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ABSTRACT

During the shale gas extraction, a larger fracture closure stress causes proppants to embed in the shale
surface, greatly reducing fracture conductivity. The heterogeneity of shale makes its mechanical prop-
erties exhibit obvious scale effects, and the embedment behavior of proppants of different sizes is thus
affected by multi-scale mechanical responses. To investigate the effect of particle size on the embed-
ment mechanism, this work conducted micro-indentation tests using indenters of varying radii to
model the embedment process of a single proppant. The test results show that when the embedment
depth is 1 pm, with the radius increasing from 25 pm to 400 pm, the corresponding load does not show a
linear growth trend, while the Young’s modulus increases by about 76%. When the embedment depth is
3 pm, 5 pm, and 10 pm, respectively, the load gradually increases with the increase in radius. It is worth
noting that when the embedment depth reaches 10 pm, the Young’s modulus corresponding to each
particle size tends to be stable, about 25 GPa. Based on the Drucker-Prager yield criterion, an analysis
model of proppant embedment depth considering the particle size effect was established. Compared
with the traditional Hertz and Thornton models, the proposed model can more accurately reflect the
plastic behavior and strengthening mechanism of shale, and is applicable for predicting and evaluating
multi-scale embedment responses.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

tures open after the drilling fluid flows back into the wellbore
(Katende et al., 2023b; Liu et al., 2025c; Wu et al., 2025). However,

As an important unconventional oil and gas resource, shale gas
plays an extremely significant role in optimizing global energy
structure and achieving clean and low-carbon development (Chen
et al,, 2022; Katende et al., 2023a; Liu et al., 2025a; Middleton
et al,, 2017). Hydraulic fracturing technology is commonly uti-
lized in the extraction of shale gas to create a network of
conductive fractures with high-pressure fluid injection, which
increases reservoir permeability and productivity (Liu et al,,
2025b; Zhang et al., 2024). The proppant is used to hold the frac-
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the higher plasticity and in-situ stresses of the deep shale reservoir
make proppants extremely prone to embed into the fracture sur-
face (Ahamed et al., 2019; Fan et al., 2019; Zhi and Elsworth, 2020).
Research has shown that the proppant embedment can decrease
fracture width by 10%-60%, and a 20% drop in fracture width can
result in a 50%-60% decrease in fracture conductivity (Arshadi
et al., 2017). Thus, it is necessary to understand the proppant
embedment behavior to determine the evolution law of fracture
conductivity in deep shale reservoirs.

The proppant size range lies between 4 mesh and 400 mesh
(sieve aperture between 4.75 mm and 0.038 mm) (Liang et al.,
2016). Proppants of various sizes were generally mixed in hybrid
completion designs to improve fracture conductivity (Liu et al.,
2021a, 2024; Shaibu et al.,, 2022). Research has indicated that
augmenting the percentage of large-size proppants can
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considerably improve the conductivity because of the large-size
proppant pack’s high porosity and resistance to high closure
stress (Bandara et al., 2021; Fan et al.,, 2020) Proppants with
smaller sizes have the potential to decrease permeability in
stimulation treatments (Katende et al., 2023b). The force carried
by each proppant is smaller, which results in less embedment at a
given stress level (Bandara et al.,, 2021). The above research on
multi-size proppants is primarily on the macro-mixed embed-
ment, which is a comprehensive response of multiple particles.
The macroscopic multi-particle research is still faced with the
difficulty of theoretical model construction, and the formed
models are empirical (Katende et al., 2021a). Compared to single-
particle embedment, there are complex interactions between
multiple particles, such as friction and extrusion pressure (Li et al.,
2022). He (2021) used discrete element method (DEM) to simulate
the embedment behavior of multi-particle proppants and inves-
tigated the impact of stress interference between adjacent prop-
pants on the embedment depth. The embedment depth of the
multi-particle proppant increases by no more than 15%
compared to the embedment depth of the single particle due to
the stress interference, and the embedment depth growth rate
quickly decreases as the particle distance increases. Therefore, the
complex multi-particle proppant embedment behavior can be
approximated by the contact between a single particle and an
infinite plate when the impact of particle interference on the
embedment is ignored. Fig. 1 shows a schematic study of the
mechanism from multi-size proppant packing to a single particle.

The proppant embedment behavior in shale can be abstracted as
the interaction between a rigid spherical indenter and a semi-
infinite medium (Guo et al., 2017; Katende et al., 2021b). The
classic Hertz contact model can describe this embedment process
(Hertz, 1882). Thornton (1997) treated the contact body as an
elastic-perfectly plastic material, obtaining an elastoplastic
embedment model for a spherical indenter. Because of the high
temperature and high in-situ stress conditions seen in deep reser-
voirs, shale displays elastoplastic mechanical characteristics
(Rybacki et al., 2016). The Hertz model underestimated the
embedment depth (Chen et al., 2018), while the elastic-perfectly
plastic model overestimated the embedment depth (Ghaednia
et al., 2020). To make the embedment depth model more closely
align with test results (load-displacement curve), many studies have
used linear strengthening (Wang et al., 2020) and nonlinear
strengthening laws (Big-Alabo et al., 2015; Larsson and Olsson,
2016; Olsson and Larsson, 2016; Zhao et al., 2015) to explain the
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mechanical behavior of the contact body during the plastic yield
phase, obtaining an elastoplastic strengthening model that lies be-
tween the Hertz and the Thornton model. Wang et al. (2020) dis-
cussed the influence of the macroscopic strengthening coefficient
on the curve of a linear embedment model. However, the related
models are mostly based on macroscopic mechanical parameters,
which make it difficult to accurately reflect the local elastoplastic
deformation characteristics of proppant embedded in shale. After
the proppant is embedment into the shale, the shale does not
overall fracture but only experiences local plastic deformation at the
embedment location. As a result, the strengthening model based on
macro-mechanical parameters cannot accurately describe the
elastoplastic embedment behavior at the proppant scale.

The Hertz contact theory has pointed out that the embedment
depth is closely related to the indenter radius, but the theory is
based on the ideal elastic body assumption, which is difficult to
cover the heterogeneity and plastic characteristics of shale mate-
rials (Das et al., 2021; Deng et al., 2024; Ulm et al., 2007). The
contact area of the proppants with different particle sizes in shale
is different, and the embedment depth and load response are
easily affected by the multi-scale mechanical properties of shale.
Current studies on proppant embedment concentrate on spherical
indentation with a single particle size (Alagoz et al., 2021; Zheng
et al, 2019). There is still a lack of systematic research on the
embedment mechanism of proppants with different particle sizes,
especially since the mechanical modeling under the dominant
condition of elastic-plastic response is still not perfect.

For this purpose, this paper carried out micro-indentation tests
with different radius indenter (25 pm, 100 pm, 200 pm, and
400 pm) to simulate the embedment behavior of proppant in
shale. The relationships between particle size, embedment depth,
and mechanical response were systematically analyzed. Based on
the Drucker-Prager yield criterion and the elastic-plastic charac-
teristics of shale, a prediction model of proppant embedment
depth considering particle size effect is further established, which
aims to provide a theoretical basis for proppant selection and
fracture conductivity evaluation in shale reservoirs.

2. Experimental methods
2.1. Sample collection and preparation

Fig. 2 shows the complete test process from sample and indenter
preparation to the conduct of the indentation test. Fig. 2(a) shows a

Closure stress

Proppant pack

Proppant sizes

Single-particle
proppant embedment

Model validity

i Elastoplastic
Experiment
- repsearch ——> | embedment
Parameters model

Proppant embedment

Fig. 1. Schematic diagram of multi-particle proppant packing to a single-particle embedment.
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Overview of sample preparation, indenter design, and testing procedure
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Fig. 2. Embedment test process. (a) The Longmaxi shale core, (b) polishing equipment, (c) polished samples with resin encapsulation, (d) indentation test equipment, (e) loading
process, (f) indentation morphology, (g) indenters, (h) indenter tip, (i) different testing conditions.

shale core sample from the Silurian Longmaxi Formation in PY well,
southeastern Chongqing, China, at a depth of 2100 m. The me-
chanical characteristics of shale are related to the basic composition
information of clay, hard minerals, and organic matter. Table 1
shows the X-ray diffraction (XRD) analysis results. The total organic
carbon (TOC) content of the core sample is 3.56 wt%.

First, the 3 cm x 3 cm x 3 cm cube area with a uniform texture
and no flaws is chosen from a rock core, as seen in Fig. 2(a). Then,
specimens of different sizes were cut from this 3 cm x 3 cm x 3 cm
area for indentation testing. Generally, polishing treatment is
required on the samples before indentation testing to reduce the
impact of surface roughness on the test results. Various silicon
carbide abrasive papers ranging from 200 to 10,000 grit were used
to polish the sample surface. Subsequently, an IM4000 argon ion
mill operated at 4.0 kV, and a 5° angle was used for polishing for
2 h to achieve a completely flat surface, as shown in Fig. 2(b). The
samples are stored at room temperature. The polished sample in
Fig. 2(c) is coated with resin to ensure that it can easily be fixed
to the loading platform.

2.2. Design of a sphero-conical indenter

The term ‘sieve cut’ refers to the proppant when detailing the
proppant size, e.g., 20/40 mesh is labeled 850 pm and 425 pm; 40/
70 mesh is 425 pm and 212 pm; and 70/140 mesh is 212 pm and
106 pm. Currently, proppants of 20/40, 30/50, 40/70, and 70/140
mesh are widely used in hydraulic fracturing (Zhang et al., 2021).
Because the roundness and sphericity of the proppant can reach
0.9 (Katende et al., 2021a), the proppant is regarded as an ideal
spherical particle. The hardness of commonly used proppants,
such as quartz sand and ceramics, typically ranges from 8 GPa to
12 GPa, which is significantly lower than that of diamond
(80-100 GPa). During the interaction between real proppants and
shale, the measured displacement includes not only the embed-
ment depth but also the deformation of the proppant itself. These
two effects are extremely difficult to separate in microscopic
testing. To isolate and clarify the contribution of embedment
behavior, this study employs diamond material as a surrogate for
proppants. Owing to its extremely high hardness and elastic

Table 1

The XRD analysis results showing the mass fraction of different mineral phases in the studied core sample.
Quartz Clay minerals Calcite Sodium feldspar Dolomite Potassium feldspar Pyrite
37% 34.2% 7.7% 10.9% 5.1% 3.2% 1.9%
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modulus, the diamond tip ensures negligible deformation during
penetration, thereby eliminating the influence of proppant defor-
mation on embedment measurements.

Accordingly, four types of sphero-conical indenters were
designed as shown in Fig. 2(g) with radii of 25 pm (about 270
mesh), 100 um (about 70 mesh), 200 pm (about 40 mesh), and
400 pm (about 20 mesh), respectively. Each indenter consisted of
two parts: a diamond tip and a high-strength steel base. The dia-
mond tip provided excellent hardness and wear resistance, while
the steel base ensured mechanical stability during loading.
Fig. 2(h) shows the tip of sphero-conical indenters with different
radii. The indenter tips were composed of diamond materials,
having a Young’s modulus of 1140 GPa and a Poisson’s ratio of 0.07.
In this experiment, the radius of curvature of the conical indenter
is regarded as the radius R of the spherical particle.

The maximum embedment depth is related to the height of the
indenter spherical cap. According to the indentation test proced-
ure, the maximum indentation depth cannot exceed half of the
spherical cap height. For the 25 pm radius indenter, this maximum
allowable depth is approximately 3 pm. To ensure reliable and
accurate results, we only adopted the embedment depth (D) for
this radius to 1 pm and 3 pm. A total of 14 testing conditions were
carried out under different radii (R) by the four kinds of indenters,
as shown in Fig. 2(i). For each testing condition, points of about 30
indents were tested in a 5 x 6 network. The total number of
indentation test points is 420.

2.3. Micro-indentation test

The micro-indentation testing with the four types of sphero-
conical indenters is conducted by the micro-indentation module
of the NanoTest Vantage system (Micro Materials Ltd., UK), which
is shown in Fig. 2(d). Prior to testing, the indentation system was
calibrated using a standard fused silica reference sample to correct
for load-displacement compliance and to guarantee measurement
reliability. The equipment allows precise control of loading and
displacement during micro-indentation testing. The system has a
load resolution of 50 nN and a displacement resolution of
0.005 nm, with a data acquisition frequency of 100 Hz during the
indentation process, ensuring accurate capture of the
loading-unloading curve. All indentation tests were conducted
under laboratory conditions at a temperature of approximately
25 + 2 °C and a relative humidity of 50% + 5%. The displacement-
control mode was adopted for the loading/unloading. The quasi-
static constant loading mode was applied at a loading/unloading
rate of 0.1 pm/s. This test only includes loading and unloading and
does not have a load-holding stage. The micro-indentation was
carried out using indenters with radii of 25 pm, 100 um, 200 pm,
and 400 pm, respectively. The maximum target embedment depth
issetas 1 pm, 3 pm, 5 pm, and 10 pm, respectively. According to the
test requirements, the indentation shall be spaced at approxi-
mately three to five times its diameter (Fischer-Cripps, 2011).
Therefore, the spacing between adjacent points of different radii
was 75 pm, 300 pm, 600 um, and 1200 pm, respectively. The
loading process is shown in Fig. 2(e). The load-displacement curve
was experimentally obtained, which could be distinctly divided
into the loading segment and the unloading segment, reflecting
the material’s elastic-plastic response. When the indenter is
unloaded, the elastic deformation of the sample surface recovers,
while the plastic deformation remains unchanged, resulting in
residual deformation. Fig. 2(f) shows the residual indentation on
the sample surface obtained through scanning electron micro-
scopy (SEM). All SEM images in the text were obtained in the
secondary electron (SE) mode.
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The unloading segment is analyzed by Oliver and Pharr (1992)
to obtain the contact stiffness S, from which the elastic modulus E
are calculated:

fES
2 VA

where S = dP/dh is the initial slope of the unloading segment, and
Ac is the projected area of the contact, Ac ~ 2xRh (Fischer-Cripps,
2011). The contact depth h. was determined from the unloading
stiffness and maximum load using their formulation, he = hpax — hs.
The displacement of the surface at the perimeter of the contact is
hs, hs = sP'gaX. For spherical indenters, e = 0.75 (Oliver and Pharr,
1992). Pmax is the maximum indentation load. hpax is the
maximum depth.

(1)

3. Experimental results
3.1. Load-displacement curve evolution

The load-displacement curve represents the mechanical
response of the shale-indenter interaction, and it may be used to
intuitively determine the behavior differences between different
indenters in the embedmntment process (Fischer-Cripps, 2007;
Murthy, 2021). Fig. 3 displays the load-displacement curve for
various radius indenters at different desired embedment depth. It
shows that there is no “pop-in” phenomenon and that the loading
curves of various radii are generally smooth; there is significant
dispersion in load-displacement curves during testing, such that
the same embedment depth often corresponds to different loads;
and the required load for indenters with different radii gradually
increases as the embedment depth increases. The observed vari-
ations in indentation responses at different positions, under the
same indenter radius and loading conditions, are primarily
attributed to the heterogeneity of shale, which manifests in
mineralogical composition and microstructural differences. Note
that there is a discrepancy in embedment depth between the
targeted and the actual because of the influence of the material
itself. This phenomenon was also observed by Bennett (2016).

The average curve provides a statistical description of the me-
chanical response for specific experimental conditions (Liu et al.,
2022b). To illustrate the general trend, load-displacement curves
were resampled using linear interpolation at a fixed displacement
interval of 50 nm, aligned on the displacement axis, and then
averaged point by point. The 30 blue curves in the figure are the
experimental indentation curves, while the red curve is the
average curve. It can be seen from Fig. 3 that the indentation
curves of different points are close to the average curve in
morphology and value. These averaged curves provide a more
reliable basis for comparing the indentation behavior under
different embedment depths and indenter radii.

3.2. Variation in average load

To account for the material heterogeneity and the limited
number of indents, the averaged load values at each embedment
depth were statistically processed and plotted as grouped bar
charts with 95% confidence intervals, as shown in Fig. 4. The error
bars illustrate the degree of variability at each condition, ensuring
that the comparisons among different indenter sizes are statisti-
cally meaningful. The figure reveals that the average load gradually
increases as the indenter radii increase at the same embedment
depth. When the embedment depth is 1 pm, the change in average
load with increasing indenter radius is not significant. The average
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Fig. 3. Load-displacement curves (blue) and average curves (red) at different embedment depth (D) with different radii (R).

load steadily rises as the indenter radius grows at deeper

embedment depths. The variation trend of load shows that, when
the embedment depth is low, the embedment behavior is less
affected by the indenter radius. The effect of the indenter radii on
the embedment gradually becomes apparent with the increase in
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embedment depth. For a 25-pm radius, the load increases from
114.1 + 19.32 mN at 1 pm depth to 451.91 + 49.24 mN at 3 pm
depth, showing moderate growth and relatively large variability,
which may be related to surface roughness and local heteroge-
neity. For a 100-pm radius, the load rises steadily from
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Fig. 4. Average load and embedment depth at different radii.

301.6 &+ 15.37 mN at 1 pm to 4079.04 + 488.98 mN at 10 um, with
the relative standard deviation increasing from about 5% to 12%,
indicating increasing fluctuation at greater depths. For a 200-pm
radius, the load grows markedly from 172.5 + 70.03 mN at 1 um to
6531.52 4+ 296.49 mN at 10 pm, showing a strong nonlinear in-
crease and enhanced stability with depth. Similarly, the 400 pm
radius exhibits a rapid increase in load from 213.63 4 42.74 mN at
1 pm to 7956.99 + 629.94 mN at 10 pm, demonstrating the highest
bearing capacity among all radii. Overall, larger indenter radii
correspond to higher loads at greater embedment depths, while
smaller radii and shallow embedment depths exhibit greater
variability, reflecting the combined influence of rock heterogeneity
and scale effects.

3.3. Determination and variation of Young’s modulus

Based on the load-displacement curve analysis, the Oliver-
Pharr approach can be used to get Young’s modulus, which is the
primary parameter determining proppant embedment (Oliver and
Pharr, 1992). Since the shale surface was penetrated using a
spherical indenter, the mechanical parameters are directly appli-
cable to the research of proppant embedment. Fig. 5 displays the
average Young's modulus determined by the several indentation
tests conducted. Young’s modulus is dependent on the indenter
radius and embedment depth. A gradual increase in Young’s
modulus is observed for radii 25 pm and 100 um when the
embedment depth increases from 1 um to 3 pm. Conversely, a

25 um 100 pm

gradual decrease in Young’s modulus is observed for radii 200 pm
and 400 pm, although their values are still larger than those of
radii 25 pm and 100 pm. At an embedment depth of 5 pm, the
Young’s modulus is nearly the same for different indenter radii,
approximately 31 Gpa. Young’s modulus steadily lowers as the
embedment depth increases from 5 pm to 10 pm, eventually
tending close to 25 GPa. Young’s modulus variations with depth
are consistent when the radii are 25 pm and 100 pm. The me-
chanical parameter is greatly affected by the radius at a low
embedment depth; with the increase of embedment depth, the
mechanical parameters measured by different radii are gradually
closer. It is evident that the mechanical response varies in different
radii at low embedment depths. The mechanical response of
various radii progressively approaches as the embedment depth
increases.

To assess the repeatability of the indentation measurements,
repeated tests were performed under various combinations of
indenter radius and embedment depth. The statistical results are
summarized in Table 2. The CV values ranged from 3.48% to 18.63%,
with most values below 10%, indicating good consistency among
repeated measurements.

A slightly higher variability was observed at smaller embed-
ment depths (1-3 pm) and smaller indenter radii (25 pm), which
can be attributed to the local heterogeneity of the shale sample.
When the heterogeneity within the regional scale is small, the
local variation in mineral composition and micro-defects becomes
more significant at smaller scales, leading to a noticeable scale
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Fig. 5. Young’s modulus changes at various radii with embedment depth.
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Table 2
Repeatability statistics for Young’s modulus measurements at different indenter radii and embedment depths.
Indenter Embedment Mean Young's SD of Young's Difference Lower limit of Upper limit of CV of Young’s
radius, pm depth, pm modulus, GPa modulus, GPa (max-min) 95% Cl, GPa 95% Cl, GPa modulus, GPa
25 1 18.834 2.268 10.118 17.988 19.681 12.040
3 27.398 2.354 10.266 26.519 28.277 8.592
100 1 23,511 1.843 7.775 22.823 24.199 7.837
3 24.000 1.789 6.838 23.332 24.668 7.456
5 31.571 1.098 4.080 31.161 31.981 3.477
10 25.955 3.862 14.056 24513 27.397 14.878
200 1 33.439 6.230 26.482 31.113 35.765 18.631
3 31.813 3.787 15.881 30.399 33.228 11.904
5 30.823 3.784 14.161 29.410 32.236 12.276
10 25915 3.015 11.352 24.789 27.041 11.636
400 1 33.235 4.432 15.944 31.580 34.890 13.334
3 32.381 4.344 18.181 30.759 34.003 13.416
5 30.221 4.719 22.555 28.459 31.983 15.614
10 23.865 4.191 12.942 21.202 26.527 17.560
effect in the measured response. In contrast, as the embedment )
depth increases, the probed volume becomes larger and the results 5(r) =6 — ~ (5)
tend to average out these local fluctuations, showing improved 2R

repeatability. The results confirm that the indentation data exhibit
good repeatability.

4. Development of an elastoplastic model

Single-particle proppant embedment investigations could
provide the foundation for multi-particle response. Proppants are
generally thought of as spherical due to their high sphericity.
Therefore, ignoring the deformation of the proppant and the stress
due to the interaction of adjacent proppant particles, the embed-
ment of single-particle proppant can be abstracted as the pene-
tration behavior of a spherical indenter on the surface of shale.
Shale can be considered a nonlinear elastic-plastic material, and
during embedment, there are not only elastic stages but also
plastic stages. Based on Hertz (1882) contact theory, the elasto-
plastic embedment model of the spherical indenter penetrating
the shale surface is established in the following subsections.

4.1. Solution for the elastic model

During the initial contact stage, the contact plane between the
proppant and the shale is in the elastic deformation stage.
Generally, the Hertz theory is used to describe the elastic contact
stage (Johnson, 1985). And the distribution of the contact pressure
p(r) can be expressed by Eq. (2):

p(r) = pm(a —1*)/a (2)

where r represents the radial distance from the center of the
contact area to any point on the contact surface. When r = 0, the
maximum contact pressure pp, is expressed as:

6re2\ '’
3R2

where F is the indenter load, a is the radius of the circle of contact,
E is the elastic modulus, and R is the indenter radius.
The radius of circle of contact a is expressed as:

3 _ 3R
4E

The normal compression at any point on the contact surface can
be expressed as:

T 2ra?2

DPm (3)

(4)
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The distance of mutual approach of distant points in the
indenter and specimen is calculated from:
2
a
& (6)
Combining Egs. (4) and (6), the relationship between the
indenter load F and embedment depth s under the elastic solution
is obtained as:

4
F—§ER

5=

1/253/2

(7)

where § = D is the embedding depth. Eq. (7) shows that, under the
same load, the embedment depth is inversely proportional to the
indenter radius.

According to the Hertzian solution, the stress components
along the z-axis (normal to the center of the contact surface, r = 0),
as shown in Fig. 1, can be expressed as follows (Brizmer et al.,
2006; Johnson, 1985):

-1

or _ _ CZan 1 (D] L1142

Pm (1+7) [1 " (z)] + 2(1 N a2> (8)

09 = Or 9)
-1

Oz _ é

P (1 +a2) (10)

Trz = Trg = 720 = 0 (11)

where v is the Poisson's ratio. o, 69, and o, are the normal stress
components in the vertical, circumferential, and radial directions,
respectively. 7,5, 7,4 and 7z are the corresponding shear stress
components, respectively.

4.2. Elastoplastic solution using the Drucker-Prager yield criterion

When the external load on the proppant is large, the shale will
yield, and the contact between the proppant and the shale enters
the elastoplastic stage. The semi-infinite body is regarded as an
elastoplastic material, and it is necessary to introduce the plastic
yield criterion. The Drucker-Prager yield criterion is more suitable
for reflecting the effect of hydrostatic pressure in stress space
during proppant embedment into shale. A previous investigation
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found that the Drucker-Prager yield criterion is an appropriate
model to examine the inception of plastic behavior for Longmaxi
shale (He et al., 2017). The Drucker-Prager yield criterion is
expressed as:

ali + VL =Y

where [ is the first invariant of the stress tensor, J, is the second
invariant of the stress tensor, and « and Y are material yield
coefficients.

By setting that 1 = oy and o3 = 6, I and J, are obtained as
follows:

(12)

I =261 + 0
13
{\iz_;("r—”z)z (13)

By incorporating the stress field during the contact proces
(Johnson, 1985), and letting ¢ =2 denote the dimensionless
embedment depth, the maximum contact pressure can be
expressed as follows:

Y
Pm =
- (2(1 +%) (1 +v) <1 —etan~1(1/¢)] +§(1 + 52)7]

(14)

Setting

C= { - (2%%)(1 +y)[1 fcftanfl(l/r:)] +?(1 +52)_1

hence,

Pm =CY (15)

Thornton (1997) believed that the contact pressure was the
smallest at the initial displacement, so the partial derivative of the
contact pressure was zero at the initial displacement:

Pn|

— 16
08 |z, (16)

Differentiate the above Eq. (16),
V3&

(2a + %) <tan1 (1/20) — §¢0+]> (1+&?)

To further investigate the change of the dimensionless
embedment depth &; with respect to variables v and «, Eq. (17) is
expanded in the form of a Taylor series at point &, = 0.65 (He et al.,
2023), and the first two terms are retained by Brizmer et al.
(2006):

1.035 1.604
V= +
2a+1/\/§ 2a+1/\/§

From Eq. (18), we obtain the expression for &j:

v= -1

(17)

(—-0.65)—1+-- (18)
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&0 = (1.27a + 0.36)v + 1.247a + 0.365 (19)

The yield displacement 6y can be calculated using Egs. (3), (6)

and (15):
T Y 2 2
5y:{icf(1—u)] R (20)
The yield load Fy can be derived from Egs. (7) and (20):
3
_Toy(Yr(1 2
Fy=%C Y(ER(l v)) (21)

4.3. Elastoplastic strengthening model formulation

To analyze the elastoplastic contact problem, Thornton (1997)
assumed that the half-space material is an elastic-perfectly plastic
body. The contact pressure in the plastic zone of the material after
yielding is always constant. Shale always has the characteristic of
strain hardening, and the contact pressure is bound to change after
yielding. Shale often has strain-hardening properties, and the
contact pressure changes continuously after yielding. Based on
mechanical tests, it can be observed that shale has a relatively
short plastic development stage and strong brittleness before
failure, with a stress-strain relationship exhibiting a trend of linear
growth. Therefore, a linear strengthening model is used in this

paper to describe the elastoplastic embedment of a rigid indenter
into shale. Generally, the embedment behavior of a spherical
indenter could be equivalently analyzed by applying the meth-
odology used for characterizing the uniaxial tensile/compressive
mechanical properties of materials. According to Eqgs. (3), (6) and
(7), the equivalent stress—equivalent strain relationship for the
elastic stage is derived as Eq. (22), in which, %ﬁ is defined as the
equivalent strain:
_ 2a
P~
To establish the relationship between the maximum contact
pressure and embedment depth in the elastic stage, by combining
Egs. (3), (6) and (7), Eq. (22) is reformulated as:

_ 2 g

VR
It can be readily seen that the maximum contact pressure in the
elastic range is proportional to the 1/2 power of the compressive
displacement. Therefore, it is assumed that the embedment
behavior conforms to the elastic-plastic linear strengthening
relationship illustrated in Fig. 6.

Combined with the elastoplastic yield displacement of the
above Eq. (23), the corresponding constitutive relation can be
defined as:

(22)

Pm (23)
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Py + k(o = 5,)

Py

Fig. 6. Normal contact pressure-embedment depth model. py is the initial yield
contact pressure, /3y is the corresponding square root of the initial yield displace-
ment, and k is the post-yield hardening coefficient.

\/_52 \/_<
y+k(\/_*\/_y)7\/5>\/a

Eq. (24) shows that when /&> /3y, both &y and Fy can be
computed using Egs. (20) and (21).

The maximum contact pressure at various embedment depths
can be calculated by substituting Young’s modulus E into Eq. (23).
To derive the evolution of contact pressure at different depths with
varied radii, the beginning contact pressure point and maximum
contact pressure were linearly connected. Fig. 7 shows the linear
growth curves of elastic stages with varied depths at different
radii. The maximum contact pressure increases progressively with
increasing embedment depth under the same radius. Young’s
modulus change trend is consistent with the slope change corre-
sponding to different depths. The slope gradually increases as
depth grows in Fig. 7(a) and (b), while it gradually lowers as depth
increases in Fig. 7(c) and (d).

The linear strengthening (softening) could be expressed by the
strengthening coefficient (He et al, 2008). The elastic-plastic
constitutive model is an unknown parameter k, which can be
determined by a macroscopic test. However, the parameter k ac-
quired by a macroscopic test cannot adequately characterize the
proppant embedment process since the scale of the indentation test
is smaller than that of the macroscopic test. It is evident from the
Young’s modulus variation trend with depth in Fig. 5 that the
embedment depth of the indenter has a significant impact on the
mechanical reaction of shale. This demonstrates that the scale effect
of shale has a substantial impact on the proppant embedment depth

(24)

8000 6000
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© © 3 A
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= 4000 - = 3000
E E
QU Q
2000 9 1500 g
0 0.02 0.04 0.06 0 0.03 0.06 0.09
N NH

(c) 3600

P MPa

Petroleum Science 23 (2026) 2758-2772

7500 A

25 um: Test data Fitting curve
100 um: Test data Fitting curve
200 ym: A Testdata — Fitting curve
400 ym: * Testdata — Fitting curve

6000

4500
K100

3000 A

Normal contact pressure, MPa

1500

0.10

Fig. 8. The fitting relationship between normal contact pressure and normal
displacement.

and that the mechanical parameters derived from a single depth are
insufficient to describe the proppant embedment process
adequately. Therefore, a thorough consideration of the mechanical
reaction characteristics at various depths is required to more
correctly predict the changes in embedment depth.

This study used a linear fitting method to demonstrate the
embedment scale effect of varying radii by analyzing the
maximum normal pressure and normal depth at various embed-
ment depths in Fig. 7. The slopes of different inclined lines in Fig. 8
represent the magnitudes of the k values corresponding to
different radii. Finally, a semi-empirical relationship was devel-
oped to incorporate the effect of shale heterogeneity and to
describe the evolution of normal contact pressure with embed-
ment depth for different radii.

To further investigate the size-dependent strengthening
behavior in the plastic stage, the relationship between the linear
hardening coefficient k and indenter radius R was fitted, as shown
in Fig. 9.

The coefficient of determination R? for the curve fitting is 0.99,
indicating a high goodness of fit. The fitting function is as follows:

k(R) (25)

From the trend of the curve in Fig. 9, there are significant dif-
ferences in the strengthening characteristics of indenters with
different radii, and the strengthening coefficient gradually de-
creases as the radii increase.

When the contact pressure exceeds the initial yield contact
pressure, plastic yielding occurs in the contact region. Combined
with Eq. (6), the corresponding relationship for the distribution of
normal contact pressure is as follows:

=2.08 x 10* +2.26 x 10° x exp(—R/55.1)

(d) 2400
-O-1pm -4-5pm -O-1pm -&-5pum
=0="3 pm=%="10"pm -O0-3pum -#—10 pm
2700 1800
©
o
1800 = 1200 A
s <
900 o 600
T T T
0 0.03 0.06 0.09 0 0.03 0.06 0.09
Ne Ne

Fig. 7. The maximum contact pressure varies with embedment depth at radius of (a) 25 pm, (b) 100 um, (c) 200 pm, and (d) 400 pm, respectively.
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Fig. 9. The fitting relationship between the strengthening coefficient and radius.
r2
py+kR)[1/6—55 — /6y |, O<r<ap
2R
p(r) = (26)
2E/ 5 \1/2
ﬁ(a fr) Lap<r<a
The contact pressure distribution over the contact area is

shown in Fig. 10(a) and (b). In Fig. 10(b), A1 and A, denote the
elastic contact regions, B; and B, denote the plastic contact re-
gions. By integrating the normal contact pressure over the contact
area, the normal load on the contact surface can be obtained:

dp a ZE 5 5
Fzzn/ py +k(R) \/6(r)—\/(§]rdr+2n/ —(a —-r )rdr
0 apﬂR
(27)
By integrating Eq. (27), we obtain the normal load-

displacement relationship derived based on the elastic-plastic
linear strengthening model:
3 5+0y\3
-5

(28)

4k(R)nR
3

F=mR(5-8y) (py —k(R) /3y ) +

(b)

Plastic zone

Elastic zone
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4.4. Comparison and validation of the model with experimental
results

To validate the rationality of the theoretical method proposed
in this section, the load-displacement curve obtained from
indentation tests is used for verification. Based on the research
results (He et al,, 2023), we take v = 0.2 and C = 2.79. First, the
yield parameters are calculated according to Egs. (20) and (21)
respectively, and the two equations are substituted into Eq. (21) to
obtain the analytical expression of the theoretical model. Then, the
calculation results under different radii are obtained as shown in
Fig. 11, which presents a comparison of the normal load-
deformation relationships under different radii between the
elastic model (Hertz), the elastic-perfectly plastic model (Thorn-
ton), the new model (proposed in this paper), and the test data.
Fig. 11(c) and (d) show the comparison of the indentation test
data at greater depth with the new model. As illustrated in Fig. 11,
the load predicted by the proposed model always lies between the
Hertz and Thornton models under the same embedment depth.
For example, at indentation radii of 25 um, 100 pm, 200 pm, and
400 pm, the Hertz model overestimates the load relative to the
proposed model by 409.1%, 78.9%, 35.3%, and 66.4%, respectively,
while the Thornton model underestimates it by 54.5%, 89.7%,
89.8%, and 81.1%. This demonstrates that the new model provides a
quantitatively improved prediction, avoiding the significant over-
estimation of the Hertz model and the strong underestimation of
the Thornton model.

5. Discussion

Using indenters with four different radii (25 pm, 100 pm,
200 pm, and 400 pm), the elastoplastic embedment behavior of
various proppant sizes on a shale surface was examined from an
experimental perspective. The findings indicate that variations in
embedment behavior might be caused by the multi-scale me-
chanical characteristics of the shale material. The investigation of
several indenters has demonstrated that, depending on the
embedment depth, the interaction effect varies between the
indenter and the shale. When the embedment depth is low, the
embedment behavior of different radii is different. As the
embedment depth increases, the radius has a greater influence on
the embedment behavior. The load difference of various radii

Elastoplastic ;
strengthening !

ay

Fig. 10. Normal contact pressure distribution on contact surface.
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Fig. 11. Theoretical models and test data are validated for radii (a) 25 pm, (b) 100 pm, (c) 200 um, and (d) 400 pm, respectively.

gradually emerged as the embedment depth increased, and the
mechanical response (Young’s modulus) progressively stabilized.

5.1. The influence mechanism of size on embedmnt

Firstly, larger-size indenters correspond to higher load at the
same embedment depth, indicating the tendency of the larger-size
proppants to withstand higher closure pressure (Deng et al., 2014;
Zheng et al., 2018). Meanwhile, research indicates that increasing
the proportion of sizable proppants can considerably enhance
fracture conductivity (Fan et al., 2020; Liu et al., 2021b). None-
theless, the embedment behavior of proppants tends to weaken
when the smaller proppants are placed on the fracture surface
since there are more individual particles and contact sites to
disperse the applied load (Tan et al., 2017).

Currently, the Berkovich indenter is widely utilized in indenta-
tion testing to assess the effect of the mechanical properties of the
materials on proppant embedment (Liu et al., 2022a, 2023; Zhi and
Elsworth, 2020). Shale has an obvious scale effect. As the indenter
penetration depth increases, the elastic parameter eventually be-
comes stable (Cong et al., 2023; Luo et al., 2020). The mechanical
parameters acquired using a spherical indenter are more compa-
rable with the mechanical response of proppant embedment into
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shale as compared to those obtained with a Berkovich indenter. The
spherical indenter has a bigger contact area and a lesser scale effect
at the same embedment depth as the Berkovich indenter. In
particular, the larger radius can approach the macroscopic
mechanical properties at a lower embedment depth.

In this study, Young’s modulus of the radii 200 pm and 400 pm are
close to each other at various depths, and the value of 100 pm after
embedment of 5 pm is close to 200 pm and 400 pm. The embedment
difference between varying radii remains distinct even when the
scale effect eventually diminishes as embedment depth increases.
This may be attributed to the relatively small contact area when the
embedment depth is smaller; the mechanical properties of shale at
the millimeter scale have a significant impact on the embedment
behavior between the indenter and shale. Particularly for indenters
with smaller radii, the scale effect of the shale can be significant.
However, when embedment depth increases, the larger-scale me-
chanical characteristics of shale begin to influence embedment
behavior. Fig. 7 illustrates how the maximum contact pressure pro-
gressively rises with depth. Following yield, there is a significant
difference in the plastic strengthening properties of different radii.
But as the radius increases, as seen in Fig. 9, the strengthening co-
efficient progressively falls and eventually levels off, getting closer to
the value found in the macro test (Xing et al., 2020).
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Fig. 12. The embedment morphology in radii of (a) 25 pm, (b) 100 pm, (c) 200 pm, and (d) 400 um, respectively.

Fig. 12 shows indentation morphology by SEM with different
radii. The observations were conducted under an accelerating
voltage of 5 kV, with a working distance of 8 mm, and magnifi-
cations ranging from 500x to 2200x . A secondary electron (SE)
detector was employed to capture surface morphology. It is
apparent that the indentation area continuously rises with an
increasing radius. Fig. 12(a) and (b) illustrate that tiny detrital
particles predominate at radii of 25 pm and 100 pm, respectively.
The amount of tiny particle debris gradually diminishes, and the
amount of large particle debris steadily increases as the radius
approaches 200 pm and 400 pm. Unexpectedly, at radii of 200 pm
and 400 um, respectively, new developing cracks emerged. The
study demonstrates that the proppant embedment will deterio-
rate the fracture surface of the coal seam (Liu et al., 2021a).
Macroscopic fractures are more likely to be observed when the
embedment test is conducted with a greater radius of the head and
load (Saadati et al., 2020).

5.2. Relationship between embedment depth and closure stress

In section 4, the model of indenter load F and embedment
depth 6 is obtained. Generally, the relationship between closure
stress and embedment depth could be directly applied to the
process of oil and gas production. When the proppant is placed in
the fracture by hexagonal close packing (Graton and Fraser, 1935),
the closure stress o. and the contact force satisfy the geometric
relationship of Eq. (29). Fig. 13 shows the relationship between
closure stress and embedment depth. k (R = 25), k (R = 100), k
(R=200), and k (R = 400) represent the strengthening coefficients
corresponding to indenters with radii of 25 pm, 100 um, 200 pm,
and 400 pm, respectively.
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1 F

“3AR (29)

Oc

Fig. 13 shows that the test results are close to the predicted
results of the model. By comparing the Hertz and Thornton
embedment models with the new model proposed in this paper,
the Hertz and Thornton models illustrate the relationship between
embedment depth and radius, but the material considered in these
models is all homogeneous, and the material mechanical param-
eters used in the models are obtained at a single scale. As shown in
Fig. 12, the embedment area of the indenter with different radii is
inconsistent, and the difference in embedment response will be
affected by the multi-scale mechanical properties of shale. To
determine the impact of the scale effect on the embedment depth,
the comprehensive mechanical response parameter k (R) is
introduced into the model for comparison.

Fig. 13 shows that under the same closure stress (50 MPa),
different strengthening coefficients will lead to significant differ-
ences in displacement. Compared with the strengthening coeffi-
cient k corresponding to the actual radius, the predicted depth will
be higher when a smaller k is selected in the model, while the
predicted depth will be lower when a larger k is selected. Fig. 13(a)
indicates that the embedment depth is approximately twice as
large as the actual embedment depth when the strengthening
coefficient k (R = 400) is used, while Fig. 13(d) indicates that the
embedment depth is approximately four times smaller than the
actual embedment depth when the strengthening coefficient k
(R =25) is used.

In addition, Fig. 13 shows that when the embedment depth is
0.01 mm, the closure stress corresponding to different radii indenter
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Fig. 13. Model prediction results for different strengthening coefficients (k) at different radii. (a) 25 pm, (b) 100 pm, (c) 200 pm, (d) 400 pm.

is 130 MPa (R = 100 pm), 48 MPa (R = 200 pm), and 12 MPa
(R =400 pm), respectively. A significant inverse connection between
the closure stress and the indenter radius at the same embedment
depthis found by comparing the change of the closing stress with the
indenter radius (R = 100 ~ 400 pm) at various embedment depths
(0.001 mm, 0.003 mm, 0.005 mm, and 0.01 mm). The closure stress
drops by 92.5% to 91.5% as Rrises from 25 pm to 400 pm (i.e., 92.5% at
0.001 mm and 91.5% at 0.01 mm).

In actual reservoir conditions, fracturing fluids often cause
degradation of the fracture surfaces, and the embedment depth
of proppants tends to increase progressively under long-term
closure stress. Therefore, in our future work, we plan to investi-
gate the time-dependent evolution of proppant embedment
depth under the influence of fracturing fluid-induced surface
degradation. In this study, we idealize the proppant as spherical.
However, non-spherical or angular proppants may induce higher
stress concentrations at contact edges, promote localized dam-
age, and exhibit reduced contact areas with higher contact stress.
Such conditions challenge the applicability of Hertzian theory,
requiring advanced contact models or numerical methods for
accurate analysis. Future work will also explore the use of non-
spherical or angular indenters to simulate more realistic
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proppant grain shapes and further enhance the representative-
ness of the experiment test.

6. Conclusions

Proppant embedment is a complex process that is affected by
many factors, such as fracture surface roughness, closure stress,
proppant particle size, and fracturing fluid. To focus on the particle
size effect, this study simplified the experimental conditions by
polishing the smooth sample surface and investigated the
embedment behavior of different radius indenters into the shale
surface using the micro-indentation test system. Based on Hertz
contact theory and experimental data fitting, a proppant elasto-
plastic embedment model was developed. The main findings of
this study are summarized as follows:

(1) Different radius indenters exhibit different indentation re-
sponses at different embedment depths. At low embedment
depths (e.g., 1 pm), the effect of the indenter radius on the
load is relatively small, and the variability of the average
load is large. As the embedment depth exceeds 3 um, the
effect of the indenter radius on the load gradually increases.
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(2) The embedment behavior of the proppant is related to the
multi-scale mechanical properties of shale. At low embed-
ment depths, the range of Young’s modulus for different
indenter radii is large, which is related to the diversity of the
small-scale mechanical properties of shale. As the embed-
ment depth increases to 10 pm, the Young’'s modulus for all
indenter radii gradually approaches 25 GPa, indicating that
at larger scales, the mechanical properties of shale tend to
stabilize, and the influence of the indenter radius
diminishes.

(3) The strengthening coefficient steadily decreases as the
radius increases, and approaches the macro-scale shale
strengthening coefficient in magnitude.

(4) A more accurate embedment depth evolution of different
proppant sizes can be acquired by using the strengthening
coefficient to describe the plasticity difference of different
radii.
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