH
x − 2;j

6 ANH
x − 2;j

7

0 0 0 0 ANH
x − 1;j

4 ANH
x − 1;j

5 ANH
x − 1;j

6

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

(C.5) 

Mj
3=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

A0;j
11 A0;j

12 A0;j
13 0 0 0 0

A1;j
10 A1;j

11 A1;j
12 A1;j

13 0 0 0

A2;j
9 A2;j

10 A2;j
11 A2;j

12 A2;j
13 0 0

0 ⋱ ⋱ ⋱ ⋱ ⋱ 0

0 0 ANH
x − 3;j

9 ANH
x − 3;j

10 ANH
x − 3;j

11 ANH
x − 3;j

12 ANH
x − 3;j

13

0 0 0 ANH
x − 2;j

9 ANH
x − 2;j

10 ANH
x − 2;j

11 ANH
x − 2;j

12

0 0 0 0 ANH
x − 1;j

9 ANH
x − 1;j

10 ANH
x − 1;j

11

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

(C.6) 

Mj
4=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

A0;j
16 A0;j

17 A0;j
18 0 0 0 0

A1;j
15 A1;j

16 A1;j
17 A1;j

18 0 0 0

A2;j
14 A2;j

15 A2;j
16 A2;j

17 A2;j
18 0 0

0 ⋱ ⋱ ⋱ ⋱ ⋱ 0

0 0 ANH
x − 3;j

14 ANH
x − 3;j

15 ANH
x − 3;j

16 ANH
x − 3;j

17 ANH
x − 3;j

18

0 0 0 ANH
x − 2;j

14 ANH
x − 2;j

15 ANH
x − 2;j

16 ANH
x − 2;j

17

0 0 0 0 ANH
x − 1;j

14 ANH
x − 1;j

15 ANH
x − 1;j

16

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

(C.7) 

Mj
5 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

A0;j
20 A0;j

21 0 0 0 0 0

A1;j
19 A1;j

20 A1;j
21 0 0 0 0

0 A2;j
19 A2;j

20 A2;j
21 0 0 0

0 0 ⋱ ⋱ ⋱ 0 0

0 0 0 ANH
x − 3;j

19 ANH
x − 3;j

20 ANH
x − 3;j

21 0

0 0 0 0 ANH
x − 2;j

19 ANH
x − 2;j

20 ANH
x − 2;j

21

0 0 0 0 0 ANH
x − 1;j

19 ANH
x − 1;j

20

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:

(C.8) 
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