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ABSTRACT

Accurate traveltime computation in complex geometries is crucial for seismological applications such as
traveltime tomography and migration. However, eikonal solvers relying on finite-differences encounter
the source singularity, leading to numerical errors that propagate throughout the computational
domain and compromise traveltime accuracy. Solving the factored eikonal equation has proven effective
in addressing this singularity, but it has not yet been applied to triangular meshes, which are significant
for modeling complex geological structures and irregular topographies. To address this challenge, we
propose a new coordinate-transformation-based fast sweeping method (FSMCT) designed for triangular
meshes. FSMCT maps each triangular element in the physical domain into a canonical reference triangle
through coordinate transformation, and constructs an upwind finite-difference scheme on the reference
triangle to solve the eikonal equation. The framework enables a straight forward extension to the
multiplicatively/additively factored eikonal equations, overcoming the long-standing limitation that the
conventional fast sweeping method (FSM) cannot solve the factored eikonal equation on triangular
meshes, thereby effectively mitigating source singularity. Furthermore, FSMCT solves the eikonal
equation on the reference triangle, while existing FSM typically require further subdivision of obtuse
triangles. Numerical simulations demonstrate that FSMCT accurately solves the factored eikonal equa-
tion on triangular meshes, substantially reducing the errors caused by source singularity and achieving
significantly higher accuracy than the conventional FSM.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

etal, 2010; Xu et al., 2006; Zhao et al., 1992) and eikonal equation
solvers (Hassouna and Farag, 2007; Vidale, 1988, 1990).

Traveltime is crucial in various areas of seismology, including
pre-stack migration (Cheng et al., 2016; Li et al., 2009; Xin et al.,
2018), traveltime tomography (Huang and Bellefleur, 2012; Li
et al., 2023; Wang et al., 2022; Zhao et al., 2019), slope tomogra-
phy (Sambolian et al., 2019; Tavakoli et al., 2017), and earthquake
location (Zhang et al., 2023b). Its forward modeling serves as the
foundation for inversion, and its computational accuracy directly
impacts the quality of the inversion results. In seismic exploration,
traveltime calculations primarily rely on ray tracing methods (Bai
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Eikonal equation solvers offer higher computational efficiency
and can provide accurate seismic traveltimes in complex models.
Within the framework of high-frequency approximation, eikonal
equation solvers are one of the main approaches for traveltime
computation, offering high computational efficiency and the
ability to provide widely covered seismic traveltime fields in
complex models. Vidale (1988) first proposed using the finite-
difference (FD) scheme on rectangular meshes to solve the eiko-
nal equation, and since then, eikonal solvers have undergone sig-
nificant development (Rawlinson and Sambridge, 2004; Sethian,
1999; Sethian and Popovici, 1999). One of the most notable ad-
vancements is the fast sweeping method (FSM) (Zhao, 2004),
which utilizes Gauss-Seidel iteration to sweep the computational
domain and is a simple yet efficient approach to solving the
eikonal equation.
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When dealing with point source conditions, finite-difference
(FD) based eikonal solvers inevitably encounter errors caused by
source singularity (Luo and Qian, 2012; Treister and Haber, 2016;
Zhou et al., 2020). The errors propagate from the source to the
entire computational domain, negatively impacting the accuracy
of traveltime calculations. To address this challenge, local grid
refinement techniques have been suggested as a solution, where
the grid near the source is refined to suppress singularity-induced
errors (Rawlinson and Sambridge, 2004; Zhang et al., 2021).
However, this approach also has its limitations. It increases
computational complexity and reduces the overall efficiency of
traveltime calculations (Rawlinson et al., 2006; Zhou et al., 2020).

Fomel et al. (2009) first introduced the multiplicative factor-
ization approach to enhance the accuracy of the fast sweeping
method (FSM) in traveltime calculations. This approach de-
composes the unknown traveltime function into two factors: the
first factor, which captures the source singularity analytically, and
the second, a corrective term obtained by solving the factored
eikonal equation. Due to its effectiveness, this factorization
method has been widely adopted. Tavakoli et al. (2015) further
utilized the factored approach to solve the eikonal equation in TTI
media, eliminating initial errors through factorization. Huang and
Luo (2020) presented hybrid fast-sweeping methods for calcu-
lating first-arrival traveltime by solving the factored anisotropic
eikonal equation. Qiao et al. (2024) proposed the adaptive finite-
difference (AFD) method to obtain high-precision 3D seismic
traveltimes, in which the multiplicative factor decomposition
method is adopted to reduce errors caused by the source singu-
larity. However, existing factored eikonal solvers are primarily
implemented on rectangular meshes, which limits their applica-
bility to complex geometric cases. In real-world applications, work
areas often feature irregular topographies and subsurface in-
terfaces, such as mountainous structures, crustal boundaries, and
the Moho discontinuity (Zhang et al., 2021, 2023a). Unstructured
triangular meshes offer greater adaptability, making them ad-
vantageous for calculating traveltime in complex models.
Compared with rectangular meshes, triangular meshing is more
flexible. In the presence of irregular subsurface interfaces and
complex structures, triangular meshes can be locally refined in an
adaptive manner to better represent the complex underground
structural features (Jacquet, 2021; Qiu et al., 2020; Schall et al.,
2004).

In this study, we employ unstructured triangular meshes for
traveltime computation in complex geometries. Early studies
explored solving the eikonal equation on triangular meshes
(Barth and Sethian, 1998; Kimmel and Sethian, 1998). Since Qian
et al. (2007) extended FSM to unstructured triangular meshes for
solving the eikonal equation, triangular-mesh-based FSM has
seen rapid development and achieved notable progress (Zhang
et al, 2021, 2023a, 2023b). Similar to rectangular-mesh-based
FSM, triangular-mesh-based FSM also exhibits source singular-
ity, as illustrated in Fig. 1. At present, the application of the
factorization approach in triangular-mesh-based FSM remains
largely unexplored, highlighting the need to develop new algo-
rithms to improve traveltime accuracy in geometrically complex
models.

To achieve high-precision seismic traveltimes in complex
geometries, we propose a coordinate-transformation-based fast
sweeping method (FSMCT) on triangular meshes to solve the
factored eikonal equation, overcoming source singularity and
improving the accuracy of traveltime calculation. Coordinate
transformation, a method commonly used in discontinuous
Galerkin methods for solving wave equations (Cordier et al.,
2005; He and Yue, 2019; Kaser and Dumbser, 2006; Qiu et al.,
2020), is introduced here for the eikonal equation. By
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A

Fig. 1. Illustration of the computation error caused by the point source singularity.
The red dashed line is the characteristic line, which is the propagation direction of the
seismic wave. The side length is 1 m in the equilateral triangular meshes, and the
seismic velocity is 1 m/s. The traveltime T, of source point is set to 0 s, the traveltime
Tg and T¢ can be accurately calculated as 1 s. The eikonal solver approximates the
wavefront using the plane wave (the green dashed line), and the traveltime Tp can be

calculated as (1 +‘/7§) s. However, the analytical solution of the point D is v/3 s.

applying this transformation, we transform any physical tri-
angle in the Cartesian coordinate system into a canonical
reference triangle in a reference coordinate system. On the
normalized reference triangle, we discretize the eikonal equa-
tion using the causality-preserving upwind finite-difference
(FD) scheme (Fomel et al., 2009; Huang et al., 2019), ensuring
stable traveltime propagation. By extending FSMCT to solve
eikonal equations with multiplicative factorization (FSMCTM)
and additive factorization (FSMCTA), it effectively suppresses
source singularity on triangular meshes. Additionally, when
unstructured triangular meshes are used to model irregular
geological interfaces, obtuse triangles are inevitable. Tradi-
tional FSMs may encounter accuracy issues or even errors when
directly solving the eikonal equation on obtuse physical tri-
angles (Fu et al.,, 2011; Qian et al.,, 2007). The conventional
approach involves splitting obtuse triangles by connecting the
vertex with the vertex of the neighboring triangle, but the
irregular arrangement of unstructured triangular meshes ren-
ders such post-processing operations cumbersome and error-
prone. In contrast, FSMCT avoids subdivision of obtuse tri-
angles because all discretization operations are performed on
the canonical reference triangle. Numerical tests in various
models demonstrate that triangular-mesh-based FSMCT en-
ables accurate and efficient calculation of traveltime, even for
complex models with rugged topographies and irregular sub-
surface interfaces.

In this paper, we first introduce the FSMCT for solving the
eikonal equation on triangular meshes. Then, we describe its
extension to the factored eikonal equation in detail. Afterward, we
demonstrate the accuracy of the algorithm through several nu-
merical examples. Finally, we discuss its advantages, outline po-
tential future extensions, and draw several conclusions.
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2. Method
2.1. FSMCT for the eikonal equation

2.1.1. Local solver for the eikonal equation
In isotropic media, the eikonal equation is typically expressed
as:

aT\* (TN _ o
&) (&) -
where T(x,z) denotes the traveltime from source to the point (x,z),
and S(x, z) is the slowness depending on the position (x,z).

When solving the 2D eikonal equation for an isotropic model,
we employ unstructured triangular meshes to partition the model.
For a given physical triangle AABC, given the traveltime T4 and Ty
at points A and B, we aim to estimate the traveltime T¢ at point C.
To make the eikonal equation solver suitable for any angled
triangular mesh, we transform each physical triangle Tri to a
reference triangle Trig in the uv-reference coordinate system, as
shown in Fig. 2. And then we can solve the eikonal equation on the
reference triangle Trig.

It is worth noting that the traveltime T and slowness S at the
corresponding points on the physical triangle Tri and the reference
triangle Trig are equal. The coordinate transformation is defined
by:

(1)

X =Xc + (Xp — Xc)U + (X — Xc)v,

Z=2zc+ (zp — zc)u + (78 — zc)v- 2)
The corresponding inverse transformation is given by:
1
u = ((XpZc — Xczp) + X(2B — 2¢) + Z(Xc — X)),
i 3)

1
v=—

Ui

where |J| = (xp —xc)(z —2¢) — (Xg —Xc)(za —2c) is the determinant
of the Jacobian matrix of the transformation. Furthermore, by
taking the first-order derivative of Eq. (3), we obtain:

((Xcza — XaZc) +X(zc — za) + 2(Xp — X()),

‘)_”:ZB*ZC:] ‘)_”ZXC*XB:]
X IJ| llaaz l.” 125
(4)
@:ZC_ZA:] @:XA_XC:]
ox U' 2‘1’02 l.” 22-

According to the chain rule, the differential terms in the eikonal
equation can be rewritten as:

»
»

X
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oT oT ou  oT v
X ouox  ovox' (5)
oT _oT ou  oT v
oz ouoz ooz

Using the above equations, we have completed the coordinate
transformation of the triangular, allowing us to discretize the
differential term of eikonal equation in the uv-reference system.
On the reference triangle Trig, we use first-order difference to
approximate the partial derivatives of T:

dT To—Tc oT Tg—Tc (6)
ou  Au ov  Av
By putting the above equations into Eq. (5), we have:
oT Tp—T Tg — T
i AAu i+ BAu hor.
(7)
o Ty —Tc, +TB_TC,
oz AU J12 Av J22-

Then, Eq. (1) can be discretized as:
Tp— T, ~Te, \°> (Ta—T
< A S CJ'21) +( A

J1 Ts 7TC,
Au

Av J22

T
1B

2
=52
Au Av 2+ )

(8)

The above equation is a quadratic equation with an unknown
variable Tc and gives the following solution:

—b + Vb2 — 4ac
Te=———g 9)
where

a=J21+ 3+ 151 + 155+ 21121 + 212l
b=—2Tx (13, +1%) —2Ts (31 +J3,) — 2(Ta+Ts) 1)1 +J12J22),

c=TZ (]%1 +J%2) +Tg (J%l +f%2) +2TaTg(J11)21 +J12)22) — S2.
(10)

There are two scenarios to consider when solving Eq. (8).
Firstly, there is no solution for T¢, we can compute it by Tc
min(Ta + Lac-S, Tg + Lgc-S), where Lac and Lgc denote the lengths
of edges AC and BC, respectively.

However, when Eq. (8) does have solutions (either one or two),
we must deliberate on whether to accept those solutions.

Assuming the traveltime at node c is determined within the
triangle depicted in Fig. 3, we denote «.BAC = a and £ABC = j3; Lag,

—

Trig

S v

C A

Fig. 2. Illustration of the coordinate transformation from the physical triangle Tri to the reference triangle Trig with nodes at (0, 0), (0, 1), and (1, 0).
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(a)
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(b)

Fig. 3. Illustration of updating the value at node C in a triangle when the specified condition is satisfied. (a) The wavefront passes through A first rather than B. (b) The wavefront

passes through B first rather than A.

Lgc and Lpc are the lengths of the edges AB, BC, and AC, respec-
tively. Our initial step is to ascertain whether the wavefront passes
through node A or node B first. If the wavefront AC reaches A first
(Fig. 3(a)), and the calculated T must fulfill the following
conditions:

(1) Angle condition: Using the given formula: § = arcsin LZ‘;‘%'S,
where Tgy = Tg — Ta, we can derive that when ¢ = 0°, the
wavefront is perpendicular to the edge AB, and when 6+
a = 90°, the wavefront is perpendicular to the edge AC.
Therefore, to ensure that the perpendicular line falls within
the triangle, the angle condition should meet the condition
6 >0°and 0+ a < 90°.

(2) Numerical condition: Because the wavefront arrives at A
before reaching the node C, we use the traveltime T, to
determine whether the obtained T¢ is acceptable. The nu-
merical condition requires that Tc > Ty and Tc > Tg.

In summary, the key conditions are § > 0°,0+ a <90°, Tc > Tx
and T¢ > Tg. If the wavefront traverses B first instead of A (Fig. 3(b)),
the conditions remain analogous.

When determining the traveltime at node D, it's crucial to
consider its surrounding triangles (Fig. 4). Solve Eq. (8) on the
surrounding triangles to obtain the numerical solutions, and then
choose the minimum value as the traveltime for the current node D.

Fig. 4. Illustration of node D and its associated triangles in a triangular mesh.
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2.1.2. Algorithm 1: FSMCT for eikonal equation

After discussing the local solver for the eikonal equation in the
previous section, let us outline the full FSMCT algorithm as
follows:

1. Initialization.

Divide the computational domain into triangles and assign la-
bels to all the nodes. For the node where the source is positioned,
set the traveltime T to 0. For all other nodes, initialize the trav-
eltimes with a large positive number, which will be updated dur-
ing the subsequent iterations.

2. Preprocessing.

We utilize the ordering method suggested by Qian et al. (2007),
which involves selecting three corner points as reference points.
We then arrange all nodes in ascending and descending order
based on their Ly-distance from the reference point. This strategy
guarantees that the Gauss-Seidel iterations within the FSM cap-
ture the characteristics of all directions. Subsequently, we store the
indices of the sorted nodes in arrays:

S} : ascentorder,R=1,2,3;

11
Sg : descentorder,R=1,2,3. (an

. Gauss-Seidel iteration.
(1) ForR =1,2,3:
(2) For S = + —:

We use the local solver to obtain the traveltime T, of n triangles
around the current node, n = 1,2,3,---. Then select the minimum
value as the traveltime T for the current node.

4. Stopping rule.

If the convergence criterion |t; —t,_1| <€ is satisfied, in which e
is a very small positive number, the iteration stops.

2.2. FSMCT for the factored eikonal equation

2.2.1. Local solver for the factored eikonal equation:
multiplicatively and additively

To mitigate the adverse effects of the point source singularity
on accuracy, we employ a factorization approach to the solution of
the eikonal equation, utilizing both multiplicative and additive



X. Chen, D.-P. Cao, Z.-L. Zhu et al.

factors. Traveltime T can be decomposed into two multiplicative
factors:

T=Tyr, (12)
or two additive factors:

T=Ty+r=, (13)
where Tj can capture the source singularity, which can be calcu-
lated through (%)2 + (%)2 =S3 (So is the slowness at the

source). The 7z is the unknown factor that is smooth near the
source. Using two factors to recover T, the accuracy of solving T has

a=T3,(C)+ T3
2To(O)[Tox(OJ11 + Tox(C)21 + Toz(C)f12 + Toz(C))22],
b=T3(C) [ — 27 (fﬂ +J%2> — 2 (.’%l +f%2)
2To(O)[za(Tox(C)11 + Toz(€)J12) + 78(Tox(C)f21 + Toz(C))22)],
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A — 7C 78 — 7C 2
Ton(O) + (5 1))
(Ox( ) + Ayt J))

TA—Tc, BT \\%_ @
(TOz(C) + ( INTREAL RN JZZ)) =5

Egs. (18) and (19) are quadratic equations with one unknown
variable z¢ and give the following solution. The solution of Eq. (18)
is

(19)

,(C)+T5(C) (]%1 + 3 + 51 % + 2111 + 2]12/22) -

—2(za + ) J11J21 +112./22)} +

=T3(C) [T/Z\ (]%1 +J%2> +13 (151 +]52) + 2tp73(J11)21 +]12]22)] - s

been improved compared to directly solving Eq. (1).
Putting Eq. (12) into Eq. (1), we can obtain the multiplicatively
factored eikonal equation:

oT, 2 /aTy 2,
(aX +T06X> +(aZ +TOOZ) =54, (14)

and putting Eq. (13) into Eq. (1), the additively factored eikonal
equation is:

Ty ot aTy  or\° o
(ax+ax) Jr(az+az> =5 (15)

9o and o in Egs. (14) and (15) can be calculated using the
following equation:

aT, X —X
a_;:TOx: > 9 2§07
V(x = x0)? + (2 - 20) a6
%7T _ Z—2g S
oz 0z O-

Coordinate transformation adopted by the FSMCT can be natu-

rally extended to compute 9% and &, which can be expressed as:

or _ Jr du @@:TAfTC, +1'371'5,

X ouox  awox  Au -1 Ay 2D (17)
dr _ OJr du %@:TA—‘[C’ +‘[B—TC’

9z ouoz avoz Au 12 Av %2

As before, we want to solve for the traveltime at node C in triangle
AABC. Eq. (14) can be discretized as:

— 2
(Tox(©)rc + To(O) (B + 2" ) )+
(18)

TA — 7T B — 7T 2
(Tox(Crre +To(Q) (P Sz + 2, U2) ) =57,

And Eq. (15) can be discretized as:

/v
e b+ Vb 4ac7 (20)
2a
where
The solution of Eq. (19) is
—b + Vb2 — 4ac
tE— (21)
2a
where
_ 2 2 2 2 2 2
a=J11 +Ji2 +J51 +J52 + 221 + 212022,
b=—2zp (J%l +J%2) —21p (151 +]%2) —2(za +78)(J11J21 +12J22)

—2Tox (11 +J21) = 2Toz(J12 +J22)s
c=aA (1 +1%2) + (B +132) + 2eamm(niar +raa2) +
22a(ToxJ11 + Tozh12) + 28 (ToxJ21 + Toz22) + Té + Tg, — S%.

When the equations yield real roots, regardless of whether there
is one or two solutions, we must assess whether the root is viable
based on the previously stated conditions. If the equation lacks
real roots or the real root fails to meet the criteria, we can resort
to the method of characteristics to find z (Fomel et al., 2009;
Huang and Luo, 2020; Luo and Qian, 2012). By applying this

method to edges AC and BC respectively, two values of = can be
calculated: zac and zpc. Now, let's review the formula for the

. . —_— —_—
characteristic method on edge AC, where AC = (6x,6z),

The formula on edge BC is analogous and will not be derived
here.
The characteristic equation for Eq. (14) is:

dx

= 2T0TOXT+ 2Toa
()Z 20‘[
= i 22
= = 2ToTozz + 2T, (22)
or drox Otroz
ot ox ot 9z ot’
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Using the first and second equations in Eq. (22), we obtain:

or 1 /6x
— 200 =—(— — 2T T,
Sx = <2T0T0xr —+ ZTOax) St, Tx 2T(2) (& 0 0xT>,
or 1 /62
_ 2 _
57 = (2T0TOZT + 2Toa—z> st, T (ﬁ - 2T0TOZT),
(23)
By plugging (zx,7;) into Eq. (14), we get 5t = 5. Then using the
third equation in Eq. (22), we get r = %

The characteristic equation for Eq. (15) is:

ox ot

== 2Ty +2—

ot ot S5y

0z or

%< _ o 24
3t 2Ty, + 2 2 (24)
or _ ot 0X 0t 0Z

ot ox ot oz at’

Using the first and second equations in Eq. (24), we obtain:

1 /6x
ox = (2Toyx + 21x)6t, ™73 (E B ZTO")’ (25)
62 = (2Tg, + 21,)ét, 107 oo
) (& B 02)7

Again, by plugging (zx,7;) into Eq. (15), we get 6t = 2Ls Then
using the third equation in Eq. (24), we get = LS— Tgudx —
Toz6Z + 74.

2.2.2. Algorithm 2: FSMCT for factored eikonal equation

The process of solving factored eikonal equations using FSMCT
is similar to Algorithm 1, with the main difference being the local
solver. We present the complete FSMCT algorithm for factored
eikonal equations as follows:

1. Initialization.

To begin, triangulate the computational domain and assign
unique labels to all nodes. Then traveltime T is decomposed into
two factors T = Tyz (or T = Ty + 7). For the node where the source
is located, traveltime T is set to 0, and accordingly =1 (or = = 0).
These points remain fixed throughout the iterations. For all other
nodes, initially set the traveltimes to a large positive number,
which will be updated during the subsequent iterations.

2. Preprocessing.

We also select three corner points as reference points and sort
all nodes according to their Ly-distances to the reference points in
ascent and descent orders. We then stored the indices of these
nodes in separate arrays.:

Sy :ascentorder,R=1,2,3;

26
Sg :descentorder,R=1,2,3. (26)

2. Gauss-Seidel iteration.
(1) ForR =1,2,3:
(2) For S = + —:
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Using the local solver to solve the factored eikonal equation in n
triangles around the current node, and obtain the solution z,,n =
1,2,--. Using T = Toz (or T = Ty + ) to recover T and select the
minimum value as the traveltime for the current node.

3. Stopping rule.

If the convergence criterion |z; —7,_1| <e is satisfied, the iter-
ation stops. And ¢ is a very small positive number.

3. Numerical simulations

In this section, numerical simulations are conducted to show
the performance of our method for traveltime calculation. First, we
consider a constant velocity model (model 1), which is discretized
by different schemes, the fully acute triangle meshes and the
hybrid triangle meshes. We tested the accuracy and efficiency of
FSM (Qian et al., 2007), FSMCT, and factorization approaches
(FSMCTM and FSMCTA) in calculating traveltime on a fully acute
triangular mesh. For hybrid triangular meshes, since existing FSMs
cannot directly calculate traveltime on obtuse triangles, we only
compared the computational results of FSMCT and factorization
approaches. Next, we use the constant-gradient model with
irregular topography (model 2) to test the applicability of our
method in a more challenging case, and compare the results with
the analytical solution. Finally, we apply the proposed method to
the complex model with irregular topography and subsurface in-
terfaces (model 3), and compare the calculated traveltime with the
wavefield snapshot to demonstrate the effectiveness of our
methods.

3.1. Model 1: A constant velocity model

To test the accuracy and reliability of our method, the compu-
tation is performed inside a 1 km x 1 km regular-shaped
computational domain. The velocity of the model is 1000 m/s,
and the source is deployed at (500 m, 500 m). The analytical so-

2 2
lution of traveltime is T = Y-¥*) *%)" \yhere the (x,2) is the

position of any point in the model and (xg, zp) is the position of the
source. The constant-velocity model is discretized using two
triangular meshing schemes: the fully acute triangle meshes
(Fig. 5(a)) and the hybrid triangle meshes including acute and
obtuse angles (Fig. 5(b)).

In Fig. 5(a), we use acute triangular meshes to discretize the
model, resulting in 5836 elements and 3019 nodes. The mesh ex-
hibits high element quality, with most triangles being nearly
equilateral and spatially well organized. We then separately apply
the FSM proposed by Qian et al. (2007) and our FSMCT to calculate
the traveltime. The results are presented in Fig. 6. Specifically,
Fig. 6(a) and (b) display the traveltime contours obtained by FSM
(purple lines) and FSMCT (green dashed lines). We observe that
both methods can effectively solve the eikonal equation to yield
the seismic traveltime, and their traveltime contours overlap. To
further validate the computational accuracy of both methods, we
generate error maps (Fig. 6(c) and (d)), which are identical for both
FSM and FSMCT. The maximum error between the analytical
traveltime and the traveltimes calculated by either FSM or FSMCT
is 1.36 x 102

Upon analyzing the error maps (Fig. 6(c) and (d)), we notice
distinct variations in the traveltime errors on the upper and lower
flanks of the source, indicated by the red and black arrows. To
elaborate on the causes of these differences, we magnify the
triangular elements in the vicinity of the source (Fig. 7) and
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Fig. 5. Triangulation of the square model. (a) Acute triangular mesh. (b) Hybrid triangle mesh consisting of both acute and obtuse triangles.

compute the traveltime at several key nodes. The nodes A, B and C
are the nodes of the triangle where the source is located, and the
traveltimes can be accurately calculated: Ty = 0.1503 s, Tg
0.1026s, and Tc = 0.1026 s. The traveltime at nodes E and F is
calculated along the edges AE and AF to 0.3235 s. The analytical
solution at nodes E and F is 0.3386 s, and the percentage error is
around 4.67%. In reality, seismic waves propagate in the form of
spherical wave (the green line), and the analytical solution at point
D is 0.1962 s. The eikonal solver approximates the wavefront by a
plane wave (the green-dashed line) and the numerical solution of
Tp is 0.2758 s, with the percentage error of around 40%. The errors
caused by source singularity also exist in triangular meshes, and
the error will propagate to the entire computational domain,
affecting traveltime calculation accuracy. Therefore, it is necessary
to eliminate the error caused by point-source singularity.

Fig. 6(a), (b) also show traveltime contours obtained by the
FSMCTM and FSMCTA (as shown by the blue-dashed and black-
dashed lines). The comparison clearly shows that FSMCTM and
FSMCTA effectively eliminate the errors caused by the point-
source singularity, and the results are closer to analytical solu-
tions. Fig. 6(e), (f) show the traveltime errors using the FSMCTM
and FSMCTA, further confirming these observations. The factored
approaches (FSMCTM and FSMCTA) obviously eliminate errors
around the source, and their traveltime errors are much smaller
than those of FSM.

In order to further compare the accuracy and efficiency of
different methods, also calculated the traveltime on acute trian-
gular meshes of different sizes. For brevity, only the summarized
results are presented in Table 1. Table 1 provides a comparison of
the maximum error, mean error, and computational time for each
method across different mesh sizes. The mean error is calculated
as

Zﬁ] |tana — thum|
m

Error = (27)
where tan, is the analytical solution, tyym is the numerical solution,
and m is the number of nodes. It is clear that the maximum and
mean errors produced by FSMCTM and FSMCTA are smaller than
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those obtained by FSM and FSMCT, and that FSM and FSMCT yield
identical errors. In addition, we compare the consuming time for
different methods. The FSM takes time 2.53 s to reach maximum
error of 5.90 x 10~3 on the 34504 triangular meshes, and the
FSMCT takes time 5.08 s to reach same maximum error. In
contrast, the FSMCTA takes time 0.26 s to reach maximum error of
1.09 x 1073 on the 1470 meshes; and the FSMCTM takes time
0.31 s to reach maximum error of 1.02 x 10-3. To reach the same
accuracy level, the factored approaches require significantly less
computational cost.

In Fig. 5(b), the triangular mesh exhibits lower quality, con-
taining a mixture of acute and obtuse triangles with a more
irregular spatial distribution. This mesh consists of 5826 elements
and 3010 nodes. We analyze the accuracy of various solutions
based on the dissection scheme in Fig. 5(b). Fig. 8(a), (b) display the
traveltime contour obtained by different methods (FSMCT,
FSMCTM, and FSMCTA). Compared with the FSMCT (green-dashed
line), the traveltimes computed by FSMCTM (blue-dashed lines)
and FSMCTA (black-dashed lines) are noticeably closer to the
analytical solution. Fig. 8(c)-(e) show the traveltime difference
between analytical and numerical solutions. Fig. 8(c) shows the
traveltime difference for the FSMCT. Due to the singularity of the
source, the error near the source is significant and exists
throughout the whole computational domain. As shown in
Fig. 8(d) and (e), the errors produced by FSMCTM and FSMCTA
are significantly reduced, indicating that the factored approaches
can deal with source singularity better in any triangular mesh.
Table 2 shows maximum error, mean error, and consuming
times of different methods. A comparison of the errors in Tables 1
and 2 shows that, for approximately the same number of elements,
lower-quality triangular meshes tend to produce slightly larger
errors. This demonstrates that numerical accuracy is affected by
mesh quality.

3.2. Model 2: A constant-gradient velocity model with irregular
topography

We test the proposed method on the constant gradient velocity
model with an irregular surface to demonstrate its ability to
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Fig. 6. Traveltime calculation and errors based on acute triangular meshes. (a) and (b) Traveltimes calculated by different method. Red: analytical solution; Purple: FSM; Green-

dashed: FSMCT; Blue-dashed: FSMCTM; Black-dashed: FSMCTA. (c)(f) Traveltime errors for FSM, FSMCT, FSMCTM and FSMCTA, respectively. The FSMCTM and FSMCTA eliminate

errors caused by point source singularity, effectively improving the calculation accuracy of traveltime.

2552



X. Chen, D.-P. Cao, Z.-L. Zhu et al.

0 (500,

D (500, 519.62)

Fig. 7. Schematic diagram of triangular meshes near the source. The point O repre-
sents the source, and the traveltime is set to 0 s.
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FSMCTM's performance is superior to that of FSMCTA, although its
higher algebraic complexity. Fig. 10(c)-(e) show the traveltime
difference between analytical and numerical solutions, with the
errors showing similar characteristics as previously discussed. The
factored approaches (FSMCTM and FSMCTA) can effectively elim-
inate the source singularity and improve the calculation accuracy
of traveltime in the complex model.

3.3. Model 3: Complex model with irregular topography and
subsurface interfaces

We evaluate our method using unstructured triangular meshes
on the cropped foothill model shown in Fig. 11, which features
rugged topography and irregular subsurface interfaces. This model
spans 7.2 km in width and 3.2 km in depth, with velocity values
ranging from 3700 to 5100 m/s. The solid black line in Fig. 11
outlines the topography, exhibiting a maximum elevation differ-
ence of 1090 m. The source is situated at the surface, marked by a
red pentagram, with coordinates at (3.6 km, 0.56 km), as indicated

Table 1
Errors and computational time of different methods for Model 1 with varying mesh sizes.
The number of triangles 1470 5836 16370 34504
The number of nodes 786 3019 8354 17497
FSM Maximum error 2.06 x 1072 1.36 x 1072 7.98 x 103 5.90 x 103
Mean error 1.07 x 1072 6.54 x 1073 422 x 1073 3.14 x 1073
Time, s 0.23 0.52 1.41 253
FSMCT Maximum error 2.06 x 1072 1.36 x 1072 7.98 x 1073 5.90 x 103
Mean error 1.07 x 1072 6.54 x 1073 422 x 1073 3.14 x 1073
Time, s 0.24 0.86 2.44 5.08
FSMCTA Maximum error 1.09 x 1073 3.76 x 107 2.89 x 1074 159 x 1074
Mean error 461 x 1074 119 x 1074 9.66 x 10~° 7.78 x 10>
Time, s 0.26 1.28 6.51 16.94
FSMCTM Maximum error 1.02 x 1073 3.03 x 107 2.76 x 107 156 x 107
Mean error 3.87 x 1074 1.14 x 1074 8.62 x 107° 7.69 x 10~°
Time, s 0.31 1.44 7.27 19.33

handle complex topographies. The model is shown in Fig. 9(a), the
slowness can be expressed as:

1
——=——+Gog-(X—X0,Z2—Z
S%.2) so(x,z)+ 0°(X — X0, 0);
where the sg(x,z) is the slowness at the source (xg,2zg), and Gy is
constant gradient of velocity. The analytical solution of traveltime
can be written as (Huang et al., 2019; Treister and Haber, 2016):

1
T= T arccosh

0 <1 £ 3 5(%.2)50(%.2) GolP|x.2) - (xo7zo)|2>7

where the source is located at xo = 0.5 km and z5 = 0.5 km, and
we set Gy = (0,0.5) in the example. Fig. 9(b) shows the triangular
mesh composed of 5696 triangular elements, which can effectively
handle irregular surfaces.

Fig. 10(a) and (b) compare the traveltime contours obtained for
the FSMCT and the factored approaches. The figure shows that
three methods based on triangular meshes can effectively calcu-
late seismic traveltime in the model with irregular interface. Due
to the singularity of the point source, there is a significant error
between the traveltime calculated by FSMCT and the analytical
solution. The traveltime contours obtained by FSMCTM and
FSMCTA agree better with the analytical solution, and the enlarged
image in the upper right corner can better exhibit the performance
of the factored approaches. Further comparison shows that
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by a red pentagram. Fig. 12 illustrates the triangulation of each
region, tailored to the subsurface interfaces, resulting in meshes
composed of 38373 triangles of varying sizes. This demonstrates
that unstructured triangular meshes can effectively adapt to
irregular interfaces, enabling precise meshing of complex models.

The traveltime contours obtained by different methods are
superimposed over the complex model in Fig. 13. It is clearly
observed that the results obtained by the three methods are
relatively close, and the contours show the obvious tortuous shape
in areas with drastic velocity changes. To further illustrate the
quality of the result, we use the discontinuous Galerkin method to
solve the acoustic equation on the same triangle meshes and
obtain wavefield snapshots (He et al., 2020; He and Yue, 2019). In
Fig. 14, the traveltime contours obtained by the three methods are
superimposed over the wavefield snapshots at 0.5 s and 0.7 s and
visually observe that the traveltime contours match the wavefront.
Our proposed methods have proven to calculate traveltime effec-
tively in complex models. For further comparison, we enlarged the
local area and found that the results of FSMCTM and FSMCTA are
more consistent with the wavefront. After eliminating point
source singularity, the calculation accuracy of traveltime has
improved.

To further demonstrate the superiority of triangular meshes
over rectangular meshes in adapting to complex models, we
conducted a set of comparative experiments based on different
mesh sizes. For the triangular meshes, we compute the traveltimes
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Table 2
Maximum error, mean error, and computational time of different methods.
Maximum error Mean error Time, s
FSMCT 1.37 x 1072 738 x 1073 0.85
FSMCTA 7.99 x 1074 1.58 x 1074 1.07
FSMCTM 542 x 1074 158 x 1074 1.25

using the FSMCT, whereas for the rectangular meshes, the con-
ventional FSM (Huang and Bellefleur, 2012) is employed. In the
complex structural model, where no analytical solution is avail-
able, we consider the traveltimes computed on the finest grid
(dh = 5 m for triangular meshes and dx = dz = 5 m for rectangular
meshes) to be the most accurate and thus use them as reference
solutions. We then gradually increased the grid size to 10, 20, and
40 m, and compared the resulting traveltimes against the refer-
ence, as shown in Fig. 15. As the grid size increases, the traveltimes
obtained with triangular meshes exhibit relatively small errors
compared with the reference solution, whereas the traveltimes
computed on rectangular grids show more pronounced deviations.
We attribute this discrepancy not only to the general loss of ac-
curacy on coarser grids but also to the inability of rectangular
meshes to conform to irregular geological boundaries, which in-
troduces additional geometric errors.

To provide a quantitative assessment, we evaluate the trav-
eltime accuracy by computing the mean error. It can be seen from
Table 3 that triangular meshes consistently yield smaller errors
than rectangular meshes, highlighting their advantages in
computing seismic traveltimes within complex geological models.
While triangular meshes demonstrate improved accuracy, their

computational efficiency is significantly lower than that of struc-
tured rectangular grids, suggesting that future work should focus
on developing acceleration strategies for triangular-mesh-based
solvers.

4. Discussion

In this study, we proposed a novel fast sweeping method,
FSMCT, to compute traveltimes in models with rugged topography
and irregular subsurface interfaces. FSMCT transforms triangular
elements in the physical domain into canonical reference triangles
to solve the eikonal equation, thereby avoiding the subdivision of
obtuse triangles required by conventional FSM. However, when
the triangular mesh exhibits strong distortion or an irregular
spatial arrangement, the numerical errors increase, indicating that
the computational accuracy still depends, to some extent, on the
quality of the mesh.

In the presented examples, the triangular mesh was con-
structed according to the irregular interfaces, allowing the ge-
ometry to be accurately represented. However, in traveltime
tomography, the velocity field is often smooth and the subsurface
interfaces are not explicitly known, in which case the advantages
of triangular meshes may appear less evident. Compared with
structured rectangular meshes, unstructured triangular meshes
offer the advantage of adaptive refinement. They can be sub-
divided into smaller meshes in the simpler and more flexible
manner, allowing the use of finer meshes in regions of particular
interest. When the approximate locations of irregular interfaces or
anomalous bodies are available, the triangular mesh can be
adaptively refined in these regions, enabling more accurate
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Fig. 9. (a) Model with irregular surface. (b) Triangulation of the model.
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traveltime computation and better capturing of local structural In addition, the present study primarily focuses on applying
details. Although adaptive refinement of triangular meshes has not FSMCT to compute traveltimes in two-dimensional media.
yet been fully explored in the current study, it will be an important Nevertheless, the method can be extended to three-dimensional
focus of our future research. problems in a relatively straightforward manner. By adopting the
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dashed:

Traveltimes calculated by different methods. Green-dashed: FSMCT; red-
FSMCTM; black-dashed: FSMCTA.

idea of coordinate transformation, irregular tetrahedral elements
can be mapped to a reference tetrahedron, and the eikonal equa-
tion can then be solved using finite-difference schemes to obtain
traveltimes. However, several challenges are anticipated in such an
extension. First, generating high-quality tetrahedral meshes in 3D
is more complex and requires efficient and robust meshing tech-
niques. Second, the computational cost and memory requirements
will increase significantly, necessitating advanced strategies such
as GPU acceleration and large-scale parallel computing. Despite
these challenges, we believe that FSMCT can be effectively
extended to 3D traveltime computation, and we plan to pursue
this direction in our future work.

In recent years, deep learning methods have gradually
demonstrated certain application potential in seismic exploration
(Cha et al., 2023; Fang et al., 2025; Fu et al., 2025; Gou et al., 2023;
Sun and Demanet, 2022) and have begun to be explored for solving
problems related to the eikonal equation (Smith et al., 2021;
Waheed et al., 2021). Based on the triangular-element discretiza-
tion framework adopted in this study, future research may further
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Fig. 14. Wavefield snapshots of the complex model at (a) t = 0.5 s and (b) t = 0.7 s.
Traveltime contours from FSMCT (green-dashed), FSMCTM (red-dashed), and FSMCTA
(black-dashed) are superimposed.
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Fig. 15. Traveltimes computed on (a) triangular meshes and (b) rectangular meshes
with different grid sizes. The red, yellow, blue, and green contours correspond to
traveltimes obtained with mesh sizes of 5, 10, 20, and 40 m, respectively. Enlarged
views of the corner region highlight that the traveltimes calculated with triangular
meshes are closer to the reference solution.

Table 3
The numerical error of different mesh sizes.
Size, m Mesh
Triangle Rectangle
10 6.45 x 1074 0.0016
20 0.0018 0.0041
40 0.0032 0.0085
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investigate the feasibility of integrating triangular-element
methods with deep learning techniques as a potential direction
for extension.

5. Conclusion

In this study, we have introduced the FSMCT on unstructured
triangular meshes, providing a robust tool for calculating trav-
eltimes in models with irregular geometries. FSMCT leverages the
concept of coordinate transformation to map physical triangles
onto standard reference triangles and constructs an upwind dif-
ference scheme on the reference triangle to solve the eikonal
equation. This approach allows FSMCT to be readily extended to
tackle the factored eikonal equation, effectively eliminating errors
stemming from point source singularities, thus enhancing the
accuracy of traveltime calculations. Our method can compute
traveltimes for any physical triangle, eliminating the need for
reprocessing obtuse triangles. Numerical tests highlight the
effectiveness and precision of our approach in models featuring
irregular topographies and subsurface interfaces.

Petroleum Science 23 (2026) 2545-2559

Eq. (22) is the characteristic equation for the multiplicatively
factored eikonal equation. Using the first and second equations of
Eq. (22), Eq. (23) can be obtained, which provides the expressions
for 7x and z;:

1 ox
Tx = ﬂ (g - ZTOTOXT)7
Al
__1 (§_ AT ) "
Tz = 2T8 St 01027 ),

Eq. (A1) can be substituted into Eq. (14) to obtain:

1 /6% 2 1 6z 2 2
(Toxr+2_7b (g— ZTOTOXT)) + (TOZT-‘rm (E_ 2T0TOZT>) =5°.
(A2)

The formula above expresses Ty, and Ty, as abbreviations for %

and % Expanding the equation results in:

6z
+ (2TpTop2)? — 4% ToToze

2% 2_ 4% 6z\2
(13,2 +T3?) + () +CToTort) 459“”"1%(&)
Toy (% - ZTOTOXT) + To, (% - 2T0TOZT)
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T TO
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APPENDIX A. Detailed process of solving the characteristic
equation to obtain

Here, we provide a detailed derivation of the formula for
calculating z using the characteristic method. Applying the

method to the edges AC and BC, the value of = at point C can be
derived respectively. Now, let's review the formula for the char-

acteristic method on edge AC, where AC = (6x,62), R}‘ = L.The

formula on edge BC is analogous and will not be derived here.
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(A3)
After simplification, the result is:
2(2 72 \.2 . (K\? | (9%\? 22(12 | T2
ATy (T +13,) 2 + (5) +(5) +4787 (Te+T3.) )
— 8132 (T3, + T3,) =4T3S*.
Further simplification yields:
2 2
8x)“ + (6z
(&) + (52 2( S _anzs. (A5)
(at)
Since (5x)% + (62)% = L2, it follows that:
L
5t:TOS' (A6)

Now, we can calculate the value of 7 at point C using the third

equation of Eq. (22) through edge AC. By manipulating the
equation, we obtain:

TC — TA 5X+ oz
=Tx— t Tz
St st Aot

Substituting the expressions for =, 77, and 6t into Eq. (A7) gives:

(A7)

1 | ox 1 6z
IC—TA=55 T_ZTOTOXTC 5X+—2 T_ZTOTOZTC 0z,
2Tg TS 2Tg TS

(A8)
Simplifying Eq. (A8) yields:
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L 2,
(tc — TA)ZTE)TOS: (%)% + (82)% — 2Ty ToxtcoX =——— 2T S
L
- 2T0TOZTC522T S (Ag)
Since (5x)% + (52)% = L2, it follows that:
L L L
(¢ —TA)ZT(%TOS [? — 2T ToxrcoX = TS — 2ToToz7c6Z = TS
(A10)
Finally, the value of 7 at point C can be obtained as:
- LS + Toza (A11)

To + Tox0X + Tgz0z°

Next, we present the detailed formulas corresponding to the
characteristic method of the additively factored eikonal equation.
From the first and second equations of Eq. (24), the expressions for
7x and 7, can be obtained as:

1
™x = 2Tox
2 -7m), -
272 (5t 27bz)
and Eq. (A12) can be substituted into Eq. (15) to obtain:
1 /6x 2 16z 2 2
(Tgx +5 (5 - 2T0x)) + (TOZ +5 (5 - 2TOZ>) —s2,
(A13)

The formula above expresses Ty, and Ty, as abbreviations for "TO

and ”Tﬂ . Expanding this equation results in:

St 2T0x)2 + (% - 2T02)2

@
(Tox)? + (Toz)* + 7

+ Ty, (g - 2TOZ) _

+ To(%— 2Toy)

(A14)
After simplification, the result is:
1/6x\2 1/62\2
aGe) +a(s) =5 (A15)
Since (s5x)% + (5z)2 = 2, it follows that:
L
(St_ﬁ. (A16)

Now, we can calculate the value of 7 at point C using the third

equation of Eq. (24) through edge AC. By manipulating the
equation, we obtain:

c—7A __ OX n 6z
st st et
Substituting the expressions for ry, 77, and &t into the third Eq.

(A17) gives:

(A17)

Tc—TA:% 5TX—2TOX 5X+% 6TZ—2TOZ oz, (A18)
25 25

Simplifying Eq. (A18) yields:
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S (5%‘5, Tox)ox + (%Zsf Toz)oz. (A19)

Based on (6x)% + (5z)> = L2, the value of - at point C can be

obtained as:

tc =LS — 5xToyx — 62T, + 7a- (A20)
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