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a b s t r a c t

In ultra-deep well operations, severe lateral vibration of drill string is a major factor in tool failure and 
decreased drilling efficiency. To investigate the vibration mechanisms and identify effective mitigation 
approaches, a dynamic model for lateral vibration in ultra-deep well drill strings was established using 
Cosserat geometrically exact beam theory. The model systematically examined the effects of rotational 
speed, WOB, and stabilizer position and size on the vibration behavior. Key findings  were validated 
against downhole measurement data from ultra-deep wells. Additionally, two control strategies 
leveraging modal competition and transverse wave disturbance were proposed. Results indicate that the 
bottom hole assembly (BHA) is particularly prone to intense lateral vibrations, with its vibrational 
modes governed by rotational speed and WOB. When the WOB is below the critical buckling load, 
increasing either the rotational speed or WOB promotes backward whirling of the BHA, thereby 
intensifying the vibration severity and bending stress. Conversely, when the WOB exceeds the critical 
buckling load, the system transitions into a buckling–whirling competition mode, resulting in a sig
nificant  reduction in the vibration intensity and bending stress. This trend was reasonably verified 
through field  data. Artificially  inducing this low-risk modal competition by adjusting the WOB and 
rotational speed can effectively reduce the probability of drill string failure. The motion of stabilizers 
shifts from forward whirling to backward whirling as the diameter decreases, which considerably alters 
the vibration-propagation patterns. The vibration-damping effects of both full-gauge and under-gauge 
stabilizers initially increase and then decrease as their installation position moves upward. Under- 
gauge stabilizers exhibit less consistent behavior under non-severe vibration conditions; neverthe
less, they can suppress severe whirling by interfering with adjacent drill string vibrations through low- 
frequency transverse waves. They also demonstrate lower sensitivity to the installation position and 
enhance drill string safety through stress dispersion. Considering comprehensive vibration suppression, 
drill string integrity, and engineering applicability, installing under-gauge stabilizers can be a viable BHA 
optimization measure with significant  practical value. This study provides a theoretical basis for vi
bration control in ultra-deep well drill strings, and the proposed strategy offers valuable insights for 
improving drilling efficiency and ensuring operational safety.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Global oil and gas exploration has been advancing into deeper 
formations, driving rapid growth in ultra-deep (6000–9000 m) 
and extra-deep (>9000 m) wells. China's Tarim Oilfield  has 
established Asia's deepest onshore oil field,  including the 
Shenditake-1 well at a record depth of 10910 m. During deep 
drilling, the bottom hole assembly (BHA) and upper drill string 
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form a highly slender rotating system, which is subjected to 
extreme loads, including substantial axial forces, high torque, and 
high-pressure/high-temperature conditions. Constrained within 
narrow boreholes, their vibration characteristics are highly com
plex (Wang et al., 2024a). Severe vibrations not only jeopardize 
drill string integrity but also interfere with surface monitoring 
because of downhole signal attenuation (Nüsse et al., 2023; Zhang 
et al., 2023b). As a result, conservative drilling parameters and 
assemblies (such as pendulum assemblies) are often used, 
whereas active trajectory-control tools are limited by temperature 
and pressure (Gao and Huang, 2024; Li et al., 2024). These chal
lenges collectively reduce the rate of penetration (ROP) and in
crease operational costs (Yi et al., 2024). Thus, downhole vibration 
emerges as a critical obstacle in deep drilling, necessitating the 
development of effective vibration-mitigation and efficiency- 
enhancement technologies.

The downhole drill strings exhibit multiple vibration types, 
including axial, lateral, and torsional (Zhang et al., 2024b). These 
vibrations manifest as destructive dynamics, such as bit bounce, 
stick-slip, whirling, and high-frequency torsional oscillations 
(Holsaeter et al., 2023). They are driven by factors such as bit-rock 
interactions, drill string eccentricity, wellbore friction, and peri
odic loads from impact tools (Cayeux and Ambrus, 2023; Di et al., 
2024a). Significant progress in drill string dynamics modeling now 
enables effective simulation of these vibrations (Kamel et al., 
2025). Among them, lateral vibrations have become a primary 
research focus owing to their severe consequences, multiple 
excitation mechanisms, and complex behavior (Ledgerwood et al., 
2010). The established models for lateral vibration are generally 
categorized into lumped-parameter and continuous-parameter 
types (Faghihi et al., 2024; Huang et al., 2025).

Lumped-parameter models represent the drill string as a multi- 
degree-of-freedom system comprising concentrated masses, 
massless elastic segments (springs), and dampers (Christoforou 
and Yigit, 2003; Liu et al., 2013). They are widely used to investi
gate vibration mechanisms because of their moderate modeling 
complexity and high computational efficiency (Nüsse et al., 2024). 
The key findings  from lateral vibration studies using lumped- 
parameter models include the following: 1) Gravity-induced 
radial component variations cause distinct whirling behaviors in 
vertical and deviated wells. Vertical wells typically exhibit non- 
contact revolution, forward whirling, irregular motion, and back
ward whirling, whereas deviated wells exhibit roll-slide oscilla
tion, backward whirling, and transition states (Li et al., 2020; Wang 
et al., 2024b). 2) An increase in key parameters such as rotational 
speed, friction coefficient,  mass eccentricity, and borehole clear
ance promotes a transition toward backward whirling (Kapitaniak 
et al., 2017; Stroud et al., 2011; Xie et al., 2020). Studies on coupled 
lateral vibrations by Moraes and Savi (2019) have demonstrated 
that axial vibrations (bit bounce) could induce whirling through 
the release of torsional energy. They found that vibrations could be 
suppressed by maintaining a constant WOB while first  reducing 
and then increasing the rotational speed. In contrast, simulta
neously increasing both the WOB and rotational speed did not 
mitigate whirling. Research by Leine et al. (2002) and Choe et al. 
(2023) indicated that stick-slip vibrations could excite drill string 
whirling; however, backward whirling and stick-slip vibrations 
were mutually exclusive. Huang et al. (2024, 2025) developed an 
integrated system that incorporated both drill string dynamics and 
bit-rock interactions via particle flow discrete-element modeling. 
This approach offers advantages over existing coupled dynamics 
models by providing a more realistic characterization of formation 
heterogeneity and bit geometry (Feng et al., 2017; Richard et al., 
2007; Zhang et al., 2024a). It elucidates the fundamental mecha
nism by which backward whirling reduces the ROP: increased drill 

string-wellbore friction decreases the effective WOB at the bit- 
rock interface (Ni et al., 2025).

While lumped-parameter models have advanced the theoret
ical understanding of drill string dynamics and demonstrated ac
curacy in scaled experiments, they are fundamentally constrained 
compared with continuous-parameter approaches (Goicoechea 
et al., 2023, 2024b). First, by neglecting distributed inertial ef
fects, these models cannot capture stress wave propagation, spe
cifically, the phase delay in wave reflections. This limitation 
restricts their application to short structures where the rate of 
boundary condition change is slow relative to the propagation 
speed of internal stress waves. Second, as severe simplifications of 
continuum systems, lumped-parameter models fail to charac
terize complex dynamic behaviors, such as higher-order vibration 
modes, in actual drill strings.

Continuous-parameter models provide a more physically real
istic representation of the drill string than their lumped- 
parameter counterparts by continuously distributing properties 
such as density and elastic modulus along the length. These 
models are subsequently discretized into elements, including 
shell, beam, or solid elements, which are then solved using nu
merical methods such as the finite-element method or finite- 
difference method. Building upon Heisig's (Heisig, 1993) Euler- 
Bernoulli beam formulation, progressive refinements  have 
evolved it into a generalized beam-element framework (Al 
Dushaishi, 2015; Dykstra, 1996; Wilson, 2017; Zhang et al., 
2024c). Theoretical and experimental studies have confirmed  its 
computational versatility and engineering accuracy in drill string 
vibration analysis (Di et al., 2021; Wang et al., 2018; Xiang et al., 
2023; Zhang et al., 2020). This approach preserves the dynamic 
pattern prediction capability of lumped-parameter models while 
effectively capturing complex vibrations through geometric 
nonlinearity. Furthermore, it has been applied to practical chal
lenges involving the stress wave reflection effect, such as impact 
drag reduction (Liu et al., 2023).

However, in lateral vibration studies for ultra-deep wells, 
conventional beam-element models often produce over
simplified  results. They typically predict severe vibrations 
localized at the BHA but offer limited insight into vibration 
control. This limitation stems from their mathematical frame
work, in which nodal-coordinate-based beam elements form 
geometrically inexact beams (Fang, 2016). Such models require 
the deformed configurations to remain near the reference 
configuration.  Even with nonlinear strain-displacement re
lationships, they impose strict constraints on centroid dis
placements and cross-section rotations relative to the reference 
frame (Di et al., 2024b; Zhu et al., 2024). Consequently, they 
exhibit significant errors under the large bending and torsional 
deformations characteristic of complex deep well conditions 
(Shabana et al., 2007; Wu et al., 2013).

Geometrically exact beam theory originated from Euler and 
Bernoulli's studies on spatial curved rods. Kirchhoff later estab
lished static equations for large deformation rods using rigid body 
dynamics analogies, and the Cosserat brothers subsequently 
incorporated shear deformation effects. Simo et al. (1995, 1988) 
extended this framework into a three dimensional dynamic model. 
This work culminated in a comprehensive theory for the dynamics 
of geometrically exact beams (Lang and Linn, 2009; Lang et al., 
2011), which was systematically documented in seminal works 
by Antman (2005) and Liu (2006). Unlike lumped-parameter or 
geometrically inexact beam models, this theory imposes no re
strictions on the deformation scale of flexible slender structures, 
making it ideal for modeling drill string configurations (Alamo and 
Weber, 2006; Cammarata et al., 2025; Han et al., 2019; Tucker and 
Wang, 2003; Yang et al., 2025).
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Recently, Goicoechea et al. (2019) developed a drill string dy
namics model for extended-reach wells on the basis of Cosserat 
geometrically exact beam theory. Their model integrated wellbore 
contact, rotational speed, friction, and torque. Solved using COM
SOL's weak form interface, it provided an in-depth analysis of 
stick-slip vibrations during off-bottom rotation. In a subsequent 
study, Goicoechea et al. (2024a) derived convective equations for 
the instantaneous cutting depth from rock profile characteristics 
to compute the WOB and torque. These loads were then coupled as 
boundary conditions into the geometrically exact beam, enabling a 
full axial-lateral-torsional vibration simulation. The key findings 
from this work are as follows: 1) The model captures complex 
vibrations more accurately, whereas a low-degree-of-freedom 
model represents severe a simplification. 2) The material damp
ing coefficients  in Kelvin-Voigt constitutive models significantly 
influence stick-slip behavior, suggesting that damping adjustment 
offers a potential method for vibration suppression. These ad
vances demonstrate the theory's strong potential for modeling the 
dynamics of drill strings. However, its application to ultra-deep 
well scenarios remains unexplored, constituting a critical gap for 
future engineering-focused research.

The authors' previous research employed a scaled-down labora
tory apparatus to conduct modeling studies and experimental vali
dations of drill string dynamics based on Cosserat beam theory (Yu 
et al., 2023). This work systematically analyzed the influence pat
terns of the inclination angle, rotational speed, WOB, and friction 
coefficient  on drill string lateral vibrations. It also successfully 
simulated the transition from forward to backward whirling in ver
tical wells. These findings validate the model's accuracy and establish 
a foundation for research into full-scale drill string mechanics 
applications.

This study investigated drill string failure and reduced drilling 
efficiency caused by severe vibrations in deep drilling operations. 
Extending prior laboratory experiments and scaled drill string 
modeling based on Cosserat beam theory, this theoretical framework 
was applied to ultra-deep 10000 m drill strings. The analysis 
emphasized the influence of controllable field parameters on lateral 
vibration behavior, with a focus on previously understudied vibra
tion patterns of potential engineering significance. Key findings were 
validated against field measurement data. The research objectives 
are as follows: 1) To apply a geometrically exact beam model for 
analyzing the dynamic response of ultra-deep drill strings under 
various parameters and to elucidate the mechanisms governing 
transitions between lateral vibration modes. 2) To provide theoreti
cally grounded and data-supported methods for vibration control, or 
to explain existing practical phenomena. 3) To extend the application 
of Cosserat beam theory to drill string dynamics in ultra-deep wells, 
thereby enriching the theoretical research methodology in this field.

The structure of this paper is as follows: Section 2 discusses the 
formulation of the dynamic equations for the model, the setting of 
distributed constraints, boundary conditions, and initial conditions, 
and the key parameters for characterizing drill string vibration are 
defined  in subsequent research. Section 3 focuses on engineer- 
controllable parameters (WOB, rotational speed, and stabilizer size 
and placement) as primary controlling factors. The influence  pat
terns of these factors on lateral vibration characteristics are analyzed 

through numerical simulations, new vibration modes are explored, 
their generation mechanisms are revealed, and corresponding vi
bration control strategies are proposed. In particular, the effects of 
rotational speed and WOB on vibration are validated through anal
ysis of wellhead and downhole data. Section 4 summarizes the key 
conclusions of this research and outlines potential directions for 
future work.

2. Dynamics modeling

This section outlines the modeling process for drill string dy
namics based on Cosserat geometrically exact beam theory, 
encompassing the formulation of dynamic equations, characteriza
tion of distributed loads, and specification of initial and boundary 
conditions. Beyond the foundational assumptions inherent to Cos
serat beam theory, the proposed model incorporates the following 
supplementary hypotheses:

1) The drill string cross-section is isotropic and initially straight, 
with joint effects neglected.

2) The wellbore is assumed to be a straight hole with a deviation 
angle of 0◦, and its inner wall is modeled as a uniform cylin
drical surface.

3) The friction coefficient  within the wellbore is assumed to be 
spatially uniform.

2.1. Formulation of dynamic equations

A drill string segment of length L is positioned within a straight 
wellbore OB of radius rw, as illustrated in Fig. 1(a). An inertial coor
dinate system O-XYZ is established at the wellhead, where the end 
face of the drill string at the surface is denoted by P0, and the end face 
at the bottom of the well is designated PL. Considering a cross-section 
located at an arbitrary position s along the drill string centerline as 
the subject of analysis, the spatial position of its centroid P is defined 
by the position vector r, which extends from point O to P. At time t, the 
drill string experiences deformation and motion owing to boundary 
constraints at both ends and distributed constraints along its length. 
The distributed internal force and moment between the cross- 
section at P and its adjacent cross-section are denoted by f and m, 
respectively. On the basis of the beam element assumption, all the 
dynamic parameters of a given cross-section are defined  at its 
centroid. Accordingly, the internal force and moment are repre
sented by the principal vector F and the principal moment M, 
respectively. During motion, the drill string exhibits a linear velocity 
vector v and an angular velocity vector Ω. The associated deforma
tions—comprising bending, torsion, shear, and extension—are 
characterized by the curvature-twist vector ω (describing bending 
and torsional deformation) and the strain vector Γ (capturing shear 
and axial deformation), as depicted in Fig. 1(b).

At the centroid P, a principal-axis coordinate system P-xyz is 
established. The z-axis aligns with the principal axis direction, and 
the x- and y-axes are orthogonal to the z-axis and lie in the radial 
directions of the cross-section, as shown in Fig. 1(c). The trans
formation relationship between the principal-axis coordinate 
system and the inertial coordinate system is given by: 
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where eX, eY, and eZ are the basis vectors of the inertial coordinate 
system O-XYZ. ex, ey, and ez are the basis vectors of the principal- 
axis coordinate system P-xyz. q0, q1, q2, and q3 represent the 
Euler parameters.

Projecting the vectors within the drill string onto the principal- 
axis coordinate system yields: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F = Fxex + Fyey + Fzez
M = Mxex + Myey + Mzez
v = vxex + vyey + vzez
Ω = Ωxex + Ωyey + Ωzez
Γ = Γxex + Γyey + Γzez
ω = ωxex + ωyey + ωzez
f = fxex + fyey + fzez
m = mxex + myey + mzez

(2) 

where Fx and Fy are shear forces (N). Fz is the axial force (N). Mx and 
My are bending moments (N⋅m). Mz is torque (N⋅m). vx, vy, and vz 

are the linear velocity projections in the principal-axis coordinate 
system (m⋅s− 1). Ωx, Ωy, and Ωz are angular velocity projections 

(rad⋅s− 1). Γx, Γy, and Γz are strain projections. ωx, ωy, and ωz are 
curvature-twist vector projections (rad⋅m− 1). fx, fy, and fz are the 
projections of the distributed force vector (N⋅m− 1). mx, my, and mz 

are the projections of the distributed moment vector (N).
The vector r from the origin O to the centroid P is projected in 

the inertial coordinate system, yielding: 

r=XPeX + YPeY + ZPeZ (3) 

where XP, YP, and ZP represent the coordinates of centroid P in the 
inertial coordinate system (m).

On the basis of Cosserat beam theory, the scalar-form governing 
equations of drill string dynamics in the principal-axis coordinate 
system are as follows: 

∂ωx

∂t
=

∂Ωx

∂s
+ ωyΩz − ωzΩy (4a) 

∂ωy

∂t
=

∂Ωy

∂s
+ ωzΩx − ωxΩz (4b) 
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Fig. 1. Dynamic model of an ultra-deep well drill string. (a) Drill string configuration and inertial frame O-XYZ. (b) Principal-axis frame P-xyz with dynamic parameters and 
distributed loads (Δs: element length). (c) Coordinate transformation between P-xyz and O-XYZ showing parameter projections (F: principal vector with projections Fx, Fy, Fz).
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∂ωz

∂t
=

∂Ωz

∂s
+ ωxΩy − ωyΩx (4c) 

∂Γx

∂t
=

∂vx

∂s
+ωyvz − ωzvy − Ωy(1+Γz) + ΩzΓy (4d) 

∂Γy

∂t
=

∂vy

∂s
+ωzvx − ωxvz +Ωx(1+Γz) − ΩzΓx (4e) 

∂Γz

∂t
=

∂vz

∂s
+ ωxvy − ωyvx − ΩxΓy + ΩyΓx (4f) 

ρsS
∂vx

∂t
=

∂Fx

∂s
+ωyFz − ωzFy − ρsS

(
Ωyvz − Ωzvy

)
+ fx (4g) 

ρsS
∂vy

∂t
=

∂Fy

∂s
+ωzFx − ωxFz − ρsS(Ωzvx − Ωxvz) + fy (4h) 

ρsS
∂vz

∂t
=

∂Fz

∂s
+ωxFy − ωyFx − ρsS

(
Ωxvy − Ωyvx

)
+ fz (4i) 

Jx
∂Ωx

∂t
=

∂Mx

∂s
+ωyMz − ωzMy +ΓyFz − (1+Γz)Fy +

(
Jy − Jz

)
ΩyΩz

+ mx

(4j) 

Jy
∂Ωy

∂t
=

∂My

∂s
+ωzMx − ωxMz +(1+Γz)Fx − ΓxFz +(Jz − Jx)ΩzΩx

+ my

(4k) 

Jz
∂Ωz

∂t
=

∂Mz

∂s
+ωxMy − ωyMx +ΓxFy − ΓyFx +

(
Jx − Jy

)
ΩxΩy + mz

(4l) 

∂q0
∂t

=
1
2
(
− q1Ωx − q2Ωy − q3Ωz

)
(4m) 

∂q1
∂t

=
1
2
(
q0Ωx − q3Ωy + q2Ωz

)
(4n) 

∂q2
∂t

=
1
2
(
q3Ωx + q0Ωy − q1Ωz

)
(4o) 

∂q3
∂t

=
1
2
(
− q2Ωx + q1Ωy + q0Ωz

)
(4p) 

∂XP

∂t
=
(

q2
0 + q2

1 − q2
2 − q2

3

)
vx +2(q1q2 − q0q3)vy

+ 2(q1q3 + q0q2)vz (4q) 

∂YP

∂t
=2(q1q2 + q0q3)vx +

(
q2

0 − q2
1 + q2

2 − q2
3

)
vy

+ 2(q2q3 − q0q1)vz (4r) 

∂ZP

∂t
=2(q1q3 − q0q2)vx +2(q2q3 + q0q1)vy

+
(

q2
0 − q2

1 − q2
2 + q2

3

)
vz (4s) 

Eqs. (4a–4f) are the kinematic equations derived from curved 
rod kinematics, also referred to as compatibility equations. Eqs. 

(4g–4i) and (4j–4l) represent the linear momentum and angular 
momentum equations of elastic rods, respectively, derived from 
the momentum theorems. In the equations, ρs denotes the den
sity of the drill string (kg⋅m− 3). S is the area of the drill string 
cross-section, m2. Jx, Jy, and Jz are the per-unit-length moments of 
inertia about the three axes of the principal-axis coordinate 
system (kg⋅m).

Eqs. (4a–4l) represent the general form of the dynamic govern
ing equations derived from Cosserat beam theory, detailed deri
vations are available in Antman (1998) and Liu (2006). By 
converting the external loads acting on the drill string into 
distributed constraints and boundary conditions and incorporating 
them into this system of equations, the dynamic behavior of the 
drill string can be comprehensively described. Given that the 
formulation of certain distributed constraints requires real-time 
determination of the drill string's spatial configuration, or is more 
conveniently described in the inertial coordinate system, Eqs. 
(4m–4s) are introduced into the fundamental equations. Specif
ically, Eqs. (4m–4p) enable the real-time determination of the Euler 
parameters at the centroid P of any cross-section of the drill string. 
These Euler parameters describe the spatial orientation of the 
cross-section and constitute the direction cosine matrix. Through 
Eq. (1), the distributed constraints defined in the inertial coordinate 
system are transformed into the principal-axis coordinate system. 
These equations are referred to as the attitude equations of the drill 
string dynamic model. Eqs. (4q–4s) are scalar coordinate equations, 
and their inclusion in the drill string dynamic equations enables 
real-time determination of the spatial position of any cross-section.

Antman (1998) introduced a nonlinear constitutive equation 
for geometrically exact beam on the basis of the Kelvin-Voigt 
damping model, thereby extending the applicability of this beam 
model from purely elastic materials to viscoelastic materials. The 
scalar form of this constitutive equation is given by: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Fx = GSΓx + 2C _Γ;x
∂Γx

∂t

Fy = GSΓy + 2C _Γ;y
∂Γy

∂t

Fz = ESΓz + 2C _Γ;z
∂Γz

∂t

(5) 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Mx = EIxωx + 2C _K;x
∂ωx

∂t

My = EIyωy + 2C _K;y
∂ωy

∂t

Mz = GIzωz + 2C _K;z
∂ωz

∂t

(6) 

In these equations, E and G represent the elastic modulus and 
shear modulus, respectively (Pa). Ix and Iy are the inertia moments 
(m4). Iz is the polar inertia moment (m4). where C _K;x and C _K;y are the 

material viscous damping coefficients  for bending (N⋅s⋅m2). C _K;z 

represents the material viscous damping coefficient  for torsional 
(N⋅s⋅m2). C _Γ;x and C _Γ;y are the material viscous damping coefficients 
for shear (N⋅s). C _Γ;z is the material viscous damping coefficient for 
tensile (N⋅s).

Eqs. (5) and (6) serve as critical components linking the kine
matic and dynamic equations of the Cosserat beam theory. When 
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combined with Eqs. (4a–4s), they ensure that the system has 19 
unknowns and an equal number of equations. Furthermore, the 
viscous damping coefficients  of materials and their time de
rivatives in the constitutive equations significantly  influence  the 
whirling motion of the drill string and are often referred to as 
structural damping coefficients.

2.2. Description of distributed constraints

Distributed constraints refer to uniformly distributed forces or 
moments acting along the drill string. In this study, the distributed 
constraints considered include the normal contact force fn, fric
tional force ff, frictional torque mf, centrifugal force due to rotation 
fc, buoyed weight fg, and viscous damping moment from the 
drilling fluid  mm. These vector-form distributed constraints are 
projected onto the principal-axis coordinate system to yield: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

f n = fn;xex + fn;yey + fn;zez

f f = ff;xex + ff;yey + ff;zez

f c = fc;xex + fc;yey + fc;zez

f g = fg;xex + fg;yey + fg;zez
mf = mf;xex + mf;yey + mf;zez
mm = mm;xex + mm;yey + mm;zez

(7) 

where fn,x, fn,y, and fn,z represent the projections of the normal 
contact force in the principal-axis coordinate system (N⋅m− 1). ff,x, 
ff,y, and ff,z denote the projections of the frictional force (N⋅m− 1). 
fc,x, fc,y, and fc,z are the projections of the rotational centrifugal force 
(N⋅m− 1). fg,x, fg,y, and fg,z indicate the projections of the linear 
buoyant weight (N⋅m− 1). mf,x, mf,y, and mf,z represent the pro
jections of the frictional torque (N). mm,x, mm,y, and mm,z corre
spond to the projections of the drilling fluid  viscous damping 
moment (N).

Notably, certain distributed constraints in Eq. (7) can be directly 
defined along a specific axis of the principal-axis coordinate sys
tem, in which case their projections on the remaining two axes are 
zero. The following discussion addresses each distributed 
constraint and outlines the formulation process of its scalar forms.

1) Normal contact force

The normal contact force between the drill string and the 
wellbore wall constrains the motion of the drill string within the 
borehole boundary. When a relative velocity or a tendency for 
relative motion arises, this contact simultaneously generates 
frictional forces. Therefore, the normal contact force must be 
addressed first.  Considering the centroid P of an arbitrary drill 
string cross-section as the subject of analysis, point A on the 
wellbore trajectory nearest to point P is defined, as illustrated in 
Fig. 2(a). For vertical wells, the coordinates of point A can be 
directly calculated via the perpendicular foot formula from a point 
to a line, expressed as: 
⎧
⎨

⎩

XA = XO + c(XB − XO)

YA = YO + c(YB − YO)

ZA = ZO + c(ZB − ZO)

(8) 

where 

c=
(XO − XA)(XB − XO)+(YO − YA)(YB − YO)+(ZO − ZA)(ZB − ZO)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(XB − XO)
2
+(YB − YO)

2
+(ZB − ZO)

2
√

(9) 

where XO, YO, and ZO represent the wellhead coordinates (m). XB, 
YB, and ZB denote the bottom hole coordinates (m). XA, YA, and ZA 

indicate the coordinates of point A on the trajectory line that is 
nearest to point P (m).

When the coordinates of point A are known, the distance be
tween points A and P can be further determined as: 

dPA =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(XA − XP)
2
+ (YA − YP)

2
+ (ZA − ZP)

2
√

(10) 

where dPA is the distance between point A and point P (m).
The clearance between the drill string and the wellbore is 

denoted as rc. When the distance dPA is less than rc, there is no 
contact between the drill string and the wellbore, and the 
normal contact force is zero. When dPA is greater than or equal to 
rc, contact occurs between the drill string and the wellbore. By 

z

O

A

P

B

x

y

Wellbore

fc

fg

dPA

mm

(a)

Trajectory

Hmf

z

O

Contact point

dPA

A

vr

ff

fn

x

y

B

P

(b)

Fig. 2. Distributed constraints. (a) Constraints without wellbore contact (fc: centrifugal force, fg: buoyant weight, mm: fluid damping moment). (b) Additional contact-induced 
constraints (fn: normal force, ff: frictional force, mf: frictional torque).
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introducing a penalty function and accounting for energy 
dissipation during the collision process, the projections of the 
normal contact force in the principal-axis coordinate system are 
given as: 
⎧
⎨

⎩

fn;x = −
[
kp(dPA − rc)ux + kcvx

]

fn;y = −
[
kp(dPA − rc)uy + kcvy

]

fn;z = −
[
kp(dPA − rc)uz + kcvz

] (11) 

where 

rc = rw − ro (13) 

where kp is the wellbore stiffness coefficient  (N⋅m− 1), kc is the 
collision damping coefficient (N⋅s⋅m− 2), and ux, uy, and uz are the 
projections of the unit vector directed from point A to point P in 
the principal-axis coordinate system. rw denotes the wellbore 
radius (m), and ro represents the drill string radius (m).

2) Frictional force and torque

Taking the cross-section at point P as an example, the 
outer side of this section contacts the wellbore at point H at 
time t, as shown in Fig. 2(b). The scalar form of the relative 
velocity can be derived from the linear velocity and angular 
velocity projections in the principal-axis coordinate system as 
follows: 
⎧
⎨

⎩

vr;x = vx + ro
(
Ωyuz − Ωzuy

)

vr;y = vy + ro(Ωzux − Ωxuz)

vr;z = vz + ro
(
Ωyuz − Ωzuy

) (14) 

where vr,x, vr,y, and vr,z are the projections of the relative velocity 
vector vr in the principal-axis coordinate system (m⋅s− 1).

The magnitude of the relative velocity vector 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

v2
r;x + v2

r;y + v2
r;z

√

is indicated as ‖vr‖. Under ideal conditions, the motion of the drill 
string along the wellbore can be classified as sliding or rolling on 
the basis of whether ‖vr‖ equals zero, corresponding to kinetic 
friction or static friction, respectively. However, in numerical 
computations, it is difficult to precisely satisfy ‖vr‖ = 0. Therefore, 
the determination of friction type needs to be relaxed to a certain 
tolerance range. Now, introducing a relative velocity error limit vs: 
when ‖vr‖ > vs, the friction type between the drill string and 
wellbore is kinetic friction. In this case, the kinetic friction force 
can be expressed as: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ff;x = −
μd

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f 2
n;x + f 2

n;y + f 2
n;z

√

vr;x

‖vr‖

ff;y = −
μd

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f 2
n;x + f 2

n;y + f 2
n;z

√

vr;y

‖vr‖

ff;z = −
μd

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f 2
n;x + f 2

n;y + f 2
n;z

√

vr;z

‖vr‖

(15) 

where μd is the coefficient of kinetic friction.
The frictional torque can be further determined from the ki

netic friction force: 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

mf;x = ro

(
ff;yuz − ff;zuy

)

mf;y = ro

(
ff;zux − ff;xuz

)

mf;z = ro

(
ff;xuy − ff;yux

)
(16) 

When |vr| ≤ vs, the friction between the drill string and well
bore may transition to static friction, necessitating additional 
verification.  In the case of the cross-section containing point P, 
which is in contact with the wellbore under rolling conditions, 
setting the relative velocity projections in Eq. (14) to zero and 
computing their partial derivatives with respect to t yields the 
governing equations. By omitting negligible terms ∂XA/∂t, ∂YA/∂t, 
and ∂ZA/∂t while enforcing the distance parameter dPA equal to the 
clearance between the drill string and wellbore rc, the following 
simplified formulation is obtained: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂vx

∂t
+ ro

(
∂Ωy

∂t
uz −

∂Ωz

∂t
uy

)

=
ro

rc

(
Ωyvz − Ωzvy

)

∂vy

∂t
+ ro

(
∂Ωz

∂t
ux −

∂Ωx

∂t
uz

)

=
ro

rc
(Ωzvx − Ωxvz)

∂vz

∂t
+ ro

(
∂Ωy

∂t
uz −

∂Ωz

∂t
uy

)

=
ro

rc

(
Ωyvz − Ωzvy

)

(17) 

By combining Eqs. (4g–4l), (16), and (17), where the linear ac
celeration projections are denoted as _vx, _vy, and _vz, the angular 
acceleration projections as _Ωx, _Ωy, and _Ωz, and the static friction 
projections as fs,x, fs,y, and fs,z, a coupled system of equations can be 
established.

The static friction forces, linear accelerations, and angular ac
celerations are treated as unknown parameters and placed on the 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ux =

(
q2

0 + q2
1 − q2

2 − q2
3

)
(XP − XA) + 2(q1q2 + q0q3)(YP − YA) + 2(q1q3 − q0q2)(ZP − ZA)

dPA

uy =
2(q1q2 − q0q3)(XP − XA) +

(
q2

0 − q2
1 + q2

2 − q2
3

)
(YP − YA) + 2(q2q3 + q0q1)(ZP − ZA)

dPA

uz =
2(q1q3 + q0q2)(XP − XA) + 2(q2q3 − q0q1)(YP − YA) +

(
q2

0 − q2
1 − q2

2 + q2
3

)
(ZP − ZA)

dPA

(12) 
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left-hand side of the equations, whereas all currently known 
parameters—including all distributed forces and moments except 
static friction forces and friction torques—are positioned on the 
right-hand side. The resulting system of simultaneous equations 
can be expressed as: 

where k1–k9 represent the sums of the terms on the right-hand 
sides of Eqs. (4g–4l) and (17), respectively.

Take the inverse of the coefficient matrix in Eq. (18) and obtain 
the static friction forces fs,x, fs,y, and fs,z through matrix operations. 

The magnitude of the static friction force 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f 2
s;x + f 2

s;y + f 2
s;z

√

is 

denoted as ‖fs‖, and the magnitude of the normal contact force 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f 2
n;x + f 2

n;y + f 2
n;z

√

is denoted as ‖fn‖. If ‖fs‖ ≤ μd‖fn‖, the static 

friction assumption holds, yielding ff,x = fs,x, ff,y = fs,y, and ff,z = fs,z. If 
‖fs‖ > μd‖fn‖, the magnitude of the frictional force still satisfies 
Coulomb's friction law, but its direction is determined by the static 
friction force. In this case, Eq. (15) should be modified as: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ff;x = μd‖fn‖
fs;x

‖fs‖

ff;y = μd‖fn‖
fs;y

‖fs‖

ff;z = μd‖fn‖
fs;z
‖fs‖

(19) 

3) Centrifugal force

Mass imbalance is the primary cause of lateral vibrations in 
drill strings, and this factor must be incorporated into the drill 
string system when analyzing such vibrations. Taking the cross- 
section at point P as an example, assume that a concentrated 
mass point G is located at a fixed position within this section. The 
distance between point G and point P is defined as the eccentricity, 
denoted by e. Since point G and the x- and y-axes of the principal- 
axis coordinate system are fixed within the cross-sec
tion—implying that the relative positions of the mass point and 
the coordinate axes remain unchanged during rotation—point G is 
placed directly on the y-axis. When a rotational speed is applied 
along the z-axis, the centrifugal force arising from mass eccen
tricity can be expressed as: 

fc;y = ρsSeΩ2
z (20) 

The centrifugal force due to rotation acts from the geometric 
center of the cross-section toward the mass center and is directly 

established in the non-inertial reference frame. Consequently, 
there is no need to consider additional moments and Coriolis 
forces.

4) Buoyed weight

Taking the cross section at point P as an example, the gravita
tional force vector in the inertial coordinate system is expressed 
as − ρsSeZ. Eq. (1) is used to transform it into the principal-axis 
coordinate system while considering the buoyancy of the drilling 
fluid, and the scalar form of the buoyant weight can be obtained 
as: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

fg;x = − 2
(

1 −
pm

ps

)

(q1q3 − q0q2)ρsS

fg;y = − 2
(

1 −
pm

ps

)

(q2q3 + q0q1)ρsS

fg;z = −

(

1 −
pm

ps

)(
q2

0 − q2
1 − q2

2 + q2
3

)
ρsS

(21) 

where ρm represents the density of the drilling fluid (kg⋅m− 3).

5) Drilling fluid viscous damping

This study considers only the viscous damping moment of the 
drilling fluid in the torsional direction, employing a torque calcu
lation formula proposed by Bourgoyne et al. (1986) for plastic 
fluids acting on the outer surface of the drill string, which is spe
cifically expressed as: 

mm;z = − 2πτro
2 (22) 

where 

τ= τ0 + μpγ (23) 

γ=
Ωz

r2
o

(
1
r2

o
− 1

r2
w

) (24) 

where mm,z represents the viscous damping moment along the z- 
axis of the principal-axis coordinate system (N), τ denotes the 
shear stress of the drilling fluid (N⋅s), τ0 represents the yield point 
(Pa), μp indicates the plastic viscosity (Pa⋅s), and γ represents the 
shear rate (rad⋅s− 1).

The distributed forces and moments mentioned above are 
summed over the three principal axis directions, yielding: 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρsS 0 0 − 1 0 0 0 0 0
0 ρsS 0 0 − 1 0 0 0 0
0 0 ρsS 0 0 − 1 0 0 0
0 0 0 0 rouz − rouy Jx 0 0
0 0 0 − rouz 0 roux 0 Jy 0
0 0 0 rouy − roux 0 0 0 Jz
1 0 0 0 0 0 0 rouz − rouy
0 1 0 0 0 0 − rouz 0 roux
0 0 1 0 0 0 rouy − roux 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

_vx
_vy
_vz
fs;x
fs;y
fs;z
_Ωx
_Ωy
_Ωz

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1
k2
k3
k4
k5
k6
k7
k8
k9

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(18) 
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⎧
⎨

⎩

fx = fn;x + ff;x + fg;x
fy = fn;y + ff;y + fg;y + fc;y
fz = fn;z + ff;z + fg;z

(25) 

⎧
⎨

⎩

mx = mf;x
my = mf;y
mz = mf;z + mm;z

(26) 

By substituting Eqs. (25) and (26) into Eqs. (4g–4l), the system 
of drill string dynamics equations can be fully formulated.

2.3. Establishment of boundary and initial conditions

The boundary condition for the drill string configuration  in 
Fig. 1 is established by defining  a principal-axis coordinate sys
tem P0-xyz at the centroid of the P0 end section. The resultant 
external moment M0, resultant external force F0, angular velocity 
Ω0, and linear velocity v0 acting on the end face are spatially 
resolved into projections along the axes of this coordinate system: 
⎧
⎪⎪⎨

⎪⎪⎩

M0 = M0;xex + M0;yey + M0;zez
F0 = F0;xex + F0;yey + F0;zez
Ω0 = Ω0;xex + Ω0;yey + Ω0;zez
v0 = v0;xex + v0;yey + v0;zez

(27) 

where M0,x, M0,y, and M0,z represent the projections of the resul
tant external moment M0 in the principal-axis coordinate system 
(N⋅m). F0,x, F0,y, and F0,z denote the projections of the resultant 
external force F0 (N). Ω0,x, Ω0,y, and Ω0,z correspond to the angular 
velocity projections of Ω0 (rad⋅s− 1). v0,x, v0,y, and v0,z describe the 
linear velocity projections of v0 (m⋅s− 1).

The P0 end, fixed at the origin O, is considered a special type of 
three-dimensional fixed support, as illustrated in Fig. 3(a). The 
position of the P0 end remains stationary at all times, with v0,x, v0,y, 
and v0,z equal to zero. This end is permitted to rotate only about the 
z-axis of the principal-axis coordinate system, resulting in Ω0,x and 
Ω0,y being zero. The angular velocity Ω0,z and torque M0,z can 
simultaneously exist along the z-axis, representing the rotational 
speed and torque, respectively. However, Ω0,z and M0,z are mutu
ally exclusive parameters, meaning that only one of them can be 
specified as a known condition—typically, the angular velocity Ω0,z 

is provided. Consequently, the determinable parameters at the P0 
end include v0,x, v0,y, v0,z, M0,x, M0,y, and Ω0,z.

The drill bit crown end PL, located at bottom hole B, is modeled 
as a special three-dimensional sliding hinge support, as shown in 
Fig. 3(b). A principal-axis coordinate system PL-xyz is established 
at the centroid of the PL end, where the external principal moment 
ML, external principal force FL, angular velocity ΩL, and linear ve
locity vL can be projected into this coordinate system in accor
dance with Eq. (27). When a full-gauge bit is assumed, the centroid 
of the PL end coincides with the borehole center. In contrast to the 
P0 end, the PL end is permitted to move along the z-axis, reflecting 
the axial advancement of the bit along the well trajectory, which 
results in vL,x and vL,y being zero. Additionally, the determinable 
parameters at the PL end include the axial force FL,z, which repre
sents the WOB, and the torque ML,z, which represents the bit's 
reactive torque (TOB). Importantly, FL,z and the axial velocity vL,z 

are mutually exclusive; since WOB is more readily measurable, FL,z 

is typically specified  as the known boundary condition. Conse
quently, the parameters that can be determined at the PL end are 
vL,x, vL,y, ML,x, ML,y, ML,z, and FL,z.

By applying the constitutive equations to convert the known 
external forces and moments at both end faces into strain and 
bending–torsional deformations, the boundary conditions for the 
drill string dynamic model are defined as follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω0;x = Ω0;y = 0

Ω0;z = Ω0

v0;x = v0;y = v0;z = 0

ωL;x = ωL;y = 0

ωL;z = −
Tb
GIz

vL;x = vL;y = 0

ΓL;z = −
Wb
ES

(28) 

where ω0,x and ω0,y are the projections of the curvature-twist 
vector at the P0 end (rad⋅m− 1), Ω0 is the fixed rotational speed at 
the P0 end (rad⋅s− 1), ωL,x, ωL,y, and ωL,z are the projections of the 
curvature-twist vector at the PL end (rad⋅m− 1), and ΓL,z is the 
tensile strain at the PL end.

Assuming that the drill string is initially stationary at the 
center of a straight borehole, with its central axis coinciding 
with the borehole trajectory, the coordinates XP, YP, and ZP of the 
centroid of any cross-section correspond to the trajectory co
ordinates at the corresponding depth (0, 0, − ZA(s)). A finite 
difference scheme is constructed for ∂Fz=∂s = − fg;z to obtain the 
axial force Fz(s) at different borehole depths, and the constitu
tive equations are then used to determine the axial strain Γz(s). 
By converting the direction cosine matrix—defined  by the 
inclination and azimuth angles—into Euler parameters through 
the quaternion extraction method, the Euler parameters q0(s), 
q1(s), q2(s), and q3(s) at any cross-section can be determined. 
With the exception of the coordinates, axial strain, and Euler 
parameters, all other parameters are initialized to zero. The 
initial conditions are formulated as: 

z
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y

P0

Ω0

(a)

PL

x
y

z

Wb

Tb

(b)

Fig. 3. Boundary condition settings. (a) P0 end of the drill string at the wellhead, 
where Ω0 represents the rotary table speed. (b) PL end of the drill bit crown at the 
bottom hole, with Tb denoting the bit reactive torque and Wb indicating the WOB.
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

vx(s; t0) = vy(s; t0) = vz(s; t0) = 0
Ωx(s; t0) = Ωy(s; t0) = Ωz(s; t0) = 0
ωx(s; t0) = ωy(s; t0) = ωz(s; t0) = 0
Γx(s; t0) = Γy(s; t0) = 0
Γz(s; t0) = Γz(s)
q0(s; t0) = q0(s)
q1(s; t0) = q1(s)
q2(s; t0) = q2(s)
q3(s; t0) = q3(s)
XP(s; t0) = YP(s; t0) = 0
ZP(s; t0) = − ZA(s)

(29) 

After incorporating the boundary condition Eq. (28) and initial 
condition Eq. (29) into the drill string dynamics Eq. (4), the system 
of equations becomes closed. For the numerical solution of this 
equation system, reference methods include the finite element 
weak form and the finite difference method. Importantly, the finite 
difference scheme is not unique (Armero, 2025). Previous research 
has proposed a numerical solution approach that uses 4th–5th 
order Runge-Kutta integration for temporal derivatives and 2nd- 
order central differencing for spatial derivatives (Yu et al., 2023). 
The study also validated the model through a scaled experimental 
setup capable of simulating the motion states of the BHA under 
various inclination angles, rotational speeds, WOB, and friction 
coefficients, thereby demonstrating the accuracy and rationality of 
the model. Additional details regarding the experimental appa
ratus can be found in the referenced work (Li et al., 2020).

2.4. Development of evaluation metrics

After the drill string dynamics model are established, the dy
namic parameters at any cross-section of the drill string at 
different times can be obtained, including all the projections, co
ordinates, and Euler parameters defined in Eq. (2). The use of these 
parameters and their combinations to characterize the dynamic 
behavior of the full-wellbore drill string comprehensively provides 
the foundation for subsequent lateral vibration analysis. Given that 
variations in drill string dimensions result in differing wellbore 
clearances at various depths, the maximum amplitude of lateral 
vibrations also varies accordingly. To quantify the extent of devi
ation of the drill string's centroid from the wellbore center, a 
lateral deviation ratio R is introduced. Taking the cross-section at 
point P as an example, the lateral deviation ratio is calculated as 
follows: 

R=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(XA − XP)
2
+ (YA − YP)

2
√

rc
(30) 

In addition to the lateral deviation ratio R, the tangential ve
locity vt can be used to characterize the revolution speed and di
rection of lateral vibrations and is also referred to as the revolution 
linear velocity. The expression is formulated as follows: 

vt =
(YA − YP)vX − (XA − XP)vY

dPA
(31) 

where 
⎧
⎨

⎩

vX =
(

q2
0+q2

1 − q2
2 − q2

3

)
vx+2(q1q2 − q0q3)vy+2(q1q3 +q0q2)vz

vY =2(q1q2+q0q3)vx+
(

q2
0 − q2

1+q2
2 − q2

3

)
vy+2(q2q3 − q0q1)vz

(32) 

where vX and vY are the linear velocity projections in the inertial 
coordinate system (m⋅s− 1). When vt > 0, the cross-section at point 

P undergoes backward revolution. When vt < 0, it undergoes for
ward revolution.

The lateral acceleration at point P is expressed as follows: 

ar =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

∂vx

∂t

)2
+

(
∂vy

∂t

)2
√

(33) 

where ar represents the lateral acceleration at the centroid 
(m⋅s− 2).

This study proposes identifying the motion states of the drill 
string through the lateral deviation ratio R and revolution linear 
velocity vt while adopting the lateral acceleration ar to quantify the 
severity of vibrations. Furthermore, WOB is one of the primary 
factors influencing  lateral vibrations. As the WOB increases, the 
drill string may undergo buckling, resulting in more complex dy
namic behaviors. Therefore, the bending stress σb is used to char
acterize the potential damage caused by vibrations to the drill 
string. The bending stress is calculated as follows: 

σb = E
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(

ω2
x + ω2

y

)√

ro (34) 

3. Calculation and analysis

On the basis of Cosserat beam theory, dynamic modeling is 
performed for the entire drill string in a 10000 m ultra-deep well. 
Through this model, lateral vibrations under different key con
trolling factors are simulated and analyzed, and effective vibration 
control strategies are subsequently proposed.

3.1. Research methodology

To systematically characterize the lateral vibrations of drill 
strings in ultra-deep wells under varying conditions, this study 
adopts a progressive complexity modeling and analysis approach. 
The methodology involves incrementally introducing downhole 
components to a base drill pipe configuration and evaluating their 
influence on the dynamic behavior of each resulting assembly. The 
specific research rationale and workflow are outlined as follows:

1) Uniform drill pipe configuration.  The drill string is initially 
modeled via drill pipes of identical dimensions throughout its 
length. Although deploying an entire drill string composed 
solely of uniform drill pipes is impractical in real drilling op
erations owing to safety and structural concerns, this simplified 
model illustrates fundamental drill string behavior under he
lical buckling, thereby establishing a baseline for subsequent, 
more complex simulations.

2) Heterogeneous drill string assembly. In this stage, the upper 
and lower segments of the drill string are replaced with larger- 
diameter drill pipes and higher-stiffness components, such as 
drill collars or heavyweight drill pipes. This configuration fa
cilitates the analysis of vibration responses under varying 
rotational speeds and WOB, enabling more realistic simulations 
of actual drilling.

3) Stabilizer-integrated BHA. Stabilizers are incorporated into the 
BHA. The annular clearance between the drill string and well
bore is a critical factor influencing lateral vibrations. Installing 
stabilizers with larger outer diameters to adjust this clearance 
allows for a systematic investigation of its impact on ultra-deep 
well vibration characteristics. Furthermore, trajectory control 
in deep formations remains a major challenge. Owing to the 
limited high-temperature tolerance of active anti-deviation 
tools (e.g., vertical drilling systems and positive displacement 
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motors), field operations often rely on passive pendulum BHAs 
for deviation control. To ensure the effectiveness of the 
pendulum effect, the number and placement of stabilizers must 
strictly adhere to standardized pendulum BHA design criteria.

The key parameters beyond the WOB, rotational speed, and 
drill string dimensions are listed in Table 1. Notably, certain 
parameters—such as the mass eccentricity of the drill string, 
material viscous damping coefficient, and friction coefficient—are 
difficult to measure accurately in practice. These values are typi
cally estimated through empirical methods or calibrated against 
extensive simulations. While such estimations may introduce 
discrepancies between simulated results and actual field data, the 
overall behavioral trends remain consistent. Therefore, qualitative 
analyses derived from these simulations are highly valuable for 
practical engineering.

3.2. Vibration characteristics under buckling

Based on the research methodology outlined in Section 3.1 and 
the parameters of the model listed in Table 1, and assuming that 
the entire drill string consists of drill pipes with an outer diameter 
of 0.127 m and an inner diameter of 0.109 m, the dynamic char
acteristics under a rotational speed of 40 rpm and a WOB of 50 kN 
are presented in Fig. 4. The lateral deviation rate R and bending 
stress σb of the drill string below the neutral point remained at 
their peak levels within 150 s, indicating continuous contact be
tween the lower drill string and the wellbore, along with signifi
cant bending deformation. For the drill pipe located 10 m above 
the bit (where the bending stress reaches its maximum), the 
lateral displacement of its centroid in the inertial coordinate sys
tem was analyzed using energy spectral density (ESD). The time- 

domain signal amplitudes in both the X- and Y- axes are equal to 
the clearance between the drill pipe and wellbore ±0.0571 m. 
Given that both axes exhibit identical vibration characteristics (see 
Fig. 5(a)), their frequency-domain signals are also identical. Using 
the Y-axis ESD as an example, the dominant modal frequency is 
0.033 Hz, indicating that the drill pipe undergoes periodic revo
lution along the wellbore wall within a period of 30 s (see 
Fig. 5(b)).

When the motion trajectory of the drill string illustrated in 
Fig. 6 is further integrated, the portion of the drill string below 
the neutral point clearly exhibits three-dimensional helical 
deformation accompanied by backward revolution. Considering 
the relationship between the backward whirling frequency and 
rotational speed, under the given operational conditions of 40 rpm 
and a wellbore clearance of 0.057 m, the theoretical rolling back
ward whirling period is approximately 1.35 s. This suggests that 
the observed motion deviates from typical backward whirling 
behavior. By utilizing the buckling load equations established by 
Lubinski (1950) and Cebeci et al. (2019), the critical helical buck
ling load for a rotating drill pipe with a diameter of 0.127 m is 
determined to be 15.5 kN. Thus, the current deformation pattern is 
identified as quasi-static helical buckling. Despite the low lateral 
acceleration and slow revolution linear velocity, the drill string 
experiences considerable bending stress, averaging 16.7 MPa. 
Moreover, this buckled state reduces the efficiency of axial force 
and torque transmission and compromises trajectory control sta
bility (Huang et al., 2016).

3.3. Effect of rotational speed

By replacing both the upper and lower drill pipes with larger- 
diameter drill pipes and higher-stiffness drill collars, 

Table 1 
Computational parameters required for the dynamic model.

Parameters Value Parameters Value

Wellbore diameter dw 0.2413 m Bit reactive torque Tb 3000 N⋅m
Drill string total length L 10000 m Drilling fluid yield point τ0 10 Pa
Eccentricity of drill pipe e 0.003ro m Kinetic friction coefficient μd 0.2
Eccentricity of BHA e 0.013ro m Drilling fluid density ρm 1300 kg⋅m− 3

Drill string density ρs 7850 kg⋅m− 3 Drilling fluid plastic viscosity μp 0.038 Pa⋅s
Elastic modulus E 2.10 × 1011 Pa Collision damping coefficient kc 60 N⋅s⋅m− 2

Shear modulus G 7.84 × 1010 Pa Wellbore stiffness coefficient kp 108 N⋅m− 1

Bending materials viscous damping coefficient C _K;x and C _K;y
6300 N⋅s⋅m2

Torsional materials viscous damping coefficient C _K;z
4850 N⋅s⋅m2

Shear materials viscous damping coefficient C _Γ;x and C _Γ;y
7000 N⋅s Tensile materials viscous damping coefficient C _Γ;z

18800 N⋅s

30

20

10

0
0

30
60

90
t, s

s, m
120

150

0 5 10 15 20 25 30

9000

9200
9400

9600
9800

10000σ b
, M

Pa

1.0

0.8

0.6

0.4

0.2

0
0

30
60

90
t, s

s, m
120

150

0 0.2 0.4 0.6 0.8 1.0

0

2000

4000

6000

8000
10000

R

(a) (b)9990 m, 16.7 MPa Neutral point

Fig. 4. Dynamic characteristics of the full-length drill pipe at 40 rpm and 50 kN. (a) Bending stress. (b) Lateral deviation ratio.
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respectively, the specifications of the drill string within the BHA 
are updated as shown in Table 2. Under a constant WOB of 50 kN, 
the evolution of the entire drill string dynamic characteristics 
along the wellbore, as the rotational speed increases from 40 to 
100 rpm, is depicted in Fig. 7.

On the basis of the analysis results in Fig. 7, the drill collar re
mains the component most susceptible to severe lateral vibrations, 
owing to axial compression and greater eccentricity. Its revolution 
linear velocity exhibits repeated intermittent nonnegative peaks 
over time, accompanied by noticeable fluctuations  in the lateral 
acceleration at these instants. Fig. 8(a) and (b) show the lateral 
displacement of the drill collar centroid at 10 m above the bit and 
its relative velocity under a rotational speed of 100 rpm, respec
tively. An analysis of Figs. 7(d) and 8 indicates that the peaks in the 
revolution linear velocity coincide with high-frequency lateral 
displacements and near-zero relative velocities, suggesting that 
the drill collar enters a state of pure rolling backward whirling 
during these intervals. At other times, it exhibits low-frequency 
backward revolution or irregularly alternates between forward 
and backward motion. Furthermore, as the rotational speed in
creases, the frequency of peaks in the revolution linear velocity 
also increases, indicating that higher rotational speeds more 
frequently induce pure rolling backward whirling in the drill collar. 
This aligns with the established understanding of the effect of 
rotational speed on lateral vibration modes (Zhang et al., 2023a). 
Notably, when the drill collar enters a state of pure rolling back
ward whirling, the bending stress increases sharply (see Fig. 9), 

which substantially increasing the risk of drill string wear and 
fatigue failure.

Assuming a vertical wellbore, the upper section of the 
tensioned drill pipe experiences lateral vibration characterized by 
intermittent contact with the wellbore wall. As the rotational 
speed increases, the lateral displacement rate R deviates from a 
linear trend (see Fig. 10), primarily because of the superposition of 
lateral vibrations propagating along the drill string. Centrifugal 
forces resulting from mass eccentricity and drill string rotation 
amplify lateral vibrations at relatively high rotational speeds. 
Moreover, high- and low-frequency alternating vibrations near the 
drill collar propagate upward as transverse waves. This mecha
nism is supported by the trends in the revolution linear velocity 
over time and depth across different rotational speed ranges, as 
shown in Fig. 7((a-1)–(d-1)). The interaction of these waves dis
turbs the vibration patterns of the drill pipe, thereby increasing the 
complexity of the vibrational modes.
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Table 2 
Material and geometric parameters and unit lengths of drill string components in 
the BHA.

Drill string Length, m Outer diameter, m Inner diameter, m

Drill pipe #1 6800 0.1492 0.127
Drill pipe #2 2980 0.1270 0.109
Drill collar 220 0.1778 0.0714
Drill bit 0.25 0.2413 –
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Two additional points require clarification.  First, in this 
simulation set, no significant  forward whirling was observed 
even when the friction coefficient  between the drill string and 
the wellbore was set to zero, which is attributed to excessive 
clearance. Second, although an increased rotational speed 

enhances the likelihood of backward whirling, this conclusion 
holds only under specific  conditions. When a higher WOB in
duces buckling in the drill collar, the drill string demonstrates 
more complex vibrational modes, as will be discussed in detail in 
a subsequent section.
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Fig. 9. Variation in the bending stress with increasing rotational speed under a WOB of 50 kN. (a) 40 rpm. (b) 60 rpm. (c) 80 rpm. (d) 100 rpm.
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3.4. Effect of WOB

Based on the BHA configuration provided in Table 2, under a 
constant rotational speed of 60 rpm, the dynamic characteristics of 
the entire drill string are presented in Fig. 11 as the WOB increases 
from 70 to 130 kN. Within the WOB range of 70–90 kN, the number 
of revolution linear velocity peaks in the drill collar section 
moderately increases with increasing WOB. However, when the 
WOB reaches 110 kN, continuous nonnegative peaks emerge in the 
revolution linear velocity of the drill collar. At this stage, the drill 
collar experiences high-speed backward whirling with a period of 
approximately 0.36 s (see Fig. 12). On the basis of the relationship 
between the backward whirling frequency and rotational fre
quency, the backward whirling frequency and period at 60 rpm are 
calculated as 2.8 Hz and 0.357 s, respectively, indicating that the 
drill collar has entered a stable pure-rolling backward whirling 
state.

As shown in Fig. 12, compared with the quasi-static helical 
buckling of the full-length drill pipe simulated in Section 3.2 (see 
Fig. 6), the drill collar under pure-rolling backward whirling also 
exhibits helical deformation and sustained bending stress (see 
Fig. 13(a)). However, its significantly amplified acceleration char
acteristics indicate that the most intense lateral vibrations occur in 
this stage (see Fig. 11(c-2)). Furthermore, when the lower drill 
string experiences high-frequency backward whirling, the result
ing transverse waves are unable to propagate upward from the 
bottom. Consequently, the lateral displacement rate of the upper 
drill pipe remains substantially lower than that observed during 
alternating high- and low-frequency lateral vibrations, as 
demonstrated in Fig. 13(b).

In this simulation set, a notable observation emerges: when the 
WOB increases to 130 kN, the decay trends of the revolution linear 
velocity vt and acceleration ar indicate that continuous pure- 
rolling backward whirling does not occur (see Figs. 11(d-1, d-2)). 
To further investigate this behavior, simulations are conducted at a 
rotational speed of 100 rpm with WOB values of 50, 70, 110, 130, 

and 170 kN. The dynamic characteristics of the entire drill string 
under these conditions are presented in Fig. 14. Analysis of the 
revolution linear velocity trends in Fig. 14((a-1)–(e-1)) reveals that 
the critical WOB required for the drill collar section to enter pure- 
rolling backward whirling decreases with increasing rotational 
speed. Specifically, as the rotational speed increases from 60 to 
100 rpm, the critical WOB decreases from 110 to 70 kN (see 
Fig. 14(b-1)). Beyond this critical WOB, the pure-rolling back
ward whirling phenomenon becomes suppressed as the WOB in
creases further.

On the basis of the simulation data, ESD analysis was per
formed on the lateral displacement of the drill collar centroid 10 m 
from the bit under WOB conditions of 50, 70, 110, 130, and 170 kN. 
By analyzing the time-domain lateral displacement and ESD 
characteristics during the stable phase of the drill collar, the mo
tion state during WOB escalation can be categorized into three 
stages:

1) Stage 1 (50–70 kN). At a WOB of 50 kN, the ESD is distributed 
across 0–2 Hz without a dominant peak. The time-domain 
signal exhibits a symmetrical amplitude distribution, indi
cating irregular drill collar motion characterized by low- 
frequency backward whirling or alternating forward and 
backward movement (see Fig. 15(a)). When the WOB increases 
to 70 kN, the energy is concentrated in the 3–5 Hz range, with a 
peak at 4.36 Hz close to the pure-rolling backward whirling 
frequency of 4.67 Hz (see Fig. 15(b)). This energy concentration 
correlates with the most severe lateral vibration observed in 
the drill collar (see Fig. 14(b)).

2) Stage 2 (110 kN). The dominant peak splits into a low- 
frequency band (0–1 Hz) and a 1.66 Hz peak, the latter cor
responding to the rotational frequency at 100 rpm (see 
Fig. 15(c)). On the basis of the critical helical buckling load 
formula, the calculated buckling threshold for the rotating 
drill collar is 76.6 kN, and the current WOB exceeds this value. 
Although the simulations of quasi-static helical buckling in 
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Fig. 10. Variation in the lateral deviation ratio with increasing rotational speed under a WOB of 50 kN. (a) 40 rpm. (b) 60 rpm. (c) 80 rpm. (d) 100 rpm.
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Section 3.2 indicate that buckled drill pipes exhibit extremely 
low-frequency wall-contact revolution, the amplitude of the 
lateral displacement time-domain signal in this case remains 
smaller than the clearance of ±0.0318 m, suggesting the 
absence of stable helical buckling (see Fig. 16(a)). This in
dicates that the complex energy distribution results from the 

transfer of backward whirling energy to low-order buckling 
modes as the WOB surpasses the critical buckling load. 
Simultaneously, centrifugal forces from rotation, as evidenced 
by the 1.66 Hz ESD peak, counteract this energy transfer by 
sustaining backward whirling. Therefore, this stage is identi
fied as the “modal competition” phase.
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Fig. 11. Evolution of drill string dynamic characteristics with increasing WOB at a rotational speed of 60 rpm. Subplots (a-1) to (d-1) show the revolution linear velocity of the 
entire drill string at WOB values of 70, 90, 110, and 130 kN. Negative values denote forward revolution; positive values denote backward revolution. Subplots (a-2) to (d-2) present 
the lateral acceleration of the lower 1000 m drill string at the corresponding rotational speeds.
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3) Stage 3 (130–170 kN). The ESD dominant peak gradually shifts 
toward lower frequencies, accompanied by energy amplitudes 
exceeding 1.66 Hz. The lateral displacement amplitude ap
proaches the clearance, indicating that buckling modes become 
dominant in the modal competition (see Fig. 15(d) and (e)). 
However, this helical buckling state differs from the full-length 
drill pipe buckling simulated earlier; the drill collar displays 
low-frequency forward revolution (see Fig. 16(b)).

On the basis of the simulations presented in this section, the 
following patterns can be summarized: when the WOB is below 
the critical load for helical buckling, the development of backward 
whirling intensifies with increasing WOB, as evidenced by signif
icant increases in vibration acceleration and bending stress. When 
the WOB exceeds the critical load for helical buckling, the com
pressed drill string enters a modal competition stage between 
helical buckling and backward whirling, during which the revo
lution linear velocity and vibration acceleration decrease mark
edly, and the characteristics of helical buckling become 
increasingly dominant as the WOB continues to increase.

To validate the reliability of these findings, field data from an 
ultra-deep well in the Tarim Oilfield were analyzed. The test in
terval spanned from 8442.56 to 8447.01 m, with a wellbore 
diameter of 0.241 m. The drill collar and upper drill pipe di
mensions corresponded to those listed in Table 2. A downhole 

memory-type vibration measurement sub was installed 3 m above 
the drill bit to record the root mean square values of the lateral 
vibration acceleration (GRMS) at a sampling frequency of 1000 Hz. 
In terms of signal processing, the per-minute data were divided 
into several equal-width time windows. Abnormal signals 
exceeding the maximum measurement range were processed us
ing a moving average method, and the GRMS value within each 
time window was calculated. Finally, the maximum value among 
them was selected as the vibration severity indicator for that time 
period. The logging data were sampled at 1 Hz. Based on the var
iations in the rotational speed and WOB during the sampling 
period, the 120-min interval was divided into four stages (see 
Fig. 17(a)). The corresponding lateral vibration GRMS for each 
stage are presented in Fig. 17(b).

1) Stage I (0–9 min). Off-bottom rotation at 30 rpm. GRMS 
remained stable at approximately 3 g.

2) Stage II (9–28 min). Off-bottom rotation at 45 rpm. GRMS 
increased significantly compared with Stage I, indicating that a 
higher rotational speed exacerbated lateral vibrations.

3) Stage III (28–45 min). Initial contact with the well bottom. The 
rotational speed was fine-tuned to 49 rpm, and the initial in
crease in WOB compressed the lateral vibration space as the 
drill bit engaged the formation, resulting in a slight decrease in 
acceleration. As the WOB continued to increase, GRMS reached 
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Fig. 14. Evolution of drill string dynamic characteristics with increasing WOB at a rotational speed of 100 rpm. Subplots (a-1) to (e-1) show the revolution linear velocity of the 
entire drill string at WOB values of 50, 70, 110, 130, and 170 kN. Negative values denote forward revolution; positive values denote backward revolution. Subplots (a-2) to (e-2) 
present the lateral acceleration of the lower 1000 m drill string at the corresponding rotational speeds.
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a peak of 10 g before an inflection point occurred, eventually 
decreasing to 5 g at 120 kN.

4) Stage IV (45–120 min). Rotary drilling at 49 rpm with WOB 
ranging from 110 to 150 kN. GRMS further decreased initially 

and remained consistently lower than that in the previous 
stages. Sampling was automatically suspended during two in
tervals (73–86 min and 88–102 min) because the vibration 
signals fell below 0.9 g, indicating relatively stable vibration 
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levels throughout this phase. The trend of increased WOB 
leading to vibration intensity that first  intensifies  and then 
attenuates is consistent with the conclusions of this study. The 
underlying mechanism can be explained by modal competition, 
which further validates the accuracy of the model calculations.

On the basis of these patterns, a parameter optimization 
strategy suitable for ultra-deep well drilling safety and efficiency 
can be proposed. From the vibration suppression perspective, 
maintaining the drill string in a modal competition state helps 
avoid high-speed backward whirling and results in substantially 
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lower lateral acceleration than in pure whirling conditions. This 
effectively reduces drill string damage caused by impact and 
wear—particularly the full-circumferential wear typical of rolling 
motion—while helping preserve wellbore integrity. To improve 
the drilling efficiency, modal competition can be induced by 
applying a WOB that exceeds the critical helical buckling load. 
Increasing the rotational speed further promotes the onset of 
modal competition at relatively lower WOB values, thereby 
enhancing the ROP. In terms of drill string safety, the bending 
stress during modal competition remains lower than that under 
backward whirling (see Fig. 18), which more effectively prevents 
fatigue and fracture caused by excessive bending. Therefore, 
rationally adjusting the WOB and rotational speed to induce and 
maintain modal competition offers a practical and effective 
method for optimizing drilling parameters in ultra-deep well 
operations.

3.5. Effect of the stabilizer

In BHA design, the optimal axial positioning of near-bit stabi
lizers is critical for maintaining drill string stability and controlling 
the wellbore trajectory. This aspect is especially vital in deep 
drilling operations, where it directly affects operational safety and 
wellbore quality. Mechanically, the deviation correction mecha
nism of stabilizers follows the pendulum effect, with the recom
mended installation range generally being confined to 1–3 lengths 
of a single drill collar. Within this mechanical framework, a 
comparative analysis was performed using the BHA configuration 
specified in Table 2, where full-gauge stabilizers with a length of 
1 m and an outer diameter of 0.239 m are positioned at distances 
of 10, 15, 20, 25, and 30 m from the bit. The rotational speed and 
WOB were set to 100 rpm and 70 kN, respectively, representing the 
severe vibration and high-stress backward whirling conditions 
illustrated in Figs. 14(b) and 18(a) in Section 3.4.

Based on the dynamic characteristics analysis in Fig. 19, when 
the revolution linear velocity vt and lateral acceleration ar are used 

as evaluation metrics for vibration intensity, the drill string ex
hibits the most severe lateral vibration when the stabilizer is 
installed 10 m above the bit. As the stabilizer position moves up
ward, the lateral vibration of the drill string system exhibits a 
nonlinear trend, initially decreasing and then increasing. The 
optimal vibration suppression effect is achieved when the stabi
lizer is positioned 20 m from the bit. Notably, when the stabilizer is 
placed 30 m above the bit, backward whirling begins to occur in 
the upper drill pipe. This finding  indicates that further upward 
relocation of the stabilizer gradually reduces both the deviation 
correction capability and vibration damping effectiveness of the 
BHA.

Fig. 20(a) shows the time-domain signal of the lateral 
displacement of the stabilizer centroid when it is positioned 15 m 
from the bit. On the basis of the characteristics of this signal, the 
motion states of the full-gauge stabilizer can be divided into two 
categories, with Fig. 20(b) and (c) illustrating the corresponding 
centroid trajectories within the wellbore. Owing to the narrow 
clearance between the stabilizer and the wellbore, the motion of 
the stabilizer is dominated by forward whirling (see Fig. 20(b)), 
which corresponds to the time intervals in Figs. 19(b-1, b-2) 
characterized by a lower revolution linear velocity and lateral ac
celeration. As analyzed in Section 3.3, when the drill string expe
riences backward whirling, both revolution linear velocity and 
lateral acceleration increase significantly. The time intervals in 
Figs. 19(b-1, b-2) exhibiting such elevated vibration levels corre
late with the occurrence of the stabilizer backward whirling (see 
Fig. 20(c)), indicating that the stabilizer is driven into this mo
tion by vibrations transmitted from the adjacent drill collar. In this 
study, the contact between the drill string and the wellbore is 
assumed to be inelastic. Despite assigning a high wellbore stiffness 
coefficient of 108 N⋅m− 1 in the simulation, the centroid trajectory 
of the stabilizer still exceeds the clearance. This implies that the 
full-gauge stabilizer generates an extremely high contact force 
against the wellbore during backward whirling, which may lead to 
wellbore enlargement or even collapse.
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Fig. 18. Variation in the bending stress with increasing WOB at a rotational speed of 100 rpm. (a) 70 kN. (b) 110 kN, modal competition state. (c) 130 kN. (d) 170 kN.
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Fig. 19. Evolution of drill string dynamic characteristics with increasing stabilizer-to-bit distance at 100 rpm and 70 kN (stabilizer outer diameter: 0.239 m). Subplots (a-1) to (e-1) 
show the revolution linear velocity of the entire drill string at stabilizer positions of 10, 15, 20, 25, and 30 m. Subplots (a-2) to (e-2) present the lateral acceleration of the lower 
1000 m drill string at corresponding rotational speeds and WOB.
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In addition to optimizing the position of the full-gauge stabi
lizer, this study further investigates vibration control strategies for 
pendulum BHAs. Using a BHA with a stabilizer positioned 15 m 
above the bit, the effects of varying the stabilizer outer diameter 
under conditions of a 100 rpm and 70 kN are examined. The di
ameters considered include near-full-gauge (0.235 m) and under- 
gauge configurations  (0.231, 0.220, and 0.200 m). The resulting 
trends in the BHA's dynamic behavior are illustrated in Fig. 21. For 
comparative purposes, the simulations for full-gauge stabilizers 
and stabilizer-free BHAs under identical operating conditions are 
presented in Figs. 19(b-1, b-2) and 14(b-1, b-2), respectively.

Under the current parameter configuration, the vibration in
tensity of the BHA system tends toward initial reduction followed 
by aggravation as the stabilizer outer diameter decreases. A sig
nificant vibration suppression effect is observed when the stabi
lizer outer diameter is 0.231 m. However, when the diameter is 
reduced to 0.200 m, the system transitions into a pure rolling 
backward whirling state (see Figs. 21(d-1, d-2)), and further re
ductions lead to vibration characteristics resembling those of 
stabilizer-free BHAs. These findings  indicate that under-gauge 
stabilizers can serve as a practical alternative to full-gauge stabi
lizers for vibration mitigation, particularly when the latter are not 
optimally positioned.

The underlying mechanism of these patterns can be explained 
by analyzing the motion states of near-full-gauge and under-gauge 
stabilizers and their adjacent drill collars. Fig. 22 shows the time- 

domain lateral displacement signals and ESD distributions of the 
stabilizers and their upper drill collars (located 15 m above) for 
stabilizer outer diameters of 0.235 and 0.231 m. When the stabi
lizer outer diameter is 0.235 m, its motion trajectory exhibits well- 
defined revolution characteristics, with displacement amplitudes 
consistently constrained within the annular clearance range 
(±0.003 m). The ESD curve displays a single dominant peak at 
1.66 Hz, corresponding to the drill string's rotational frequency at 
100 rpm, indicating that the stabilizer operates in a stable forward 
whirling mode dominated by pure sliding motion (see Figs. 22(a- 
1)). For the under-gauge stabilizer with an outer diameter of 
0.231 m, the ESD distribution significantly changes: in addition to 
the rotational frequency peak, a distinct low-frequency broadband 
feature emerges in the 0–1.66 Hz range (see Figs. 22(b-1)). Com
bined with the aperiodic nature of the time-domain signals, this 
confirms  that the stabilizer enters an irregular motion state 
involving frequent collisions with the wellbore. Notably, this low- 
frequency broadband signature also appears in the ESD curves of 
the upper drill collar (see Fig. 22(b-2)), indicating that the under- 
gauge stabilizer transmits low-frequency vibrational energy to 
adjacent collars through lateral wave propagation. This energy 
transfer disrupts the collar's vibration modes and effectively sup
presses backward whirling. In contrast, BHAs equipped with near- 
full-gauge stabilizers show no significant  lateral vibration inter
ference (see Fig. 22(a-2)), resulting in limited overall vibration 
suppression despite the stabilizer's stable forward whirling. When 
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the stabilizer outer diameter is further reduced to 0.200 m, both 
the stabilizer and upper collar transition into backward whirling. 
This finding coherently explains the nonlinear trend observed in 
Fig. 21, where the lateral vibration intensity initially decreases 
but eventually intensifies with decreasing stabilizer size.

The motion state of the stabilizer tends to transition from for
ward whirling through irregular motion to backward whirling as 
the outer diameter gradually decreases. This pattern is consistent 
with the current understanding of how lateral vibration is affected 
by wellbore clearance. Fig. 23 illustrates the bending stress 
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distribution characteristics of the BHA system under different 
whirling states. The simulation results show that when the sta
bilizer is in forward whirling or irregular motion states, its 
maximum bending stress is significantly  lower than that during 
backward whirling or near-backward whirling states, with marked 
differences in the stress distribution patterns. Specifically, in the 
forward whirling state, although continuous stress peaks are 
present, their amplitudes remain relatively low (see Fig. 23(a)). 
Irregular motion is characterized by minor, discontinuous stress 
fluctuations.  This stress dispersion effect helps distribute loads 
across various sections of the BHA, forming an effective stress 
buffer (see Fig. 23(b)). In contrast, backward whirling produces 
concentrated high-amplitude stresses, which pose a serious threat 
to the structural integrity of the drill string (see Fig. 23(d)).

On the basis of the simulation results in Fig. 21, the under-gauge 
stabilizer with an outer diameter of 0.231 m is identified  as the 
optimal choice in this set of simulations. This method—adjusting 
the stabilizer size to maintain a non-whirling state and create vi
bration interference with adjacent drill pipes—has potential for 
vibration suppression. With the stabilizer outer diameter fixed at 
0.231 m, its position is varied between 10 and 30 m from the bit to 
analyze the sensitivity of this under-gauge stabilizer to the 
installation location. The simulation results are presented in 
Figs. 24 and 21(b-1, b-2). Compared with the full-gauge stabilizer 
(see Fig. 19), the vibration intensity of the BHA equipped with the 
under-gauge stabilizer initially decreases and then increases as the 
stabilizer moves upward, with the optimal installation distance 
identified at 15 m from the bit. The key distinction lies in the fact 
that the under-gauge stabilizer consistently offers superior vi
bration suppression compared with the full-gauge stabilizer, 

suggesting a lower sensitivity to the installation location. This 
characteristic makes the under-gauge stabilizer a more adaptable 
and flexible option for BHA configuration and optimization.

The preceding analysis of the stabilizer dimensions and posi
tioning effects on vibration was conducted under the most severe 
conditions. To validate the broader applicability of these findings, 
comprehensive performance comparisons between full-gauge and 
under-gauge stabilizers must be performed across diverse drilling 
parameter combinations. Lateral acceleration time-domain signals 
were acquired at various locations along the drill string. Following 
system stabilization, data segments beginning 60 s post- 
stabilization are partitioned into 10 s intervals. The GRMS was 
computed for each interval, and the maximum GRMS value was 
used as the vibration metric. Comparisons of under-gauge versus 
full-gauge stabilizer performances under different parameter 
combinations are presented in Table 3, while the GRMS values for 
the stabilizer-free BHA serve as a benchmark in Table 4.

Table 3 reveals that, with the exception of the under-gauge 
stabilizer in parameter Combinations 1 and 6, all the other con
figurations exhibit a consistent trend: the BHA vibration intensity 
initially decreases and then increases as the stabilizers are relo
cated upward. The optimal position for full-gauge stabilizers is 
20 m above the bit, whereas under-gauge stabilizers perform best 
at 15 or 20 m (particularly under higher WOB). Except for Com
bination 1 and instances where full-gauge stabilizers are located at 
their 20 m optimal position, under-gauge stabilizers consistently 
demonstrate lower GRMS values than full-gauge types. This im
plies that under-gauge stabilizers exhibit lower sensitivity to po
sitional deviations while delivering superior overall vibration 
damping. Cross-referencing Tables 3 and 4 identifies Combination 
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6 as an anomalous case where stabilizers unexpectedly amplify 
vibrations.

The contradictory observations in parameter Combinations 1 
and 6 compared with the previous conclusions stem from the 
absence of significant lateral vibrations in both cases, as evidenced 

by the GRMS values of the stabilizer-free BHA. Combination 1 
employs a lower rotational speed and WOB, which fails to induce 
severe whirling (see Fig. 7(a)). In contrast, Combination 6 drives 
the BHA into a buckling-dominated modal competition phase. 
Consequently, when the BHA operates in a relatively stable state, 

1.0

0.5

0

-0.5
0

60
120

180
t, s

s, m
240

300

-0.5 0 0.5 1.0

10000

8000
6000

4000

2000
0

v t
, m

/s

30

20

10

0
0

60
120

180
t, s

s, m
240

300

0 5 10 15 20 25 30

10000

9800
9600

9400

9200

9000

a r
, g

(d-1) (d-2)

1.0

0.5

0

-0.5
0

60
120

180
t, s

s, m
240

300 10000

8000
6000

4000

2000
0

v t
, m

/s

30

20

10

0
0

60
120

180
t, s

s, m
240

300 10000

9800
9600

9400

9200

9000

a r
, g

(c-1) (c-2)

1.0

0.5

0

-0.5
0

60
120

180
t, s

s, m
240

300 10000

8000
6000

4000

2000
0

v t
, m

/s

30

20

10

0
0

60
120

180
t, s

s, m
240

300 10000

9800
9600

9400

9200

9000

a r
, g

(b-1) (b-2)

1.0

0.5

0

-0.5
0

60
120

180
t, s

s, m
240

300 10000

8000
6000

4000

2000
0

v t
, m

/s

30

20

10

0
0

60
120

180
t, s

s, m
240

300 10000

9800
9600

9400

9200

9000

a r
, g

(a-1) (a-2)

Fig. 24. Evolution of drill string dynamic characteristics with increasing stabilizer-to-bit distance at 100 rpm and 70 kN (stabilizer outer diameter: 0.231 m). Subplots (a-1) 
to (d-1) show the revolution linear velocity of the entire drill string at stabilizer positions of 10, 20, 25, and 30 m. Subplots (a-2) to (d-2) present the lateral acceleration of 
the lower 1000 m drill string at the corresponding rotational speeds and WOB.
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collisions involving under-gauge stabilizers become the primary 
excitation source for vibrations. This implies that the vibration 
suppression effects related to stabilizer positioning and the ad
vantages of under-gauge stabilizers become pronounced only 
when drilling parameters induce severe lateral vibrations. How
ever, controlling such intense vibrations is more practical than 
suppressing minor vibrations. Additionally, given the irregular 
curvature of wellbore trajectories, full-gauge stabilizers pose a 
greater risk of sticking during tripping operations. Therefore, 
incorporating under-gauge stabilizers into the BHA can be 
considered an effective optimization strategy for safe and efficient 
drilling in ultra-deep wells.

In addition to optimizing the stabilizer placement and sizing 
parameters, two other effective methods for lateral vibration 
suppression include the following: 1) A dual-stabilizer pendulum 
BHA is used. 2) Implementing the light WOB and low rotational 
speed drilling technique (i.e., drilling with reduced WOB and 
rotational speed). On the basis of the dominant factor analysis 
conducted in this study, both methods can further mitigate 
downhole vibration issues in ultra-deep wells. However, field 
experience indicates that the dual-stabilizer approach may in
crease the risk of tripping obstruction, whereas the light WOB 
technique inevitably sacrifices ROP, making it a relatively conser
vative technical choice.

4. Conclusions and future work

This study established a dynamic model for the lateral vibra
tions of ultra-deep well drill strings based on Cosserat geometri
cally exact beam theory, systematically revealed the vibration 

mechanisms under several dominant controlling factors, and 
proposed innovative vibration control strategies. The main con
clusions, limitations, and outlooks are as follows:

Drill string vibration patterns are jointly influenced  by rota
tional speed and WOB. High rotational speed conditions are more 
likely to induce backward whirling, whereas the effect of WOB is 
constrained by the critical buckling load. When the WOB remains 
below this threshold, increasing either rotational speed or WOB 
promotes backward whirling, accompanied by sharply increased 
vibration acceleration and bending stress. When the WOB exceeds 
the critical buckling load, the BHA transitions into a dynamic 
modal competition between buckling and whirling, leading to 
significantly reduced vibration intensity and bending stress. This 
finding provides a theoretical explanation for existing engineering 
practices and enables parameter optimization through mecha
nistic understanding. Critical buckling loads can be estimated us
ing analytical formulas or commercial software manuals to avoid 
hazardous WOB ranges. Furthermore, adjusting WOB and rota
tional speed to achieve this low-risk modal competition maintains 
drilling efficiency while reducing failure probability.

The effectiveness of vibration mitigation initially increases and 
then decreases as stabilizers are moved upward along the drill 
string, while variations in outer diameter notably alter the vibra
tion transmission patterns. Full-gauge stabilizers primarily exhibit 
forward whirling, demonstrating high sensitivity to the installa
tion position. When driven by adjacent drill strings into backward 
whirling, severe wellbore damage may occur. In contrast, under- 
gauge stabilizers are more effective at suppressing severe lateral 
vibrations, show reduced sensitivity to installation positioning, 
and enhance drill string safety by promoting stress dispersion. The 
underlying mechanism involves irregular motion generating low- 
frequency transverse wave disturbances that effectively disrupt 
vibration patterns in the adjacent drill strings. These findings 
support the synergistic optimization of BHA design and drilling 
parameters. Under the model constraints, the optimal configura
tion for 0.241 m wellbores is identified  as 0.231 m stabilizers 
placed 15–20 m behind the bit, with a low rotational speed 
(40–60 rpm) and a high WOB (120–150 kN).

Under actual drilling conditions, factors such as bit-rock 
interaction, local dogleg severity, the use of downhole motors, 

Table 3 
Influence patterns of the stabilizer configuration on the lateral vibrations under various drilling parameters.

Number Rotational speed, rpm WOB, kN Stabilizer position, m Under-gauge GRMS, g Full-gauge GRMS, g

1 40 50 10 0.134 0.070
15 0.264 0.051
20 0.265 0.034
30 0.187 0.085

2 40 150 10 0.492 0.755
15 0.423 0.455
20 0.080 0.107
30 0.101 0.120

3 60 110 10 0.730 2.299
15 0.271 0.530
20 0.165 0.111
30 0.165 0.171

4 100 50 10 0.873 0.954
15 0.205 0.793
20 0.644 0.588
30 0.849 0.890

5 100 70 10 0.920 1.275
15 0.305 1.003
20 0.706 0.440
30 0.846 0.978

6 100 150 10 0.265 1.234
15 0.302 1.174
20 0.215 0.182
30 0.893 0.945

Table 4 
GRMS of the stabilizer-free BHA under various drilling parameters.

Number Rotational speed, rpm WOB, kN GRMS, g

1 40 50 0.490
2 40 150 0.884
3 60 110 2.650
4 100 50 0.961
5 100 70 3.890
6 100 150 0.271
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and fluid-structure coupling can also influence vibrations. As this 
study primarily focuses on non-bit-excited lateral vibrations, these 
factors were not fully accounted for in the current model. Future 
work will expand on this foundation by incorporating a broader 
range of vibrational excitations and damping mechanisms. The 
objective is to develop a more comprehensive theoretical frame
work, with particular emphasis on the vibrational coupling effects 
arising from bit-rock interaction. Furthermore, existing theoretical 
and practical studies indicate that impact drilling serves as an 
effective vibration-reduction and ROP-enhancement method for 
deep formations. Jia et al. (2022) demonstrated that oscillatory 
axial-torsional composite loads can destabilize drill string- 
wellbore contacts, thereby suppressing backward whirling, 
revealing the potential of impact loads to control lateral vibrations. 
Consequently, establishing a comprehensive formation-bit-drill 
string coupled system to investigate complex downhole vibra
tions (beyond lateral modes) under impact loading can constitute 
a critical research focus for ultra-deep well drilling.
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Abbreviations

ex, ey, ez Base vectors of the principal-axis coordinate system
eX, eY, eZ Base vectors of the inertial coordinate system
q0, q1, q2, q3 Euler parameters
F Principal vector, N
M Principal moment, N⋅m
v Linear velocity vector, m⋅s− 1

Ω Angular velocity vector, rad⋅s− 1

ω Curvature-twist vector, rad⋅m− 1

f Distributed force resultant vector, N⋅m− 1

m Distributed moment resultant vector, N
Fx, Fy shear forces, N
Fz Axial force, N
Mx, My Bending moments, N⋅m
Mz Torque, N⋅m
vx, vy, vz Projections of linear velocity, m⋅s− 1

Ωx, Ωy, Ωz Projections of angular velocity, rad⋅s− 1

_vx, _vy, _vz Projections of linear acceleration, m⋅s− 2

_Ωx, _Ωy, _Ωz Projections of angular acceleration, rad⋅s− 2

Гx, Гy, Гz Projections of Strain

ωx, ωy, ωz Projections of curvature-twist vector, rad⋅m− 1

fx, fy, fz Projections of distributed force, N⋅m− 1

mx, my, mz Projections of distributed moment, N
r Radius vector of any cross-section centroid relative to 

origin, m
ρs Density of drill string, kg⋅m− 3

Jx, Jy, Jz Per-unit-length moments of inertia, kg⋅m
Xp, Yp, Zp Coordinates of any cross-section centroid, m
E Elastic modulus, Pa
G Shear modulus, Pa
Ix, Iy Inertia moments, m4

Iz Polar inertia moment, m4

C _K;x, C _K;y Material viscous damping coefficients for bending, 

N⋅s⋅m2

C _K;z Material viscous damping coefficient for torsional, 

N⋅s⋅m2

C _Γ;x, C _Γ;y Material viscous damping coefficients for shear, N⋅s
C _Γ;z Material viscous damping coefficient for tensile, N⋅s
fn,x, fn,y, fn,z Projections of normal contact force, N⋅m− 1

ff,x, ff,y, ff,z Projections of frictional force, N⋅m− 1

fc,x, fc,y, fc,z Projections of rotational centrifugal force, N⋅m− 1

fg,x, fg,y, fg,z Projections of linear buoyant weight, N⋅m− 1

mf,x, mf,y, mf,z Projections of frictional torque, N
mm,x, mm,y, mm,z Projections of drilling fluid viscous damping 

moment, N
XO, YO, ZO Wellhead coordinates, m
XB, YB, ZB Bottom hole coordinates, m
XA, YA, ZA Coordinates on the trajectory line that is nearest to any 

cross-section centroid, m
dPA Distance between point A and point P, m
kp Wellbore stiffness coefficient, N⋅m− 1

kc Collision damping coefficient, N⋅s⋅m− 2

ux, uy, uz Projections of the unit vector directed from point A to 
point P

rw Wellbore radius, m
ro Drill string radius, m
rc Clearance between drill string and wellbore, m
dw Wellbore diameter, m
vr Relative velocity vector, m⋅s− 1

vr,x, vr,y, vr,z Projections of relative velocity vector, m⋅s− 1

μd Coefficient of kinetic friction
fs,x, fs,y, fs,z Projections of static friction force, N⋅m− 1

e Eccentricity of drill string, m
ρm Drilling fluid density, kg⋅m− 3

S Area of the drill string cross-section, m2

τ0 Drilling fluid yield point, Pa
μp Drilling fluid plastic viscosity, Pa⋅s
γ Shear rate, rad⋅s− 1

Tb Bit reactive torque, N⋅m
Wb Weight on bit, kN
R Lateral deviation ratio
vt Revolution linear speed, m⋅s− 1

vX, vY Projections of linear velocity in the inertial coordinate 
system, m⋅s− 1

ar Lateral acceleration at centroid, m⋅s− 2

σb Bending stress, MPa
ω0,x, ω0 Projections of curvature-twist vector at the end P0, 

rad⋅m‒1

,y Projections of curvature-twist vector at the end P0, 
rad⋅m− 1

Ω0 Fixed rotational speed at the end P0, rad⋅s− 1

ωL,x, ωL,y, ωL,z Projections of curvature-twist vector at the end PL, 
rad⋅m− 1

ΓL,z Tensile strain at the end PL
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