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a b s t r a c t

Full waveform inversion (FWI) gradient inherently contains both tomographic and migration compo
nents, which are responsible for updating large-scale background velocity and small-scale structural 
details, respectively. A key challenge in FWI is to decouple these components to ensure a robust, multi- 
scale inversion strategy. To overcome this, we propose a novel gradient decomposition method based on 
bidimensional ensemble empirical mode decomposition (BEEMD). In contrast to conventional bidi
mensional empirical mode decomposition (BEMD), the proposed method employs a noise-assisted 
ensemble averaging scheme to effectively mitigate mode-mixing artifacts. In this framework, the 
migration and tomographic components are respectively derived from fine-scale bidimensional intrinsic 
mode functions (BIMFs) and the large-scale residual. This decoupling allows the tomographic compo
nent mitigates cycle-skipping in the presence of inaccurate initial models, whereas the migration 
component accelerates convergence to a high-resolution solution once the background is well-defined. 
Sensitivity kernel analyses and numerical experiments on both synthetic and the Marmousi models 
demonstrate that the proposed method possesses superior stability and robustness compared to con
ventional approaches.
© 2026 Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open 

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Full waveform inversion (FWI) is a powerful method to 
construct high-resolution subsurface velocity models (Tarantola, 
1984; Virieux and Operto, 2009). It achieves this by iteratively 
minimizing the residuals between observed and synthetic seismic 
wavefields (Pratt, 1999; Plessix, 2006). However, its performance is 
critically dependent on an accurate initial velocity model. This 
complexity stems from several key factors, including the model 
parameterization, the initial velocity field, and the quality of the 
seismic records. Moreover, FWI constitutes a strongly nonlinear 
and underdetermined inverse problem characterized by data 
sparsity, model parameterization errors, unknown source wave
lets, and solution non-uniqueness. To overcome these challenges, 
the research community has developed various solution ap
proaches (Chi et al., 2014; M�etivier et al., 2018; Yong et al., 2018, 
2019; Wang et al., 2019; Kazei et al., 2021; Yang et al., 2020; Li 

and Alkhalifah, 2020; Liu et al., 2020; Fu et al., 2023; Chen and 
Huang, 2024).

Mora (1989) pointed out that FWI includes two modes: 
migration and tomography. The migration gradient is that which 
updates the reflector details of the velocity model to enhance 
resolution, whereas the tomography gradient is that which up
dates the large-scale information to mitigate cycle-skipping due to 
a lack of low-frequency data (Yao et al., 2020). To effectively 
separate the migration and tomography components, current 
separation methodologies can be categorized into four primary 
approaches: (1) up/down wavefield  separation; (2) scattering 
angle filtering; (3) reflection-waveform inversion (RWI); (4) bidi
mensional empirical mode decomposition (BEMD)-based FWI.

The source and receiver wavefields are first decomposed into 
up- and down-going components based on their propagation di
rections. By cross-correlating the four resulting wavefields,  the 
tomographic component of the gradient is constructed from 
wavefields  with the same propagation direction, while the 
migration component is derived from those with opposite di
rections. During the early stages of inversion, the tomographic 
component is emphasized to update the long-wavelength struc
tures in the velocity model. This approach helps establish a 
favorable initial model for conventional FWI, thereby improving 
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the final inversion accuracy (Liu et al., 2011; Chi et al., 2017; Wang 
et al., 2016). Fei et al. (2015) developed this imaging condition into 
a de-primary RTM method that performs the necessary wavefield 
separation without requiring the storage of complete wavefields. 
This innovation significantly reduces the computational memory 
overhead, making the approach more practical for large-scale 
applications. Irabor and Warner (2016) proposed splitting the 
wavefield  into two parts (one traveling vertically and the other 
horizontally), and then applied the method to separate these two 
parts into upward and downward waves. Alkhalifah (2014)
decomposed the FWI gradient using a scattering angle filter based 
on a criterion where a scattering angle close to 180◦ yields the 
tomography component, while other angles produce the migration 
component. Wu and Alkhalifah (2017) proposed a scattering angle 
enrichment filter  to direct the migration component of the 
gradient to the perturbation model and the tomography compo
nent to the background model. Yao et al. (2018) proposed to 
Fourier transform the source and residual wavefields  into the 
wavenumber domain and then achieve the scattering angle 
filtering by measuring the angle of the elements in the wavefields. 
Yao et al. (2019a) developed a non-stationary smoothing method 
with Gaussian filters based on the characteristics of the scattering 
angle filtering and efficiently  extracted the tomography compo
nent. Reflection-waveform inversion (RWI) can also effectively 
separate migration and tomography components (Xu et al., 2012; 
Sun et al., 2017; Yao and Wu, 2017; Yao et al., 2019b; Ren et al., 
2019; Huang et al., 2015). Xu et al. (2022) proposed the 
Gauss–Newton-based second-order optimization RWI method, 
and applied the method to streamer seismic data from the East 
China Sea.

Nie et al. (2025) recently introduced a novel approach for 
separating FWI gradients, utilizing the bidimensional empirical 
mode decomposition (BEMD) method to separate the FWI gradient 
into the tomography and migration component. The small-scale 
bidimensional intrinsic mode functions (BIMFs) are combined 
into the migration component, while the large-scale residual 
component is considered to be tomographic component. The 
BEMD is an adaptive, data-driven algorithm designed to decom
pose complex, non-stationary signals into a collection of intrinsic 
oscillatory components. The method extracts simple oscillatory 
modes called BIMFs through an iterative sifting process. The core 
principle requires each BIMF to meet two criteria: the numbers of 
local extrema and zero-crossings must be equal or differ by one 
and the local mean defined by its upper and lower envelopes must 
be zero. This sifting process works by first identifying all the local 
extrema of the signal, then constructing its upper and lower en
velopes via interpolation. The mean of the envelopes is subtracted 
from the signal iteratively until the IMF criteria are met. Once this 
IMF is extracted, the process repeats on the residual signal until it 
becomes monotonic. The final outcome is a complete and adaptive 
decomposition of the original signal into a finite set of IMFs, ar
ranged from the finest to the coarsest temporal scales, plus a final 
residue representing the overall trend (Huang et al., 1998). How
ever, Huang et al. (1999) found there was the problem of mode 
mixing with empirical mode decomposition (EMD) when the data 
contained intermittency, and it made the intrinsic mode functions 
(IMFs) lose its physical meaning. To alleviate the problem of mode 
mixing, Wu and Huang (2009) introduced the ensemble empirical 
mode decomposition (EEMD) method. The key idea behind EEMD 
relies on averaging the modes obtained by EMD applied to several 
realizations of Gaussian white noise added to the original signal.

In this study, we propose an application of bidimensional 
ensemble empirical mode decomposition (BEEMD) as a tool for 

separating the tomographic and migration components in FWI. 
BEEMD adaptively decomposes the FWI gradient into multi-scale 
subcomponents through its noise-assisted ensemble framework. 
We constitute the migration component by combining fine-scale 
BIMFs and identify the residual component as the tomographic 
component. High-wavenumber gradient accelerates convergence 
and improve accuracy during high-frequency inversion, while 
low-wavenumber gradient stabilizes low-frequency deficient  in
versions by preventing convergence to local minima. Numerical 
experiments demonstrate that BEEMD serves as an effective 
method for separating these two components.

2. Theory

2.1. Basic methodology of FWI in the time domain

The acoustic wave equation can be expressed as 

1
v2

∂2u
∂t2 −

(
∂2u
∂x2 +

∂2u
∂z2

)

= f ; (1) 

where v represents velocity, u represents the wavefield,  t repre
sents time, f represents the source term, x represents distance, and 
z represents depth. The objective function of FWI based on the L2 
norm can be defined as follows (Tarantola, 1984): 

ϕ(m)=
1
2
⃦
⃦dobs − dsyn

⃦
⃦2

2; (2) 

where m denotes the velocity model, dobs is the observed data, and 
dsyn represents the synthetic data. According to the acoustic wave 
equation, the function for the gradient is given by 

G(v)=
∂ϕ(v)

∂v
= −

2
v3

∂2u
∂t2 u*; (3) 

where u* represents adjoint wavefield,  which is computed 
through the backpropagation of data residuals. Then we use the 
conjugate gradient algorithm and get the updating process of the 
velocity model as 

⎧
⎨

⎩

mk+1 = mk + αkgk

gk =

{
− QGk; k = 1

− QGk + βkyk− 1; k ≥ 2
;

(4) 

where k is the number of iterations, α denotes the step length, g 
denotes the conjugate gradient, G stands the gradient, β represents 
the correction factor of the conjugate gradient, and Q is for the 
gradient preconditioning operator.

2.2. The BEEMD method

With the BEMD method, the original image is decomposed into 
several BIMFs and a residual component. The procedure for 
extracting the j-th BIMF component of the 2D signal W(x, y) is as 
follows:

1. Initialization: where W(x, y) represents the original signal, 
Resj− 1(x, y) denotes residual after j-th BIMF extraction,

Ij(x; y) =
{

W(x; y); j = 1
Resj− 1(x; y); j ≥ 2;

(5) 
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2. Extract local extrema of Ij(x, y)
3. Construct envelope surfaces: Upper envelope eupper(x, y) via 

interpolation of maxima and lower envelope elower(x, y) via RBF 
interpolation of minima

4. Compute the envelope mean:

Ej(x; y) =
eupper(x; y) + elower(x; y)

2
; (6) 

5. Update candidate component: k represents the sifting iteration 
number,

H(k)
j (x; y)= Ij(x; y) − E

(k)
j (x; y); (7) 

6. Calculate the SD: If the stopping criterion for SD ≤σ is satisfied, 

set BIMFj(x; y) = H(k)
j (x; y) Otherwise, reset H(k)

j (x; y) = Ij(x; y)

and iterate through steps (2)–(6) again
7. Update the residual:

Resj(x; y)=Resj− 1(x; y) − BIMFj(x; y): (8) 

BEMD demonstrates partial efficacy  while also exhibiting 
persistent challenges requiring resolution. A primary limitation is 
the frequent presence of leakage waves, caused by two-dimensional 
mode mixing during the BEMD decomposition (Huang et al., 1999). 
This phenomenon occurs when intrinsic mode constituents 
improperly migrate across IMF boundaries. To overcome 2D mode 
mixing, BEEMD introduces controlled noise perturbation. Its 
fundamental principle establishes components as ensemble means 
derived through parallel trials. Each trial incorporates the target 
signal superimposed with finite-amplitude Gaussian white noise.

BEEMD achieves scale separation with enhanced precision 
while eliminating subjective intervention criteria. This ensemble 
strategy exploits the statistical properties of white noise: sto
chastic variations across trials cancel during sufficient ensemble 
averaging, yielding convergent estimates of authentic signal 
components. The BEEMD procedure formalizes as follows,

1. Noise injection: Supply some white noise S(x, y) to 2D signal 
W(x, y), N represents the number of trials (ensemble number),

IN(x; y)=W(x; y) + SN(x; y); (9) 

2. BEMD decomposition: Decompose via BEMD technique to 
obtain the first decomposed component using Eqs. (5)–(9), the 
interpolation method selected is radial basis function (RBF) 
interpolation, BIMFj,N represents the j-th BIMF from N 
ensemble trials,

IN(x; y)=
∑JN

j=1

BIMFj;N(x; y)+ResN(x; y); (10) 

3. Ensemble averaging: Average all the trial results by taking the 
mean of the BIMFs of the same order to obtain the BEEMD- 
derived BIMF components, the residual is similarly averaged, 
BIMF represents the averaged BIMF from N ensembles, Res 
represents the averaged Res from N ensembles,

BIMFj(x; y) =
1
N

∑N

n=1

BIMFj;n(x; y); j = 1;2; :::; J; (11) 

Res(x; y)=
1
N

∑N

n=1

Resn(x; y); (12) 

4. Signal reconstruction: The final decomposition is obtained. In 
BEEMD, the original signal admits the approximate 
reconstruction.

W(x; y)=
∑J

j=1

BIMFj(x; y)+Res(x; y): (13) 

To better illustrate the issue of mode mixing, we performed a 
comparative analysis using both EMD and EEMD on a one- 
dimensional test signal (EMD and EEMD represent the one- 
dimensional versions of BEMD and BEEMD). This composite 
signal, shown in Fig. 1, consists of several distinct components. The 
signal s(t) is composed of x1(t), x2(t), x3(t), and x4(t), which 
represent sinusoidal components at 60 Hz, 8 Hz, and 4 Hz, and 
Gaussian white noise, respectively. As can be seen from the area 
within the black box, the EMD result of signal s(t) in Fig. 2 reveals 
inconsistent frequency content within IMF2, indicating clear mode 
mixing. In contrast, the EEMD result in Fig. 3 shows well-defined 
and consistent frequencies across all IMFs along with effective 
mitigation of the mode mixing phenomenon.

2.3. Gradient decomposition using BEEMD

The FWI gradient is decomposed via BEEMD into the summa
tion of BIMFs and a residual component. 

G=
∑J

j=1

BIMFj + Res: (14) 

We interpret high-frequency components as the migration 
gradient and low-frequency components as the tomographic 
component. Specifically, the sum of the first two BIMFs is defined 
as the migration component, whereas the combination of all 
subsequent BIMFs and the residual constitutes the tomographic 
component. The reason for selecting the first two BIMFs to form 
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the migration component is as follows: while BIMF1 contains the 
highest-frequency content, it is often dominated by noise and 
ultra-short-wavelength scattering. In contrast, BIMF2 typically 
carries the dominant energy of the primary reflection signals. The 
combination of BIMF1 and BIMF2 ensures a more complete rep
resentation of the high-wavenumber reflective wavefield. 

Gmig =
∑p

j=1

BIMFj; (15) 

Gtomo =
∑J

j=p+1

BIMFj + Res: (16) 

where p is the number of BIMF that combine into migration 
component, and p ≤ J.

We summarize the workflow of FWI based on gradient BEEMD. 
Each iteration consists of the following steps: (1) Forward 
modeling to generate synthetic seismograms and compute re
siduals with observed data; (2) backpropagation of receiver re
siduals to obtain residual wavefields;  (3) cross-correlation of 
forward and adjoint wavefields in time to compute the gradient; 
(4) decompose the gradient into tomography component and 
migration component using BEEMD; (5) update the velocity model 
using Eq. (4).

3. Numerical examples

In this section, we perform sensitive kernel inversion iterations 
and compare the results with those obtained using BEMD 

decomposition to highlight the advantages of the BEEMD method. 
Subsequently, BEEMD-FWI is applied to an anomaly model, the 
SEAM Arid model and the Marmousi model to validate its cor
rectness and effectiveness. Experimental results are compared 
with those from conventional FWI, further confirming  that 
BEEMD-FWI can effectively reconstruct the background velocity 
model and improve inversion accuracy.

3.1. Sensitivity kernel test

This test employs a simple two-layer model to validate the 
effectiveness of the BEEMD method for gradient decomposition. 
The model dimensions are 200 by 200 grid points with a sampling 
interval of 10 m. In the true model, the P-wave velocities of the 
upper and lower layers are 2.0 and 3.0 km/s, respectively. The 
reflection interface is positioned at a depth of 1.5 km. The initial 
model shares identical structural properties with the true model, 
except that the lower layer velocity is set to 2.95 km/s. A Ricker 
wavelet with a dominant frequency of 10 Hz serves as the seismic 
source, located at coordinates (0.5 km, 1.0 km), while the receiver 
is positioned at (1.5 km, 1.0 km). Fig. 4 displays the sensitivity 
kernel of reflected waves in conventional FWI. Red and blue dots 
denote the source and receiver positions, respectively. The “rabbit- 
ear” shaped tomographic component is formed by contributions 
from source-interface-receiver reflection  paths, whereas the 
migration component manifests as a semi-circular pattern. Con
ventional FWI is significantly  influenced  by the migration 
component, impeding effective inversion of the background ve
locity model. Therefore, enhancing the tomographic functionality 
of FWI requires separately extracting the tomographic component.

Fig. 5(a)–(c) represent two BIMF components of different scales 
and the residual component obtained using BEMD. These BIMFs 
reflect information about different temporal scales and frequency 
components within the original signal. Typically, the BIMF1 rep
resents the highest frequencies in the signal, with subsequent 
BIMFs exhibiting progressively lower frequencies. The ideal 
decomposition result would isolate each distinct frequency 
component into a single BIMF. In practical applications, a single 
BIMF frequently contains multiple frequency components, or a 
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single frequency component may be distributed across several 
BIMFs. This issue is termed mode mixing. Mode mixing is partic
ularly prone to occur when the frequencies of the signal compo
nents are closely spaced. The BIMF components represent small- 
scale information, while the residual component contains low- 
frequency information and possesses the largest scale. The 
migration component displays an approximately circular distri
bution in the spatial domain. Consequently, in the spectral domain, 

the amplitude distribution remains largely consistent across 
different polar angles for a given polar radius. Therefore, we 
selected to extract spectra along different angles in polar coordi
nate form. The polar angle distribution of the extracted migration 
component is shown in Fig. 5(a), and the obtained spectra are 
shown in Fig. 6(a).

In contrast, Fig. 5(d)–(f) show BIMF1, BIMF2, and the residual 
component obtained using BEEMD. Fig. 6 displays the polar 
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coordinate spectra extracted from Fig. 5(a) and (d), respectively. 
Since the frequency components at a polar angle of 0◦ (indicated 
by the red line) originate not only from the circular region but also 

include high-frequency information from the rabbit-ear areas, the 
analysis is confined to the area within the dashed box to enable 
accurate comparison of frequency variations across polar angles. 
As shown in Fig. 6(a), the frequency components extracted from 
Fig. 5(a) exhibit significant  differences. In contrast, those corre
sponding to Fig. 5(d) in Fig. 6(b) remain largely consistent. Fig. 7
presents the decomposition results of a trace extracted at 
x = 1.0 km from the original gradient (Fig. 4) using the BEMD 
method. Fig. 8 shows the corresponding results using the BEEMD 
method. As can be observed in Fig. 7, the IMFs obtained via EMD 
exhibit inconsistent frequency content. Moreover, the residual 
component (the black rectangular region) retains noticeable high- 
frequency information, indicating the presence of mode mixing in 
the decomposition process. In contrast, the EEMD results in Fig. 8
demonstrate effective mode separation. All extracted IMFs exhibit 
consistent frequency characteristics, and the residual component 
is free of high-frequency remnants. This confirms the efficacy of 
the proposed method in mitigating mode mixing.

Consequently, all BIMFs are combined to form the migration 
component, while the residual component is assigned as the 
tomographic component. The final combined result is presented in 
Fig. 9, showing that BEEMD successfully separated the two com
ponents. This result effectively mitigates mode mixing. A very 
weak leakage of the tomographic component persists within the 
migration component, as indicated by the red arrow. This occurs 
because not all frequency components in the tomographic 
gradient are low in energy. Specifically, its high-frequency portion 
exhibits spectral characteristics that closely match those of the 
decomposed BIMF2, which leads to a trace residual of the tomo
graphic signal in the migration result. Fig. 10(a)–(d) present the 
migration and tomographic components obtained using BEMD 
decomposition alongside those derived from BEEMD. The 
wavenumber-domain results reveal the limitations of the con
ventional BEMD method in gradient decomposition. Although it 
provides a preliminary separation of low- and high-wavenumber 
components, the process is incomplete and leads to significant 
energy leakage: low-wavenumber background information re
mains as artifacts in the migration gradient (Fig. 10(a)), while high- 
wavenumber structural details leak into the tomographic gradient 
(Fig. 10(b)). In contrast, BEEMD demonstrates superior scale 
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separation capability. Its resulting migration and tomographic 
gradients are substantially purer, with minimal cross- 
contamination, thereby achieving a nearly ideal signal decou
pling (Fig. 10(c) and (d)).

The advantage of the BEEMD method lies in its mitigation of 
mode mixing through the addition of multiple sets of independent 
white noise. The noise is cancelled out via ensemble averaging, 
preserving the effective signal. Each BIMF obtained through this 
decomposition represents distinct scale information from the 
original gradient. Consequently, the weaker correlation between 
different scales directly reduces leakage in the decomposition 
results.

3.2. Anomaly model

In this test, the proposed method is applied to a simple two- 
layer model. The true model (Fig. 11(a)) consists of 100 vertical 
and 200 horizontal grid points, with velocities of 2.5 km/s for the 
top layer, 2.0 km/s for the bottom layer, and a circular anomaly 
velocity of 2.3 km/s. The source wavelet represents a 10 Hz Ricker 
wavelet, with a grid spacing of 10 m. The total recording time is 3 s 
with a sampling of 0.015 s. The acquisition configuration 

comprises 21 shots and 201 receivers. The shot interval is 0.1 km, 
and the receiver interval is 0.01 km. The initial velocity model 
(Fig. 11(b)) without the circular anomaly is used for the FWI.

The results obtained from FWI using the conventional gradient 
and those from FWI using the tomographic component gradient 
based on the gradient BEEMD method after 20 iterations are 
shown in Fig. 12, respectively. It can be observed from the figures 
that the result using conventional FWI only captures detailed 
structures of the anomalous body but fails to resolve its internal 
features effectively. In contrast, inversion using the tomographic 
component gradient from BEEMD decomposition successfully re
covers the high-velocity anomalous body and provides a favorable 
initial velocity model for subsequent inversion. Fig. 13 presents the 
conventional FWI results after 40 iterations using the velocity 
models from Fig. 12(a) and (b) respectively as initial models. The 
results demonstrate that the anomaly model inverted using the 
BEEMD gradient method is significantly closer to the true model 
and exhibits a more distinctive shape definition compared to the 
result from conventional FWI.

To clearly demonstrate the differences between these two 
methods, Fig. 14 presents a comparison of velocity profiles 
extracted at the same location from the true velocity model. 

(a) kx, 1/m
00.2 -0.2

0

k z
, 1

/m

-0.2

-0.1

0.2

0.1

0.3

-0.3

(b) kx, 1/m

k z
, 1

/m

00.2 -0.2

-0.2

-0.1

0.2

0.1

0

0.3

-0.3

kx, 1/m
00.2 -0.2

0

k z
, 1

/m

-0.2

-0.1

0.2

0.1

0.3

-0.3

(c)

-4.0

-4.6

-5.2

-5.9

-6.5

-7.1

kx, 1/m
00.2 -0.2

0

k z
, 1

/m

-0.2

-0.1

0.2

0.1

0.3

-0.3

(d)

-4.0

-4.6

-5.2

-5.9

-6.5

-7.1

-4.0

-4.6

-5.2

-5.9

-6.5

-7.1

-4.0

-4.6

-5.2

-5.9

-6.5

-7.1

Fig. 10. The wavenumber spectra of the (a) migration gradient obtained using BEMD decomposition, (b) tomographic gradient obtained using BEMD decomposition, (c) migration 
gradient obtained using BEEMD decomposition, (d) tomographic gradient obtained using BEEMD decomposition.

Y.-L. Lu, J.-P. Huang, L. Chen et al. Petroleum Science 23 (2026) 3972–3987

3978



Fig. 14(a) extracts traces located at a horizontal distance of 1.0 km 
from the velocity model. Fig. 14(b) extracts traces located at a 
horizontal distance of 1.0 km from the velocity model. Fig. 14(c) 

extracts traces located at a depth of 0.5 km from the velocity 
model. The red line represents the true velocity model, the black 
line represents the result obtained from FWI using the 
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conventional gradient, and the blue line represents the result ob
tained from FWI using the tomographic component gradient 
derived from BEEMD decomposition. It can be seen that at the 
location of the anomalous body, the blue line is closer to the red 
line than the black line. Therefore, using the tomographic 
component gradient from BEEMD-FWI leads to a more successful 
reconstruction of the high-velocity anomalous body. This result 
provides a favorable initial velocity model for the subsequent 
inversion.

3.3. Seam arid model

We employ a 2D slice extracted from the SEAM Arid model to 
test the effectiveness of the proposed method (Oristaglio, 2015). 
This model presents a notoriously demanding scenario for FWI, 
particularly within the highly heterogeneous near-surface region. 
The complex scattering phenomena generated by these shallow, 
small-scale structures pose significant  obstacles to achieving 
robust FWI convergence.

For this test, we employ an array of 20 sources and 400 re
ceivers located uniformly at a depth of 10 m. A 10 Hz Ricker 
wavelet is used as the source. The numerical grid uses a 10 m 
spacing, and data are recorded for 3 s with a 1 ms time step. Fig. 15
displays the true velocity model and the smoothed initial velocity 
model. Based on this initial model, we performed the first iteration 
using conventional FWI, BEMD-FWI, and BEEMD-FWI, respec
tively. The gradient results are shown in Fig. 16.

As observed in Fig. 16, the gradient obtained from BEMD-FWI 
exhibits significant  mode mixing. The gradient is contaminated 
with substantial high-frequency noise and spurious artifacts, 
which severely interfere with the extraction of the effective 
gradient. In contrast, BEEMD-FWI effectively mitigates the mode 
mixing effect by incorporating noise-assisted analysis and 
ensemble averaging strategies. It overcomes the scale separation 
errors caused by signal intermittency. Consequently, BEEMD-FWI 
successfully isolates and preserves the data's low-frequency 
components and thereby facilitates the construction of a high- 
quality background velocity model.

Fig. 17 illustrates the inversion results after 30 iterations for 
both conventional FWI and BEEMD-FWI. BEEMD-FWI updates the 
model by constructing tomographic gradient derived from the 
decomposed residuals. A comparison between Fig. 17 reveals that 
while conventional FWI (Fig. 17(a)) recovers the general structural 
outline, it suffers from significant artifact interference in the mid- 
to-deep zones. In contrast, the BEEMD-FWI result (Fig. 17(b)) not 
only substantially mitigates these artifacts but also successfully 
reconstructs the macro-velocity background structure of the 

model. BEEMD-FWI yields a smoother and more accurate deep 
background velocity trend with geometric morphology of the ve
locity interfaces closely aligning to the true model. This high- 
quality background model provides a robust initial velocity for 
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subsequent inversion and effectively mitigates the risk of cycle- 
skipping.

To further enhance resolution based on this accurate back
ground model we performed an additional 70 iterations. The final 
results are shown in Fig. 18. Fig. 18(a) represents the result of 
continuing with 70 iterations of conventional FWI using Fig. 17(a) 
as the initial model. Based on Figs. 17(b) and 18(b) was obtained by 
performing 50 iterations of conventional gradient updates fol
lowed by 20 iterations of migration gradient updates to enhance 
high-wavenumber information. As evidenced by the figures,  the 
final accuracy achieved via the BEEMD-FWI strategy significantly 
outperforms the conventional method, particularly in the shallow 
subsurface. The conventional FWI result retains considerable ar
tifacts in the shallow layers and exhibits blurred layer boundaries. 

On the other hand, the BEEMD-FWI result clearly delineates fine 
shallow structures and presents sharp velocity interfaces with 
excellent mitigation of near-surface inversion noise. This demon
strates the superior performance of the proposed method in 
recovering high-wavenumber details under the constraint of a 
large-scale background.

3.4. Marmousi model

This section employs Marmousi model to test the advantages of 
using the BEEMD-FWI. The true velocity model and initial velocity 
model are shown in Fig. 19(a) and (b), respectively. The model 
dimensions are 369 by 178, with a grid spacing of 10 m. The source 
is a 10 Hz Ricker wavelet. A total of 36 shots are deployed at a 
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Fig. 17. Inversion results using (a) conventional FWI after 30 iterations, (b) BEEMD- FWI after 30 iterations.
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depth of 0.01 km with an interval of 0.1 km. Seismic recording 
employs a fixed-spread geometry with 369 receivers spaced at 
0.01 km intervals. The data are recorded for 3 s with a time sam
pling interval of 0.001 s.

For the Marmousi model, two sets of tests are designed to 
comprehensively evaluate the advantages of the proposed 
method: Ideal Tests and Low-Frequency Missing Data Tests. The 
Ideal Tests use the migration gradient obtained from BEEMD 
decomposition for FWI, while the Low-Frequency Missing Data 
Tests employ the tomographic component gradient obtained from 
BEEMD decomposition for FWI to provide a favorable initial ve
locity model for subsequent inversion.

3.4.1. Ideal tests
Because the data contain sufficient low-frequency components, 

we first  apply conventional FWI. Subsequently, the results ob
tained using this as the initial velocity model for further conven
tional FWI are compared with those obtained using FWI based on 
the migration gradient derived from BEEMD decomposition. 
Fig. 20(a) shows the result after 30 iterations of conventional 
FWI using the conventional gradient. The velocity structure in the 
shallow layers is largely recovered, but the velocity structure in the 
mid-to-deep layers is not successfully inverted. Two separate in
versions are performed from this initial model, with one using the 
conventional gradient and the other using the migration gradient 
obtained from BEEMD decomposition. Fig. 20(b) and (c) present 
the FWI results after 120 iterations using the conventional 
gradient and the migration gradient derived from BEEMD 
decomposition, respectively. From the gray dashed lines in the 
figure,  it can be observed that compared to the result from con
ventional FWI, the inversion result obtained using the migration 
gradient method based on BEEMD decomposition is more effective 
in recovering the background velocity structures within the mid- 
to-deep layers. This is because the migration gradient can 
leverage high-wavenumber components for inversion, resolving 
the detailed structural features of the model.

A further comparison of the inversion effectiveness can be 
made by extracting trace profiles from the inversion results shown 
in Fig. 21. These traces are extracted at distances of 0.5, 2.0, and 
3.2 km. The black curve represents the inversion result obtained 
using the conventional gradient method, while the blue curve 
represents the result obtained using the migration gradient 
method based on BEEMD decomposition. It can be observed that 
within the depth range of 0–0.5 km, the velocity curves from both 
the conventional inversion method (black curve) and the BEEMD 
gradient method closely coincide with the true model (red curve). 
With increasing depth, the result from the BEEMD gradient 
method (blue line) aligns more closely with the true velocity 
model than that from conventional FWI (black line), due to its 
effective use of high-wavenumber components. Comparative 
analysis indicates that the proposed method achieves closer 
alignment with the true velocity model than conventional FWI.

As shown in Table 1, the computational cost per iteration for 
BEEMD-FWI is approximately three times that of conventional 
FWI. However, the proposed method achieves comparable accu
racy in fewer iterations. This reduction in the total number of it
erations effectively compensates for the higher per-iteration cost, 
resulting in competitive overall computational efficiency  for 
BEEMD-FWI.

3.4.2. Low-frequency missing data tests
Low-frequency data is crucial for mitigating the non-linearity 

of the FWI. The lack of low-frequency components in seismic 
data often traps FWI in local minima. However, acquiring effective 
low-frequency information is often challenging in practical 

acquisition. Researching FWI methods under low-frequency- 
deficient  conditions has therefore become an important direc
tion. To avoid cycle-skipping phenomena caused by insufficient 
low-frequency components, we employ BEEMD to obtain the 
tomographic component gradient. This gradient effectively lever
ages low-wavenumber components to reconstruct large-scale 
structures in order to provide a favorable initial velocity model 
for subsequent inversion.

In this test, we process the original shot record (Fig. 22(a)) by 
completely removing all frequency components below 2 Hz and 
attenuating components between 2 and 10 Hz. The resulting low- 
frequency-deficient shot record is shown in Fig. 22(b), with its 
spectrum presented in Fig. 23. The corresponding gradients after 
the first  iteration (Fig. 24) reveal that the conventional gradient 
contains both tomographic and migration components, which 
disrupt the update of the background velocity. Fig. 25(a) and (b) 
display the wavenumber spectra of the gradients from Fig. 24(a) 
and (b). In contrast, the BEEMD-derived tomographic component 
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gradient exhibits enhanced smoothness and effective utilization of 
low-wavenumber information.

The low-frequency missing shot record is then used as the 
input for inversion iterations. Fig. 26(a) and (b) display the inver
sion results after 30 iterations using the conventional gradient and 
the tomographic component gradient, respectively. It can be 

observed that the tomographic component gradient successfully 
recovers the background velocity structures, establishing a supe
rior initial model for subsequent inversion. Fig. 27(a) shows the 
result obtained by performing 100 iterations of conventional FWI 
using Fig. 26(a) as the initial velocity model. Fig. 27(b) displays the 
result obtained using Fig. 26(a) as the initial model, consisting of 
70 iterations of conventional FWI followed by 30 iterations using 
migration-based gradients. The figures  demonstrate that the 
BEEMD method yields significant improvement over conventional 
FWI especially in the mid-to-deep sections. The absence of low- 
frequency components traps conventional FWI in local minima 
causing its inversion result to show negligible difference from the 
initial velocity model. Conversely, the result obtained using FWI 
with the tomographic component gradient derived from BEEMD 
decomposition successfully recovers the velocity structure of the 
Marmousi model in the mid-to-deep layers.

Fig. 28 presents the normalized misfit function curves for both 
inversion methods. The black curve represents the conventional 
gradient FWI method, and the blue curve represents the FWI 
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Table 1 
Efficiency comparison per iteration between FWI and BEEMD-FWI.
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method using the tomographic component gradient obtained via 
BEEMD decomposition. The circle marks the transition point after 
30 iterations, where the inversion updates switch to conventional 
FWI using the respective results as the new initial velocity model. 
Within the first 30 iterations, the convergence speed of the con
ventional gradient method is noticeably faster than that using the 
BEEMD-derived tomographic component gradient. However, the 
convergence stagnates around iteration 30. Using the inversion 
results from these methods as initial models for the subsequent 
120 iterations of conventional FWI, the blue curve converges more 

stably and rapidly than the black curve. Fig. 29 shows velocity 
profiles  extracted at horizontal distances of 1.0, 2.0, and 3.0 km 
from both inversion results. The profiles employ a color code 
where the true velocity model is red, the initial model is green, 
conventional FWI is black, and the BEEMD method is blue. It can be 
observed that the BEEMD method achieves a closer match to the 
true velocity model across all depths from shallow to deep. This 
test using low-frequency-deficient data confirms  that the pro
posed method effectively prevents the inversion from converging 
to local minima.
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4. Discussion

This study proposes a new FWI workflow that fully leverages 
both tomographic and migration gradients. Based on the tomo
graphic and migration gradient, various inversion strategies have 
been proposed. The migration-mode gradient has been shown to 
enhance the accuracy of velocity model building and improve 
computational efficiency (Xie et al., 2024; Wang et al., 2024), while 
the tomography-mode gradient is effective in strengthening the 
robustness of the inversion process (Lian et al., 2018; Jeong et al., 
2018; Hu et al., 2023).

The key innovation of this method lies in the BEEMD-based 
adaptive decomposition of the FWI gradient into tomographic 
and migration components, which enables a robust multi-scale 
inversion strategy. BEEMD achieves its efficacy  through a noise- 
assisted ensemble averaging mechanism that effectively miti
gates mode mixing and ensures reliable decomposition.
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However, the practical implementation of BEEMD requires 
careful consideration of two critical aspects: noise amplitude and 
computational efficiency. The noise amplitude (ε), which is the 
ratio of the standard deviations of the added noise to the original 
signal, governs the trade-off between scale separation and noise 
contamination. While insufficient  noise (low ε) fails to prevent 
mode mixing, excessive noise necessitates a larger ensemble 
number (N) to average out artifacts and consequently raises the 
computational cost. Based on the analysis, we identified ε = 0.2 as 
an optimal balance. As shown in Table 2, computational efficiency 
is governed primarily by the stopping criterion (SD), the number of 
BIMFs, and N, with processing time scaling near-linearly with 
these parameters. To balance accuracy and practicality, we adop
ted a configuration of SD = 0.1, two BIMFs, and N = 50.

Computational efficiency and memory requirements are crit
ical factors affecting the extension of this method to 3D. The 
interpolation of envelope surfaces in 3D space is inherently 
computationally expensive. Moreover, the unique ensemble aver
aging mechanism of BEEMD necessitates repeating this process 
dozens of times, which inevitably leads to a significant increase in 
computation time. The computation requires the simultaneous 
storage of the 3D gradient volume, intermediate iteration data, and 
multiple decomposed IMFs. This imposes stringent demands on 
the memory capacity of the computing nodes. Looking ahead, 
implementing 3D gradient decomposition must rely on efficient 
acceleration strategies to overcome these challenges. On the one 
hand, GPU-based parallel computing can accelerate interpolation 
and ensemble averaging while MPI domain decomposition divides 
large-scale models into sub-domains, thus reducing the memory 
load on individual nodes. On the other hand, a “2.5D” strategy can 
be adopted, where the 3D data volume is treated as a series of 
independent 2D slices along the survey lines. This approach 
significantly lowers the computational threshold while retaining 
the primary structural features, thus enhancing the feasibility of 
processing real-world 3D field data.

5. Conclusions

In this paper, we propose a strategy that uses the BEEMD 
method to decompose the conventional FWI gradient into migra
tion and tomography components. BEEMD effectively decomposes 
the gradient into subcomponents of different scales, where the 
small-scale BIMFs are integrated as the migration component, and 
the large-scale residual component is regarded as the tomography 
component. When low-frequency data are abundant, the migra
tion gradient dominates the inversion by refining  high- 
wavenumber details. Conversely, when such data are lacking, the 
tomography gradient takes precedence to update the low- 
wavenumber background. Numerical experiments demonstrate 
that this method can effectively separate the components, not only 
improving the inversion accuracy but also providing a robust 
initial model for conventional FWI.
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