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Abstract

This paper is devoted to establishing the compactness and existence results of the solutions
to the prescribing fractional Q-curvature problem of order 20 on n-dimensional standard
sphere when n — 20 = 2,0 = 1 +m/2, m € Ny. The compactness results are novel
and optimal. In addition, we prove a degree-counting formula of all solutions to achieve the
existence. From our results, we can know where blow up occur. Furthermore, the sequence of
solutions that blow up precisely at any finite distinct location can be constructed. It is worth
noting that our results include the case of multiple harmonic.

Mathematics Subject Classification 35R09 - 35B44 - 35J35

1 Introduction

The study of the prescribing scalar curvature problem on Riemannian manifolds, which dates
back to [34-36], has received a lot of attention. In the case of n-dimensional standard sphere
(S", go), this is known as Nirenberg problem. The classical Nirenberg problem is as follows:
which function K on (S", go) is the scalar curvature (Gauss curvature in dimension n = 2)
of a metric g that is conformal to go? If we denote g = €2V gg in the two dimensional case

4
and g = v7—2gg in the n (n > 3) dimensional case, this problem is equivalent to solving the

Communicated by Andrea Mondino.

The research was supported by National Science Foundation of China (12071036, 12126306).

B YanLi
yanli@mail.bnu.edu.cn

Zhongwei Tang
tangzw @bnu.edu.cn

Ning Zhou
nzhou@mail.bnu.edu.cn

Laboratory of Mathematics and Complex Systems, MOE, School of Mathematical Sciences, Beijing
Normal University, Beijing 100875, People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-022-02400-7&domain=pdf
http://orcid.org/0000-0002-3729-3156

58 Page2of43 Y.Lietal.

following nonlinear elliptic equations:
—Agu+1=Ke* onS? (1.1)

and
— Agyv+c(m)Rov = c()Kvi=? on S", n >3, (1.2)

where Ag is the Laplace-Beltrami operator, c(n) = 4én L Ro = n(n — 1) is the scalar
curvature associated to go.

A first answer to the Nirenberg problem was given by Koutroufiotis [38], which established
the existence of the solutions to (1.1) by assuming that K is an antipodally symmetric function
which close to 1. Morse [45] proved the existence of antipodally symmetric solutions to (1.1)
for all antipodally symmetric functions K which are positive somewhere. Chang and Yang
[11] further extended this existence result to the case of K without making any symmetry
assumptions. Moreover, Bahri and Coron [6] presented a sufficient condition for the existence
of solutions to (1.2) indimension n = 3. As for the compactness of all solutions in dimensions
n = 2,3, Chang et al. [12], Han [25], and Schoen and Zhang [50] proved that a sequence of
solutions cannot blow up at more than one point. Li [40, 41] established the compactness and
existence results for (1.2). In these two papers, the compactness result is very different from
the previous low-dimensional case. In fact, when n = 2 or n = 3, a sequence of solutions
cannot blow up at more than one point. However, if n > 3, there could be blow up at many
points, which considerably complicates the study of the problem. There have been many
papers on the problem and related ones, see e.g., [9, 13, 20, 26, 28, 48, 49, 51].

The linear operators defined on left-hand side of (1.1) and (1.2) are called the conformal
Laplacian associated to the metric go and are denoted as Plgo. For any Riemannian manifold
(M, g), let Rg be the scalar curvature of (M, g), and the conformal Laplacian be defined as
P]g = —Ag + 4("n Rg The Paneitz operator P2 is another conformal invariant operator,
which was dlscovered by Paneitz [46]. Graham et al. [23] constructed a sequence of confor-
mally covariant elliptic operators {P,;g } on Riemannian manifolds for all positive integers k
ifnisodd, and fork € {1, --- , n/2} if n is even, which are called GJMS operators. Juhl [32,
33] found an explicit formula and a recursive formula for GIMS operators and Q-curvature
(see also Fefferman and Graham [22]). Graham and Zworski [24] presented a family of frac-
tional order conformally invariant operators Ps of non-integer order o € (0,7/2) on the
conformal infinity of asymptotically hyperbolic manifolds. In addition, Chang and Gonzalez
[10] showed that the operator P, o e (0O,n /2) can be defined as a Dirichlet-to-Neumann
operator of a conformally compact Einstein manifold by using localization method in [8],
they also provided some new interpretations and properties of those fractional operators and
their associated fractional Q-curvature.

Regarded as a generalization of Nirenberg problem, the prescribing fractional Q-curvature
problem of order 20 on S” can be described as: which function K on S” is the fractional
Q-curvature of a metric g on S conformally equivalent to go? If we denote g = v*#/"=29) g,
this problem can be represented as finding the solution of the following nonlinear equation
with critical exponent:

PS(v) = c(n, 0)KvirZe on S", (1.3)

wheren >2,0 <o <n/2,c(n,o) = F(% +0)/ F(% — o), I' is the Gamma function, K
is a function defined on S*, P’ is an intertwining operator of 2¢ -order:

FB+1i+o —1\2
ngozi( 2 ), Bz\/—AgO+<—n ) .
FB+4i-0) 2
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In what follows, P5° is simply written as P,. It can be viewed as the pull back operator of
the o power of the Laplacian (—A)“ on R” via the stereographic projection:

n+: n—

(Py(v)) o F = |Jp| "5 (=AY (|J|"5" (o F)) for ve C2 (S,

where F is the inverse of the stereographic projection and |JFr| is the determinant of the
Jacobian of F'. In addition, the Green function of P, is the spherical Riesz potential, i.e.,

f©

. deolgo@) for f e LP(S"), (1.4)

P fE) = cf
S

I . . . .
where ¢p5 = 55 C52) p > 1, and | - | is the Euclidean distance in R"+1.

o /21"(0) ’
Many research have been conducted on the fractional operators P58 and their associated
fractional Q-curvature, for instance, see [2, 3, 15-19, 21, 29-31, 43, 44]. The flatness of
the prescribing fractional Q-curvature function K plays a crucial role in the study of this
problem. We begin with the definition of the S-flatness condition that characterizes flatness.
B-flatness condition: Let K € C'(S") (K € CLI(S") if 0 < o < 1/2) be a positive
function and g is a positive constant, we say that K satisfies the S-flatness condition if for
every critical point & of K, in some geodesic normal coordinates {y1, - - - , y,} centered at
&o, there exists a small neighborhood & of 0 and a; (§9) # 0, Z'}zl a;j(&) # 0, such that

K0 =KO) +Y a;jE)lyjlf + Ry ino,
j=1

where Zﬁo IVSRO)||y| 7+t — 0as y — 0, here V¥ denotes all possible derivatives of
order s and [B] is the integer part of 8. We call 8 the flatness order.

For o € (0,1) and B € (n — 20, n), Jin et al. [29, 30] proved the existence of the
solutions to (1.3) and derived some compactness properties when K satisfies the B-flatness
condition by using the approach based on approximation of the solutions to (1.3) by a blow up
subcritical method. For o € (0,n/2) and 8 € (n — 20, n), Jin et al. [31] developed a unified
approach to establish blow up profiles, compactness and existence of positive solutions to
(1.3) when K satisfies S-flatness condition by making use of integral representations. Since
their conclusions are valid only when the flatness ordern—20 < 8 < n, some very interesting
functions K are excluded. In fact, note that an important class of functions, which is worth
including in the results of existence and compactness for (1.3), are the Morse functions with
only non-degenerate critical points. Such functions satisfy the 2-flatness condition.

Existence results of the solutions to (1.3) were given when 8 € (1, n — 20] by Abdelhedi
et al. [3], and when 8 € [n — 20, n) by Chtioui and Abdelhedi [16]. Under a so-called
“non-degenerate condition”, Khadijah and Chtioui [37] studied the lack of compactness and
provided the existence results for (1.3) when 8 =n — 20 =2, 0 € (0,n/2).

However, under the assumption of the flatness order 8 = n — 20 of prescribing curvature
function K, the precise compactness results of the solutions to (1.3) are unknown. When
o = landn = 20 +2 = 4, Li [41] obtained the optimal compactness and a degree-counting
formula of the solutions to (1.2) when K is some special class of functions satisfying condition
2 = n — 2o -flatness condition. Therefore, a quite natural question arises: can we establish
the optimal compactness results and provide a degree-counting formula of the solutions to
(1.3) when the curvature function K is specified as a special function satisfying the 8-flatness
condition with 8 = n — 20 = 2? The main target of this article is to give an affirmative
answer to this question.

@ Springer
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In the present paper, we are interested to the prescribing fractional Q-curvature problem
(1.3),n=20+2,0 =1+m/2, m € Ni. Our aim is to establish the optimal compactness
and existence results of the solutions, when the prescribing curvature function K is some
special function satisfying 2 = n — 20 -flatness condition. In order to obtain an existence
result, we will prove a degree-counting formula of the solutions to (1.3). This counting
formula, together with the compactness results completely describes where blow up occur.
Especially, from our results, we can construct a sequence of solutions to (1.3) that blow up
precisely at these points for any finite distinct points on S”.

First of all, Eq. (1.3) is not always solvable. Indeed, we have the Kazdan-Warner type
obstruction: for any conformal Killing vector field X on S”, there holds

/ (Vx K)o dvolg,, =0

for any solution v of (1.3), see [7, 52].
Before state our results, we introduce some definitions and notations.
For K € C%(S"), we introduce the following notation:

H ={q €S": Vg K(q) =0},
H T ={qeS":VeuK(q) =0, AgyK(q) > O},

_ (1.5)
KT ={qeS":VgeK(q) =0, AgyK(gq) < 0},
Mg = {v e C(S") : v satisfies (1.3)}.
For any k (k > 1) distinct points gV, .-, g® e #\#+, the k x k symmetric matrix
M= M@, -, g%®))is defined by
o AgyK(q")
1 — . £
K (i)n/20
@) 0 (1.6)
Mis = | G, (@) o
o= Doy T
where
) !
Gq(i) g = (1.7)

1 —cosd(qg®, qgW)

is the Green'’s function of P, on S”, and d(-, -) denotes the geodesic distance. Let w(M)
denote the smallest eigenvalue of M, and when k = 1,
AgoK(q(l))
S DT

In what follows, we define
C*(S")* :={K € C*(S"): K >0 on S", and (18)
K has only non-degenerate critical points},
and
o ={K € C*(S")* : Ag,K #0o0n.%#, and

- (1.9)
MM@mf“ﬁw»#QV¢m“wq®€%/%Ezk

We can observe that <7 is open in C%(S") and & is dense in C2(S")* with respect to the
C%(S") norm.
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Remark 1.1 In this paper, we mainly establish the compactness and existence results for (1.3)
when K € . Itis worth noting that the sign of the smallest eigenvalue of M (¢", - - - , ¢®)
plays a key role in counting formula of all sloutions and compactness results.

We will introduce an integer-valued continuous function Index: &/ — Z, which has an
explicit formula for K € 7 being a Morse function.

Definition 1.1 We define Index: & — Z by the following properties:
(i) For any Morse function K € & with '~ = {qgD, .-, ¢g®}, we define

S
Index(K) = -1+ 3 3 (=1 i@, (1.10)

k=1 M(M(q("l),m ’q(ik)))>()y
1<i|<--<ig<s

where i (¢/?) denotes the Morse index of K at /).
(i) Index : & — Z is continuous with respect to the C%(S") norm of & and hence is locally
constant.

Remark 1.2 The existence and uniqueness of the Index mapping follows from Theorem 1.1
and the proof of Theorem 1.2 below.

Our first result is about the compactness of the solutions when K € 7, which is:

Theorem 1.1 Leto = 1+m/2,m e Ny andn =20 +2. Let o/ be asin (1.9)and K € /.
Then for any o € (0, 1), there exists constants § = §(K) > 0and C = C(K) > 0, such
that for any K € C*(S") satisfying |K — Kllc2@ny < 3, and any v € My, we have

veCS" :1/C <v <C, vl c2oesny < C, (1.11)
where My is as in (1.5).
For any given o = ”—52, 0<a <1, R>0, wedefine
Or :={veC?®*S":1/R <v <R, vl croagny < R} (1.12)

Our second result is about degree-counting formula and the existence of the solutions to
(1.3), which is:

Theorem1.2 Leto =14+ m/2, m € Ny andn = 20 + 2. Let of be as in (1.9), K € o
and Index(K) be as in Definition 1.1. Then for any o € (0, 1), there exists a constant
Ry = Ro(K, &), such that for all R > Ry, we have
degana (v — P2 (c(n, 0)Kvindn ), Og, 0) = Index(K), (1.13)
where degq20.« denotes the Leray-Schauder degree in C 20,0 (S,
Furthermore, if Index(K) # 0, then (1.3) has at least one solution.

Remark 1.3 Tt follows from Theorem 2.1 that when K € 7, the solutions to (1.3) belong to
Or for some R > (. We call the left-hand side of (1.13) the total degree of the solutions to
the conformally invariant equation. From Theorem 1.2, the total degree is Index(K).

For any finite subset R C S”, we use R to denote the number of elements in the set R.
Let us now state a corollary of Theorem 1.2, which is:

@ Springer



58 Page6o0of43 Y.Lietal.

Corollary 1.1 Leto =14+ m/2,m € Ny andn =20 +2. Let & be as in (1.9) and K € <
be a Morse function satisfying 1.4~ < 1 or for any distinct P, Q € ¥,
n?(n — 1)%
Ay K(P)Ag K(Q) < ?K(P)K(Q). (1.14)
Then for any a € (0, 1), there exists a constant C = C(K, o) > 0, such that for all solutions
v to (1.3), we have v € Oc, and forall R > C,

n+2o0 .
degcza,a(v—Pgl(c(n,cr)Kan—rﬁ),ﬁR,O):_] + Z (—1)i@0)
Voo K (90)=0.
AgyK(q0)<0
where Oc is as in (1.12) and i(qo) denotes the Morse index of K at q.
Furthermore, if

Do n
Vgo K (40)=0.
AgyK(q0)<0
then (1.3) has at least one solution.

Our third result is about the blow up behavior of the solutions when the prescribing
fractional Q-curvature function K € C2(S")*\.«/ = 3.7, which is:

Theorem 1.3 Leto = 14+m/2, m € Ny andn = 20 + 2. Let < be as in (1.9) and C*(S")*
be as in (1.8). Then for any K € Cz(S”)*\M = 0., there exists K; — K in CX(S") and
v; € M, , such that
lim (max v;) = oo, lim (minv;) =0, (1.15)
i—oo §" i—oo §"

where M, is as in (1.5).

From Theorems 1.1, 1.2, and 1.3, we can know that the total degree of solutions to (1.3)
strongly depend on the sign of the smallest eigenvalue of M (g, .-, ¢®). In fact, the
points gV, . | g® for which u(M (gD, --- , g®)) is positive characterize the so-called
asymptotic in the theory of critical points at infinity developed by Babhri [4, 6]. For instance,
considering a continuous family of functions K; (0 < ¢ < 1), the total degree changes when
the smallest eigenvalue of M (K;; (q(l), cee q(k))) crosses zero while it remains unchanged
when other eigenvalues cross zero.

It follows from Theorem 1.3 that when K € C2(S")*\.«7, the solutions to (1.3) may blow
up. A natural question is where the blow up occur? The following results present the accurate
location of the blow up.

For any K € C*(S"), we first define

AK)=1q"V, g™ k=1, ¢V e\at Vi 1<) <k
gD £qO vj£e, uM@®D, -, q®) =0

Combined with Theorem 2.1, we give the fourth result in this paper, which is about the
location of blowing up when K € C*(S")*\« :

Theorem 1.4 Leto = 1+m/2,m € Ny andn = 20 + 2. Let o/ be as in (1.9) and c(S"y*
be as in (1.8). For a given function K € C*(S")*\«Z, we have the following results:

(1.16)

(i) For any Ki — K in CX(S™), and v; € Mk; with maxgn v; — 00, then for some
gD, -, g®) e #(K), {vi) (after passing to a subsequence) blows up at precisely
the k points.
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(ii) For any (q(l), e ,q(k)) € H#(K), there exists K; — K in C3(S"), v; € Mk, , such
that {v;} blows up at precisely the k points.

Corollary 1.2 For any k € N distinct points gV, - - - , g% € S*, there exists a sequence of
Morse functions {K;} C 4/, such that for some v; € Mx,, {v;i} blows up at precisely the k
points.

In order to obtain the compactness results, we need to further characterize the behavior of
the blow up point of the solutions to (1.3) (see Theorem 2.1 below). More precisely, we will
use the Pohozaev type identity (see Proposition A.3 below) to judge the sign of the Laplacian
of the prescribing curvature function at these isolated simple blow up point (see Definition
2.3 below). Due to the limit of the form of the Pohozaev type identity, the method of our proof
is only effective for the case n — 20 = 2. In addition, when proving the existence results,
we transform the conclusion to be proved into solving the Brouwer degree of the operator
on finite dimensional manifolds through the homotopy invariance of the Leray-Schauder
degree. In the process of obtaining the degree-counting formula, we need to get a strictly
convex function according to the form of the operator, and the condition “n — 20 = 2” just
ensures the existence of the form of strictly convex function. Forn =20 +2,0 <o < 1,
we obtain the corresponding compactness and existence results with n = 3,0 = 1/2, see
[39].

The paper is organized as follows:

In Sect. 2, our main task is to prove Theorem 1.1. Before that, we should further char-
acterizes the behavior of blow up points for solutions to (1.3) (see Theorem 2.1 below), we
mainly consider the subcritical equation with 7 > 0 small:

Pyv; =c(n,0)Kv! """, v; >0 onS" (1.17)

In proving Theorem 2.1, we first use the Green’s representation (1.4) to transform (1.17) into

r(=2o) K (yvi ()"~
207120 (o) Jor  |E —nl?

vi(§) = dn on§",

and then use some results of blow up analysis given in Appendix A to complete the proof. By
using Theorem 2.1, integral representation, Harnack inequality and Schauder type estimates,
we have completed the proof of Theorem 1.1.

Section 3 is devoted to proving the Theorems 1.2, 1.3, and 1.4. Firstly, recall the classi-
fication of solutions for integral equation [14] and optimal representation in small tubular
neighborhood [6], we give the definition of ¥, = X, (Py,---,P)for Py, - ,Pr et~
with w(M(Py,---, Py)) > 0. Then by using Theorem 2.1 and some results in [31], we
obtain that for ¢ > 0 very small, the solutions to (1.17) either stay bounded or stay in one of
the X, (see Proposition 3.1 below). Furthermore, we obtain the H? topological degree of the
solutions to (1.17) on X, (see Theorem 3.1 below). It follows from the above results that for
all0 < 7 < 2, the H? total degree of the solutions to (1.17) is equal to —1 (see Proposition
A.7 below). Then we can conclude that H° topological degree of those solutions to (1.17)
which remain bounded as t tends to zero is equal to Index(K ). Some well-known results in
degree theory imply that the H® degree contribution above is equal to the C2*¢ topological
degree of those bounded solutions to (1.17). Thus, we proved Theorem 1.2. Furthermore, we
complete the proof of Theorem 1.3 by using the degree-counting formula and perturbing the
function K near its critical point. In the end, using Theorem 2.1 and the idea of the proof of
Theorem 1.3, we prove Theorem 1.4.

@ Springer
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In Appendix A, by the Green’s representation (1.4) and the stereographic projection, we
can write Eq. (1.3) as the form

n+20

K n—2c

u(x):/ %dy on R, (1.18)
no |X—=Yy

we first review the Holder estimates, Schauder type estimates, blow up profile for nonlinear
integral equations (1.18) established by Jin-Li-Xiong [31].
In Appendix B, we provide some useful technical results and elementary estimates.

2 The characterization of blow up behavior and compactness result

In this section, our main task is to prove Theorem 1.1. Before that, we need further charac-
terizes the blow up points for solutions to (1.3) by using integral representation and some
estimates in the Appendix A (see Theorem 2.1 below), which plays a key role in proving
main result concerning compactness and existence. We first review some definitions of blow
up points.

Let Q be a domain in R” and K; are nonnegative bounded functions in R". Let {7;}72 be
a sequence of nonnegative constants satisfying lim;_, -, 7; = 0, and set

n+2o
n—2o

pi = - 7.

Suppose that 0 < u; € L}, (R") satisfies the nonlinear integral equation

u,(x):/ wdy in Q. @2.1)
R

nofx =y

We assume that K; € C'(Q) (K; € CH1(SY) ifo < 1/2) and, for some positive constants
A] and Az,

1/A1 < Ki, and |Killcigy < A2, (IKillenigy < A2 if o < 2). (22)

N =

Definition 2.1 Suppose that {K;} satisfies (2.2) and {u; } satisfies (2.1). A point’y € Qis called
a blow up point of {u;} if there exists a sequence y; tending to y such that u; (y;) — oo.

Definition 2.2 A blow up point y € €2 is called an isolated blow up point of {u;} if there
exists 0 < 7 < dist(y, ), C > 0, and a sequence y; tending to y, such that y; is a local
maximum point of u;, u;(y;) — oo and

ui(y) < Cly — yi|727/"=D " forall y € Br(y). 2.3)
Let y; — y be an isolated blow up point of {«;}, and define, for r > 0,

i (r) := w; and w;(r) := r*/ P05 ().

i,
[0 B (yi)l JoB, (v
Definition 2.3 A point y; — ¥ € Q is called an isolated simple blow up point if y; — y is

an isolated blow up point such that for some p > 0 (independent of i), w; has precisely one
critical point in (0, p) for large i.
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2.1 Characterization of blow up behavior

Recall the definitions of the matrix M given in (1.6) and its smallest eigenvalue p(M). The
result about characterization of blow up behavior of the solutions to (1.3) is:

Theorem2.1 Leto = 1 +m/2, m € Ny and n = 20 + 2. Let K € C*(S") be a positive
function and X, # =, # T be as in (1.5). Let p; satisfy p; < ntlo # =n-—1,

n—2o0

pi > n—1, K; € CX(S") satisfy Ki — K in CX(S"), and v; € C*° (S") satisfy
Pyvi = c(n, o) K;v!” (2.4)
and

lim max v; = o0.

i—oo S
Then there exists a constant §* > 0 depending only on ming: K, | K || c2 sy and the modulus
of continuity of Vg, K if o > 1/2 such that after passing to a subsequence, we have:

(1) {vi} (still denote the subsequence by {v;}) has only isolated simple blow up points
g, q® e o\t (k= ) with 1gV = ¢©| = 8 Yj # € and
wMgD, .. g®)) > 0. Furthermore, gV, --- ,q® e ¢~ ifk > 2.

(i) Let gV, ..., g® be as in (i), and qi(j) be the local maximum of v; with qi(j) — g,
we have
hj = K(g)7 tim vi(g)witg”) ™! € (0, 00), (2.5)
u9 = 1im vi(g\")? € [0, 00). 2.6)
11— 00
(iii) Let Aj, u(j), j=1,---,k beasin(ii), then when k = 1,
2 AgyK (gD
() _ _ =2
= T KOy 27)
when k > 2,
k . .
D M@V g e =St Vi< <k (2.8)
=1

(iv) n € (0,00),¥j=1,--- k. ifand only if u(M(qV,--- ,q®)) > 0.
We first give the following proposition:

Proposition 2.1 Ler K € CZ(S"), n > 2, be a positive function and A, # ~, X T be as in
(1.5). Let p; satisfy p; < ﬁf%g, pi — Zﬁg, K; € C3(S") satisfy Ki — K in CX(S"), and
v; satisfy

Pyvi = c(n, o) Kl

Then exists a constant §* > 0 depending only on ming» K, | K lc2sm), and the modulus of
continuity of Veo K if o > 1/2 such that, after passing to a subsequence, either {v;} stays
bounded in L°°(S") or {v;} has only isolated simple blow up points and the distance between
any two blow up points is bounded blow by §*.

Proof The proof follows from the same arguments used to prove Theorem 3.3 in [31], so we
omit it. O
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Proof of Theorem 2.1 From Proposition 2.1 and lim;_, o, maxgs v; = 00, there exists a con-
stant §* > 0 depending only on ming: K, ||K llc2sny, and the modulus of continuity of
Vg, K if o > 1/2 such that {v; } has only isolated simple blow up points g, qW e
(k = 1) with |¢1) — g O] = 6* (j # 0).

By (1.4), (2.4) is equivalent to

I (H22) Ki (i ()P
220720 (0) Jon & —nl?

vi(§) = dn on S". (2.9)

Let F be the stereographic projection with with ¢/ being the south pole:

F:R" - S"\{—¢"},
N ( 2 |x2 - 1)
T4 [x]27 |x|2+1/°

Let 7; = n — 1 — p;, via the stereographic projection, the equation (2.9) is translated to

I n+2o E H(W) % u; Di
1 (x) = ( 5 ) iMH ()" u;i (y) dy on R",
22(Tﬂn/2F(()') Rn |X — y|2
where
2 ~
H(x) = Tr P ui(x) = Hx)vi(F(x)), Ki(x)=K;(F(x)). (2.10)
Let xi(j ) be the local maximum of u; and xi(j ) 5 0. It follows from Propositions A.7 and
A.8 that
ui (e i (x) — D (x) = aK (qD) 7V x 72+ 6D (x) o
in C2_(R"\{Us_ x©Y),
where
a=2"20¢, cn, o) (*)nil dy
- n,o )
re M+ |y)? (2.12)

=229, sc(n, 0)|S""|B(o, n/2),

B(o, n/2) is the Beta function, and ¢, » is as in (1.4). From the properties of integral equation
and the same proof as Proposition A.8, we can obtain that 5" = constant. In addition, it is
easy to see that b (x) satisfies

pP(x) >0 if k> 2. (2.13)
By (2.10) and yi('i) — 0 asi — oo, we have
1

1im v; (g )i (q) = = Tim (1 + [x P () (x),
i—o00 4 i—>o00

combining with (2.11), it easy to see that for ¢ # ¢ and close to ¢/,

aG i (q)

e ) i 2 gny gk ©)

lim vi(¢\”)vi(g) =
1—>00

where a is as in (2.12), and b (g) is some regular function on "\ Up;{g(®} satisfying
P,b) =0, and Gq(j) (g) is the Green function defined as in (1.7).
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When k > 2, taking into account the contribution of all the poles, we deduce

G, () EZ . ”i(qi(j)) G, (q)
2K (@)e 2 imoo () K(g)® (2.15)

in C2_(S"\{Us_,¢)).

lim v;(g")vi(q) =
11— 00

In fact, subtracting all the poles from the limit function, we obtain a regular function Eo :
S" — R such that Pybg = 0 on S”, so it must be by = 0. Using (2.15), we have, for |y| > 0
small,

) )

vi(g:”") G0 (q")

W (y) = () /o vl2 +2“Z : q(/ﬁ) ° ©OnN1/o
K(gY)) [y] l—>oov(q )K(q )

+ Oy, (2.16)

where a is as in (2.12). The conclusion obtained from the above is easy to see that (2.5) is
true.

Before stating the result to be proved, we give the following estimates (2.17) and (2.18).
Using Proposition A.10, we obtain

IVKi) = 0 3™, = 0wi()7?). (2.17)

It is obvious that (2.6) can be proved by (2.17). We have proved Part (ii).
Lety = (ya), -+ » Y@m)) € R". It follows from Propositions A.5, A.7, and A.9, that for
sufficiently small § > 0,

n

2 }/ y(j)ui(y+xz‘(1))pi+l‘ = o(ui(x) 71,
— Bs

j=1

Z‘/ y(j)y(z>ui(y+xf”)”"+“ = o(u; x)?),
e 2.18)

/ wi(y + xPH = 0@ (x ) 7Pih,
dBs

2 s=1 B(o, n/2)
n+20 K(gW)l+2o:

lim u; (x> / Iy Pui (v + 6P =

i—00

In fact, the first three formulas in (2.18) can be easily obtained from Proposition A.9. For the
last formula in (2.18), let R; be as in Proposition A.5 and

j —(pi—1)/2 2= j
mij = uwi(x), rij= Rimp PV k= 02K Y (219)

Using Proposition A.5 again, we have
md [ Puy gy
[yI=rij

—2+n)(p;

S pit /2

:mlzl/ mij 20 " |x | (m ij l( U(p’ / Ux+x(1)))p'+l dx
[x|<R;

—@2+m)(pi =1

TP 1 pi+l1
=ml] 20 +Pz+3/ |x|2(72) dx _"_0(1)
Ix|<R: L+ kijlx|
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B x|
re (14 kijlx|?)"
n21+nlsn71|
" + 20

dx + o(1)

K(gP)"'72/?B(6, n/2) + o(1).

We have completed the proof of (2.18).
Byn—20 =2and 1, = (n+20)/(n —20) — p;, itis easy to see that
! ! 1(1+T"+0(2>)
= = — — T: .
pi+l 2042—-1 n n !

For sufficiently small § > 0, u; satisfy

Ki(»)H ()% u;(y)P
Bsx) Ix — yI?

uj(x) =cpocln, o) dy + hs(x),

where -
Ki(y)H (y)%iu; (y)?

_ dy.
R\ By (x/)) Ix — yI?

hs(x) = cpoc(n, o)

By Proposition A.3, we have

(52 -"5) [ Borw et a
B,

2 A1) g
1

_Pi—l—l

/ = x7) V(R ) H () u(x)P ! dx
By(x”)

n—2o ~ o i
= K () H (x) " ui (x)P hs(x) dx
2 I

+ / = x) Vi () K () H ) B (x)P dx
Bs(x)

1)
pi +1

/ K ) H () (x)P ! ds.
3Bs(x”)

Letx = (x(1), - -+ , X)) € R", by (2.20) we have

- / X - V(K (x +xi(j))H(x +x,»('i))’f)ui(x _|_xi(j))pi+l dx

1 & 9K; ; .. _
S Z/ x4 2y (xc + x7)PH dx + o(m)
n ax(p)

X0 X(m) ——————

X
1~ - _

= - AK©0) / lxPui (x + x )P dx + o(my?)

Bs ’

4 . .
— —7AgOK(q(’)) |x|2ui(x +X,»(',))pi+1 dx + O(ml—JZ)
n Bs
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Then, by (2.18) and (2.23),
. m} > @) (D pitl
lim —7/ x~VK,-(x+xiJ )u,-(x—i—xl.] yitldy
i»oco  pi+1Jp, (2.24)
_ S B(o,n/2) AgK(g')
- n(n +20‘) K(q(]))l‘f’Z/a'
Let r; be as in (2.19) and by (2.20), we have
) - ) ) )
(n o n )f Ki(x—{—xg))H(x—i—X»(j))Iiui(X-i-X»(]))piH dx
2 Pi +1 B’g ] l 1

- - ; . B
= —;’ Ki(x—i—xi(j))u,'(x +xl.(/))1”+ldx+0(mij2)
Bs
Ti

= ——f I?,-(xl.(j))u,-(x —I—xi(j))"’”rl dx
n Bs

+ 0(‘ / X - VEi(xi(j))ui(x —I—xi(j))p"*'1 dx‘)
Bs

+ 0(/ x| 2u; (x —i—)ci(j))p"'H dx) + o(mi;z)
Bs

T~ .
— _;K(xi(J)) ;i (x _|_xi(1))p[+1 dx +0(mi—jz)
n |x|<rij
1.',-2" (H)y—1 -2
=" K@V | —— 4 -
n (q ) R" 1+ |x|2)” X +0(ml/ )
7;2"|S"

= 7 Gy-1/o 2
= » <n n 20>B(n/2, o)K(q") +o(m;;%). (2.25)

It follows from (2.6) and (2.25) that

lim —ml-2j<1 __" ) / K;(x +xl.(j))H(x +xl.(j))r"u,-(x —i—xl-(j))p"*'l dx
i—o00 pi + 1 Bs
2n+2 Sl’l—l B , 2 )
_ 2P By __uh 226
n(n + 20) K(gW)l/e

In view of (2.18), we obtain

8 - . . .
lim —m?ji/ K+ x)H (e +x7) 7w (x + 27yt dx
im0 U pi+1 Jyg,

) ; ~ . .
= lim _mz‘zj*(l + E) / Ki (x4 x i (x 4+ xD)yPit! dx
i—00 n n 9B;
=0 (2.27)
Using (2.21) and Proposition A.5, we have

s n—20 ~ : o
mp——— - Ki (0ui ()PP H (x)" hy(x) dx
2 I

=m; / o Ky + =5 VR ) 4+ 0x = 57 P)ui (607 hs () dx
Bﬁ(x,' )

21D L pi-1

— mij Ki(xl'(])) (ml‘;lui(mi;Ty +xi(])))Pi
|yl<Ri

@ Springer



58 Page 14 0f 43 Y.Lietal.

pi—1

ha(my; >y +x)dy 4 o(1)

~ : pi—l :
= Ki(xi(])) hs(m;; 20 y—l—xi(J))dy—}—O(l)

re (14 kijly|?)Pi
=2"""K (@) IS" B(o, n/2)bY(0) + o(1),

it follows that

i—soco Y 2 g(x[(j))

) ~
lim m2u/ K (oyu; (x)P H (x) 7 hs (x) dx
B,

1 .
__ An—1lgn—1 )
=2"""IS |B(o,n/2)7K(q(j))l/0b 0). (2.28)
When |x — xl.(j )| < 8, adirect calculation gives
L Gl x"(j)l)zgillm’l if o #1/2
|Vhs(x)| < 20—1 gl ’
Cllogs —log(8 — |x —xlm;'  if o =1/2.

(2.29)

The detailed proof of (2.29) can refer to [31]. Using Proposition A.5 and (2.29), we can
obtain

| / (= x ) Vhs () Ki () H ()7 (x)7 dx
Bs(x”)

-1 ) :
= Cmij /\Ax—x,('i)ké |x a Xij |ui(X)p dx
TG 07l B 3 =D .
<Cm; P / Yo o v+ x )P dy
[yI<Ri
= olm;). (2.30)
By (2.22), (2.24), (2.26), (2.27), (2.28), and (2.30), we have

8o ) 1 16 Ao K (g 1 .
oK S wk@) 1 i), @an
n(n+20) K@) " n(n+20) KigU)W2/e ~ ~ K(gD)/e

Consequently, ¢ € #\#*t,1 < j <k, andwhenk >2,¢q) e #~, 1 <j<k.ltis
easy to see that (2.7) follows from (2.13) and (2.31) when k = 1.
From (2.16), (2.12), (2.10), and (2.5), we can obtain

220 (n/2)1S" | = Ae G,0qY)

) _ -t
FrO= /2 Lj (K(qU)K(g0))l/20
exj
. (2.32)
_s Z Ao G, (@)
B Aj (K(gWD)K (g®))1/20

(#]
Substituting (2.32) into (2.31) to get

G ) () .

—nn-1Y @) ,— Bak@?), o, ),
= (K@K @O)2e ™ K(gWy/re ™ = 2

J

We have established (2.8) and thus verified Part (iii).

@ Springer



Compactness and existence results of the prescribing... Page 150f43 58

‘We claim that there exists some
n=0n, - ,m) #0 with n, >0, Vl=1,--- ,k, (2.33)

such that
k
Zng(q“),... ,q(k))ﬂe =uMmn;, Vj=1,- k.
=1

Indeed, choose A > max; M;;, then the matrix Al — M is a positive matrix (see [27] for
the definition), where I denotes the unit matrix. The claim can follows from [27, Theorem
8.2.2].

Multiplying (2.8) by 1; and summing over j, then using Part (ii) and (2.33), we have

1 .
M(M)ijnj:ZngAgnj:ZZAjnju(-’) > 0. (2.34)
j tj j

It follows that w(M) > 0. We have verified part (i) of Theorem 2.1. Part (iv) follows from
(i)—(ii). The proof is completed. ]

2.2 Proof of Theorem 1.1

Using some results of blow up analysis in Appendix A and Theorem 2.1, we are going to
prove Theorem 1.1.

Proof of Theorem 1.1 We first prove the upper bounds. Suppose the assertion of the theorem
is false. Then we can find that there exists K; — K in C2(S") such that maxs: v; — 00
for some v; € .#k,. Theorem 2.1 shows that {v;} has only isolated simple blow up points
{gW, -, g®ycon\rt.

Next, we prove that k > 1. Let go be the isolated simple blow up point of v;. It follows
from Proposition A.10 and K € &/ that go is a non-degenerate critical point of K. Let F be
the stereographic projection with gg being the south pole, and K :=K(F ).

We assert that for any y € R”,

Jan VKO + DA+ [y "
# 0. (2.35)

Jon MO+, VRO + D) A + 1y "

In fact, if there exists some y € R” such that
/‘Wﬁ@w+®u+wﬁ”=a

then by the property of odd function, the non degeneracy of V2K (0), and AK (0) # 0, we
can obtain that

1 ~
'@5w+@v%mw+ﬂm+wﬁ”¢&

Thus (2.35) is proved.
Suppose the contrary that g is the only blow up of v;. We are going to find some y such
that (2.35) fails. By (1.4), we know that (1.3) is equivalent to

() Ki (i ()"~
2072 T (o) Jor & —nP

vi(§) = dn on S". (2.36)
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Under the stereographic projection F, the equation (2.36) is transformed to

r(io) Ki (y)ui (y)"~!

ui(x) = (o) Jar  x =y dy on R”,
where
H(x) = Tr P ui(x) = Hx)vi(F(x)), Ki(x) = Ki(F(x)). (2.37)
Let y; be the local maximum point of u;(y) and m; =: u; (y;). First, we establish
lyil = O(m; ). (2.38)

Since we have assumed that v; has no blow up point other than g, it follows from Proposition
A.7 and the Harnack inequality that u; (y) < C(a)lyl_zmlfl for |y| > e > 0.
By the Kazdan-Warner condition, we have

/”vfmyzo. (2.39)
It follows that for £ > 0 small we have
[ VR G+ som 40| < com (2.40)
For |y| <,
Ki(y) = Ki(0) + %<y, VZKi(0)y) + o(ly). (2.41)
it follows that
Jlim V(i) = (v, VK@) ly 7 =0, (242)

where (-, -) denotes the inner product in R”. Since det(VZE (0)) # 0 and fé - K , there
exists a constant C > 0 such that

1 ~ ~
3V0. V2RO)] = VR = Clyl. Vil <e. (243)

By (2.40), (2.42) and (2.43), we can obtain

|| A +o.VRO) 0 + 3 (430" = Cleym ™.
By
Multiplying the above by m;, and let 3; := m; y;, we have
\/ (14 0e (D) V2K (0) miy + 5)ui (v + )" | < Ce)m; ™"

Suppose (2.38) is false, namely y; — oo along a subsequence. From Proposition A.5, we
can choose R; < |y;|/4 such that

‘/H ® S, +06(1))V21?t(0)(miy+§1-)ui(y+yi)”‘
YI=Rim;

=[ [, 0o VRO + S w0 | ~ 5
ZISR;
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On the other hand, it follows from Proposition A.9 that

\/ o VAR 0miy + Fui(y + )|
Rim[ ' <|y|<e

< o(Iyil.

sl [ mart b+
oy <Iyl<e

It follows that |y;| < C(a)ml.lf”. This contradicts to y; — oco. Thus (2.38) is proved.

It follows from the Kazdan-Warner condition that
/ (y. VE; (y + y))ui (y + y)" = 0.

Similar to (2.40), we have for any ¢ > 0,

‘/ (v, VK (v + y))ui (v + y)"| < Cleym;™.

By (2.41), (2.42), (2.43), and Proposition A.9, we have

[ 0 VR0 + s

< C(eym;" + 05(1)/3 Uyl + IylyiDui (v + )"
< C(e)m;" + 0 (ym; 2.

Multiplying the above by ml.z, due ton — 2 = 20, we have

lim m? = 0(1).

1—> 00

[B (3, V2K (0) (v + y))ui (v + 3)"

LetR; > ocasi — oo, and r; := R,-ml._]. By Proposition A.9, we have

m?‘f (v, VZKi (v + y))ui (v + 3)"
ri<|y|<e

— 0 asi— oo.

= Cm?\f (2 + yI1yi Dui (v + 30"
ri<|y|=<e

Using Proposition A.5, making a change of variable z = m;y, and then letting ¢ — 0, we

have,
/ (2, V2K (0)(z + z0))(1 + k|z1H) ™" = 0,

where zg = limj_, o0 m; y; and k = lim; o0 K (y;)'/7 /4.
It follows from (2.39) that

/R VK (y + y)ui(y + y)" = 0.
Using the same method above, we obtain

/ V2K (0)(z + z0)(1 + klz/>)™ = 0.

(2.44)

(2.45)
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It follows from (2.44) and (2.45) that

/n %(Z+20,V2E(0)(z+10))(1 +klz]»)™" = 0. (2.46)
From (2.45) and (2.46) we can see that (2.35) does not hold for y = k1/2z,. Therefore, we
proved that k > 1.

By Part (i) of Theorem 2.1, we have {g1), - - -, q(k)} C J~ and u(M(q(l), cee q("))) >
0. It follows from v; € .#k, that t; = 0. Applying Part (iv) of Theorem 2.1, we deduce that
M(M(q(l), e ,q(k))) = 0. This leads to a contradiction with K € /. From the Harnack
inequality and Schauder type estimates, we complete the proof of Theorem 1.1. O

3 The degree-counting formula and existence results

This section is devoted to the proof of Theorems 1.2, 1.3, and 1.4. It is worth noting that
due to Theorem 1.1, homotopy invariance of Leray-Schauder degree and the properties of
“Index”, we only need to prove Theorem 1.2 for K € &/ being a Morse function. Once this is
achieved, we also prove that the Index as in Definition 1.1 is well defined on <. Therefore,
we always assume that K € o7 is a Morse function in this section.

3.1 On the case of subcritical equations

Leto =14+ m/2, m € Ni, and n = 20 + 2. In this subsection, we consider the following
subcritical equation:
Pov=c(n,o)Kv" '"" on S, (3.1

where c(n,0) =T'(n — 1), K € C%(S"), and 7 > 0.

We will soon prove that when K € 7, the solutions to (3.1) either stay bounded and
converge to the solutions to critical equations (1.3) in C2° norm or become unbounded and
blow up at finite points as T — 0.

Denote the H? (S") inner product and norm by

<u,v>=/§”<m>v, lullo = v/, ).

The Euler-Lagrange functional associated with (3.1) is

1 I'n—-1
I, (u) = ff (Pyu)u — M/ Klul™, YueH°®S". (3.2)
2 sn n—t sn
Definition 3.1 Let K € C*(S"), #~ beasin (1.5) and k € Ny. Let Py, -+, Py € A~
be the critical points of K with w(M(Pq,---, Pr)) > 0, and g9 > 0 be sufficiently small.

Define
Qep = (P1, -+, Pi)
={(@, 1, P) e RA x R x (") @ |y — (K(P) 7127 < g,
ti > 1/gg, |P; — Pi| <0, 1 <i <k}

For P e S"andt > 0,

t
$pa(x) = —— , xes" 3.3)
1+ 5511 — cos d(x, P))
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is the family of the solutions for
Pov=Tm—-1Dv""!, v>0 onS" (3.4)

We have the following lemma based on the ideas provided by Bahri in [5]:

Lemma 3.1 Let &g be sufficiently small and Q¢, = Q4 (Py,---, Py) be as in Definition 3.1.
For any u € H° (S") satisfying

k

~ )

u= @) <7
i=1 “

for some (@, T, F) € Qg,/2, then there exists a unique (o, t, P) € Qg such that

k
u= ZO(,’SPI.J!, + v,
i=1

with v satisfies
8513,-,;’-

38p;.;
v,
aPi(Z)

(v5 8P,',t,'> - < ) - <Ua atl

)=0, (3.5)

where % denotes the corresponding derivatives.
i

9

In what fgllows, we say thatv € Ep ; if v satisfies (3.5) and we work in some orthonormal
basis near {P1,---, Pg}.

Definition 3.2 I_ft T, €0, Vo > 0 be sufficiently small, A > 0 be sufficiently large, and
Qgo/2 = Q¢2(P1, -+, Py) be as in Definition 3.1. Define

o (Py, -+, P)
={(a, 1, P,v) € Q0 x H7 (") : (3.6)
|P; — P;| < t1/2|10gr|, A"l712 < t < At v e Ep;:, |lvlle < vo}.

Without confusion we use the same notation for
k
B Pro P =fu=Ywidn, v P e ) c HOE.
i=1

Combined with Theorem 2.1, we can obtain the necessary conditions on blowing up
solutions to (3.1) when K € o7 as T tends to 0.

Proposition3.1 Letro = 1 +m/2, m € Ny, andn = 20 + 2. Let K € o/ be a Morse
function and Z ~ be as in (1.5). Then for any a € (0, 1), there exist some positive constants
€0, v0 K 1, and A, R > 1 depending only on K, such that when t > 0 is sufficiently small,
for all u satisfying u € H° (S"), u > 0, I (u) = 0, we have

u€ ORU{Uk=1Up, . Brcr w (P Fry=0 St (P1, -+ P,

where I (u) is as in (3.1), Og is as in (1.12) and 2. (Py,---, Py)isasin (3.6).
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Proof For any T > O sufficiently small, letu; € H° (S"), u; > 0 be a critiacl point of I (u).
If u, is uniformly bounded, then by the Schauder type estimates we know that there exists
a R > 0 such that u; € Og. The proof is now completed. If not, there exists 7; — 0 such
that maxgr u;; — o0. It follows from Theorem 2.1 and K € &/ that there exists a constant

8* > 0 such that {u} has only isolated simple blow up points gW, .-, q® e, with
g —g®| > 8% Vj £ £, and w(M(gD, - ,q(k))) > 0. Then Proposition 3.1 can be
deduced from Propositions A.6, A.7, A.8, and Lemma 3.1. O

Now we are going to show that if K € . is a Morse function, one can con-
struct solutions highly concentrating at arbitrary points ¢V, .. ,¢® e #~ provided
wM@h, - q®)) > o0.

Theorem3.1 Leto =14+ m/2, m € Ny, andn =20 + 2. Let K € o/ be a Morse function
and &~ be as in (1.5). Let T, 9, vo > 0 be sufficiently small, A > 0 be sufficiently large
and k € N Then for any Py, ,Prex~ satisfying w(M(Py, -, Py)) > 0, we have
— — k )
degyo (u = Py ' (c(n, ) K |ul® T u), T (P, -+, Py), 0) = (=)} =1 1D 3.7)
where degyyo denotes the Leray-Schauder degree in H® (S"), and i(ﬁj) is the Morse index
of K at P;.

In order to prove Theorem 3.1, we need the following Lemmas 3.2, 3.3 and Propositions
3.2,3.3, 3.4, 3.5, whose proofs mainly uses the estimates in the appendix.

Lemma 3.2 Under the hypotheses of Theorem 3.1, in aaliition thal S =32.(Py, -, Py)
is as in Definition 3.2 for the given t, &9, vo, A, and Py1,---, Py € . Then for any
(a,t, P,v) € X7, we have:

k
II<Z(¥1'8P{,;,» + U)

i=1

F(n—l) Z / p,,,+Z“t“f/ S 18,)

i#]
- F; — ) (Zaz(SP z,)n_r + i)+ Q:(v,v) + V(z,a,t, P,v),
where
k n—1l—-t
fo0) = —T(n—1) K(Zaiapi,,i) v, (3.8)
i=1

S)l
1 C(n—1) k 21
0. (v, v) = f/ (Pov)o—(n—1—1)——2 K(Zaiap,. ,,.) W2, (3.9)
2 Sn 2 Sn i1 ’
and there exists a constant C > 0 depends only on K, vy, and A such that

|V(r,a,t, P,v)| < Clv|3.
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Proof By (3.2) and (3.5), we have

k
IT(ZaiSPi,;I- + v)
I"(n—l) Z /Sg,t, Zaaj/ 8Pl t,(SP/ t,) l/;ﬂ(ng)v (3.10)

_ 'n—-1)

n—rt

n—rt

o K‘ ZaiaPhli +v
i=1

Then, it follows from Lemma B.1 and (B.6) that Lemma 3.2 holds. O

Lemma 3.3 Under the hypotheses of Lemma 3.2, in addition that Ep ; is as in (3.5). Then
for any (o, t, P,v) € Xy, there exists some function V, and a constant C > 0 depending
only on K, vy, and A such that

k
(Y cidri +v)e = fe(9) +20: (0. 9) + (Vi(r. 01, P v), ),
i=1

and
IVo(z, .2, Pv)llo < llv]l3,
where f7(v) is as in (3.8) and Q (v, ) is as in (3.9).
Proof For any ¢ € Ep,, by using (3.10), Lemma B.1, and (3.5), we have

k
I;(ZO{,‘(SPI.JI. + U)(p
i=1
k 20—t
:/ P(,(v)go—F(n—l)/ K‘ZQISP,-J,-‘FU
" iz
k n—1—t
= [ gt [ K(Yasni) e
e i
k 20—t
_F(n—l)(n—l—r)/ K(Zaiﬁpi,ti) v
Sn l'=l

+ (Vy(t,a,t, P,v), @).

k
<Z aiap,',t,' + U)(/)
i=1

Then, the estimates of V,(t, «,t, P, v) can be can be obtained by Sobolev imbedding and
(B.6). O

Proposition 3.2 Under the hypotheses of the Theorem 3.1, in addition that ¥ (P, - - - , P§)
isasin(3.7)and Ep ; isasin (3.5) for the given (o, t, P). Then there exists a unique minimizer
vV =7v.(x,t,P)e€ Ep; oflf(Zf-‘:1 a;8p, 1, + v) with respect to {v € Ep; : |[v[le < vo}.
Furthermore, there exists a constant C independent of T such that
k
Ivllo <€) IVK(P)|t"/? + Crllogt| < Ct|logr|. (3.11)
i=1
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Proof From Lemma 3.3, we have, forall ¢ € Ep;,

k
1;(2“!‘6});.[,' + U)(p = f'[((p) + 2Q‘L’(v7 W) + <VU(Taa5 t7 Pv U), §0>a (312)
i=1
where
k n—l—-t
T = —I —1 K i8 - 1 .
felg) =T )/Sn (2“ ra) ¢
and
r 20—t
0ctvw) =5 [ Brvp— =102 [ (Za,ap, ) e

It is obviously that f; is a continuous linear functional over Ep ;, there exists a unique
fr € Ep_ such that _
fe@) =(fr,0), Yo€Ep,. (3.13)

By the same method of proving the coercivity of the quadratic form Q in [1, 15], it follows
that there exists a constant 5o > O (independent of 7) such that

S
0:(v,v) > 3°||v||?,, V(at P,v) € 5, (3.14)

thus, there exists a unique symmetric continuous and coercive operator é, from Ep ; onto
itself such that,
0:(v,9) =(Qrv,9), YoeEp,. (3.15)

Using these notations, (3.12), (3.13), and (3.15), we have

k
I;(Zot,'(Sph,i n v) = 7 420,04 Vo(z,a, 1, P, v). (3.16)
i=1

There is an equivalence between the existence of minimizer v, and
fe +20v+ Vy(t,a,1, P,v) =0, veEp,. (3.17)

As in [44, 47], by the implicit function theorem, there exist a C l—map v:i(a,t,P)— Ep;
satisfying (3.17) and _
Ivlle < Cllfrllo- (3.18)

Therefore, in order to prove (3.11), we only need to estimate || f; lo-
Applying Lemma B.2, (B.10), (B.11), (3.6), and (B.13), we can obtain

frv = =ra—1 [ & Z(alap, Yok of Zf 528, 01)

:—F(n—l)/ (K — K(P))Za" BRI

1- 2
O(Z/S 8177 = 8 ol ) + O (S 08278, v o1l )
i=1

i#]
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k
—O(DVgoK(Pn/ P = P81 1vl) + Z/ P = P28 1ol
+ 0zl logllvlly),

where |P — P;| represents the distance between two points P and P; after through a
stereographic projection with P; as the south pole of S”. - -
From (3.6) and (B.13), we have, for all («, ¢, P,v) € (P, -, Pg),

k
e <Ce2 Y IVK (POl + 7 + xllog el f1vllo

P (3.19)

=Crllogt|llvlls,

this, combining (3.13) and (3.18), we obtain (3.11). ]

Proposition 3.3 Under the hypotheses of Theorem 3.1, then for any (a,t, P,v) €
Y. (Py,---, Pi), we have

Rl
do;

k
I (Y by + ) = 200188412 + Ve (7. 01, P, w),
j=1

Whereﬁ = (ﬂla 75]{)’ ﬂi = _K(Pi)71/205 i — l, ,k, and
Ve (T, 0,1, P,v) = O(IBI*) + O(z|log t]) + O(||v]|2).

Furthermore, let v be as in Proposition 3.2, then we have

k
el _
aailf(;a,-ap,,,, +7) = 20067, 26 + O(BP + 7llog ).

Proof Using Lemma B.1, (B.7), (B.10), and Lemma B.2 we have

0

9o I’<Z“18PJ 5 +v)
=F(n_1)(ai/ e +Za1/ Pt, P]tj)
J#
n—2—1 k
(Zaj(SPja’j +v)5p,.,,,.

k
—I'(n — 1)/ K’ E aidpy; +v
NG N -
i=1 j=1

k
n—1-t
0o [ 3 [ RS o)
d n j:]

V8, + O(1) + O(v]12)

k
“T-Dn—1— 1)/S K‘ > ajsp,
n =l
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k
=T - D(”/ 8y _/S K (Do ir)" ™ )ons)
Sn n .
j=1

k
~T(—1) /S K (Yo @j8p,.0)" 277 v + O + O(I]2).
j=1

It follows from (B.13) and (3.6) that

/ Koo}t =f K(P)a '8} T — f (K(P)— K(P))a} '8} 7
" s s (3.20)
:/Sn K(P)a! '8 T+ 0(1).
Similarly, by (3.5), (B.11), (3.6), and (B.13), we have
/n Kaf“za;:tli*rv

= [ Kar syt [ k)= Kepar sy o+ ocellog vl

= O(z|logt]) + O(|[v]|?). (3.21)
By using the fact |ozl’.1_1_r — ocl."_1| = 0(7), (3.20), (3.21), (B.2), and (B.12) that
3

k
dat; L ( ]Zl @i0rpi; ¥ v)

=T(n— 1)(051-/ &, —K(P,»)/ ar e —/ Ka;’—zajﬁ,_—}—’v)
S" 10 S” 124 S” 1%
+ O(zllogz)) + O([v[12)
= —2018p, 4128 + O(BI» + O(z|logz|) + O(|v]2).

Hence
P k
2 — 2 4.
8“[ IT(/,_I ajapj,tj + U) - _20 ”813,',[,' ”g-:Bl + VO(,' (Ta o, t, Pv U),

where
Ve (T, a, 1, P,v) = O(IB1) + O(t|log t]) + O(||v]|2).

Combining with (3.19), we obtain

k
0 _ _
1 (Yo by +T) == 20088412 + Ve (7. 0.1, P, T)
do "\~ (3.22)
=—208p,4 128 + OB + T|log ).
Proposition 3.3 follows from the above. 0

Proposition 3.4 Under the hypotheses of Proposition 3.3, then for any (e, t, P,v) €
(P, , Py), we have
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58
5 ey 1 T 0, Ag K(P;) 1
(Z(x] Py, t/+v) K(P)l/” t -+ K(P)n/2a t%
Gp (P)) 1
® : V t, P,
+ 3jZ(K(P)K(P))1/2"tt + Vi (1, a, v),
where ©1, ©,, O3 are positive constants, G p,(P;) is as in (1.7), and
Vi (z,a,1, P,v) = O(x|lvllo) + O 2 oll3) + 018177 + o(x7/?).
Proof By (3.10), Lemma B.1, Holder inequality, and Sobolev embedding, we have
3 k
aTilr<Zotj5Pj,t, + v)
j=1
n—1 £ n=l=t 3dp,
=T — 1)(2(1,0{] f 8 8p,, —/” K(Zajapj,,j) aiT)
J#i § j=1 :
k n2-t  38p,
_r(n—1)(n—1—r)/8n1<(;ajapj,,j) oy =%
o[ 5] )
)
(3.23)
From (3.5), we can obtain
_,38p, 4, 2
511 2 isbi — /
/;z Pt dt; v n+2o Jsn ( i, l’)
2 ad
= (0,8p)
(n+20)c(n, o) ot (3.24)
2 < 88pi,,i>
= ‘U7
(n+20)c(n,o) dt;

=0.

It follows from (3.24), (3.6), (B.11), (B.8), and (B.14) that

I’l 2— 'L'aapxtxv
Plt[ t:
1 I

38p. ;.
_ ‘/ (K — K(P))5 Izl'tlv‘i‘/ K(Sn 2— 7:_8; 12‘) aPz',tzv
i N L

98P,

at;

3dp, 1
at;

< C(r1/2|1ogr|)fS |P — Pi|8} f

n—2—t n—2
+ 018527 = 8 2l o o)

vl )
a

B(Spi’,‘.

< P 10g 7O (|1~ Pi18} 2 o
1

Ln/(n=2) (S")

vlle) + 0z log el 0]

< ¢ logtl|Ivlle,
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Y.Lietal

this, Lemma B.2, (B.16), and (B.17) yields,

k
n=2-198p, ;.
| /nK(za,-sp,»,zJ s

nzrnzraaPltl 13T
‘/”K(X Pll, ‘+CZ/ (SPlll P,t,

94 P, i

v

2—
+CZ/ rad
< C(r3/2| log zll|vlls + 13/2||v||g>
< C(@?|logt||vll).

Using (3.23), (3.25), Lemma B.2, and (B.15), we obtain

k
a
IT(ZO(]'SPN]. + U)

=I'(n—- 1)(20[,0[]8 / (Spj ,«15’113 tll _/S‘ K(aiapi,t;)n_l_rd,‘

n—l—-t 36131,71,
_F(I’l—l)/ ZC{jSPJ-J]-) ai#
]

J#

—F(n—])(n—l—r)/ K (0;8p,.)" 2" T(Za 5, ,}) <

J#
+o(@?) + 0| log tl||vlle) + O(T2|v]12)

0 _
:l"(n—l)(Zaiaja—ti/S”Spj,,jS'}i’t]i —/S Ko l” TS'I');! T

n—1—-t 9§
_I‘(n—l)/ oK ZOIJSPJ t}) ap,l

J#

38p,.
1 —2—1 9O0P; 1
~T(n—Dn— 1)/ - K ]E#l ;dp;, zj)f?'é,n Ton

+0(@?) + 0| log t|l|vlls) + O 2|v]2).

It follows from Lemma B.2 that

n—1—t
(Z%%,,,,) = Z(“j‘sf’./,tj)n_l_r + 0( Z 5';' % T(SPN@)'

J#i J#i J#EHEL jFE
By (3.26), (3.27), (B.8), (B.10), and (B.15), we can obtain

k
0
I’(Z“/"SP/‘;U + v)
j=1

8 38p,.,
_F(l’l—l)(zalo{/a / 813] tjs” l_én n(sr;)tll T atit)

J#
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38
1— P; 00P1;
—F(n—l)/ iKY (@;dp)" T e

J#

~T(n— Dot~ IZ/ Ka;dp;, ,,a @p)" T

J#

+0(@3?) + 0| log t||lv]ls) + O(x?|]2).

By (B.18), we have

)
K$ S n—1-t
én szja(Pz,)

0 n—1—-t1
= a1, Jo KOPi%h
:K(p,-)i/ 5p, 801 1 [k  K(PY)sp 8
at; S" PAL A R at; S Joti TPt

0
=K(P,->—/ 5p,1,85 17T + 02,
ot; Jsn

i

and by (B.19),

38p. 1
n—1-t i >l
/rr KSPj'tj Bt,-

a

—1-7
K5 . 8"
= o PitiOp; 1

3
_ ) n—1-t _ . n—l-t
= K(P,)—ati /S 8pi8p, g+ a /Sn(K K(P))8p.8p,

8 — | —
= K(Pj)*/ 8 T+ 0(h).
at; Jsn il

Thus, from (3.28), (3.29), (B.3), (B.4), and (B.5), we get

a -
—T(n— DK P)e ! Z"‘J 9 / SPj’t/(S,Il)i,tli
J# e

—F(n—l)a,ZK(P )ary 1—/ P06 pj ,J
J#

+ 0@ + 0@ log Tl vll6) + O 2 |v]I2)

08p
| ke =)
n i

0 -1
=T'(n— 1)(20&'0[;87{ /;n ‘SPj»fj‘SrIl%,tf I

ZA,KP
—Th—1 £0 ( )(/’lp P|2 n R’
nn —1)

~x
N
—_

"

(3.28)

(3.29)
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—T(n—1)) {0 K(P) + xia} " K (P; Voo f 8,85
J# "
+o(r¥?) + 0 |logt|v]lo) + O /*|v]|2)
n—1

=T -1 foiej — o] "'o; K(P) — eyt~ "R (P Uk /apj,tjspi,zi
J#i

re-1 , 8/ _
- Cu"K(P)— st

n—rt % (l)atl' sn Pisti

2(n—1) af 5o
- ALK (P)al— P— P*8% T

nin— 1) SeKEda | i3k
+0(@¥?) + 0| log t|l|vlls) + O(x?|v]12)

B 1 0] n—1
=-Tn- 1); (K(P)K (P;))1/? 371/%" 8p;.1;0p,

Frn—1 1 3 et
- NV (SPiJi
n KP)o at; Jsn
2T(n — 1) Ag,K(P;) 3 5 ene
- 2 0.11/207. |P — Bl ‘Srll’,-,tr,-
n K(Pl) at, sn
+0(@?) + 0| logt|||vlle) + O 2|v|12) + 0(BIT¥),

where |P — P;| represents the distance between two points P and P; after through a
stereographic projection with P; as the south pole of S”
It follows that

k
ad
717(2“1'61’]',11' + U)
i=1

at;
PN S A K(P) 1
T OK®) T KPR
Gp, (P;) 1
£ (P)) -+ V(T 1, PLv), (3.30)

+®3Z (K(POK (P2 124,

where
n—2 n—1 -2 nn
0 =2""THn - DIS" | —=B(5, =
nn—1) 2 2
-1,

- D,

© =2'T(n - 1)s" | — BE 2
2= 2T = DI B

n n
O3 =2"T(n— DIS" IB(=, = — 1),
3 (n — 1| I(22 )

and
Vi (t,a,1, P,v) = o(t*?) + O(t|vlly) + O |vl|2) + O(18I7*?)

Proposition 3.4 follows from the above.
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Proposition 3.5 Under the hypotheses of Proposition 3.3, then for any (a,t, P, v)

€
2. (Py, -+, Py), we have
k
I (D jbr +v) = —O4V K(P) + Vi (.01, P ),
j=1
where ®4 > v > 0is a constant, and
Vp(t.a,1, P,v) = 0'/?) + O(vllo) + O~ |v]3).
Proof Using (3.10) and Lemma B.1, we have
P k
9P (Zafapj”j + U)
1 ]=1
=T 1 0 3"*1 s
=T - )Za,al P Pj.1 OFisti
J#
k n—2—t k 5P- &
—F(n—l)fn K)Z(xJ(Sp ;tv (Zajﬁpj,j—l—v)a, 81;,
j=1 j=1 !
=T 1 0 5"*1 s
(}’l— )Z(x,ot] 3P Pj’[j Pt
J#
k n—l-t  38p .
_F(n—l)/n K(Zajapj’tj) a[TH
S o
T(n—1)n—1 K(S agin, ) v 22
—T'(n—DHn - _T)/;n (;0{] Pj,tj) UOlzTPi
a(SP- t;
0( 2| okt ) 331
AU ey B (3-31)
It follows from Lemma B.2 that
k
n—2—t n—2—t
(2“15”1»?/) :(“i’s”f»ff T Zo‘f‘sl’m)
=1 J#i
—2— —3— 2—
=(aidp,)" F+ O(Zalll’i,n TSPJ'”/’ + Zy;’j t T)'

J# J#

By (B.22), (B.9), (B.10), (B.14), and (B.11), we have
k n=2-t  38p
/;HK<;O[J'5PJ-J]-) vaiTPi
90p, 1,

o b 3_
= Ln K(ajépj,,j)" TUQ[TB + O(ZL (Sr[l, o TSP]-J]
J#i
Z/ 1)

853 t;

jvl)

-] 98 P, f
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adp. 1 a8
_ 3 . —2— . Pt 2—1 P ti
= [ KePossr, v o [ 1= pis e 2 o)
+ 0@ vlle) + Ozlvllo)
0p. ;.
2— P ti
= o( [ w52 =052t ol + 0ol

= O(|[vllo)-

From Lemma B.2, we have

k
n—1—t
(Z“j‘stal.f)
Jj=1
n—l—-t
= (ai(sp,.,,,. +) Olj5Pj,zj)

J#i
-7
= @8p)" T+ (Dabry) 01— 0ash (Y asn.,)
J# J#
3—
+ 0(2570 P P,t,)
J#
then, by using (B.9) and (B.23), (B.21), (B.24), we can obtain

k
d
IT(ZO‘J"SPJ'JJ' +”)
P ;
j=1
=T'(n—1 9 3"—15
=I'(n- )Zomxl 3P Pt 0Pt

J#

_1—7 08P, 4
—T'(n - Da: K(a:8p )t~ 1—t 20k
(n )7 /;n (o P,,t,) P,

r Do 1 K ¥ ¥ n—2—t aSPivTi
—TI'n—Daj(n—1-r1) . (Zd, Pj,tj)(az Piti) TP,
J#i

n—1-t 98p. ..
_F(n—l)ai/ (D ajon.,) =0
dP;

J#
+ O0(Ivllo) + 02 wl2) + 0(x¥/?)
046
:_r(n—l)af'/s Koy 1ot aPI i
= —04(t,a,t, P,v)VK(P) + Vp (T, t, P,v),

+0G ) +o(vlly) + 02 |vlI2)

where
O4(t,a,t, P,v) > vy >0 with v; independent of 7,
and
Vp(ta,t, P,v) = 0" + 0(lvllo) + 0~ 2(vl3). (332)
We now prove that the existence of v;. Let P; be the south pole and make a stereographic

projection F to the equatorial plane of S” with y = (y(), -+, Y@)) as the stereographic
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projection coordinates, let K = K(F(y)) and |Jp| := (2/(1 + |y|>))". Then we have

F(0) = P; and
11— 08P 4
1 Ivtl
/n Ka;i’ti ' 8P

=/ VR O) -y + 0y ge () 220
R» ayi

]

= L=, L"),

where wy, ;, (y) = Hf_;;ylz, and g (y) := (@[ Jp|/")7. For £ = 1.+, n, we have

N):[ n— 1(VK(O) y+ O(ly? ))gr(y) Dot
. ayi

L

= /R iy @l VK ©0) + 0(y?))gr (v)

1 9K
ZF( ) |, bl ot () + 0!,

thus,
2
L= vg(JK(P,-);/S iyt e () + 0.
It follows from £, * < g;(y) < ¢ that
/ lyPoltiec () = 17" / tlyPolt — / _r
s Yl e Ot re (14 [x[2)"
as T — 0. This ensures the existence of v;. We have proved Proposition 3.5. O
By using Propositions 3.2, 3.3, 3.4, 3.5, and constructing a family of homotopy Id+compact

operators, we will obtain the degree-counting formula of the solutions to the subcritical
equation (3.1) on X (Pq, -, Pg).

Proof of Theorem 3.1 The # " be as in (1.5) for the given K and %, (Py,---, Py) beasin
(3.6) for the given Py, ---, Py € &~ .Foru = Zk 198p, ; +v E X (P1,~- , Py), we
have
9dp,; 90p,
o nN (RN ist
T,H° (S") = Ep, @ span{sp, . ot
3py kg

Since I (u) € T,H®(S"), there exist & € Ep ¢, 1 € span{6pi7ti,

Tk, }suchthat
1 1

L) =& +n.

By Lemma 3.3, we have
(&, 9)=Lwg = fr(p) +20: (v, ) + (Vy(r,a,1, P,v),9), Ype€Ep,;, (333)

where |V, (7, o, t, P, V)|l < C||v||(2,. Replacing ¢ by v in (3.33) and using (3.14), we have
2, o %
I§lle = dollvlle — Il fzll = Odlvllz) = Ellvlla = I fzll, (3.34)
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where 8¢ is as in (3.14). Let 8 = (B1, - - - , Bi), Bi = ai — K(P;)~/29 be as in Proposition
3.3, we define

k
Se={u=>wisn, +ve TP P lvle <tllogzl, |8l < tllogt ],
i=1
It follows from Proposition 3.2 and (3.22) that
L) #0, YueZ(Py, - P\Er.
For any u = Zf»‘zl a;ép,;; +v e fr, by (3.10) and Proposition 3.3, we have

(777 8P[,I,'> = 11/' (u)(SP,',I‘,'

—T(n— 1)(a,~/ & —i—Za]/ " tl(sp/
n—2—t
(2“131’/!’/ + v>8p,.,,,.

—T'n—-1) K’Za,ﬁpi,t,.—l—v
i=1

Sn ]=1
9 k
~ B II(Zajan!’j + v)
j=1
= —20I8p, ;12 Bi + Ve, (z, . 1, P, v),
and
Va; (7,01, P.v) = O(tllog 7). (3.35)
It follows from (3.23) and (3.30) that
3.1 ) ’ 9dp, 1,
, Py =] _ il
( oty I(u) at;
k
1 0
— alatl]f(jX_;aj(SP/ 1 —|—v)
: T A K(P;) 1
= *{()17 Pt ikl
di K(P)V/o 1 K (P20 t3
Gp,(Pj) 1
® i v i P, }
* 3X:(K(P)K(P ))1/20 t2 + Vi, (T, o, v)

where
|V, (z, e, t, P, )| = o(r/?). (3.36)

By (3.31) and (3.32), we obtain

8P
ap;

- O(z 8P (Za,ﬁp & +U)

07{_®4Vg0K(Pl) + VP,' (ta o, t, P5 U)}7
l

< 38p; 1

i)

@ Springer



Compactness and existence results of the prescribing... Page330f43 58

with Vp, satisfying
|V (t.at, Pv)| = O(r'/?). (3.37)

Using the estimates stated above, we define a family of operators on S, as follows: for
p b
anyu =7 ;_, aiép;; +v € X,

Xo() ==& W) +no(w), 0=<6=<1,
where, for any ¢ € Ep 4,

(&g, @) =0 fr(p) + (1 =0)(v, ) +200:(p,v) +0(Vy(z,a,t, P,v), ), (3.38)

and
0 1-6
— 21, _ _
o 8.} = 20||8P"”"”“[“’ K(P)/?e K(ﬁ,-)l/za]
+9Va,-(1' a,t, P, v)
98p, 1; i T ®2AgoK(Pi(9)) 1
<T]0, >'_ + (1 )}[ l/g n/2a 3
ot K(P; (9)) i K(Pi9) £ (3.39)
O3Gp ) (P; (0 1 0
+Z 3 P,(G)( ]( ))12 T]-i-*Vz,-(T,Ol,I,P,U),
o (K (P;(0))K (P;(0))1/% 12t; o
A8p. 4. 0 0
(. 22ty = — {1 = 0) + —@u vy K (P + — Vi (.t PLw),
3P,‘ o o

where P;(6) is the short geodesic trajectory on S” with P;(0) = P;, P;(1) = P;.

Obviously, X1 = I.(u) = & + n. It is well known from (3.2) that I (u) is of the form
Id+compact on H? (S”) From Sobolev compact imbedding theorem, the explicit forms of
Voo Vais Vi, Vp, A72 < 127 < A2, (3.35), (3.36), (3.37), and 2,2 in the definition of =,
is a finite dimensional submamfold of H° (S"), we can conclude that Xy (0 < 0 < 1) is the
form Id+compact. Furthermore, we have Xy # 0 on air, V0 < 0 < 1. In fact, for a given
u=3"% dp, +vedT,, weobtain & # 0 by using (3.34) and (3.19). When 6 = 0,
& = v # 0. It follows from (3.38) that &y # 0, VO < 6 < 1. By the homotopy invariance
of the Leray-Schauder degree, we have

degpyo (X1, £, 0) = degyo (Xo. Z¢, 0). (3.40)
It is easily seen from (3.38) and (3.39) that for any u = Zf:l aidp,; +v e ff,

Xo() = & (u) + no(u),
98p, 1, 09 P r,

where & € Ep ;, no € span{dp, ;,, T }satlsfy
(80, @) =(v, 9),
(10, 8p,.1,) = —Bi20 18,1, 115 (i — K (Py)~'2%),
- - F~
< N aap,.,t,.>: E)] T ®2A§0K(P,)l Z 03Gp ( ) ZL (3.41)
o1 K(P)l/o 1 K(Pp)r/2o (K(P; )K(P N2t
98p,.1;

(no, 3P, >= Ve K(P)).

Recalling the definition of M (Py,---, Py). From the above, we can easily get
Xo(u) =0 on 3,
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if and only if
o = K(ﬁ»)*l/zg, P =P; v=0,
(3.42)

M;;(Py,---, P =0.
4K(P)1/fft, 2:: ij(P1 k) 5

l]
For any (sq, - - - ,sk)e]Rk,si >0,i=1,---,k, we define

ot k 1 1 k
F(sp, -0 88) = —ijl Wlogsj‘ + Ei;IMij(le- s Pr)sisj,

and for #; =sl._l,
F(, - t) i= F(st, -, 50).

The derivative with respect to #; is

aF
o §M Pi,---,P
8ti(l ) = 4K(P)1/fft, Z ij(Py k)z’J

combining this and (3.41), we have

a(SPl.,[i> 8F
= — 1, -, ).
o (11, %)

dt;

It is obvious that VI?(tl, <o+, tg) = 0 if and only if VF(s1,---,sr) = 0. Since
w(M(Py,---, Py)) > 0, atrivial verification shows that F (s, - - - , 5¢) is a strictly convex
function, and having a unique critical point in the first quadrant. It follows that F(ty, -, 1)
has unique critical point in the first quadrant with Morse index zero. Hence X has precisely
one non-degenerate zero in .. Furthermore, by (3.42) we can easily obtain

(.

deg 0 (X0, S, 0) = (— 1)k Zizi P, (3.43)

Combining (3.43) and (3.40), we complete the proof of Theorem 3.1. ]
Recall the definition of O in (1.12). For § > 0 suitably small, define

Ops ={ue H ") : wienng lu — wlls < 8} (3.44)

Proposition3.6 Lero = 1 +m/2, m € Ny, andn = 20 + 2. Let K € &/ be a Morse

function and 0 < 19 < v < 4/(n — 20) — 19. Then there exists some constants Cy > 0,
80 > 0 depending only on tg and K, such that

ueH S :u>0 ae., I.u) =0} C Ocy.s,- (3.45)

Furthermore, we have I.(u) # 0 on 90¢, s, and

degyyo (u — PTV (D — DK 1|75 u), Ocy 9. 0) = —1. (3.46)

Proof From Proposition 3.1, we know that for T > 0 small there exists some suitable value
of vy, A, R such that u satisfying u € H° (S"), u > 0, a.e., I (u) = 0 are either in O or in
some X (¢V, -+, ¢®). Combining (3.6), (3.5), (B.1), and (B.6), we conclude that there
exists some positive constants Cq and ¢ such that (3.45) holds.
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For K*(x) = X(ut1) +2, x = (X(1), -+, X@+1)) € S" C R and ¢ € (0, 1), we
consider K; = tK + (1 — ) K*. By the homotopy invariance of the Leray-Schauder degree,
we only need to establish (3.46) for K* and t very small. It is easy to see that K* € </ is
a Morse function. The proof of (3.46) is straightforward by the Kazdan-Warner condition,
Theorem 3.1, and a homotopy argument. O

3.2 Proof of Theorems 1.2, 1.3 and 1.4
Using Theorem 3.1 and Proposition 3.6, we next prove Theorem 1.2.

Proof of Theorem 1.2 The existence of Ry can be easily obtained from Theorem 1.1. For all
R > Ry, using Theorem 1.1, Proposition 3.1, and the homotopy invariance of the Leray-
Schauder degree, we have

degrroa(u — PN (n — DK"Y, Ok, 0)

| ) (3.47)
= degrrow(u — P, (F'(n — DK |u|*°""u), Og, 0)

for 7 > O sufficiently small.
Let Co > R, 0 < §1 < o, and 19 be given by Proposition 3.6. Using (3.46), Proposition
3.1, (3.7), (1.10), and the excision property of the degree, we have

degpo U — PN (n — DK [ul** ~Tu), O 5,, 0) = Index(K). (3.48)

As in the proof of Proposition 3.6, one can check that there are no critical points of I; in
OR,5;\Or. Using the same proof idea as Li [40, Theorem B.2] and [31, Theorems 2.4 and
2.5], we can easily get

degrroa(u — PN (n — DK |u|* u), O, 0)

1 ) (3.49)
=degyo (u — P, (D(n = DKul™""u), O 5. 0).

It follows from (3.47)—(3.49) that for R > Ry, (1.13) is proved. Theorem 1.2 follows from
the above. ]

Using Theorem 1.2 and perturbing the prescribing function near its critical point, we can
know exactly where the blow up occur when K ¢ <.

Proof of the Theorem 1.3 Since the Morse functions in C2(S")*\.«/ = 9. are dense in 9.<7,
without loss of generality we consider the case that K € 0.7 is a Morse function. First recall
the definition of .# and ¢ *, we can assume here #\.z+ = {1V, ... g™}, m e N,.
From the definition of <7 and K € 0.2/, we know that there exists 1 < i} < --- < iy < m,
k > 1, such that

pM@™, .-, q")) = 0. (3.50)

Case 1: There is only one such {g@", ... ¢} satisfying (3.50). Using the same C?
perturbation method as in Li [41, 42], we can obtain a smooth, one-parameter family of
Morse functions {K;} (—1 <t < 1) with the following properties:

(a) K ' (-1 < [ 1) are identically the same as K except in some small balls around
g, ... ¢ and Ky = K. K; have the same critical points with the same Morse
index forany —1 <r < 1.
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(b) ;L(M(K;;q(jl),n- ,q(jf))) have the same sign for -1 < ¢ < 1 forany 1 < j; <--- <
jS S m, (.}15 MY .]Y) # (117 ) lk)' Furthermorea

<0, if —1<t<O,
w(M(K; ¢, g 1=0, ifr=0,
>0, if0<t<l.

It is easily seen that K; € o/ when ¢ # 0. From the definition of Index, we have

k Lo (i)
Index(K;) = Index(K_) 4+ (— ) 1HXj=ii@’)

evidently, Index(K) # Index(K_1).

By the homotopy invariance of the Leray-Schauder degree and Theorem 1.2, there exists

tiand v; € Q///Ktl_, such that

lim |[villc20gry =00 or  lim (minv;) = 0.

i—00 i—oo S
In fact, we can prove that if lim; , o (ming: v;) = 0, then lim; ;o ||V||c200 = o00. If
not, it means that {v;} has no blow up point, then v; = 0 on S” can be obtained from
lim;_, oo (ming» v;) = 0 and Hanarck inequality. This leads to contradictions and we deduce
that (1.15)holds.

It follows from K; € &/ (t # 0) and Theorem 1.1 that #; — 0, namely, K, — K. Then
by Theorem 2.1, we can know that {v;} blows up exactly at k points g0, ... , g,

Case 2: If {¢g@), ... ¢} satisfying (3.50) is not unique, we can perturb as described
above the function K near its some critical points to change the Hessian matrix of K at these
points, such that there exists a sequence of Morse functions K, satisfying: K, — K, K, are
identically the same as K except in some small balls and have the same critical points with

the same Morse index; there is only one such (if, - - - , i) such that (3.50) is true for any £.
From Case 1, we know that there exists a sequence of K; — K in C 2 (S"), vi € Ak, such
that {v;} blows up at precisely the k points g0, ... , g We have thus proved Theorem
1.3. O

Using Theorem 2.1 and the proof method of Theorem 1.3, we show Theorem 1.4 holds.

Proof of Theorem 1.4 By using Theorem 2.1 we can prove the Part (i) of Theorem 1.4. The
Part (ii) of Theorem 1.4 is similar to the proof of Theorem 1.3, we omit it here. O
A Appendix

In this section, we review some results about the local analysis and blow up profiles for

integral equations obtained in Jin-Li-Xiong [31]. For any x € R” and » > 0, the symbol
B, (x) denotes the ball in R” with radius r and center x, and B, := B,(0).

A.1 Holder estimates and Schauder type estimates

Consider nonnegative solutions of the integral equation
1%
u(x) = / YU o aein B, (A1)
S T

where 0 < o < n/2.
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The Holder estimates for solutions to (A.1) is following:

PropositionA.1 Forn > 1,0 <o <n/2,r > n/(n —20)and p > n/20,let0 <V €
LP(B3),0<uelL"(B3)and0 < Vu e L}OC(R”). If u satisfies (A.1), then u € C*(By),

lullcesyy < CllullLr(ss)s
and u satisfies the Harnack inequality

maxu# < Cminu,
By B

where C > 0 and a € (0, 1) depend only on n, o, p, and an upper bound of |V || Lr(B;)-
The Schauder type estimates for solutions u to (A.1) is following:

Proposition A.2 In addition to the assumptions in Proposition A.1, we assume that V €
C%(B3) for some o > 0 but not an integer, then u € C*°+% (By) and

||M ”CZUJ“Q/(B[) = C||M||L"(B3),

where o/ = o if 20 + a ¢ Ny, otherwise o’ can be any positive constant less than a. Here
C > 0 depends only on n, o, a and an upper bound of ||V || ce(p;).

A.2 Blow up profiles for nonlinear integral equations

Proposition A.3 (Pohozaev type identity) Let u > 0in R", andu € C (BR) be a solution of

p
u(x)zf RO 4y 4 o),
Bgr |x _)’|n 7

where 1 < p < 2% and hgr(x) € C'(Bg), Vhg € LY(Bg). Then

n—20"

-2 !
(" i ) / K@u@)"™dy — —— [ xVK@u@)P*dx
2 p+1/7Jp, Pl

n—2o
= / K@)u(x)Php(x)dx + / xVhr(x)K (x)u(x)? dx
2 Br Br

R
p+1 JyBg

K (x)u(x)Pt! ds.

Proposition A.4 Suppose that 0 < u; € L (R") satisfies (2.1) with K; satisfying (2.2).

loc
Suppose that x; — 0 is an isolated blow up point of {u;}, i.e., for some positive constants
Az and r independent of i,
Ix — x;|?°/Pi=Dy.(x) < A3 forall x € B; C Q.

Then for any 0 < r < r/3, we have the following Harnack inequality

sup u <C inf Ui,
Bar (xi)\By/2(x;) Bor (xi)\Bra (xi)

where C is a positive constant depending only on sup; || K|l (B; (x;))» 1, 0, T and A3.
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Proposition A.5 Assume the hypotheses in Proposition A.4. Then for every R; — 00, & —
0T, we have, after passing to a subsequence (still denoted as {u;}, {x;}, etc.), that

_ —(pi—1)/2 —
g i Gm 7 PR ) — (U hal - Y27 gy, ) <

o= Rl_mi—(Pi—l)/Q‘T

—-0 asi— oo,
where m; := u;(x;) and k; := (K; (x,-)rr"/zF(o)/F(% +o))l/o.

Proposition A.6 Under the hypotheses of Proposition A.5, there exists a positive constant
C =C(n,o, Ay, Ay, Az) such that,

i (x) = C7'mi (14 km®P V71 — x| HCT2 forall |x — x| < 1.

In particular, for any e € R”", |e| = 1, we have

—14+((n—20)/20)7;

uj(x; +e) > C_]mi

where 1, = (n + 20)/(n — 20) — p;.

Proposition A.7 Under the hypotheses of Proposition A.4 with v = 2, and in addition that
x;i — 0 is also an isolated simple blow up point with constant p, we have

% = 0ui(x)~ D) and u;j(x)™ =1+ o(1),
where ci = min{2, 2/(n — 20)}. Moreover,
ui(x) < Cui_l(xl-)|x — x| forall |x —x;| < 1.
Proposition A.8 Under the hypotheses of Proposition A.7, let

Ki (y)u; (y)¥ K (y)u; (y)¥
T o2 4y Huixi) N—r
By X — Yl RM\B; (x;) X — Yl

=:T/(x) + T/ (x).

T; (x) :=u;(x;)

Then, after passing a subsequence,
T/ (x) = alx|**™" in C},.(Bi\{0})
and
T/ (x) > h(x) in Cj,.(B))
for some h(x) € C2%(By), where

"2 (o) \ %5 Lo\ 29-n
a= <n7) (72) dy lim K;(0) %"
I +o) W N1 [yl 00

Consequently, we have
i (x)ui (x) = alx|* " + h(x) in Cf.(Bi1\{0}).

Proposition A.9 Under the hypotheses of Proposition A.7, we have

O (u; (x;) =2/ (1=20)) —n<s<n,
/ Ix — X[ u; ()P T dx = { 0@ ()22 Togu; (x;)), s =n,
[x—x;|<r; O(Mi(xi)fzn/(nfzo')), s >n,
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and
O(Mi(xl.)—%/(n—%))’ —-n<s<n,
/ e = xil ui ()P de = § 0 (x) 72/ "2 Togu; (xi)), s =n,
ri<lx—xi|<l O (u; (x;) =21/ (1=29)), s >n,

where r; is as in Proposition A.5.

Proposition A.10 Leto = 1+ m/2, m € Ny, n =20 + 2, and K; — K in C%(B3). Let

pi < Z+§g =n—1,pi—>n—1,andt, =n—1— p;. Let u; (x) satisfy

‘ _/ Ki()H )" (y)ui(y)?
ui(x) =

lx — y?

dy for x € Bs,

where H(y) = 2/(1 + |y|?). Let x; — 0 is an isolated stmple blow up point of {u;} with
constant Az and p, i.e., |x — Xx; |(p' D20y (x) < As, and r 20 u;(r) has precisely one
critical point in (0, p) for large i, where ui; (r) = fyB, (x; i ds.

Then there exists some constants C1, Cy depending only on n, Az, |K|c2p,), p, such
that

IVK;(x)| < Crui(x) ™, 5 < Coui(xi) 72

B Appendix

In this appendix, we provide some estimates that can be verified by elementary calculations
which have been used in the proof of Theorem 1.2.
For P € S" and t > 0, let

t

(SP,t(x) = 21 )
1+ (1 —cos d(x, P))

xe§",

where d(-, ) is the distance induced by the standard metric of S”. Let P be the south pole
of §” and make a stereographic projection with respect to the equatorial plane, we then have
11+ 1y

1+ 2]y
LemmaB.1 Let 2 < o < B, there exists a positive constant C depending only on f such
that, foranya > 0, b € R,

dpi(y) = VyeR"

a(a—1)

5 a® 7% < C(Ib|* 4 a” |b|*7Y),

la+b*Ya+b) —a* —aa®'b—
where y = max{0, o — 3}.

LemmaB.2 For any 2 < a < 3 and any a,b > 0, there exists some universal constant
C > 0 such that for any a, b > 0, we have

l(a + b)* —a% — b* — aa®"'b| < Ca®2b?,
l(a@ +b)* —a% —b%| < Cla®"'b+ ab*7 ).

For any 1 < o < 2, there exists some universal constant C > 0 such that for any a, b > 0,
we have

l(a +b)* —a%| < C@* b+ bY).
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LemmaB.3 We have

1 (-2 1| (7 7_1)
re (1+ x4 —1)
x> nlS" B,
e (I+ x| 4n—-1) 22
f lx|2 —1 _ |S"=1 B,
re L+ xD"~ 2(m—1) 272

where B(5, 5 — 1) is the Beta function.

LemmaB.4 Let gy, T > O be suitably small and A > O be suitably large. Let A~ t~1/2 <
ti,th < AT7V2 P, Py € S*, [Py — Pa| > &0, 8p,., be as in (3.3) and G p,(P2) be as in
(1.7), where | P1 — P;| represents the distance between two points Py and P, after through

a stereographic projection. Then, we have,

L \Ga(Py
8% b =2"71( )= 0,
. e b AR ) o O

Lag;%&0=0m,

d wi1 G (P x| =1
a9t 81”1t18192’2:_(n_1)2 * Pl 2)</R ¥ )+0(t2)7

ar 1 n (14 [x2)n
d T 2" 5
et =2 | — 2 4 0(?|logT)),
M/n”“ i S Ay T O gD
9 5 ot |x|? 5

P— P8 T =— o(r2]|1 )
an | I“8p, 1, 3 /Rn ENNBL + O(r2|logtl)

(B.1)

B.2)

(B.3)

B.4)

(B.5)

Lemma B.5 Under the hypotheses of Lemma B.4, in addition that ®s, ®¢ are positive

constants independent of T. Then, we have,
1 —1 n n
8P, 8p ) =2"[S" IB(E’ 5),

<(SPIJI ’ 8P2,t2> = O(T)s
<88P1J| 35131’,[

, =052 = 0(1),
ot a;l> sh )

<88P1,[l 88P1,11 > _ (")6t12 <88P1,l1 88Plxt1 ) —0. V¢ ?é m

ap? " ap? ap" ap™

2—

“871131 1 I(SPZ»Z‘Z"L”/(H*I)(S”) = 0(1-)’
3-142

||5r1131,t1 t‘st 12||Ln/(n—1)(Sn) = 0(1),

-1 _

”8’;’1,1‘1 t 8’;;1 t1 | Lrr-n gy = O(T]log T]),
o

185277 — 85 Ml a2 0y = O(x|log ),

”8P1 1 —&p,, ;, 1 sy = O(zllogt)),

1/2
||| _Pl|8pl 1 /=1 sy = O(I’ / ),
1
”l : _Pl| 6;1 1 Ln/(nfl)(Sn = O(T)
1/2
”l _P1|8Pl tl” Ln/(n— 2)(§n - O(T )
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1 =Push o o @y = O, ®.14)
‘52{?1_{ Pt 383};’” ’LI(S”) = o, (B4
‘8;;%24 8881;11’[1 Ln/(n=D) (S - 0(t3/2)7 (B0
‘6?:?]_’8&,:2 8831?1’” LDy 0", B0

Lemma B.6 In addition to the hypotheses of Lemma B.4, we assume that K € C'(S"). Then

9 n—1—t 2
a - (K — K(Pl))(SPz,tz‘Spl,,l = 0(t9), (B.18)
9 n—1-t 2
E - (K - K(PZ))‘SPI-,H‘SPZ,Q = 0(‘[ ) (B19)

LemmaB.7 Leteg, T, A beas in LemmaB.4, Py, P, Py € S" satisfy |P; — Pj| > 0,1 # J,
and A1z 71/2 < t,h,t3 < At= V2 Then, we have,

)
n—2—t Pt _ 3/2
‘ 8P2,t2 P3,13 atl LI(S") - O(t )7 (B.ZO)
a6
n—2—t Pt | 1/2
\/Sn 8P1,t1 8[12’12 TPI = O(‘L' ), (B21)
‘an—3—r a(sPlstl ‘ — 0(1’1/2) (B 22)
P11y P.1y aPl L”/(”*])(S”) - ? !
a6
—3-12 P | _ 3/2
/S" S | | = 0, (B.23)
0 -
‘371/ 8 8m | = 00, (B.24)
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Abstract

In this paper, we are concerned with the effective elastic property of a two-phase high-contrast
periodic composite with densely packed inclusions. The equations of linear elasticity are
assumed. We first give a novel proof of the Flaherty-Keller formula for elliptic inclusions,
which improves a recent result of Kang and Yu (Calc Var Partial Differ Equ 59(1):3, 2020).
We construct a family of auxiliary functions consisting of the Keller-type functions and
additional correctors which depend on the coefficients of Lamé system and the geometry of
inclusions, to capture the full singular term of the gradient. On the other hand, this method
allows us to deal with the inclusions of arbitrary shape, even with zero curvature. An extended
Flaherty-Keller formula is proved for m-convex inclusions, m > 2, curvilinear squares with
round off angles, which minimize the elastic energy under the same volume fraction of hard
inclusions.

Mathematics Subject Classification 74Q20 - 74B05 - 35J57

1 Introduction and main results

1.1 Background and Motivation

In a two-phase composite where inclusions are close to each other and the contrast is high
between the material properties of the inclusions and the matrix, such as conductivity, elastic
moduli. The study of various effective properties of such composite is an interesting and
important topic, because they are always singular. As the distance between inclusions, &,
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2L,

Fig. 1 Ellipse inclusions

tends to zero, several asymptotic formulae for the effective properties have been studied, for
example, for effective electric or thermal conductivity problem in [7, 10, 16, 17] and Section
10.10 of [22], for effective shear and extensional modulus in [8, 9, 15].

We suppose that the fibers are rigid and rather closely packed, so that each fiber nearly
touches the ones directly above and below it. For a rectangular array of cylinders in the nearly
touching limit (see Fig. 1), Flaherty and Keller [9] obtained two asymptotic formulae for the
effective shear modulus and extensional modulus. They also showed the numerical validity
when the inclusions are rigid cylinders. Recently, Kang and Yu [15] gave a mathematically
rigorous proof of the Flaherty-Keller formula, with a lower order term O (¢~!/4), based on
the primal-dual variational principle. The key of their proof lies in the contribution to which
the dual energy principle is applied. However, these singular functions are only valid for two
adjacent hard circular inclusions or elliptic inclusions. When the inclusions are of general
convex shape, there will be trouble to apply the primal-dual principle, especially, to drive a
suitable lower bound.

In this paper, we develop another method to overcome this limitation. We construct a family
auxiliary functions, containing all geometry information of the inclusions of arbitrary shape.
These functions consist of the Keller-type functions and additional correctors, stimulated by
the idea that we construct the Green function of Laplace’s equation. The introduction of such
correctors is from an important observation. One can regard them as some variants of the
basis of the linear space of rigid displacement coupled with the coefficients of Lamé system
and the local geometric information of the inclusions. On the other hand, this construction
can also improve the error term O (e~ /%) obtained in [15] to O(1), so that the error becomes
uniformly bounded, which may be helpful in view of numerical computations.

We would like to point out that our improvements result from precise gradient estimates
see Proposition 1.3 below. The effective elastic properties (global properties) of a composite
are closely related to the stress concentration phenomenon (local properties). When two
inclusions with extreme material property are close to touching, the stress may blow up in
between them. In fact, the dominant contribution to the effective elastic modulus comes from

@ Springer



An extended Flaherty-Keller formula Page3of28 90

narrow gaps between closely spaced inclusions, while the stress field outside these gaps
does not contribute to the leading term of the asymptotics of the effective elastic modulus.
So the analysis of the local blow up of the gradient for the Lamé system with partially
infinite coefficients has been an important topic in the field of partial differential equations
particularly in the last two decades. The analogue in the scalar case, where u express the
antiplane displacement, is also called the conductivity problem, because these two models
are consistent in dimension two. We refer to [4-6, 8, 13, 14, 19] and references therein for
developments in this topic.
To formulate our main results precisely, we first describe our domain and notations.

1.2 Formulation of the problem

We assume that the composite is spatially periodic, consisting of convex elastic inclusions
embedded in an elastic matrix. Let ¥ C R? be a rectangular unit period cell of size 2L along
the xj-axis and 2L, along the x;-axis, where L1, Ly € (0, +00). Let D C Y be a convex
domain, with C? boundary centered at the origin and symmetric with respect to the x- and
xp-axes. As in [9] we assume that D is close to the horizontal boundary of Y, but away from
the vertical boundary. Let /2 be the distance between D and the horizontal boundary of Y,
so that the distance between two adjacent inclusions is €.

Assume that Y\ D is occupied by a homogeneous and isotropic materials with Lamé
constants (A, ) satisfying the strong ellipticity conditions

uw>0, and A+ pu>0.
The elasticity tensors C is given by
Cijri = A8ijdpr + (i1 + 818 k),
where i, j, k,l € {1,2} and §;; is the Kronecker symbol: §;; = 0 fori # j, §;; = 1 for

i = j. The linear space of rigid displacements in R? is

Vo= {w e C'R%:RY) | VY + (Vi) = o},

v = Spanil/ll = <(1)>,w2 = <?>"”3 - <—x;1) }

Y3 will be useful to construct auxiliary functions in the sequel.
In cell Y, for a composite with rigid inclusion D, we consider the following problem for
the Lame’ system: for i = 1, 2,

or equivalently

L; yvi =V -Ce(v;) =0, inY\D,

v; =0, ondD, (1.1
dyv; =0, onx| ==*Lq,
vi =5y, onx; =Ly,

where v; = (vl.(l), vi(z)) € H'(Y\D; R?), represents the displacement field,

1 T
e(v;) = E(Vvi + (Vv;) ) (T for transpose)
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is the strain tensor, and the corresponding co-normal derivative on dY is defined by
v = (Ce(ui))n — AV -v)n + M(w,« + (Vvi)T)n,

and n is the unit outer normal vector of Y. As in [15], we extend v; to the whole space RZ so
that the extended function, denoted still by v;, satisfies the following periodic conditions

vi(x1, x2 £ 2nLy) = vi(x1, x2) F g, vi(xr £2nLy, x2) = vi(x1, x2).
Thus, e(v;) is periodic as well. The extended function v; represents the displacement of the

elastic periodic composite.

1.3 The Flaherty-Keller formula

For a composite with closely spaced rigid fibers the effective shear modulus u* and the
effective extensional modulus E* are defined as follows (see (2.1) and (2.2) in [9])

Lo Ly
W= Loy da, (12
_Ll
and
(1+p)1—2p) Ly [
E'=—————— 7| b L) yadx
-p Ly J_p,
L A (13
e — v2(X1, L2) - Yo dxy, :
A+2uLly Jop,
where
w3+ 2u) A
=——, and p=——
P 200+ )

is, respectively, Young’s modulus and Poisson’s ratio of the matrix.
Assume that D is an ellipse,

x12 5 14
-+ 172 <1 (1.4)
where a and b are the length of the short and long semi-axis, respectively, see Fig. 1. The
boundary of D near points (0, £b) can be written as, respectively,

xy==xbF ?xl + 0(x1) (1.5)
where kg = b/ a? is the curvature of 9 D at the points (0, £b). Because the first term in the
right hand side of (1.5) is of order two, we call such elliptic inclusion 2-convex inclusion.
The Flaherty-Keller formula is as follows.

Theorem 1.1 (The Flaherty-Keller formula) Let D be as in (1.4). Then when 2(L, — b) =
& — 0, the asymptotic formulae for the effective shear modulus as in (1.2) and the extensional
modulus as in (1.3) satisfy, respectively,

L2 b4 1
e
L1 /Ko \/€

*

wh = +0(1), (1.6)
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and
B=r2 7 1 Low, (1.7)
2 L /7\/, .

where K is the curvature of d D at the points (0, £b).

Remark 1.1 We would like to remark that the error terms obtained by Kang and Yu in [15]
are of O(¢~'/%), which are now improved to O(1) in Theorem 1.1. This improvement is
due to a suitable construction of a family of auxiliary functions, see (1.15) and (1.16) below.
Besides, we point out that here the constants a, b are fixed, while we can change the size of
Y such that L, — b when ¢ — 0.

Remark 1.2 As we know, the Keller-type functions (say, i in (1.15) and it in (1.16)) are not
solutions of the Lamé system. Although it can be used to capture the main term of the gradient
of v;, as in [3-5], there will be a large error term when we calculate the effective modulus. So
in order to prove Theorem 1.1, a novel auxiliary function is needed. Fortunately, a class of
correctors depending on the Lamé parameters A and u can be constructed, together with the
Keller-type function, to overcome this difficulty. Meanwhile, we as well improve the results
on gradient estimates previously established in [4, 5, 13], for more detail see Proposition
1.3. More importantly, this kind of auxiliary functions allow us to deal with more general
inclusions of arbitrary shape, see Theorem 1.2.

As an immediate consequence of Theorem 1.1, we obtain the asymptotic expansion for
w3 and E3 with respect to the volume fraction, when it is close to its maximum. For instance,
Ly =L, =Landa =b =r < L, the volume fraction f>, occupied by circular inclusions,
given by

7r?

a2

and its maximum value is Z when the inclusions touch each other.

H=

Corollary 1.1 As 7 — f> tends to zero, we have the following asymptotic formulae for shear
and extensional modulus, respectively,

232 1
wy = —+ 0(D),
f TN
and
R S, Y
2 = .
f T

1.4 An extended Flaherty-Keller formula

The second contribution of this paper is that the method we developed in the proof of Theorem
1.1 allows us to deal with more general inclusions. Assume that the inclusion is nearly square
(see Fig. 2), with a boundary defined by

lx1]™ + |x2]™ =™, (1.8)
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Fig.2 m-covex inclusions, m = 4

where m > 2 and r € R is a half-width of the inclusion. We call such inclusion a m-convex
inclusion.

In this subsection we consider the case of m-convex inclusions. The reason why we study
such kind of inclusions will be explained later after Corollary 1.2. We take D as the following
a curvilinear square with round off angles, with m > 2,

[x1]™ 4+ |x2]™ < ™,

where r is a half-width of the inclusion (See Fig. 2). An extended Flaherty-Keller formula
for the effective elastic moduli is as follows:

Theorem 1.2 (An extended Flaherty-Keller formula) Given m > 2, then, as the distance
between two inclusions € = 2(Ly — r) — 0, the asymptotic formulae for the effective shear
modulus defined in (1.2) and the extensional modulus in (1.3) are, respectively,

L, m 1 1

— 5 — + 0(),
lesmﬁkﬁ el=m M
0

P =2

and
L, =w 1 1

E* =2E —
A T 1
Ly msin - Kl el=m

where ko = %rl_m.

Similarly as in Corollary 1.1, let f;, be the volume fraction occupied by curvilinear squares.
Then under the assumption that L1 = Ly, = L,
rr TG’

fm = 2 2 )
2mL ING)

. . . b . .
and its maximum value is #1:"();_) when the inclusions touch each other.
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Fig.3 A Vigdergauz inclusion (black) and an m-convex inclusion (red) with the same volume fraction

132
Corollary 1.2 As §,, = 2;(11"();) — fm tends to zero, we have
1
12\ I=m
" T 2 F(;) ) 1
Moy = K= — 5 -+ O(D)
" sin - <m NG sl

and

r 152 1_%
E: :Esi:£ (;2 r((”l?))) lil o).
m m b m

Here we explain the relationship between m-convex inclusions and “Vigdergauz inclu-
sions”, since the latter minimize the maximum stress concentration in the theory of structural
optimization. This kind of inclusions was first discovered by Vigdergauz in a series of papers,
[23, 24]. Indeed, composites that achieve extremal effective properties have received a lot of
attention in structural optimization problems, see [2, 12, 16, 18, 20, 21]. In [11], a shape of
an optimal inclusion is given in terms of the elliptic integrals of the first kind, which is called
“Vigdergauz inclusion”.

For the square periodicity cell, given the volume fraction f of the inclusions, the parameter
h(0 < h < 1) depending only on f is the solution of the equation 2 = (1 — f)/(1 + f).
The incomplete and complete elliptic integrals of the first kind are, respectively,

X d
F(xm):/ a . K(w =F(| ),
0 V(1 —s)(1 — zs?)

where the parameter M(% < @ < 1) is a solution of the equation h = K(1 — p)/K(u).
Then the quarter of the boundary of the Vigdergauz inclusion can be given by the following
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parametrization [11]:

x(0) = =g FWT = 11w,

1.
o (19)

y(@) = m n,

where the parameter t € [M,1] and M = (1 — w)? /2. It was found in [10] that such
inclusions have a nearly square shape. It is very close to an m-convex inclusion, under the
same volume fraction (see Fig. 3). Soitis also very interesting to consider m-convex inclusion,
with simple curve boundary (1.8), to describe the nearly square shape. We would like to point
out that an asymptotic formula for the effective conductivity of a composite with m-convex
inclusion was derived in [10].

As shown above, we have obtained the asymptotic formula for the elastic moduli near the
maximum volume fractions at m = 2 (Corollary 1.1) and m > 2 (Corollary 1.2). It is shown
in [11] that composites with“Vigdergauz inclusions” minimize the overall energy at a given
strain, among all composites made from the same components in the same volume fraction.
For this purpose, we compare the elastic moduli of the two cases under the same volume
fraction.

Remark 1.3 For circular inclusions and curvilinear square inclusions with m = 4, for exam-
ple, when their volume fractions are the same, we can calculate the corresponding elastic
moduli of the composite. Namely, for 6, := % — f> > 0, itis easy to see, from

T .. 1TE)?
Z—5z—f2—f4—§r(%) — 84, (1-10)

that 64 > 8. So u; < uj and E} < Ej. For example, taking 6, = 0.01, we have
wy ~ 12537, E; ~12.537E,
while by (1.10), 84 ~ 0.15, and
wi ~5.56mu, E; ~556wE.

This shows that under the same volume fraction the elastic moduli at m = 4 is exactly smaller
than at m = 2, which is consistent with the conclusion in [11] that “Vigdergauz inclusions”
minimize the elastic energy. From (1.9), we can only approximately solve xo = h(x1) by
Taylor expansions, then we also can compute the corresponding effective modulus.

1.5 Outline of the Proof of Theorem 1.1

We next outline our main idea to prove Theorem 1.1. As (2.5) in [15], we first extend v; to
the whole space R? by periodicity so that the extended function, denoted still by v; as defined
in (1.1), satisfies the following periodic conditions

vi(x1, x2 +2L2) = vi(x1, x2) + ¥,
vi(x1 +2L1, x2) = vi(x1, x2).
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\

Fig.4 Elliptic inclusions

Using n|x2: L, = —n|x2=_ L and the boundary condition of v; in (1.1), we have
Ly Ly 1 Ly 1
/ Bvi(xr. L) - i = / douitri, —La) - (= 503) +f douir L) - (504)
—L —L 2 —L 2

=/ Y -y =/ (Ce(v), e(vy)) =: &;.
J(Y\D) Y\D

In view of (1.2) and (1.3), the effective moduli u* and E* can be expressed in terms of the
energy integral, namely,

wh = Ii—?& and E* = 7 —f2u i—?f,‘z. (1.11)

Now it is more convenient to consider the energy integral & in a translated cell ¥;, :=
(—L1, L1) x (0,2L,), by translating the xj-axis by L, along the x;-direction. Let the upper
half-inclusion be Dy and the lower one be Dy, and Y’ = Y;,\D; U D;. See Fig. 4. Set
'y = @D U{xy=Ly})NaY and I'_ = (D U {x; = —L,}) N 3Y’. We still denote v;
after translation. By the periodicity, note that, foranyi = 1, 2, v;|yr € H 1 (Y’) is the solution
to the following problem:

£;\,Mvi =V. (Ce(v,-) = 0, in Y/,

v = Vi, on I, (1.12)
v; =0, onl,
d,v; =0, on{x; = *L;}.
Then,
& =[ (Ce(vy), e(vy)) dx. (1.13)
Y/

Denote the two points on d D1 and d D3, achieving the distance between D and D5,
&

P=(o
! 2

) €D, and P, = (0, —%) € aD,.
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Then the parts of d Dy and d D> near P and P, respectively, can be represented as follows

£ & KQ
=4 =2 - —xi+ oG,

2 2
Xy = =5 + o) = =3 + 2xf + 06,
for |x1] < a. We always use §(x;) to denote the vertical distance between the inclusions,
3(x1) =&+ hi(x1) — ha(xy), forlxi| <a
andfor0 <s <r,

& &
9M=h=ubmeRﬂ_5+Mug<m<§+mmyuu<q. (1.14)

Because, as mentioned before, the greatest stress occurs in the narrow gaps between D
and D, while the outside stress does not contribute to the singularity, we now construct two
auxiliary functions u; € C2(R?), such thatu; = ¥; on I'y,uj=0onrl_, dyu; =0o0nx| =
+L4, and for x € Q%,

L (Cm ) I

B _ 2x2 +8(x1) (1 *2 32
_ _ 2460 1 1.15
up = uyptu 28(x1) (O) * ((é(m)) 4 ) (I = 55k o
A2
AL,
. 2x2 +68(x1) (0 X2 2 _ | e
= = T4 11
M= = <1> ! <(5(x0) 4) b)) o
3

where ko = 1/r, and

”ui”CZ(R2\Q% <C. (1.17)

We note that the parts it; can be regarded as variants of {3 = (x2, —x DT, but they also
depend on the coefficients of Lamé system. Then we can use an adapted version the energy
iteration technique developed in [4, 5], together with the rescaling argument, W2 estimates,
and Sobolev embedding theorem, to obtain the following improved estimates.

Proposition 1.3 Fori = 1,2, we have
V(v —ui)| < C, (1.18)

where C is independent of ¢.
Consequently,

Vv; = Vit; + Vii; + O(1), i=1,2. (1.19)

Remark 1.4 We remark that (1.19) is an improvement of the results in [3, 4], where the lower
and upper bounds of [Vv¥|,i, a = 1, 2 (see (2.2) in [4] for the definition) are obtained. While
(1.19) captures the full singular terms of Vv;. It is because our novel constructions of i; that
we can use Proposition 1.3 to prove Theorem 1.1. In particular, it improves the error term
to the order of O(1). On the other hand, this construction of u; allows us to study m-convex
inclusions, even when they have zero curvature when m > 2. It can also be used to deal with
more general convex inclusions, see [19].

@ Springer



An extended Flaherty-Keller formula Page 110f28 90

For m-convex inclusions, we suppose that
Ko Ko
hi(x) = ?Imlm +O(lx1]™) and ha(xy) = —?Imlm +O0(x11™), m > 2,

where kg = 2r1—" /m. Instead of (1.15) and (1.16), by constructing the auxiliary functions
u; € C*(R?) in 2,

. 2x3 + 8(x1) (1 x2 2 1 2= /\fZM)%Om(Wé_szxriz
Uy =uy+up = 725()51) <0> + ((6(x1)) - Z . o
(1r- m)’(07x1
and
2048 (0 n oo | g
v :ZW(J%(SW) -3) ,

_3%,, Om(mz—l)x2x1n—2
where §(x1) = ¢ + h1(x1) — h2(x1), we can prove the extended Flaherty-Keller formula in
Theorem 1.2.

The rest of this paper is organized as follows. In Sect. 2, we first present some elementary
calculations of the auxiliary functions, constructed in (1.15) and (1.16), then use them to
prove Proposition 1.3, finally give a new proof of the Flaherty-Keller formula in Theorem
1.1. By this method, the extended Flaherty-Keller formula is proved in Sect. 3, with the main
differences provided.

2 Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. We first reduce its proof to the asymptotic
formula of &;, Theorem 2.1 below, then we construct an auxiliary function, which depends
on the Lamé system to capture the main terms up to O(1). Finally, we use the asymptotics
of the Vv;’s to prove Theorem 1.1.

Throughout the paper, unless otherwise stated, we use C to denote some positive constant,
whose values may vary from line to line, depending only on a, b, r, and an upper bound of
the C2, norms of 9 D 1,0Dy and 3Y’, but not on &. We call a constant having such dependence
a universal constant. First, by the standard theory for elliptic systems, we have

||Vvi||L°0(Y’\.Q%) <C, i=1,2.

It follows that
f (Ce(vy),e(vi))ydx<C, i=1,2. 2.1
a2y

Thus, in the following we only need to deal with the integrals in .Q% .Forreaders’ convenience,
in what follows we assume a = b = r, and

K()z

Ko o
hi(xy) = ?xl and hp(x)) = —?xl,

omitting the term O(xf), where ko = 1/r and
5(x1) =¢+ K()xlz.

We have the following conclusion.
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Theorem 2.1 The energy integral £1 and &>, defined in (1.13), have the following expansion,
namely

LT 042 1
& = NG +0Q0) and & = NG + 0(1), 2.2)

where kg = 1/r, as € — 0.

It is clear that Theorem 1.1 is an immediate consequence of Theorem 2.1.

Proof (Proof of Theorem 1.1) Recalling (1.11), we have the effective elastic moduli

* L2 s 1 + 0(1)
n =U———=—"
Ll KO JE
and
E L,A+2urm 1 L, m 1
* = — — +0(l)=E———+4 0(),
A+2u Ly Jko e M Ly ko /¢ M
as ¢ — 0. This completes the proof of Theoreml.1. O

In what follows we will use Proposition 1.3 to prove Theorem 2.1. To this end, we first
give some elementary estimates.

2.1 Some elementary estimates

A direct calculation gives the first order derivatives of u, defined by (1.15),

_ X1X2 _a 1 -2 200 4+ w)ko x1x2
it = —20 5, dyi)) = L i) = S S (23)
8- (x1) 8(x1) A42u 54(x1)
and the following estimates for the other terms
C
100,201 1000 ®1 < S 1o, a 0] j90a ), aP1 < @A)
3(x1)
Further, for second order derivatives, we have
_ (1) x2 i (1) X1
Oxixy ity - = —2ko 2(x1) + R, Oxxly = —2ko 2(x1)’ (2.5)
- 2QA+3w)kg  x2 - 2(A 4+ ko X2
(e)] (2) 12
a = , 0 = — +Ri5, 2.6
xxll At2n 82(xy) mf ton Ban TR (@0
. 200+ wko X
3@@”52) =5 = , 2.7)
A4+2n  8%(xy)
where
2 2 2
xXix —8k (A + XTx
R =g X2 g2 THGG W) X0 2.8)
83(x1) A+2u 83(xp)
It is clear that
C
RULIRE2 <= | ~“>’ <c, 2.9
| 11} | 12 = 5(r1) Uy = (2.9
(1) ~@| _ Clxil
0 , |0 < —. 2.10
xixa U x1x1 4 = 5()(1) ( )
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Recalling 1 = w1 + i1 and (2.5), (2.6) and (2.7), we have
A+ 200) By 1y — R + eyl + G+ 10) (0t — RIZ) = 0.
So,
([,;L,Mm)(l) = ,uAuil) + A+ ) (8xmuil) + meuﬁz))
= O+ 200 i1 + G+ 2RI + L+ RS 2.11)
By (2.9), we obtain

’(ﬁ)\ “l)()‘ <C( 1) (2.12)

8(x1)
On the other hand, using (2.5), (2.6) and (2.7) again, we have

A+ Zﬂ)axzxzul + A+ /L)3x2xlu11) =0.
Thus,

2 2
(E}“”u])(Z) = /’LAM(I : + G+ (3)(2“”51) + axzxzui ))

- /'Laxlxlul + G+ M)axgxlull)- (2.13)
Using (2.10),
Clxi|
(Lo puu )‘2)‘ < (2.14)
€ 501)

This, together with (2.12), yields

‘(ﬁx pun)! )‘ + ‘(ﬁx up)® )‘ < @ (2.15)

Similarly, for i = 2, a direct calculation gives the first order derivatives of u;, defined by
(1.16),

'L',\,uul

_( ) X1X2 _(2) 1 ~(1) 2()\. + /J«)KO X1X2
a =-2 , = , = . 2.16
i T TGy Mt T gy e W ray
It is easy to see that
C
0,015 | axzﬁ(“‘ < il 9, i, |0, axzaf)‘ <c. @1
8(x1)
Further,
-2 X2 11 2 X1
Dty = =205 =+ Ry dunlly’ = =205 (2.18)
s 2k0(A + 1) X - 2k0(X + 1) X1
() 0 M 2 12 (1 0 H
) = —" , 0 = — , 2.19
x1xa Uy L 521 TRl daxly P 520ry) (2.19)
—2Akp X
~0) 0 *
0 = - 2.20
xpxp Uy L 2(x) (2.20)
where
2 2 2
X{X2 —8ig(A+ 1) x7x2
Ry =8kj—=—, Ry =—2 Ly 2.21)
83(x1) % 83 (x1)
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It is clear that

C
RUIIRR < —, | ~‘2)‘ <c, 222
| 2 21|_ 51 Uy | = (2.22)
~(1) ~@| _ Clxl
3 ‘ 9 ‘ < Sl 223
x1x1 Uy xixUy T = 5(r1) ( )

Recalling uy = 5 + 17 and (2.18), (2.19) and (2.20), we have
(h+ (00,1015 + Pdryyily) = 0.
Thus

1 1 2
(ﬁk,uuz)(l) = HA“; ) + X+ (axm”é k + 8X1X2Mg )>

= (o4 2000 05 4 O A )0yl (2.24)
This, combining with (2.23), yields
Clxq]
(L5, uz)(l)‘ <. (2.25)
‘ ol 8(x1)

By the same way, using (2.18), (2.19) and (2.20), we have
-2 _@ ~(1
(h+ 2By 15 + 1By 5 — R + On 1) Bty — RED) = 0.
So

2 1 2
(L2)® = s + 0.4 1) (Dt + D)

= WOy 05+ uRY + O+ R, (2.26)
combining with (2.22), yields
(L)@ < ct g, (2.27)
3(x1)
Therefore, we have
[Crta] = (i) V] + (i@ = 5. 228)

We remark that estimates (2.15) and (2.28) will improve the gradient estimates obtained in

[4].

2.2 Proof of Proposition 1.3

Fori =1, 2, let w; := v; — u;. Thus wj is the solution to the following problem

L)L,[Lwl' = _L)L,/Luiv in Y/v
i =0, on /I,
Wi - (2.29)
w; =0, onl.,
8uw,-:0, OIIX1::|:L1.

In order to prove Proposition 1.3, we only need to prove the order of |Vw;|is O(1). The
following two Lemmas are needed. The first one is to show that the global energy of wj is
bounded.
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Lemma 2.1 Fori = 1,2, the energy of w; on Y' is bounded by C, that is,
|Vw;|>dx < C. (2.30)
Y/

Proof For the case i = 1.
From (3.25) of [4], there exists rog € (r/4, r/3) such that

1/2
/ lwi|dx; < C <f |Vw1|2dx> , (2.31)
[x1l=ro Y’

—&/24ha(x1)<x2</2+h1 (x1)

and by (3.26) in [4], we have
)
12
+C f Vwi|?dx | . (2.32)
Y/\Qro

/ IVw[>dx < C f wi (L5 1) dx

Y 2

For the first term in the right hand side of (2.32), to use integration by parts for (2.11),
recalling (2.8) we introduce two functions

+ / wgz) (,C)w,'ul)(z) dx
2

0

) A7 1~ 4w xix
083(x)” 12 A2 83

(2.33)

such that
0T =Ril. 9Ty =Ri3.
Notice that
Tl =c |7 =cC (2.34)

Thus,

/ wi” (G4 20RY + &+ RIS dx
2,

o

/ w(Va,, ((A F 20T+ O+ M)Tllf) dx
2,

0

’— /Q dow(” (G- + 20T + 4+ TR d

o

IA

1/2
c( [Vw; |? dx) . (2.35)
Y/

J,

0

By (2.4), we have

9 a“)f dx < C (2.36)
x Uy =C. .
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Combining with (2.31), we obtain

1 ~(1
/ w} )meu(l ) dx
2

0

=

_/ 3 wiVay @l dx
2

0

Mq ~()
+ / x1 =70, wl 8xlu1 dxz
—¢&/2+ha(x1)<x2<e/2+4h1(x1)

1/2
<C (f [Vw;|? dx) . (2.37)
Y/

Thus, recalling (2.11), we have

/ wil) (L,\,,Lul)(l) dx
i)

o
/.;2,

0

1/2
<C < [Vw; |? dx> ) (2.38)
Y/

By using (2.4),

@2
1

Oy, dx < C. (2.39)

Similar to (2.37), combining with (2.31), we obtain

12
w? (8, 5P )dx| < C Vw2 dx) . (2.40)
1 X141
fo Y’

In view of (2.36), we have

1 ~(1
/ wi )(meug )) dx
Q

0

= ‘_/ By wi? 0y, i} dx
2

0
1/2
(|2 / >\
< di"| dx Va2 dx
fo !

1/2
<C </ [V |? dx> ) (2.41)
y/

1/2
<C (/ [Vw; | dx> . (2.42)
y/

Thus, recalling (2.13),

/-;2 wiZ) (E;L,,Lul)(z) dx

o

By (2.32), (2.38) and (2.42), we have

1/2
[Vw?dx < C (/ |Vw1|2> . (2.43)
Y Y’
This implies (2.30) hold.
For the case i = 2. Instead of (2.33), we can use
Th = 42 xix3 TR = —4KG 0+ 1) xfx) 7 (2.44)
83(x1) 1z 83(x1)

@ Springer



An extended Flaherty-Keller formula Page 17 0f28 90

such that

0oTh =Ry, T =R,
to obtain (2.30), by the same way as in case i = 1. O
For |z1| <r/4, s <r/4, set
~ e &
Q24(z1) = {01, x2) | — 3 +ha(x1) <x < 5 + hi(x1), |x1 —zi1] < sk
We now use the iteration technique developed in [4] to estimate the scaling of the local energy
of w; in a small region.

Lemma 2.2 For a given |z1| < r/4, the integral of |Vw;|* over a small region §5(Z1)(zl)

satisfies the following estimate

Clal*, Ve <zl <r/4,
/A Va2 dx < (2.45)
25 (1) Ce?, |zl < Ve

Proof The iteration scheme we use is similar in spirit to that in [4]. For0 < ¢t < s < r/4, let
n be a smooth function satisfying n(x1) = Lif [x; —z1| < ¢, n(x1) =0if|x; —z1| > s, 0 <
n(xy)) < 1iftr < |x; —zi| <s,and |n'(x))] < % Multiplying the equation in (2.29) by
wn? and integrating by parts leads to the following inequality, the same as in (3.30) in [4],

C
/A IVw;|*dx < ——— | |wi|2dx—|—(s—t)2/A 1L ui>dx.  (2.46)
@i (s =% Jg,en) iz

For the case: /¢ < |z1] < r/4.
Note that for 0 < s < @, by (3.31) in [4] we have,

fA |wi|2dxscm|4ﬁ Vi P dx.
24(21) 25(z21)

By (2.15) and (2.28), we have
C ,
/A Gy puilPdx <~ 0<s <1 (2.47)
24(z1) 21
which exactly is an improvement of (3.32) in [4]. Denote
F(1) = /A |Vw; |>dx.
£2,(z1)
It follows from (2.46) that

C 2
F(r)g(%) F5) +C6 =07 |2’ V0<t<s<% (2.48)
5 —
where Cj is also a universal constant.
Lett; =2Cojlz1l*, j =1,2,..., then

Colz1]? 1

fiy1 —1; 2
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taking s = tj 11 and t =¢; in (2.48), we have
1 C(tjiz1—t) iy 1 ,
F(t) < 7 F @) + % <~ F(tjw) +C( + Dlzil*,
After k = [m] iterations, and using (2.30), we have
1\* A LA
F(n) < (Z) F(tit1) + Clzil 121: <Z> ¢+1
1\* A kol
<C (Z) + Clzi ; (Z) d+1
<Clal*
for sufficiently small |z1].
For the case: 71| < /.
Note that for 0 < ¢ < 5 < /¢, we still have (2.76). By (3.34) in [4], we have
/A lwi|>dx < Ce? /A |Vw; |>dx.
£2;(z1) £2;(z1)
Estimate (2.47) becomes
C
/; |£;\,uu,~|2dx < —s, 0<s <45
25(z21) €
Estimate (2.48) becomes, in view of (2.46),
C 2
F(1) < (%) Fs)+Cis =022, Vo<t <s<iz, (2.49)
s — g
where Cj is also a universal constant. Similarly, let #; = 2Cyje, j = 1,2, ..., then
Coe _ 1
tjt1 —tj T2
By (2.49) with s = ¢; 41 and t = t;, we have
1 .
F(j) < 2F (111 + C(j + De?,
then after k = [m] iterations, we have
1\* 5 kot
Fhy)<|(-) F C - [+1
(1)_<4) (te41) + Ce §<4) +1)
1\* ) ko1
<C|- C - [+1
= <4) + e;<4> +1
< Cé?,
for sufficiently small e. Then (2.45) is proved. ]
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Proof (Proof of Proposition 1.3) By the scaling argument, W2P estimate bootstrap argument
(see [1]), and Sobolev embedding theorems, it follows from (3.40) in [4] that

C 2
IV w; ||L°°(§% (z1)) =< E (”Vwi ||L2(§5(zl)) +4 ||£A,p.ui ||L°O(§a(21))) s (2.50)

where § = §(z1).
For the case: \/¢ < |z1| < r/4.
By (2.45),

fA |Vw;|*dx < Clz1|*.
25(z1)
By (2.15) and (2.28), we have

C .
8 | Lo pui| < |Z1|4W <Clzil’, in 25(z1).

We deduce from (2.50) that

& &
[Vw; (21, x2)] < <C, V—§+h2(21)<x2<5+h1(11)~

Clz1)?
)

For the case: |z;| < /.
Using (2.45),

/A [Vw;|?dx < Ce?.
£25(z1)

By (2.15) and (2.28), we have
8| Lo uui] < Ce. in 25(z1).

It follows that

Ce e £
[Vw;(z1, x2)| < = <C, V- 3 +ha(z1) < x2 < 3 + hy(z1).

The proof of (1.18) is completed. O

2.3 Proof of Theorem 2.1

Notice that the components Cjjx; possess symmetry property:
Cijki = Cuij = Criji, 1, j,k,1=1,2.

For 2 x 2 matrices A = (A;j), B = (B;;), denote

2 2
(CA)j= Y CijuAu. and (A,B)=A:B= Y A;;Bj.
k=1 i,j=1
Clearly,
(CA, B) = (A, CB). (2.51)

Therefore, for i = 1, 2 we have

(Ce(vy), e(vy)) = (CVv;, Vu;). (2.52)
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Proof (Proof of Theorem 2.1) Recalling w; := v; — u;, and in view of (2.51) and (2.52), we
divide (Ce(v;), e(v;)) into three parts,

(Ce(v), e(v;)) =(CVu;, Vu;) + 2(CVu;, Vw;) + (CVw;, V)
=T 4+ 11+ 11 (2.53)

For case i = 1. First, recalling (2.4) and Proposition 1.3, we have

’/ delgc/ Va1 ||V | dx
r Qr
2 2

1 lx1] )
<C + +1)dx <C, 2.54
/525 <3(X1) 3(x1) @3
and
’/ 1 dx‘ < C/ Vi %dx < C. (2.55)
We further denote
I=(CVuy, Vuy) =T + iz + 1oy + 1oz, (2.56)
where
Ly := ((A +2p) Z D + 2 Z 3xlui2)> A ul”,
2 2 ‘
Ip:= Z xlu(lj) 8x2u§1)’ Li=|u Z 8)@”5/) 8x1u§2)’
j=1 ij=1
2
Iy : = (x gl + 2w ay, u§2)> dul®. (2.57)
i=1 i=1
By observation, we find that among all the terms of I, except three of them,
i3,V = X120 -m‘z !
0 a = 2k , = )
Gt e 17T 80
_ - 2k0(A + 1) x1x2
(1) (2) 0 M
0 a = , 2.58
et = S B0 @39
all the other terms can be controlled by 8(571)’ by using (2.4). Because
1
/ dx < C, (2.59)
2, 6(x1)
2
they all are good terms.
Thus, it is easy to see from (2.57) that
2
/ Ly dx| < c/ 3 (axl iV 4o, + o, *(”) 8, i | dx
5 25 li=1
1
< C/ dx <C. (2.60)
25 8(x1)
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On the other hand, since 8’3”(;?) is an odd function of x, it follows that
/ 0,10, dx = / 8yt 0,01 dx = / OB gx=0. (@61
r 2r 2r ) (X])
2 2
So we have
/ L1 dx = (L + 2M)/ iV dx + 0(1) =0+ 0(1), (2.62)
QZ 2r
and
/ Lo dx = xf i\ 3,aP dx + 0(1) =0+ 0(1). (2.63)
Qr Qr
2 2

Now for 15, we write it as

(1 1 1 1
T2 = pyuy ol + v P

2
8x2u(11)’ + oy u 2)8 JUy T+ Oy, u 52)8 u,

=1L+ B, + 1, + 1}, (2.64)
By using (2.58) and (2.61), we have

/ lipdx = Mf 0 it 0" dx + 0(1) =0+ 0(1), (2.65)
25 25
and
/ I, dx = “f it 0" dx + 0(1) =0+ 0(1). (2.66)
Q% I
By (2.59),
/ ILdx| = / i, @2 (0ya\Y + 0,i")dx| < € /Q sy =C @6
: : :
Recalling that u; = iy + i1, we have
2
/ 2, dx = u/ axﬂzﬁ”‘ dx + O(1)
.QL -QL
2 2
/ L vrom=21 Lo (2.68)
= M ,X,'] = — .
<5 8(x1) JKo /&
This, together with (2.64)-(2.67), yields
1 2 3 4 1
Q% Ilzdx = Q% (I]2+112+I]2+112)dx \/TT‘i‘ 0(1) (269)
Thus, combining (2.60), (2.62) and (2.63), we obtain
ur 1
(CVuy, Vupdx = | Tnpdx+ | (0 +1y +1n)dx = —— + O(1).
2, 25 2 VKo A€
(2.70)
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Therefore, substituting (2.54), (2.55) and (2.70) into (2.53), combining with (2.1), we have

&1 =/ (CVuy, Vuydx +/ (CVwvy, Vuy)dx
_Q% Y/\Q%

= I+ 1+ 1) dx + O(1)

QV

2

puw 1
= 1 0o(). 2.71
VKo /e @ o

For case i = 2. The process is the same. We only point out the differences. By (2.17) and
Proposition 1.3, we have

|| @+max| < / 2(CVuz, Vwa) + (CVwa, Vo) |dx < C. 2.72)
Let
I:= (CVuy, Vuz) =111 + liz + Io1 + I, (2.73)
where
2 2
I = ((A +2u) Z 8Xl.u§1) + A Z 8X[u§2)> 8xlugl),
i=1 i=1
2 . 2 .
o= |y dgu” | onus’, bii= | w ) dguy | o,
ij=1 i,j=1
2 2
Iy := (x S agud) + 2w ax,.uf)) doul. (2.74)
i=1 i=l
Similarly as before, among all the terms of I, except three of them
) () X1X2 -2)|? 1
O lh Onyily " = _2K083(x1)’ Oraitz ‘ ~ 2’
_2)a ~(1) _ 260+ @) x1x2
a b = —" , 2.75
el felh 2 83(x1) @7

all the others can be controlled by % by using (2.17). In view of (2.61), it follows that

X1X
/ Oy, 18 0yt dx = / Dyt Dy i) dx = / 2 ax =o.
.Q% L .Q% d- (X])

/ Idx:/
2r Q
2

Then,

2
axzzzf)) dx + O(1)

Ipndx+0(1) =@+ 2#)/
2
2

r
2

1 A+2um 1
= ——d o(l)=———=+0(). 2.76
/L/Q5 2001) x+0() % JE+ D (2.76)
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By (2.1), (2.53), (2.72) and (2.76) we have

& = / (CVuvy, Vup)dx +/ (CVuvy, Vip)dx
Qr e;

2

A+2u)r 1
= Idx+0(1) = ————=+0(). 2.77)
/95 VKo e
The proof of Theorem 2.1 is completed. O

3 Proof of Theorem 1.2

In this section we consider the m-convex inclusion, which is the curvilinear square with
rounded-off angles, namely |x1|” + |x2|™ < r™. Instead of Theorem 2.1, we have

Theorem 3.1 Let m > 2, then energy integral &; as in (1.13) has the following expansions,

b4 1 1
E1 =2z — —1 + O(1),
m sin £ m KoM & lfm
and
1
£ =200 +20) ——r —1 — + O(),
SIHE KOE e Tm

where ko = 2r' ™" /m, as ¢ — 0.

Thus, Theorem 1.2 is an immediate consequence. In the following we give some elementary
estimates of u;, form > 2.

In this case, fori = 1, the auxiliary function can be constructed in Q% as defined in (1.14),
by a modification of (1.15)

- - 2x+8(x) (1 x oo 1
IS s <0>+((8<x1>) i)

and still satisfies u; = Y1 on Iy, u; =0on /_ and d,u; = 0 on x; = £L;. To simplify of
calculation (Fig. 5), we still assume that

mm 1 -2
e

XM= 1
- A+2M)K02

Ko Ko
hi(xy) = ?lelm and hy(x1) = —?lelm,

where ko = 2r'™" /m. Then
8(x1) = & + Kolx1|™.

A direct calculation gives

"y, _ 1 - micoh + 1) x™ 1xn
ot = —meo 5=, dua) = —. B, = = 3
62(x1) 5(x1) 2 82(x)
and
_a 2 Claxy ™! (1 (1 _2
0,y 10| < ———— (8@}, [0gal ] ogaY < C. (32

8(x1)
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\

X
Fig.5 m-covex inclusions, m = 4
Further,
m -2 m—1
_(1 X2 a1 X
ey i = —mico(m — 1)=L 7o R, i) = —mKo(S;(XI), (3.3)
5 mio(m — 1)(2% + 3u) x™ 5 mico(On + p) x"!
axzxzugl) = 12 5 8x2x2u§2) = 21 5 (34)
A+20 8% (x1) A42u  §4(xp)
-2
_2) _ mio(m — (A + p) x;n X2 12
0 = Ri5, 3.5
oty )\+2N 82()61) + 12 ( )
where
2m—2 2 2m— 2
X X2 2m3k (A + ) xj 2
RIT — 9,220 L R2 = 0 36
From the above, we can see that (2.11) and (2.13) still hold. Because
Clx; |2 _
IR IR < a1 B it} < C. 3.7
|0yt 13 1] < Clay ™73, (3.8)
estimate (2.15) becomes
|»CA u1|<C<|x1|m_2+1) (3.9)
T TS ' '
For i = 2, instead of (1.16), in £2, > as defined in (1.14), u; takes the form
A+/L m—1
. 20 +8() (0 oo 1 K05
uy =iy + iy = ——— 1 +(( )——)
26(x1) 8(x1) 4 A mm—1) _ _m—2
— 3 K05 X2
and still satisfies the same boundary conditions as (1.16). A direct calculation gives
m—1 m—1
7 _ ) o 1 _(1y _ mko(A+ p) Xy x2
Ox Uty = —mko 3200 Oxyly = _S(xl)’ Oxylly = " 3200 (3.10)
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and
_ _ Clx; ™! _ _
182,25, 195,85 | < e 0,8 10,82 0,2 < C. (Bu1)
Further,
m—2 m—1
_2 X2 11 -2 X
Duunily” = —mko(m — D) 35o2 £ Ry Dl = —mico 5., (3.12)
. mico(r + p) x7' ! . —xmio(m — 1) x{"™ “2x,
Byyily) = L iy = : (3.13)
i 82(x1) W 82(x1)
-2
1y _ mko(m — 1)+ ) x{""x0 12
a = R51, 3.14
1 Uy p 3201) +Rai (3.14)
where
11 2 25" 12 2G04 ) X"
Rzz = 2m 0 R21 = — .
53( ) M 83(x1)
From the above, we can see that (2.24) and (2.26) still hold. Since
Clx "2
11 12 (2)
Ryl IR < W7 |8x1x1“ | <C, (3.15)
|02y 3|, 105,y 85| < Claxy ™. (3.16)
Instead (2.28), we have
xy ™2
|Ly qu2] < C +1). (3.17)
I3 ( 8(x1) )
Recalling w; := v; — u;, we still have Proposition 1.3 holds. Let us first show Lemma 2.1 in
this case.
Proof For case i = 1. Instead of (2.33), we have
2m-2_2 2m—2 2
P 228 % m 2O+ ) 6"
e O By A2 8
By (3.2) we still have
/ 0,,@\"dx < C and / 0,,@ | dx < C.
2, 2,
So, we obtain [y, |[Vw;|?dx < C.
For case i = 2. Instead of (2.44), we have
11 _mszxfm_zxzz n__m 23O+ ) X" 53
2 O Syt n 8 (x1)
to obtain fy, |Vw2|2dx < C, by the same way as in case i = 1. O

Next, we prove that Lemma 2.2 is also true.
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Proof Fori = 1, 2, by (3.9) and (3.17), we have
Cslz "4, e < lzil< 7 and 0 <s < @,
/; L5 i dx <
$2(a1) Cse'=m, lzi] <em and 0 < s < 7.
With step-length
1
2Co|z1|™,  em < |zl < g,
2Coe, il < e,
after
1
[W] em < |zl < g,
k =
1 1
[T] ) |z1] < ¢em
4Cpe
iterations, as in Lemma 2.2, using (2.30), we have
Clzil*m=4, en < |l <4,
/A [Vw;|>dx < (3.18)
98(21)(11) C847%, |Z1| < €$'
Then Lemma 2.2 is proved. O
Finally, we prove that Proposition 1.3 is true in this case.
Proof Fori = 1,2, by (3.9) and (3.17), we have
1
21?2, em < |zl <4,
8 | Lo pui| < 1 in £25(z1),
7w, |ul<em.
combining with (3.18), we deduce from (2.50) that
e €
[Vw;(x2,z)| < C, V — > +ha(z1) < x2 < 5 + hi(z1).
We show that Proposition 1.3 holds in this case. O

Proof (Proof of Theorem 3.1) For the reader’s convenience, we only list the key differences.

For case i = 1. By using (3.2) and Proposition 1.3, it follows that

!
‘/ de( - ’/ Z(CVul,le)dx’ < c/ dx < C.
: : 2 8(x1)

and (2.55) is still true with no change.
Realling (2.56) and (2.57) for the definition of term I, (2.58) becomes

m—le

—() .y =(1) X
Oy Uy Oy, Uy = —MK )
B2l B2 | 0 83(X1)

), - mkoGt ) 2 e
Onylly Oyt = 3 )
(o 42p)  87(x1)

2 1
—(1)
9 ’ - ,
x2H1 52(x1)
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expect for these three terms above, all the other terms can be controlled by %, by using
(3.2). It is known that

/ ! dx <C. (3.20)
.(25 8(x1)

So, estimate (2.60) still holds. Because >

5 = ) is an odd function of x;, it follows that

mfl
) —(1) Dy ~2) X1
0 0 dx = 0 0 dx = d =0, 3.21
/.;2 t el = /.QL ot el = /1:2r 53()51) ! ( )

2

combining with (3.19), we obtain that (2.62) and (2.63) still hold.
Now divide

Ip=Ii, + 1, + I, + I,

as (2.64) in proof of Theorem 2.1. First, by (3.19), we note that (2.65) and (2.66) still hold.
Then in view of (3.20), estimate (2.67) still holds. (2.68) becomes

5 1 T 1 1
1} =n dxi +0(1) = 2p————— + O(1).
2r |X1\<

S(X]) m sin E Kom 81 m
So,
T 1
/ Idx:/ Iipdx+0Q1) =2u - -+ O().
Q% % msmﬁkogg —m
Therefore, instead of (2.71), we obtain
T 1 1
&1 =2u T - + o(l).
m sin 1-

mxome n

For case i = 2. By (3.11), we still have (2.72) in proof of Theorem 2.1. Recalling (2.73)
and (2.74), we now calculate

I = (CVuz, Vur) =I11 +Iip + Iy + Inn.

In term I, except these three terms

xm_]x 2 1
8xlu(2)8 u(z) —mKo—3 2 '(2)‘ = ,
83 (x) 82(x1)
p M(z)8 ~(1) mico(h + ) x}' ' xa
. n 8 (x1)

by (3.11) all the other terms can be controlled by % In view of (3.21), it follows that

m—1

(2) -(2) (2) ~(1) X X2
a b d a a dx = dx =0.
/;) x U XUy X = /‘;2' o U XUy X = /;25 83(x1) X

2 2

Thus, (2.77) becomes

20+ 2um 1 1
&=/Inw+0m=( zom L1 o,
r m sin m Kom € 1—
The proof of Theorem 3.1 is completed. O
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Abstract

In this paper, we are devoted to establishing the compactness and existence results
of the solutions to the fractional Nirenberg problem for n = 3, 0 = 1/2, when
the prescribing o -curvature function satisfies the (n — 20')-flatness condition near its
critical points. The compactness results are new and optimal. In addition, we obtain a
degree-counting formula of all solutions. From our results, we can know where blow
up occur. Moreover, for any finite distinct points, the sequence of solutions that blow
up precisely at these points can be constructed. We extend the results of Li (Commun
Pure Appl Math 49:541-597, 1996) from the local problem to nonlocal cases.

Keywords Fractional Laplacian - Nirenberg problem - Blow up analysis

Mathematics Subject Classification 35B38 - 35B44 - 35J20

1 Introduction

Great attention has been focused on the study of fractional and nonlocal operators of
elliptic type, both for pure mathematical research and in view of concrete real-world
applications. This type of operator arises in a quite natural way in many different
contexts, such as, the thin obstacle problem, optimization, phase transitions, mini-
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mal surfaces, materials science, water waves, population dynamics, geophysical fluid
dynamics, and mathematical finance. For more details and applications, see [3, 7, 8,
14, 18, 20, 21, 29, 35] and references therein.

In this paper, we are concerned with the Nirenberg’s problem in the fractional
setting which constitutes in itself a branch in geometric analysis. We first introduce
the Nirenberg problem. Let (S, go) be the standard n-sphere. The Nirenberg problem
is the following: which function K on S? is the Gauss curvature of a metric g on S?
conformally equivalent to go? If we write g = eVgo, this problem is equivalent to
finding a function v on S? to solving

—Agyu+1=K(x)e* onS? (1.1)

where Ay, denotes the Laplace—Beltrami operator associated with the metric gg.

Naturally one may ask a similar question in higher dimensional case, namely which
function K on S" (n > 3) is the scalar curvature of a metric g on S” conformally
equivalent to go? If we write g = v¥/ ("= g, this problem is equivalent to finding a
function v on S"” which satisfies the following equation:

—Agyv + c(n)Rov = c(m)K (x)vi=2 on S, (1.2)

where c(n) = (n — 2)/(4(n — 1)), Ry = n(n — 1) is the scalar curvature of gg.

It is well known that a necessary condition for solving (1.1) or (1.2) is that K
should be positive somewhere. Kazdan and Warner [22] obtained another necessary
condition for the existence of solutions by exploiting the center dilation conformal
transformations of S”.

The first significant result on the Nirenberg problem was made by Koutroufiotis
[23], which established the existence of the solutions to (1.1) by assuming that K is
an antipodally symmetric function which close to 1. Morse [30] proved the existence
of antipodally symmetric solutions to (1.1) for all antipodally symmetric functions
K which are positive somewhere. Later on, Chang and Yang [11] further extended
this existence result to the case of K without any symmetry assumption. In addition,
Bahri and Coron [6] gave a sufficient condition for existence of the solutions to (1.2)
in dimension n = 3 by assuming that K (x) has only nondegenerate critical points.
As for the compactness of all solutions in dimensions n = 2, 3, Chang-Gursky-Yang
[10], Han [19], and Schoen and Zhang [34] proved that a sequence of solutions cannot
blow up at more than one point.

Li [26, 27] established the compactness and existence results for (1.2) by charac-
terizing the flatness order of K (x) near its critical points with () conditions. More
precisely, the cases of 8 > n —2 and § = n — 2 are given in [26] and [27], respec-
tively. In these two papers, the compactness result is very different from the previous
low-dimensional case. In fact, when n = 2 or n = 3, a sequence of solutions to the
Nirenberg problem cannot blow up at more than one point. However, if n > 3, there
could be blow up at many points, which considerably complicates the study of the
problem.

The linear operators defined on left-hand side of (1.1) and (1.2) are called the
conformal Laplacian associated to the metric gg and are denoted as Plgo. For any Rie-
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mannian manifold (M, g), let R, be the scalar curvature of (M, g), and the conformal
Laplacian be defined as P{ = —A ¢t %R ¢- The Paneitz operator Pzg is another
conformal invariant operator, which was discovered by Paneitz [31]. Graham—Jenne—
Mason—Sparling [16] generalized the operators Plg and P2g to a sequence of integer
order conformally covariant elliptic operators P,f for k € {1,2,...}if nis odd, and
k € {1,...,n/2}if n is even. Furthermore, Peterson [32] constructed an intrinsically
defined conformally covariant pseudo-differential operator of arbitrary real number
order. Graham and Zworski [17] introduced a mesomorphic family of conformally
invariant operators on the conformal infinity of asymptotically hyperbolic manifolds.
Chang and Gonzilez [9] proved that the operator Ps of non-integer order o € (0, 1/2)
can be defined as a Dirichlet-to-Neumann operator of a conformally compact Einstein
manifold by using localization method in [8]. This lead naturally to a fractional order
curvature RS := P# (1), which will be called o -curvature in this paper. The fractional
operators P§ and their associated fractional order curvatures PS (1) have been the
subject of many studies, for instance, see [1, 2, 12, 13, 20, 21, 28].

As in the Nirenberg problem associated to P{g, the question of prescribing o -
curvature can be formulate as fractional Nirenberg problem as follows: which function
K on S" is the o-curvature of a metric g on S" conformally equivalent to go? If we
denote g = v¥/("=29) g this problem can be expressed as finding the solution of the
following nonlinear equation with critical exponent:

PE(v) = c(n, U)KU% on S", (1.3)

where c(n,0) =T'(5 +0)/T'(5 — o), K is a function defined on S",

C(B+1+40) n— 12
P B e ()
I'(B+1-o0) 2

and T is the Gamma function. In what follows, P¢ is simply written as Py .

Let K € C'1(S") be a positive function and g is a positive constant, we say that K
satisfies the flatness condition (*) g if for every critical point &y of K, in some geodesic
normal coordinates {yi, ..., y,} centered at &y, there exists a small neighborhood &
of O and a; (&) # 0, Z;f:] aj(&) # 0, such that

K() =K©O)+ ) a;jE)lyjl’ +R(y) in0,
j=I1

where
(]
S IV RO =0 asy -0,

s=0

here V* denotes all possible derivatives of order s and [f] is the integer part of S.
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For 0 < o < 1, Jin-Li-Xiong [20, 21] proved the existence of the solutions to (1.3)
and derived some compactness properties when K satisfies the (x)g condition with
the flatness order 8 € (n — 20, n), by using the approach based on approximation
of the solutions to (1.3) by a blow up subcritical method. Since their conclusions are
valid only when the flatness order § > n — 20, some very interesting functions K are
excluded. In fact, note that an important class of functions, which is worth including
in the results of existence and compactness for (1.3), are the Morse functions with
only nondegenerate critical points. Such functions satisfy the (), condition.

By using a self-contained approach, the description of lack of compactness and the
existence results of the solutions to (1.3) were given by Abdelhedi-Chtioui-Hajaiej
[2] when B € (1, n — 20, and by Chtioui and Abdelhedi [13] when 8 € [n — 20, n).
However, under the assumption of the flatness order = n — 20, which is called the
critical flatness condition in this paper, the precise compactness result and the degree-
counting formula of the solutions to (1.3) are unknown. Therefore, it is natural to
study the compactness results when the prescribing curvature function K satisfies the
critical flatness condition. When o = 1 and K satisfy the critical flatness condition,
namely B = n — 2, the compactness and existence results of the solutions to (1.2) was
obtained by Li [27].

What we consider here is the case when the prescribing o -curvature function sat-
isfies the critical flatness order 8 = n — 20 = 2, which include an important class of
functions, for instance the Morse functions. In addition, we can establish the optimal
compactness result and give a degree-counting formula of all solutions to (1.3) in this
case. In this paper, we always consider Eq. (1.3) under assumption of

n=3 and o =1/2.

From our results, we show that a sequence of solutions to (1.3) can blow up at more
than one point and for any finite distinct points on S*, we can construct a sequence of
solutions to (1.3) that blow up precisely at these points.

We now explain the reason why only the case of n = 3, ¢ = 1/2 is considered
here under the critical flatness condition B = n — 20 = 2. Because only when
o € (0, 1), the extension formula (see (1.5) below) can be used in the process of
further characterizing the behavior of the blow up point. For the high-dimensional
case,i.e,n—20 =2,0 = 1+m/2, m € N4, we can establish the same compactness
and existence results as in this paper by using the integral equation method, see [24]
for more details.

Before state our results, we introduce some definitions and notations.

For o € (0, 1), the fractional Laplacian is a nonlocal pseudo-differential operator,
taking the form:

(—A)"u(x)::C(n,U)P.V./ L"g)
R |x — y["rel (1.4)
=C(n,o0) lim Lug))dy, x e R",
e—0t Jrm\ . (x) [x — y|" T
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where B, (x) is the ball centered at x € R” with radius ¢. Here P. V. is a commonly
used abbreviation for “in the principal value sense” and C(n, o) is a dimensional
constant that depends on n and o, precisely given by

1 —cos ¢ -1
C(I’l,O’) = (/Rn Wd{)

with¢ = (¢1,¢). ¢ e R
The singular integral given in (1.4) can be written as a weighted second-order
differential quotient as follows (see [15, Lemma 3.2]):

ulx +y) fule —y) —2u@)

n
2 y, x €R".

(—Au@) = —%C(n, o intas

This operator is well defined in ., the Schwartz space of rapidly decreasing C*°
function in R”, and it can be equivalently defined in terms of the Fourier transform:

(=8)7u@) = F (§P7 (Fu)E)(x), xeR"
where .# denotes the Fourier transform operator.

Let H° (R") denote the closure of the set C2°(R") of compactly supported smooth
functions under the norm

lutll o oy = 11E1” F @) E 12y

For any u € H° (R™), we set

Ux,t) = Pslul = Po(x — &, Hu(§)ds, (x,1) € RTI :=R" x (0, 00),
R}l
(1.5)

where

120

Po(x, 1) = B(n, 0) (|x|2 + t2)(n+20)/2 ’

with a constant 8(n, o) such that fR,, Ps (x, 1)dx = 1. Let us denote that for any open
set D C R'fl, the space LZ(ZI_ZU, D) is the Banach space endowed with the norm

12
IVl 2120 py == (/ tl_z"Vde) < oo,
D

forany V € L?(+'72% D). Then the above U (x, t) € L*(t'~2°, K) for any compact
set K in R, VU (x, 1) € L2(t'72°, Ry and U (x, 1) € C®(RE).
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By the celebrated work by Caffarelli and Silvestre (see [8]), one can find that U (x, )
satisfies

12 - pntl
dive' "*°VU) =0 inR[",

”VU”LZ(tl*z",R'jjl) = No ”u”H"(Rn)v
and

— lirr(l)tl_2"8,U(x, 1) = No(=A)u(x) inR"
r—

in the distribution sense, where N, = 2'~2°T'(1 —o0)/T'(0). Hereonerefer U (x, t) =
P, [u] in (1.5) as the extension of u € H? (R").

Let Q CR" (n > 3)beadomain, i; > 0,i = 1,2,..., satisfy lim; o 7; = 0,
pi = (m+20)/(n—20)—1i,and K; € cll satisfy, for some constants A,
Ay >0,

1/A1 < Ki(x) <Ay forallx € Q, [Killcrig < As. (1.6)
Letu; € L*(Q)N H“(]R”) with u; > 0 in R” satisfy
(=AN)u; = c(n,o)Kju” in Q, (1.7

where ¢(n, o) is as in (1.3).

Definition 1.1 Suppose that {K;} satisfies (1.6) and {u;} satisfies (1.7). A point’y € Q
is called a blow up point of {u;} if there exists a sequence y; tending to y such that
ui(y;j) — oo.

Definition 1.2 A blow up point y € €2 is called an isolated blow up point of {u;} if
there exist 0 < 7 < dist(y, 2), C > 0, and a sequence y; tending to y, such that y; is
a local maximum point of u;, u;(y;) — oo and

ui(y) < Cly —yi|72°%i=Y forall y € Br(y). (1.8)

Let y; — y be an isolated blow up point of {u;}, and define, for r > 0,

1
ui(r) = —— w; and w;(r) := /P Vg, (1.9)
[0 B, (yi)| JaB. ()

Definition 1.3 A point y; — ¥y € Q is called an isolated simple blow up point if

y; — 7 is an isolated blow up point such that for some p > 0 (independent of i), w;
has precisely one critical point in (0, p) for large i.
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For K € C%(S?), we introduce the following notation:

H ={g €S : Vg K(q) =0},
HT =g eS’:VgyK(g) =0, Ay, K(q) > 0},
H ™ ={q €S VyK(g) =0, AgK(q) < 0},
My = {v e CHS?) : v satisfies(1.3)).

(1.10)

For any k € N distinct points ¢V, ..., ¢® e 2\, the following k x k real

symmetric matrix M is defined by, fori, j =1, ..., k,
Ag K (g
M;; = _M’
K(g®)3 (L11)
G,i(q") o '
Mij=—-6—————r, i#],
K(qgD)K (gV)
where
5 1
G,n(g") = (1.12)

1 —cosd(g®, qg")

is the Green’s function of P, 0 = 1/2, on S3, and d(-, -) denotes the geodesic
distance. Let (M) denote the smallest eigenvalue of M, and when k = 1,

AgK(g")

uM)=M=— KGgDY

Now we are going to present our first result about characterization of blow up
behavior of the solutions, which is:

Theorem 1.1 Let K € C? (83) be a positive function and K, # =, # ™+ be as in
(1.10). Let 0 = 1/2, p; satisfy pi <2, pi — 2,1 =2 — pi, K; € CXS?) satisfy
Ki — K in C3(S?), and v; € C*(S?) satisfy

Py(vi) = Kiv/", vi>0 on S3, (1.13)
and

lim max v; = o0.
i—oo §3

Then there exists a constant §* > 0 depending only on mings K and | K ||C2(Sz), such
that after passing to a subsequence,

(1) {v;} (still denote the subsequence by {v;}) has only isolated simple blow up points
gV, .. .. q® e o\t (k = 1) with |g) —g®| = §*, Vj # £, and
,u(M(q(l), R q(k))) > 0. Furthermore, q(l), R q(k) e X ifk >2.
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(i) LetgV, ..., g% beasin(i), andql.(j) be the local maximum of v; with ql.(j) — g,
we have
k= K@) lim v @ig" )7 € (0.00),  (114)
pnd) = lim zivi(g")? € [0, 00). (1.15)
(iii) Let A ;, M(j),j =1,...,k beasin(ii), then whenk = 1,
AgyK(q)
() _ 42829 ")
p = —4 KGO (1.16)
when k > 2,
k .
> M@V g e =auP Vil <k (1.17)
=1
(v) n € (0,00),Vj=1,....k, ifand only if u(M (g, ..., ¢®)) > 0.
In what follows, we define
o =(KeC*(S*):K>00nS? Ag K #0o0n.7,
(1 (k) o) k) - (1.18)
uM@g,...,q") #0,Y¥q",....,q" e X, k =2},
and
C*(SHT:={K eC*S*: K >0onS%. (1.19)

It is obvious that <7 is open in C%(S?) and 7 is dense in C%(S?)* with respect to the
C? norm.

We will introduce an integer-valued continuous function Index: </ — Z, which
has an explicit formula for K € <7 being a Morse function.

Definition 1.4 We define Index: &/ — Z by the following properties:
(i) For any Morse function K € o7 with %~ = (¢, ..., ¢}, we define

N
k ()]
Index(K) = —1 + Z Z (=15
k=1 (M @@.....q1))>0
1<i|<--<ip<s

where i (¢/)) denotes the Morse index of K at ¢/,
(ii) Index : @/ — Z is continuous with respect to the C*(S?) norm of </ and hence is
locally constant.
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Remark 1.1 The existence and uniqueness of the Index mapping follows from Theo-
rem 1.2 and the proof of Theorem 1.3 below.

Our second result is about the compactness of the solutions when K € <7, which
is:

Theorem 1.2 Leto = 1/2, o/ beasin(1.18) and K € <. Then there exists a constant
C = C(K) > 0, such that for any K; — K in C*(S?), and any v; € Mx,, we have

1/C < liminf(min v;) < limsup(maxv;) < C. (1.20)
i—-oo §3 i 00 3

Furthermore, for any o € (0, 1), there exists a constant R = R(K, «) > 0, such that
forany v € Mk, we have

1/R <v(x) <R, VxeS and |[vlcraey < R,

where Mk, and My are as in (1.10).

For any given 0 < o < 1, R > 0, we define
Or:={veC*™ % : 1/R <v <R, |vlc2ees < R (1.21)

Our third result is about degree-counting formula and the existence of the solutions to
(1.3), which is:

Theorem 1.3 Leto = 1/2, o/ beasin(1.18), K € < andIndex(K) be as in Definition
1.4. Then for any a € (0, 1), there exists a constant Ry = Ro(K, «), such that for all
R > Ry, we have

degr2e (v — Pa_l(sz), Og,0) = Index(K), (1.22)

where degc2.o denotes the Leray-Schauder degree in C 2o (S,
Furthermore, if Index(K) # 0, then (1.3) has at least one solution.

Remark 1.2 1t follows from Theorem 1.1 that when K € 7, the solutions to (1.3)
belong to O for some R > 0. We call the left-hand side of (1.22) the total degree
of the solutions to the fractional equation. From Theorem 1.3, the total degree is
Index(K).

For any finite subset R C S3, we use 'R to denote the number of elements in the
set R. Let us now state a corollary of Theorem 1.3, which is:

Corollary 1.1 Let 0 = 1/2, o/ be as in (1.18) and K € </ be a Morse function
satisfying 8.2~ < 1 or for any distinct P, Q € ¢,

AgK(P)Ag K (Q) < 9K (P)K(Q). (1.23)
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Then for any a € (0, 1), there exists a constant C = C(K, a) > 0, such that for all
solutions v of (1.3), we have

1/C <v(x) <C, VxeS |vllcres) <C,
and forall R > C,

degera (v — Py ' (Kv?), Ok, 0) = Index(K) = =1+ > (=1)/@,

Voo K (40)=0
ASO K(q0)<0

where i(qo) denotes the Morse index of K at qq.
Furthermore, if

> =ni s,

Vg() K (40)=0
AgoK (0)<0

then (1.3) has at least one solution.

Our fourth result is about the blow up behavior of the solutions when the o -curvature
function K ¢ .o/, which is:

Theorem 1.4 Let 0 = 1/2, o be as in (1.18) and C*(S*)* be as in (1.19). Then for
any K € C*(S)t\of = 0., there exists K; — K in C*(S?) and v; € My, , such
that

lim (max v;) = 0o, lim (minv;) =0, (1.24)
i—oo §3 i—oo §3

where Mk, is as in (1.10).

From Remark 1.2, the total degree of solutions to (1.3) strongly depend on the sign
of the smallest eigenvalue of M(¢(1, ..., ¢"®), which plays a role in counting the
total degree of solutions and in the compactness result. In fact, the points g1, . .., g®
for which u(M(gV, ..., ¢®)) is positive characterize the so-called asymptotic in the
theory of critical points at infinity developed by Bahri [4, 6]. For instance, considering
a continuous family of functions K; (0 <t < 1), the total degree changes when the
smallest eigenvalue of M, (q(l), el q(k)) crosses zero while it remains unchanged
when other eigenvalues cross zero.

It follows from Theorem 1.4 that when K ¢ o7, the solutions to (1.3) may blow
up. A natural question is where the blow up occur. The following results present the
accurate location of the blow up.

For any K € C?(S*)*, we first define

H(K) = {(q(l),...,q(k)) k=1, ¢V e\ Ht Vjil<j<k,

. (1.25)
gD £ j £ b uM@g?,....q®) =0}
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Our fifth result is about the location of blowing up when K ¢ <7, which is:

Theorem 1.5 Leto = 1/2, o/ be asin (1.18) and C*(S*)T be as in (1.19). For a given
function K € C*(S?)t\.o7, we have the following results:

(i) Forany K; — K in C%(S?), and v; € My, with maxgs v; — 00, then for some
(q(l), R q(k)) € JC(K), k € N4, {v;} (after passing to a subsequence) blows
up at precisely those k points.

(i) For any (gV,...,q®) € H#(K), k € Ny, there exists K; — K in C*(S?),
v; € Mx;, such that {v;} blows up at precisely those k points.

Corollary 1.2 Let 0 = 1/2. For any k € N distinct points gV, ..., q® € S3, there
exists a sequence of Morse functions {K;} C </, such that for some v; € Mx,, {v;}
blows up at precisely the k points.

Using those compactness results (Theorems 1.2 through 1.5), we can completely
characterize blow up of a sequence of solutions to (1.3) whenn = 3, 0 = 1/2. In
particular, these results provide an optimal compactness characterization, that is, for
any blow up solution to (1.3), we can know exactly where the blowing up occurs, on
the other hand, for given any finite number of points, we can construct a sequence of
solutions to (1.3) that blow up precisely at these points.

When further characterizing the blow up behavior of the solution to (1.3) (see
Sect. 3 below), we mainly use the Pohozaev type identity (see Proposition 2.1 below)
and its property (see Proposition 2.2 below) to judge the sign of the Laplace of the
prescribing curvature function at the blow up point. Due to the limitation of the form
of the Pohozaev type identity, the method in this paper is only effective for the case
n—20 = 2.Inaforthcoming paper, we deal with the higher order case,i.e.,n = 20 +2
forany 1 <o < n/2.

The paper is organized as follows: In Sect. 2, we recall some known results on blow
up analysis of the fractional Nirenberg problem obtained by Jin-Li-Xiong [20].

In Sect. 3, our main task is to prove Theorems 1.1 and 1.2. By using the method
of subcritical approximation, we obtain Theorem 1.1, which further characterizes the
blow up points for solutions to (1.3). More precisely, we consider the subcritical
equation with 7 > 0 small:

Pov=Kv> 7", v>0 onS> (1.26)

Then we use Theorem 1.1 and some results in [20] to prove Theorem 1.2.

Section 4 is devoted to proving the Theorems 1.3, 1.4, and 1.5. Firstly, we
give the definition of ¥, = >.(Py,..., Py), for Py,..., Py € % with
w(M(Py, ..., Py)) > 0. Then by using Theorem 1.1 and some results in [20], we
obtain that for 7 > 0 very small, the solutions to (1.26) either stay bounded or stay in
one of the ¥; (see Proposition 4.1 below). Furthermore, we obtain the H? topological
degree of the solutions to (1.26) on X, (see Theorem 4.1 below). It follows from the
above results that for all 0 < 7 < 2, the H? total degree of the solutions to (1.26) is
equal to —1 (see Proposition 4.6 below). Then we can conclude that H® topological
degree of those solutions to (1.26) which remain bounded as t tends to zero is equal
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to Index(K). Some well-known results in degree theory imply that the H? degree
contribution above is equal to the C>¢ topological degree of those bounded solutions
to (1.26). Thus, we prove Theorem 1.3. Furthermore, we complete the proof of Theo-
rem 1.4 by using the degree-counting formula and perturbing the function K near its
critical point. In the end, using Theorem 1.1 and the idea of the proof of Theorem 1.4,
we prove Theorem 1.5.

In the Appendix, we provide some useful technical results and elementary estimates.

Finally, we make some conventions on notation. Let R'}f‘ = R" x (0, +00). For
X = (x,1) € R"™ ! and R > 0, the symbol Br(X) denotes the balls in R**! with
radius R and center X, and B; (X) :=Br(X)N Rfl'_“. The symbol Bg(x) denotes the
ball in R” with radius R and center x. We also write Bg, BR?L, By for Br(0), BR?L 0,
BRr(0), respectively. We always denote by C a positive constant which is independent
of the main parameters, but it may vary from line to line.

2 Quick Review of Some Known Facts

In this section, we review some results about the blow up analysis of the fractional
Nirenberg problem obtained in Jin-Li-Xiong [20].

Leto € (0,1), u; € C3(Q) N H? (R") with u; > 0 in R” satisfy (1.7) with K;
satisfying (1.6). Let U; (x, t) be the extension of u; as in (1.5), we have

2.1

div (1'=22VU;) =0 in R,
—lim;_,¢ tl_zf’&tUi(x, t) = coK;(x)U;(x,0)?" forany x € Q,

where ¢g =272 ¢(n, 0)I'(1 — o)/ (o).
We say that U € H(|t|'72°, D) if U € L2(|¢r|'~%°, D), and its weak derivatives
VU exist and belong to L>(|¢|'=2, D). The norm of U in H(|t|'~27, D) is given by

- - 1/2
WU g o120, py = (f Ik 20U2dX+./ ik 2(’IVUlde>
D D

In the following, for a domain D C R™*! with boundary 8 D, we denote by 3’ D
the interior of D N 8R’i+l inR" = 8R1+1, and we set 9" D = 9D\3d'D.

Proposition 2.1 (Pohozaev type identity, [20, Proposition 4.7]) Suppose that K €
CY(Byg). Let U € H(t!7%°, B;R) withU > 0 in B;R be a weak solution of

div (1'72°VU) =0 in Big.
— im0t 7278, U(x, 1) = K(x)UP(x,0) on 3'B3p,

where p > 0. Then

/ B/(X,U,VU,R,6)+/ t'72°B"(X,U,VU, R, o) =0,
yBE y'BY
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where
2
B'(X,U,VU,R,0) = ~— 22 kurt! 4+ (X, VU)KU?,
, w2 U R_ , up @P
B"(X,U,VU.R,0) = v _ 2wy —i—R‘—‘ .
2 ov 2 av

Proposition 2.2 Let M € R and a(X) be some differentiable function near the origin
with «(0) = 0. Then for U(X) = |X|?* ™" + M + a(X), we have

—20)? B(n/2,1—
im [ BX. U VU8, 0) = — 20 e B2 L9
§—0 3//33— 2 )

(2.3)
where B(-, -) is the Beta function.
Proof Since U(X) = |X|*°™" + M + a(X), we have
VU(X) = (20 —n)8* " 72X + Va(X) on 3By,

and

U Va(X) - X
W QU v = o —ms2ot 4 Y2X) X

on 3”8;.
ov )
It follows that

IVU> = 20 — n)?8*° 722 £ 226 — n)8*° " >Va(X) - X + |[Va(X)|?,

and

AU 2
= = (2o —n)?8% "2 1226 — n)8*° " *Va(X) - X + |[Va(X) - X|*6 72
v

on 9" B;'. Substituting the above results into (2.2), we can easily obtain

lim ' B"(X,U,VU,S$,0)
§—0 3”8;

2 2
= lim — M82crfn71 / t172<7
B

_ _(20 —”)ZM/ gl=20
2 0B}

_ 2
- —%NMS’“HB(WZ, 1—0)l.

Proposition 2.2 follows from the above. O
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Proposition 2.3 ([20, Lemma 4.10]) Suppose that for all ¢ € (0,1), U € H(t'~%?,
BT\B;) with U > 0 in BT\B; is a weak solution of

div (1'"20VU) = 0 in BY\B/,
—lim,—ot'""2°8,U(x,t) =0 on Bj\B;.

Then
UX) = AX?°™" + W(X),

where A is a nonnegative constant and W € H ('~ B?‘) satisfies

div (1'72 VW) =0, in B,
—lim;ot'""29,W(x,t) =0 on By.

Proposition 2.4 ([20, Lemma 4.3]) Suppose that u; € C*(2) N H (R") withu; > 0
in R" satisfies (1.7) with K; satisfying (1.6), and y; — 0 is an isolated blow up point
of {ui}, i.e., for some positive constants Az and v independent of i,

ly — yil?/Pi=Du;(y) < A3 forall y € B C Q. (2.4)

Denote U; = Pylui]l and Yi = (yi,0). Then for any 0 < r < 7/3, we have the
following Harnack inequality:

sup U =cC inf Ui,
B, (50\B; 5 (V) B, (Y)\B) ()

where C is a positive constant depending only onn, o, A3, 7, and sup; || K; |l Loo(B, (y;))-

Proposition 2.5 ([20, Proposition 4.4]) Under the hypotheses of Proposition 2.4, then
forany R; — ooand e; — 0T, we have, after passing to a subsequence (still denoted
as {u;}, {yi}, etc.),

_ —(pi=1)/2 _
;g PR gy — (4 kil T 2y o) <

—1)/2 .
29 0 as i — oo,

Rimi_([’i
where m; = u;(y;) and ki = K;(y;)'/? /4.

Proposition 2.6 ([20, Lemma 4.8 and Proposition 4.9]) Under the hypotheses of
Proposition 2.4, and in addition that y; — 0 is also an isolated simple blow up
point with constant p, i.e., w; (see (1.9) for definition) has precisely one critical point
in (0, p) for large i. Then we have

T = Ou;i (y;) "2 My and w;i(y)™ =14 o(1).
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Moreover,
i (y) < Cui(y) "y — yil**™" forall |y — yi| < L.

Proposition 2.7 ([20, Lemma4.11]) Under the hypotheses of Proposition 2.4, we have

O (u; (y;) =28/ (1=29)), —n<s<n,
/ y =il ()P =1 0 ()2 og ui(y). s =n,
s o(ui (y) =2/ 1=29)), s>,
and
o(u; (y;) =28/ (1=20)) —n<s<n,
/ Iy = yilfui P =1 0@ (y) 22D log u; (v;)), s = n,
bl Oy () 20/ =20)), s> n.

3 Compactness of Solutions and Characterization of Blow Up
Behavior

In this section, our main task is to prove Theorems 1.1 and 1.2. We first give the proof
of Theorem 1.1, which further characterizes the blow up points for solutions to (1.3)
and plays a key role in proving Theorem 1.2. Recall the definitions of the matrix M
given in (1.11) and its smallest eigenvalue w(M).

Proof (Proof of Theorem 1.1) From Jin-Li-Xiong [20, Theorem 5.3], there exists a
constant §* > 0 depending only on mings K and || K||¢c2(s3) such that {v;} has only

isolated simple blow up points ¢V, ..., g% e # (k > 1) with |¢g)) — ¢g®| > §*

G#0.
Under the stereographic projection F with ¢/) being the south pole:

2y |y|2—1>
L+ y2+1)

F:R — S$\{—¢Y}, yr> (
the Eq. (1.13) is transformed to

(—A)ui(y) = Ki () Hi ()i (y)P, y € R?, 3.1)

where

2 ~
ui(y) = (m)vi(F(}’))a Ki(y) = Ki(F(y)), Hi(y) = (3.2

1+ y|?

Let y(z) = F_l(q“)), L=1,...,k and yi(e) — y(l) be the local maximum point
of u; as in Definition 1.2. It is easy to see that y/) = 0 from the definition of F. Since
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0 is an isolated simple blow up point of u;. Let U;(Y), Y := (y,t) € R% . be the
extension of u; (y) and satisfy

(3.3)

div (1" VU;) =0 in R,
—1im, 01 728, Ui (y, 1) = Ki (0) H; ()T u; ()P for y € R3.

Let Yl.(j )= ( yl.(j ), 0), then Propositions 2.4, 2.6, 2.3, and elliptic theory together imply
that

Ui Ui () = HO () := ADY |2+ WD) in CE RN US_, YO,

(3.4
where AY) is a nonnegative constant and YW\ (Y) satisfies
div(t!=2 vy =0 inRY, 3.5)
—lim, o t' 7273 WID (y, 1) =0 fory € R3\{Up.,;y ).
It follows from the maximum principle and the Harnack inequality that
WO¥)y=0 ifk=1, WOY)>0 if k> 2. (3.6)

Let’s next calculate AY). Multiplying (3.3) by U; (Yl.(j ) ) and integrating by parts
on Bf‘ leads to

0 =/+ Ui (v )div(VUy)

B

o } . 9 ;
= / wi (VK () Hi () i ()P + / — U =T +Tr. 37)
B 7B OV

Let R; be given in Proposition 2.5, and
mij = u; (), 1= Ri(my)~ P, (3.8)

For 77, from Propositions 2.5 and 2.6 we have

yA =/ 0 mij Ki(0)ui (0P +/ 0 mij Ki (v)H; ()" u; ()P
ly—y;"1=ri {ly—y;" 1=ri}n{lyl<1}

) e (v Pi
+0(Tz/ (j)‘srimt/Kt(y)Mt(y) )

=¥
:mijT /II . (Ki(0)+0(|y|))(mij1“i(m,~j(p )x+yl§j)))p
X|<R;

=27|S?|K;(g) " + o(1). (3.9)
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For 7, it follows from (3.4) and (3.5) that

. , S?
lim 7, Zf _(A(/)|Y|— W(})(y)) Zf —2AW = 7T| |A(/)
1—00 3//B+ 8 3//Brr
(3.10)
By (3.7), (3.9), and (3.10), we conclude that AY) = 4K (¢))~2.
From (3.4), we have
Ui YU (Y) — HOD ()
=4K (@) 21Y 2 + W (y) 1nClOC(R \(UE_ YOy,
and
NN X0
ui (y; " Hui(y) >h’(y) 3.11)

=4K (@) PP+ W) in G RI\U_ ),
where W) (y) ::'W(j)(y, 0).

By (3.2) and yl.(” — 0asi — 0o, we have

1
lim v; @ vilg) = - 7 im (14 13| 2ui (v i (y),

combining with (3.11), it easy to see that for ¢ # ¢/ and close to ¢/,

Jim v, (@i (@) = 26,0/ (@K (@) 2+ W () inCL ST\ g ).
(3.12)

where W) (g) is some regular function on S\ Uy {q©} satistying P, W) = 0,
and G g (g) is the Green function defined as in (1.12).
When k > 2, taking into account the contribution of all the poles, we deduce

G0 (@) vi (qu)) Gyo@)
22 lim

: )
lim v;(q; i =
am Uz(CI, i (q) K( (j))z i—00 ), (q(é)) K(q(f))Z

in C2 (SP\{UE_ ¢ 9)). (3.13)
In fact, subtracting all the poles from the limit function, we obtain a regular function

Wo : S® — R such that P, Wy = 0 on S3, so it must be Wy = 0.
Using (3.13), we have, for |y| > 0 small,

() ()

4 ~ G, 0(q”)
") = e mrnE T 82 ,(q,([)) @O
K(gY)?|y| " 1%00 vi(g;”) K(gW")

+ O(yD. (3.14)
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The conclusion obtained from the above is easy to see that (1.15) is true and (1.14)
can be obtained from Proposition 2.6. We have proved Part (ii).

Before stating the result to be proved, we give the following estimates (3.15) and
(3.16). Using [20, Lemmas 4.13 and 4.14], we obtain

IVK:) = 0wipP)7Y), w= 0w, (3.15)

and from Propositions 2.5, 2.6, and 2.7, we get, for sufficiently small § > 0,
3 . .
S| [ it 5 = o6,
— 1 JB;
j=1

> ‘ / xjxeu; (y + y,-(j))"’”“‘ = o(u; (372,
£t Bs (316)

/ uiy + y )P+ = 0@ Py P,
dBs

lim u; () / Py + )P = 6m 187K (),
i—00 Bs

Now we give the proof only for the last formula in (3.16). Let m;; and r; be as in
(3.8). Applying Propositions 2.5, 2.6, and 2.7, we have

mlzjf Iy1Pui (y + y)Pt!

[y|<é

zle]/ |y|2ui(y+yi(/))pi+1+mi2j/ |y|2ui(y_’_yi(./))l7i+l
[yI=<ri ri<ly|<é

_ . 42-p) 21 —(pi—]) (Hy)Fitt
=m;; ./|x<R- | x| (ml.j ui(m; x+y; ))

+m; f =y Punr !
ri<lx—y{| <6
=67 |S?|K (¢) 2 + o(1).

For any 0 < § < 1, combining (3.16) with Proposition 2.7, we can obtain
7?2 / B+ v Hi 5+ vy ui (v + y)P ! < cu 07 ™ = oui ()72,
Bs

7 / (v, Vi (v + ) Hi (v + 3y )i (v + 3P = o@ui (3772,
Bs
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and
2 / Ky +y)H; (v + vy ui(y + yI)P T = o 37 7).
dBs
Then using Proposition 2.7 again, we have
o [~ ) . L
éme+ﬁ%wm+ﬁ%hﬁmw+wwﬂ
Bs
§C¥/TWUVﬁ1=Mm@wY%. (3.17)
Bs
The above estimates, Proposition 2.1, and (3.16) yield, forany 0 < § < 1,
/ B, U;(Y + Y, VUi + Y, 8,0)
B
=/ K+ 3 Hi v+ 3 i (v + 3P
Bs
. Uy 7 N Ui )y pi
+ | 3 Vuily+y " NKi(y + 3, D Hi(y + y;7) " ui(y + y;7)
Bs
. - . . .
== 3 | KO+ yH G+
S
1 - ~ . ..
—§f<»wm@+ﬁ%w@+ﬁ%%mw+ﬁ%W“
Bs
8 ~ ; Vg N
+3 / KiGvr+ 3 Hi (v + 3 i (v + 3Pt
0B

+oui(y\)7?)
=T+ Jr+ Tz + o (y) ), (3.18)

where in the first equality, we take advantage of the fact that the Taylor expansion:

1 1 1 1(1+ri+0(2)
= = = — — T: .
pi+l1 3-v 31-1/3) 3 3 !

It follows from (3.16), (3.17), Propositions 2.5, and 2.7 that

T ~ i N _
Ti==5 | Ko+ ity o)
Bs

23 1

:_ng@VAMLH#P
7|S?| T;

6 K@)

+ o(mif)

+o(ml.;2). (3.19)
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Applying Proposition 2.7 and (3.16), we conclude that

1 ~ i Nz N _
== /B (3, V(K G4 Y H 3+ v )iy + 3P+ om)
§

=- §f v, VK 4+ vV Hi 5+ 3 ui (v + yypit!
Bs

1 ~ i Nz N _
-3 / (v, Ki<y+y§”>V<H,-(y+y,-(”m)u,-(y+y§”)1"+1 +o(m?)
Bs
1
_ = IR () (I pi+1
= 326:/35 ’Zay oy i (v + 3P o(m )

1 - .

=-3 /B v-VK; (y}”)m(y +y !
§

3L, s

1 )\ pi -
=—5AKO / Iy1Pui(y + 3P 4 o0m ;)
Bs .

(y,”)ui(y +3)P 4 o(m )

4 . . _
= 52 K@") /B 9P (v + 3P 4 o(m ), (3.20)
8

where we used the definition of the Laplace—Beltrami operator in the last equality. By
(3.16), we get

/ Ki(y + 3 Hi 4 3 iy + 3P = omh). 321
It follows from Proposition 2.1 and (3.18)—(3.21) that

/ B"(Y,U;(Y + Y, VU;(¥ + Y, 8,0)
3By

— _/ B'(Y,Ui(Y +Y\)), vUi(¥ +Y)), 5, 0)
¥By

JT|S|2 T

4 _
T gAK@ / 3P+ 3P o). (322)

By (3.2) and the definition of 1/), we have

1
w) = hm TV (q(’)) = hm Zt,u (y(/))
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Thus, multiplying (3.22) by U; (Yl.(j ))2 and sending i to oo, and using Proposition 2.1
and (3.16), we conclude that

/ B (Y, HO (Y +¥7), VHO (¥ +¥7), 8, 0)
3”8;—

_ 87|S?[Ag K(¢V) | 27|
- 3K(@gW)y 3K(g)?

Let § — 0, it follows from Proposition 2.2 that

87IS* | Ag K (g | 27|S* | 27 |SP WY (0)
3K (g"))3 3K (g2 K(g1)?

(3.23)

Consequently, we have q(j) e H\AT,V1 <j <k, and whenk > 2, q(j) c X,
Vi<j<k.

It is easy to see that (1.16) follows from (3.6) and (3.23) when k = 1. When k > 2,
by (3.14) we have

re  Guo@Y)

whoy =8y =2—4 — —_ v]<j<k. 3.24
© Z.Aj K@MK@g®) == 629
L]
Substituting (3.24) into (3.23), we get
6y Gpo@™ . AoK@D), 1 G
K(g9)K (q®) K(gW)> ™4

t#]

We have established (1.17) and, thus, verified Part (iii).
We claim that there exists some

n=Mm,....,n) #0 with n,>0,Ve=1,...,k, (3.25)

such that
k
> M@, g W= Mg, Vi=1,.. k.
(=1

Indeed, choose A > max; M;;, then the matrix Al — M is a positive matrix, that is,
each entry is positive, where I denotes the unit matrix. The claim follows from the
Perron-Frobenius Theorem.

Multiplying (1.17) by n; and summing over j, and using Part (ii) and (3.25), we
have

1 .
W) Y hjnj = 3" Mejhenj = 7 3 hmiut 2 0. (3.26)
j e j
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It follows that u(M) > 0. We have verified Part (i). Part (iv) follows from Parts
(i)—(iii). The proof of Theorem 1.1 is completed. O

Using Theorem 1.1, we can give the proof of Theorem 1.2.

Proof (Proof of Theorem 1.2) We first prove the upper bounds in (1.20). Suppose this
assertion of the theorem is false. Then we can find that there exists K; — K in C%(S?)
such that maxgs v; — oo for some v; € .#,. Theorem 1.1 shows that {v;} has only
isolated simple blow up points {q(l), e, q(k) }. It follows from [20, Theorem 5.5] that
k > 1. Using Part (i) of Theorem 1.1, we obtain ¢, ..., ¢® e #~.

Applying Theorem 1.1 with 7; = 0, we deduce that ¢V, ..., ¢® e #~ and for
all1 < j <k, Y5 Myjng =0, where g >0, €=1,... k.

Analysis similar to that in the proof of Theorem 1.1 shows that (M) has at least
one nonnegative eigenvector n = (11, . .., nx) as in (3.25), then we have

u(M) Z)\jnj = ZM@/X@U./ =0.
J

I,

It follows that (M) = 0. This leads to a contradiction with K € 7. Then by the
Harnack inequality in [20, Lemma 4.3] and Schauder estimates in [20, Theorem 2.11],
we complete the proof of Theorem 1.2. O

4 The Existence Results on S3
In this section, we first prove Theorem 1.3, which is about the degree-counting formula
and the existence of the solutions. Before that, we prove thatas T — 01, the solutions
to the subcritical equation (see (4.1) below) either stay bounded and converge to the
solutions to critical equations (1.3) in C2 norm or become unbounded and blow up at
finite points.

Then by using Theorem 1.3 and perturbing the prescribing function near its critical

point, we can know exactly where the blow up occur when K ¢ 7. From Theorem 1.1
and the proof of Theorem 1.4, we show Theorem 1.5 holds.

4.1 On the Case of Subcritical Equations

In this subsection, we consider the following subcritical equation:
P,v=Kv*" onS’ 4.1)

where 0 = 1/2, K € C*(S*) and © > 0.
Denote the H (S?) inner product and norm by

(u, v) = /S’Z(Pau)v, lulle = v/ (u, u).
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The Euler-Lagrange functional associated with (4.1) is
_ 1 _ 1 3—1 o (Q3
I:(v) = (Psv)v Kv|”™", Yve H°(S). 4.2)
2 S3 3—1 S3

Definition 4.1 Let K € C*(S%), '~ beasin (1.10)and k € Ny. Let Py, ..., P €
J ~ bethe critical points of K with u(M(Py, ..., P)) > Oandeg > 0be sufficiently
small. Define

QS() ZQS() (Fla MR Fk)
- {(a, 1 P) e RE x RE x (S)F < oy — 1/K ()] < 0.
ti > 1/e0, |P; — Pi| <e0,1 <i <k}.
It is well known that for P € S3 and ¢ > 0,

t

8p.i(x) = — , Vxe§ 4.3)
1+ 5= (1 —cos d(x, P))
is a family of positive solutions to
P,v=1v> v>0 on§S, 4.4)

where d (-, -) is the distance induced by the standard metric of S3.

Lemma 4.1 Let gy be sufficiently small and Qgy = Q4, (Pi,..., Py) beasin Defini-
tion 4.1. For any u € H (S?) satisfying the inequality

for some (@, 7. P)e Qg /2, then there exists a unique (o, t, P) € Qg such that

k
u= Zai(Spi,,l. + v,
i=1

with v satisfies

a(SP- t; 88P~t'
8p ) = (v, —2i ) = (y, =l ) — 0, 45
R T

where % denotes the corresponding derivatives.
P
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Proof The proof of this lemma is similar to [4, Proposition 5.2], [5, pp. 348-350] and
[25, Proposition 4.1], for reader’s convenience, we give it here.

We argue by contradiction. Given u € H° (S?) satisfying |lu — ZLI a;é pille <
€o/2 for some (&_, 1, ﬁ) € 2¢,/2. Suppose Proposition is not true. Then there exists
(a,t, P), (a,t, P) € Q,

(a,t, P) # (@, 1, P),

however, both (e, 7, P) and (&, 7, P) are minimum to

min
(o, P)e,

k
u— ZaisPi»ti
i=1 a

Set

P

k
Z 5ptt+v
:
‘=

Denote §; = 8p, ;, and &; = 85, ;.- We then have

96;
O = <U, 81) = <U7 a_tll>7 (4'6)
. _ 35;
O = <U, 81) = <U, a_;ll>7 (4'7)
38,
0=<v,ﬁ>, ¢=1,...,n, 4.8)
P,
35;
=<vw> e=1,...,n. (4.9)
P,

Similar to the proof of Lemma 4.2 in [25], we have

ti

140,

i

45| P — P? = o(1),
l; — ai| = o(1),

(4.10)

where o(1) — Oaseg — 0.Leta; = 5;|P; — Pil, i = &;/t; — 1, ui = o — @,
where | P; — P;| represents the distance between two points P; and P; after through a
stereographic projection. We know that a; = o(1), n; = o(1), u; = o(1).
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Using (4.6) and (4.7) we have

k
ZJR%®—®%&&=/5&@—®. (4.11)
j:1 Sn S)l
Notice that
f (Olj(Sj — &ij)Pg5i
Sll
=(Olj—5lj)/ SjPJ(Si—i-&j/ ((Sj—Sj)szSi 4.12)
s s
:mf@p/@m@+@/wrdmf
Sn Sll
Expressions (4.11) and (4.12) yield

wills: 12 +o‘zl~/s (6 — 5152

?Z(M-/fg 5./P65f+&j/8 ey —5,-)8?)+"(1)||6i —illo
J#i

4.13)

where we have used the fact that ||v||, = o(1) and the Cauchy-Schwarz inequality.
Using sterographic projection, we have

/ 8 —8,)87 = / W — VNV, (4.14)
Sll Rn
where
Pix) 2 d P %

i(x) = —————— an X)) = ———"——.

/ 1+ 20x — x;12 ! 1+ 21x — %2
By direct calculation, we see that

[V j(x) — ()] < Cnjl + laj Dy (x). (4.15)

By (4.13), (4.14), (4.15), we obtain

will8ill; +5ti/S (8 — 8:)87 = o(1) Z(In,/l +lajl+ 1D + oMW = &illo-
J
(4.16)
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It is easy to check that

/Sn (8 — 887 = o(D) (] + [ni),

(4.17)
8; = dillo < Clail + Inil).
Using (4.16) and (4.17) we have
wi = o(1) Y _(Inj| + laj| + ;). (4.18)
J
Similarly, we have
ni < O(I)Z(Iml +lajl+ 1w, (4.19)
J
and
ai =o(1) Y _(Injl + lajl + |- (4.20)

J

From (4.18), (4.19), and (4.20) we deduce that for gy small enough we have
=0, a=0, pu =0.

This is a contradiction, we finish the proof. O

We denote the set of v € H? (S?) gtisfying_ (4.5) by Ep . In what follows, we
work in some orthonormal basis near {P 1, ..., Py}.

Definition 4.2 Let A be sufficiently large, €9, vo > 0 be sufficiently small, k € N,
and Qg2 = Qg2(P1, ..., Pg) be as in Definition 4.1. Define

2 (Py,..., Py)
= {1, P.v) € Qupp x HOS) :
| P; —Fi| < rl/z|logt|, ATl < ti < Arfl/z, ve Ep;, |v]| < vo}.
4.21)
Without confusion we use the same notation for

k
2. (Py.....Pp) = {u =Y aibp v (@i, Pov) e ET} C H(S).
i=1
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Remark 4.1 Due to Theorem 1.2, we only need to prove Theorem 1.3 for K € </
being a Morse function. Once this is achieved, we also prove that the Index as in
Definition 1.4 is well defined on ..

Using blow up analysis, we first give the necessary conditions on blowing up solu-
tions to (4.1) when t tends to 0.

Proposition 4.1 Leto = 1/2, K € < be a Morse function and %~ be as in (1.10).
Then for any a € (0, 1), there exists some positive constants o, vo < 1, and A, R >
1 depending only on K, such that when t > 0 is sufficiently small, for all u satisfying
ue HO (S, u>0,I.(u) =0, we have

where I (u) is as in (4.1), Og is as in (1.21) and (P, ..., Py) is as in (4.21).

Proof For any 7 > 0 sufficiently small, let u; € H? (S?), u; > 0 be a critical point of
I (u). If u; is uniformly bounded, then there exists a R > 0 such that u; € Og, and
the proof is now completed. If not, there exists ; — 0 such that u;, — o0o. It follows
from Theorem 1.1 and K € .o/ that there exists a constant §* > 0 such that {u, } has
only isolated simple blow up points ¢V, ... ¢® e 2, with |¢) — ¢©| > §*,
Vj # ¢, and u(gM,...,g%®) > 0. Then Proposition 4.1 can be deduced from
Propositions 2.3, 2.4, 2.6, and elliptic theory. O

Now we are going to show that if K € &/ is a Morse function, one can con-
struct solutions highly concentrating at arbitrary points g1, ..., ¢® € .# ~ provided
uM@gh,....q" >o.

Theorem 4.1 Leto = 1/2, K € </ be a Morse function and ¥~ be as in (1.10). Let
T, €0, vo > 0 be sufficiently small, A > 0 be sufficiently large and k € Ny.. Then for
any Py, ..., Py € X~ satisfying u(M(P1, ..., Pr)) > 0, we have

degyr (1 = Py (Klul' "), B (P, .. Po), 0) = (— 2010 422

where deg o denotes the Leray-Schauder degree in H° (S, and i (F/) is the Morse
index of K at Fj.

The following conclusion is needed for proving Theorem 4.1.

Proposition 4.2 Under the assumptions of the Theorem 4.1, in addition that ¥ (P,
..., Py)isasin(4.22) and Ep,;isasin(4.5) for the given (c, t, P). Then there exists
a unique minimizer v = v (a,t, P) € Ep of I (Zle a;8p, ; + v) with respect to
{veEp;:|vle < vo}. Furthermore, there exists a constant C independent of T
such that

k
IWle < C Y IVK(P)It'? + Crllogz| < Crllogt|.
i=1
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Proof For (a,t, P,v) € X.(Py,..., Py), which is simply written as X, it follows
from (4.5) that

k
IT(Zai(SP,-,t,- + U)

i=1

k
1
:EZO‘?/S?) + ZOIIOlJ/ (SP g P tj /(P v)v (423)

i=1 J#i
-7
IR

Using Lemma A.1 and (A.16), we have,

k
IT(ZaiSPiati +U>
|§|
Z +Zaza1/ 813 i P W

i=1 i<j

— k —
- (zalap ) LR (D)

+1/( o ) < g )1 r ’ ( &P )
— P vV — —— E o . 4. v T,0,1, y y
2 S3 2 §3 N7 1 e

i=

where |V (7, a,t, P,v)| < C||v||<3,_r and C depends only on K, vy, and A.
Forg,v € Ep,, set

fr() =— /SS K(iXk;au‘)‘p,-,t,-)z‘fv, (4.24)
1 2-1 k -
0 (v, ) = 5 fg;mw - fg K(;aiap,.,t,-) Vg, (4.25)
1 k
Qo(v,¢) = 5 /S (Pov)g — /S N ;aiapi,t,.)v<p. (4.26)

A direct calculation gives, forall ¢ € Ep,
k

I-L/'(Zai(sp,',[i + U)(p = fT((p) + ZQT(UV (0) + (Vl}(rv o, tv Pv U)v ¢>7 (427)
i=1
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where V, is some function satisfying ||V, (t, o, t, P, v)|ls < C||v||§’f.
Since fr is a continuous linear functional over E p ;, there exists aunique f; € Ep ;
such that

fe@) ={fr.0), YoeEp,. (4.28)
It is proved in [28] that there exists a constant 69 > O (independent of 7) such that
Qo(v,v) = Sollvly, V¥(a.t, P,v) € =

We choose ¢ sufficiently small from the beginning. Using some elementary estimates
as in Appendix, we have, for t > 0 small,

8o
dewzgwﬁ,V@LRweip (4.29)

Thus, there exists a unique symmetric continuous and coercive operator é ¢ from Ep ;
onto itself such that, for any ¢ € Ep ;,

0:(v,9) = (O, 9). (4.30)

Using these notations, (4.27), (4.28), and (4.30), we have

k
(Y widr +v) = Fi +20w0 + Vw1, PLv). @31)
i=1

There is an equivalence between the existence of minimizer v, and
fr+20v+ Vy(t, a1, P,v) =0, veEp,. (4.32)

As in [28, 33], by the implicit function theorem, there exists a unique v, € Ep ; with
lvlle < vo satisfying (4.32) and

ITlls < Cll 2 lo- (4.33)
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Thus, we only need to estimate || ﬁ |lo. From Lemma A.3, (A.19), and (A.24), we can
obtain

k
ff(v>=—/83K(Z o731 o+ 0 Z/ a8 lv])
i=1

i#]

k
/ (K — K(P))Zaz "5, t,v+0(Z/S3 1854 — 3%, t,”“')
i=1

i=1

+0( Y105t br,0 ey vl
i#]

K k
2 202
= 0(21: Veo K (P /Sﬁ P = P18}, Ivl) + O(X;/Ss P = P25}, 1ol
1= i=

+ O(zllog t[|[vls),

where | P — P;| represents the distance between two points P and P; after through a
stereographic projection.
Using (A.24) again, we have, for all («, ¢, P, v) € X,

k
£ =C{e 2 Y IVK (Pl + 7 + xl1og el vl
i=1
=Cr|loglllvlo, (4.34)

this, combining (4.28) and (4.33), we complete the proof. O

Proposition 4.3 Under the assumptions of Theorem 4.1, in addition that
X (P1,..., Py)isasin (4.22). Then for any (a,t, P,v) € X:(P1,..., Py), there
exists Vy, (t, a, t, P, v) such that

(Zajap 5+ 0) = —IS1B + Vet P,
80{1 ’

where B; ;= a; —1/K(P;),i =1, ..., k. Furthermore, let v be as in Proposition 4.2,
then

k
8 f—
_IT<ZO‘J'5PN_/ + v) = —IS*1B; + O(1BI* + t|log 7).
j=1
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Proof from (A.16), (A.18), Lemmas A.2, A.3, and (A.19), we have

a_al’f(Z“fSP u+)
/ Pt,"‘ Z“}/ Pyt 0P

J#

k k
-1
_/;XK‘ E Olj(Spj,lj —{-U‘ ( E OljSPj’;j +v)8pi,tl.

j=1

= S} — / (Zaz 52 f)ap i=C-o | (,‘ TSl f)ap, LU

+OMMyD+Mﬂ+0m%*>
By using (A.24), we obtain
/s3 Kalsy T :/S K(P)alsy T / (K(P) — K(P)a}sy T
=/S K(P)ai8}, 1 + O(1). (4.35)
Similarly, by (4.5), (A.22), (4.21), and (A.24), we have

g2—T
/S* Kal‘SP,-,t,»v

=1;KUDmﬁMM+AgKUU—KUHMﬁ%Ww+0ﬁH%fmww

= O(t|log t|) + O(||vl|2). (4.36)

It follows from the fact |al.2_f — Oll-2| = 0(7), (4.35), (4.36), (A.2), and (A.23) that

80{, (ZO(](SP N7 +v>

=®WW—A;K#ﬁﬁfQA;K%§’v+0@H%rD+0wM2U

=—&Lﬁm+owﬁ+OMMyn+mwﬁﬂ

= —|S*1Bi + OB + O(z|logz]) + O([v]|>D).
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Hence
8% (Zajap oY) = IS+ Ve (st P, (437)

where
Vo, (T, @, 1, P,v) = O(IB1*) + O(z|logt]) + O(|[v]|>77).

Combining with Proposition 4.2, we get

<Z(XJ6P/ tj +U) = _|83|ﬂl + Vai(f,a, t, Pav)
Bal

= —IS*1B; + O(IBI® + tllogzl).  (438)
Proposition 4.3 follows from the above. O

Proposition 4.4 Under the assumptions of Theorem 4.1, in addition that = (Py,
, P) is as in (4.22). Then for any (o, t, P,v) € X:(Py,..., Py), there exists
Vi, (z,a,t, P, v) such that

at, (Za 5p;i; +v)

I T I‘4AgOK(P,-)i erGp(P-) 1
CK(P)? K(P) 13 " & K(POK(P)) i71;

+ Vi(z,a,t, P,v),

where
Vi (toa, 1, Pv) = O(IB1eY) + 0(zlvlle) + O 2Ivll3™™) + 0| log z)),
'3, Iy, I's are positive constants, and G p,(P}) is as in (1.12).
Proof Using (4.23), Lemma A.2, Holder inequality, and Sobolev embedding, we have,
k

d
3_,1.IT<ZO‘/‘SP/'J/' + U)

j=1

2—-1 88})”’_
Za,a,a Sp; thP 5= (Za,SP t]) o
1

1-t aéP,‘,ti 2— 88Pivti
—(2—1)/S3K<.X;“J'5Pfﬁf.f> vaia—ti+0(|lv||" i e
j:

3 U). (4.39)

@ Springer



On a Fractional Nirenberg... Page33of52 227

By (4.5), we have

aSP t; 1
Sp. 1 iy = — P;é
/é3 P; 1 8tl~ v 2/83 8[,( P; T,)

10 s )
v,
T 20k

1( 88pl.,,i>
= — U’ —_—
2 ot

—0. (4.40)

It follows from (4.40), (A.22), (A.17), and (A.24) that

l ‘L'BSP 1
- Kop y— v

38}1 t; / 1—1 88}7 t;
- K — K(P))Sp, , 2okt K —3..#(
[k = ks S [ KO =m0

< C(z"?|log))

98P, 1; -
/g P = Pildp o+ 0(||8}D,.,; —8pn i)
- I

35P bp,1;

1,
| vl )
o

vlle) + 0 (z 2 lo)

< C(rl/zllogrl)O(HlP Pi|dp, 1; ||L3

(E3)

= Crlplle,

this, and (A.20) yields

k
-t 88Pi»ti
‘sz K(jX:aiSPf’tf) —31‘,' v)

a8
1 1 Pit
_‘/S;}K ’pf ‘—i—CZ/ P o]
851’;‘»;‘
= Crlivllo + 0<Z H Py 8t,~l L3/2(s3>”v”")
J#
<Ct|vlls- 4.41)

Using (4.41) and Lemma A.3, we obtain
9 k
_I-L-(ZajSPj’[j +U)
j=1
1 0 2=t 9dp, 4
:EZala]a—tl/ 8}) tjgpztt_'/ (Z(XJCSP tj) o ———
J#

at;
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+ O0(tlvlle) + O 227

1 9 2 3527 90P 1
) Zaiaja_ti /§3 8Pyt 8p, 1 — /;3 Ko SPi»Z

J#i ot
_ Z (x-Ka2 2—1 86})’ tl
2 S TR B

+ 0(t|vlly) + O v]277) + 0(z3?| log 7).

We have used the following facts. By (A.19), (A.20), (A.17), and (A.28), we have

Z st 5p 98P,
g PititTH gy

L

— 3p,.1;
[ (X s
§ N Lo i

38 38p. ,

1 Pl tl 1 P[ﬂtl

+ Z 8p, 1,0 + Z 8p,1, 0Pty Y )
=i JAUA !

aép, 1
1 T Plvtl
_O Zaz / Srnd +O<Z” Piti
86Pisti
+0< Z H(SP 10Pete a)

ot;
= 0(13/2|10gr|).

L3/2(S3))

L3/2 (S%)

Using (A.5) and (A.29), we have
_. 38p. 4 d
K83t i — — | K§3Ts
_/g,s Piti /Sz Pyt OFiti
9 2
= K(Pj)a_t,- /83 8Pj,lj8Pi»ti
5/2 d 2—1
+ 0@ og ) + 0(o— [ (K(P) = KPS} | 8n.,)
dt; S3 7ot
— . i 2 5/2 2
= K(P‘/)Br . (SPf‘tjaPi»ti + O(z7*|logt]) + O(z7). (4.42)
; :
By (A.25), we have

aép; 1, 1 a
[ ke Lokt / oy
s3 ot 3—1 at; Jgz Tl

NS P23 >
AgOK(P,) |P — P« 5 + o(t9). (4.43)
ot Js3

33 -1)
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Let
&= 0(t|vlle) + 02" + 0| log 7)), (4.44)
then, by (A.7), (A.8), and (4.43), we have

_IT(Z(X](SP Ny +U>
at;

d8p. .
_ . . 2 _ 3 2—1 Plstl
2 Za,aj at; /83 SPj’tj(SPiati /83 Ka; 8Pi,ti

ot;
_Q,ZK(P)O[ /P,]p,,+g
J#

- Z{zalaj o K (P )} /3 85,187, 1

J#
1 3 9 3—
— SK(P)— [ 857
3—‘[0{1 ( l) /S FPiti
2
3G % gOK(P) f |P— P83 [+ 0@+ &

1 1 0 1 1 a
S . —— T ,__——/ 83T
ng(Pi)K(Pj) ot /S3 PrChen = 3K (P oty Jos T

2AgOK(Pi) d 3 ‘[ 3/2
- P—P; 5 &+ 0 /
oK) o S3| ;|2 .+ Blz777).

It follows from (A.3), (A.7), and (A.8) that

Bt, (Z:ozjép N7 +v>

T3 ©  T4Ag,K(P) 1

T K(P)?y | KPP
TsGp(Pj) 1
ZW: o + V,(t,a,t, P,v), (4.45)

where

Vi (t,a,t, P,v) = O(IBIT%) + O(t|vlls) + O |v|IZT) + 0| log 7)),

4 2
Ty = §n|82|, Ty = §n|sz|, s = 27|S%|.

Proposition 4.4 follows from the above. O
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Proposition 4.5 Under the assumptions of Theorem 4.1, in addition that = (Py,
, Pr) is as in (4.22). Then for any (o, t, P,v) € X:(Py1,..., Py), there exists
a constant vy > 0 independent of T and a vector Vp,(t, o, t, P, v), such that

k
0
1 (D es8m, +v) = —T6Vy K(P) + Vi (z, .1, Pw),
j=1

where I'¢ > v > 0 is a constant, and
Vp(t,a,t, P,v) = O(t"/?) + O(vlls) + O 2 v|277).

Proof Using Lemma A.2, we have
3 k
a_PiIT(ZajSPj’tj + U)
2
Za,a] 9P / j0%p;.1;9Pi0

/#t

k
38p,1;
_/SSK\Za,.an,,jH\ (Za,ap oo ot
2
Zalalap / ®j0p;.1; 0Pt

J#

k
2-t 9dp. ;.
- K( Sp, ) 0Pyl
/Ss ;X_;a] o) S
@ r)/ K(Xk: 5 )H P0r.
-2- a;dp, s Vo —+
S3 s JOPj1j ! aPi

_¢|98pP;.1;
0( 2—1 i-li H ) 4.46
lvlls P (4.46)
By (4.5), we have
asp. 1. 1 0 1,06
/ Spy—tliy = ~ = | 8% v = (=L )=, (4.47)
¢ U oP; 20P; Jg3 T 2' OP;

It follows from (A.26), (A.30), (4.47), and (A.22) that
k =t 38p.,
/S3K<;aj8p_,‘,l_,‘) v(x,'—api
:/K(Oll ‘E(Sl ;)z v+0 Z/ ,_/

35P g
)
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dP;
= O(|lvllo)- (4.48)

_ 98p, 1,
— k(e [ o3+ 0Glull)

Then Lemma A.3, (4.48), (A.16), (A.27) and (A.28) yields

k
il
Ir(ZOlj(SPj,tj +U)
2
Zalajap / PI t/SPI fi

J#i
aap 38,4 38p.
— o /Szmaiap,. T Z%/ K (ejdp i) "=

l

+ 0@ el + 0vlo) + 0 (01277

d
o X [ i)
i oP; s3 Y

a4 a8
3/3[{8% Ptl+0 ‘/ ZPIZ Pll
S

3 p,.; _
+o( Z‘/ 1)+ 0(lvll) + O ‘/2||v||2 9+ 0G 2 ne))
3 27 90p, 1/2 —1/2. 12—7
=—a; | Kép  ——=+ 0@ "|Int])+O(vlo)+ O™ /“|vlz™").
3 ol 9P
Thus
9 k
Ir<ZOlj3Pj,zj +v)
= —o [ (K(P) = k(P2 0kt _ o3 [ g pysa-r PP
P t; 8P i < Pt 8P,
+ 0(r1/2|1nr|> +0 (lvll) + 0 (71012 7)
= _F6vg0K(Pl) + VPi(ta o, f, Pa U),
where
Fe(r,a,t, P,v) > v; >0 withv; independent of , (4.49)
and

Ve (t,a,1, P,v) = 02| Int)) + O (Julls) + O (1—1/2||v||?;f) C(4.50)
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The existence of v is proved below. In fact, let P; be the south pole and make a
stereographic projection F' to the equatorial plane of S with y = (y(D, y@, y3))
as the stereographic projection coordinates, let K = K(F(y)) and |Jr| := (2/(1 +
|y|>))3. Then we have F(0) = P; and

3dp,

o /Ss(K(P) — KB5S

=a /R 6y (R = KO)ag, (1r] g,
— =D, O O
where wy ;; 1= 2t; /(1 + tl-2|y|2) is the solution of
(—M)" 2wy, = w5, on R
For j =1, 2, 3, we have
L0 = o /ﬂ; PR ) — RO, (161 g )"

=0 /}é iy (VKO -y + Oy )y, (r Py )T

133

thus,
o [% 2 4 1/3, ~1 1/2
£ VRO [ aivPad, 00 Pap )y + 061
2"‘1’3 2 4 1/3 —1\t 1/2
= Vo K(P)ZH [ tlyPol, (151 Pag )" + 0.
R

It follows from 7; " < (|Jp|1/3w&:i)f < 1] that

2

2 4 13, —1\7 <, —7 2 4 [yl
t; wq ;. (| wn )" >t t; wn ;. — C _—
/R3 l|y| O,tl(| F| O’t[) - [;{3 llyl 0. O/R3 (1 + |)’|2)3

as T — 0, where Cy > 0 is a constant. This ensures the existence of vi. We have
proved Proposition 4.5. O

We now apply Propositions 4.2, 4.3, 4.4, 4.5 and construct a family of homotopy
Id+compact operators to obtain the degree-counting formula of the solutions to the
subcritical equation (4.1) on X, (Py, ..., Pk).

Proof of Theorem 4.1 Given t > 0 and K € &/, let 2~ be as in (1.10) and
Y. (P1,..., Py) beas in (4.21) for the given Py, ..., Py € .
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For u = Zle ®;8p, . +v € X (Py, ..., Pr), we have

98p,; 9dp, 4 }

T,H° (S = E san{(S.., ,
uH” (S7) P,t@ e e e Y

. . 38p. . 08p. .
Since I (u) € TMH"(S3), there exist§ € Ep, n € span{Sp[,,i, af;’i"' , %} such

that

I(u)=§&+n.
From (4.27), we obtain, forall ¢ € Ep 4,
(g’ §0> = I'L/'(u)(p = fT(gD) + 2QT(U7 (p) + (Vv(tv (X, t7 P1 U), (p) ’ (451)

where ||V (T, a,t, P, V)]s < C||v||§_f. Replacing ¢ by v in (4.51) and using (4.29),
we have

_ o
I€lo = Sollvlle — Il fello — O(IVIZT™) > Ellvlla = I/,

where § is as in (4.29).
Let 8 = (B1,..-,Br), Bi = a; — 1/K(P;) be as in Proposition 4.3, we define

k
i,:{uzzaiap[,,,.Jrv € S (P1,.... Pp) : Ivlls < tllogzl, Bl < t|logr|2}.
i=1
It follows from Proposition 4.2 and (4.38) that
L) #0, Yue (P, ..., PO\Zs.

For u = Zle @idp.y +VE S, by using (4.23), we have

(77, 8P,',t,) = 1/(“)53 t

/ Pl tl+ Za]/ SP Wi P/tf

J#

k k
-t
_/XK‘ZQJISPJ’I/'—{_U‘ (Z(Yj(st,tj+U)8Pi,ti
_ j=1
8oz, (Zaj8p i +U)

= —|S*|Bi + Vi (z, 0, 1, P, v), (4.52)
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where V;, satisfying

Vo (T, 0, t, P, v)

O(B1*) + O(zllogz|) + O(|[v]37")
C (I,BI2 + rllogr|> .

IA

It follows from (4.39) and (4.45) that

< a(SP,',ti 881) 090P 1

ot; >= I ==

Z_Z Jat/ Pl]Pltl
-t , K 35p..,
— S}K‘Zajﬁpj),j—kv‘ (ZajSP_,.,,j+v>—ati

j=1

= Ea—tll (ZOlJ(SP Ny +U)

1{ T3 1t T4Ag,K(P) 1

o LK(P)2 g KPPy 1
[sGp(Pj) 1
+ZK(P)K(P) % 4V, (a1, P, v)} (4.53)

where |V, (z, @, t, P,v)| = O(z*/?|log 7).
Applying (4.46) and (4.50), we obtain

38p. ;. >  8dp.
, 1251 — ] 1%
(’7 IP; (=7

- aﬁ’ (Z“ZSP 0 +0)
- J [—T6Ve K (P,) + Vp (T e 1, P,v)} (4.54)
1

with Vp, satisfying |Vp (t,a,t, P, v)| < Ct'2|Int|.

Under the conditions (4.51)—(4.54) stated above we define a family of operators
on E as follows: for u = Zf‘_l a;ép.; +v € E, given above,
Xou) =8 ) +now), 0=<6 <1,

where forany ¢ € Ep ;,

(60, ¢) =0 fr(9) + (1 = 0)(v, @) +200:(p, v) +0(Vo(z, .1, P,v), ¢), (4.55)
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and
0 1-6
<77973P,-,t,-) = 27T|SS|{C¥[ - m - ([((F))} +9Va,-(7:7 a,t, Pa U),
08p.4\ L3t TadgK(Pi(O) |
<”9’ ot; > _{ +d- )}{K(Pi(e)ﬂ p K(P©)
| (4.56)

Z ['sGp.9)(P;(0))

G
> +_V T,Ol,t,P,v,
K (P;(0)K(P;©0) i21; ) 7 o u( )
J# !

a0 p, 4, 0 0
<ne, Lo > == {1 =0)+ | Ve K(P) + — Vi (ro . PLv),
o0P; o o

where P; (0) is the short geodesic trajectory on S3 with P;(0) = P;, P;(1) = P;.

Obviously, X| = I/ (u) = & + n. From Sobolev compact embedding theorem and
the explicit forms of Vy, V., V;,, Vp,, we conclude that 77 (1) is of the form Id+compact
on /E\T. Since 2¢,/2 in the definition of /Z\JT is a finite dimensional submanifold of
HO (S?), we easily obtain from (4.55) and (4.56) that Xy (0 < 6 < 1) is the form
Id+compact. Furthermore, we have Xy # 0 on 83)}, V0 <6 < 1.Infact, for a given
u=y, ,08p; +veE 82,, we obtain & # 0 by using (4.51) and (4.34). When
0 =0, & = v # 0. It follows from (4.55) that &y # 0, V0 <6 < 1.

By the homotopy invariance of the Leray—Schauder degree, we have

degpo (X1, ¢, 0) = degyo (X0, 2, 0). (4.57)
From (4.55) and (4.56), we can obtain, for u = Zle a;jdp, +vE f,,
Xo(u) = &o(u) + no(u),

a8p, 1. 08p. 4 .
where §p € Ep 4, no € span{(SP,.,tl_, %’ %;t,} satisfy

(&0, 9) = (v, 9),
(N0, 8p,.4) = =27 IS (i — K(P)™"),
< %, t’>= T Dabg K(P) 1 Z—FS_GE(IZ) L @ss)
K(P)2t, K(P)3 ]7&,-K(Pi)K(Pj)’i2?i

ddp,
<'70, 3—P,> = =V, K(Pp).

Recalling the definition of M(Py, ..., Py), which is simply written as (M;;). By
(4.59), we can easily get

Xo(u) =0 on f,,
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if and only if
o =KP)™', P=P; v=0,
4 ( Xk: ) (4.59)
(P2 ii 3 M;; 2,
K(P) t, t; — t°t
Forany(sl,...,sk)eRk,s,- >0,i=1,...,k, we define

k k k
4t 1
F(st,...,8) = — E (m gsj)+§ E (Mii512+ E Mijsisj)a
J

j=1 i=1 j=1

and for t; = sfl,

Fty, ... 1) = F(s1, ..., %)

The derivative with respect to ; is

-~

oF 4 T 1 k 1
B_,(tl""’tk) K(P)2Z_< _3 2:: 2_)

combining this and (4.58), we have

38p..\ 7|SHOF
< 0y —. > ..,tk).

1,

ot; 3 Bt,
It is obvious that Vﬁ(tl, ...,tx) =0ifand only if VF(sq, ..., sx) = 0. A trivial
verification shows that F'(s, .. ., sg) is a strictly convex function, and having a unique
critical point in the first quadrant. It follows that F (¢, .. ., #x) has unique critical point

in the first quadrant with Morse index zero. Hence X has precisely one nondegenerate
zero in X;. Furthermore, by (4.59) we can easily obtain

deg o (X0, Br. 0) = (— ) ZiztiPi), (4.60)

Combining (4.60) and (4.57), we complete the proof of Theorem 4.1. O

Recall the definition of g in (1.21). For § > 0 suitably small, define

Ors ={ueH S : inf Jlu— ol < ). 4.61)

welR
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Proposition 4.6 Let 0 = 1/2, K € &/ be a Morse function and 0 < 19 < © <
4/(n — 20) — 19. Then there exists some constants Co > 0, §9 > 0 depending only
on 1y, mings K, and the modulo of the continuity of K, such that

(ue H°(S* :u >0 ae., I.(u) =0} C Ocy.s- (4.62)

Furthermore, we have I.(u) # 0 on d0¢, 5, and
deg o (u — UK )" w), Ocy s, 0) -1 (4.63)

Proof From Proposition 4.1, we know that for 7 > 0 small there exists some suitable
value of vg, A, R such that u satisfyingu € H°(S?), u > 0, a.e., I (u) = 0 are either
in O orin some £ (¢V, ..., ¢®). Combining (4.21), (4.5), (A.1), and (A.16), we
conclude that there exists some positive constants Cq and §q such that (4.62) holds.
For K*(x) = x® 42, x = W, x®@ x® x@) e S c R*and 1 € (0, 1), we
consider K, = tK + (1 — t)K*. By the homotopy invariance of the Leray-Schauder
degree, we only need to establish (4.63) for K* and t very small. It is easy to see
that K* € & is a Morse function. The proof of (4.63) is straightforward by the
Kazdan-Warner condition and Theorem 4.1. O

4.2 The Proof of the Theorems 1.3 and 1.4

Using Theorem 4.1 and Proposition 4.6, we next prove Theorem 1.3.

Proof (Proof of Theorem 1.3) Using Theorem 1.2 and the homotopy invariance of
the Leray-Schauder degree, for > 0 sufficiently small, we obtain that there exist a
constant R such that,

degcoa(u — Py Y (Ku?), O, 0) = degraa (u — Py (K|u|'"Tu), Or,0).  (4.64)

For Co > R, 0 < &1 < 8o, and 19 be given by Proposition 4.6. Using (4.63),
Proposition 4.1, (4.22), and the excision property of the degree, we have

deg o (u — Py (K |u|' " u), Or.s,, 0) = Index(K). (4.65)

As in the proof of Proposition 4.6, one can check that there are no critical points of I;
in Og s, \OR. Using the same proof idea as Li [26, Theorem B.2], we can easily get

degroa (u — P UK ([u'""u), Ok, 0) = degyo (u — Py YK (Jul' T u), Og s, 0).
(4.66)

It follows from (4.64)—(4.66) that for R > C, (1.22) is proved. Theorem 1.3 follows
from the above. ]

Using the theory of linear algebra, we give the proof of Corallary 1.1.
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Proof of the Corollary 1.1 1f 4.2~ = 1, from the proof of Theorem 1.3, we can eas-
ily obtain the conclusion. If for any distinct P, Q € ', AggK(P)Ag K(Q) <
9K (P)K (Q), we claim that there is no integer k > 2 such that g1, ..., ¢® e ¢,
nMg®,...,q%) >o0.

In fact, for any distinct q(l), e, q(k) e, k=>2, M(M(ql, ol q(k))) > 0 if
and only if M(qg"", ..., ¢®) is a positive definite matrix. By (1.23), we have the fact
that 2-order principle minor determinant strictly less than zero. Therefore, we proved
the claim. Obviously, Corollary 1.1 follows from the claim. O

We next prove Theorem 1.4.

Proof of the Theorem 1.4 Since the Morse functions in C2(S?)T\.«7 = 8.« are dense
in 9.2/, without loss of generality we consider the case that K € 9.2/ is a Morse
function. First recall the definition of . and .# *, we can assume here J#\.# T =
{q(l), ...,q(m)}, m € Ny. From the definition of &7 and K € 9.2/, we know that
there exists 1 < iy < --- < iy <m, k > 1, such that

w(M@™, ..., q")) =o0. (4.67)

By perturbing the function K near its some critical points to change the Hessian matrix
of K at these points, we obtain a sequence of K satisfying: K, — K in C*(S*)* as
¢ — oo; Ky are identically the same as K except in some small balls and have the
same critical points with the same Morse index; there is only one such (i, . . ., ix) such
that (4.67) is true for any £. Refer to the perturbation method as in the proof of Li [27,
Theorem 0.8] for more details. Using the same C? perturbation method for K, we
can obtain a smooth, one-parameter family of Morse functions {K,;} (=1 <t < 1)
with the following properties:

(a) K¢t (=1 <t < 1) are identically the same as K, except in some small balls
around q(i Do q(ik) and Ko = Ky. K¢ ; have the same critical points with the
same Morse index for any —1 <7 < 1.

(b) ,u(Mg,,(q(jl), ..., qY))) have the same sign for —1 < t < 1 forany 1 < j; <
o< s = my G gs) # i) w(Mei (@0, g ™)) < 0 for

—1 <t<0,and u(M¢, (g, ...,q")) >0for0 <t < 1.

It is easily seen that Ky, € </ when t # 0. From the definition of Index, we have

k Lo (i)
Index(K) = Index(K_1) + (=D}~ 1HXj=i@ /)

thus, Index(K1) # Index(K_1). By the homotopy invariance of the Leray-Schauder
degree, there exists t; — 0 and vy ; € ///KM , such that

lim |lvgillc2ey =00 or lim (minvg;) = 0.
i—00 i—oo §3

Combining the Harnack inequality in [20, Lemma 4.3] and Schauder estimates in [20,
Theorem 2.11], we deduce that (1.24) holds. It follows from Theorem 1.2, Ky ; € </
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(t # 0) and Theorem 1.1 that K, ; — K, and {v¢;} blows up exactly at k points
(@) (i)
gV, . g

From the above, we know that there exists a sequence of K; — K in C%(S?),
v; € Mk, such that {v;} blows up at precisely the k points g, ..., q" . We have,
thus, proved Theorem 1.4. O

Proof of Theorem 1.5 By using Theorem 1.1 we can prove the Part (i) of Theorem 1.5.
The Part (ii) of Theorem 1.5 is similar to the proof of Theorem 1.4, we omit it here. O

A Appendix

In this appendix, we provide some elementary calculations which have been used in
the proof of Theorem 1.3.

LemmaA.1 Let o > 2, there exists a positive constant C depending only on o such
that, foranya > 0, b € R,

a(a — 1)

la+ b Ya+b)—a* —aa* b — 5

a2 = C (bl +a” 1bI"7),

where y = max{0, o — 3}.

LemmaA.2 Let | < B < 2, there exists a universal positive constant C such that, for
anya >0, b € R,

la + b (a +b) — af — BaP~"b| < CIp)".

LemmaA3 Let B > 1 and k € Ny, there exists a constant C, such that for any
(alv "‘7ak) € Rka

)(Za’)ﬂ _iXk;“ﬂ <CY lail?ajl.

i=1 = i#]

LemmaA.4 Let g9, T > 0 be suitably small and A > 0 be suitably large. Let
ATV <yt < ATTV2 PPy €SP [P — Pa| > e, Spy; be as in (4.3)
and G p, (P2) be as in (1.12) (| P; — P»| represents the distance between two points P
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and P, after through a stereographic projection). Then, we have,
Gp (P2)
/ 83,.1,8Pyny = 4|SP——= + 0(r7/), (A.1)
3 ’ 51%)
/S 85 8pyy = O(1), (A.2)
0 Gp (P)
3 8pypy = —4m|S*— 0(t?), A3
atl P1,t1°P2.1 IS*|—F— tl t + 0(7) ( )
a _
an ﬁPz,zzafol}l = / P8,y + O logr)), (A4)
0 P 0 5/2
8_t1 8})2,[281)1,[1 = atl SPZ [28P1,1| + O(T |10gt|)v (AS)
1 37r
/ [P — P85 1 = ——|82| + 0(t?|log 7)), (A.6)
Btl 31;] T= ———|82| + 0| log 7)), (A7)
o J 1P~ PP = _t_3|S2| + 0@ log1)). (A8)
1

Proof Because the computation is elementary and routine, we only take (A.2) as an

example to prove.
By the stereographic projection, we have

2—-1
/82 s / 2t 2t (
P, = S ———
AR s \ A+ 2y — P A+l —nP) )\ + 1P

—T
tl 1) ~
Scf dy =:C11r—.
R

sA+ly =T A+ 5]y — )
Let

Y2 — )1, yi+»
ap = —71r—, =Yy — —(—/—.

Then we have

~ 1 !
S :
T e Gz + 1z +anP)? (5 +1z - anP)

By symmetry arguments, we may assume

H <1.
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Because we have
2 1 .
titrlapn|” > Ct_’ withCa large constant.
2
Thus,
2 2 .2 2
Hlap| > C; tilanl” = C,

and it follows that if |z + aia] < +
1

5 = lanz], then [z +aia| = |aia|.

< laiz|, then |z — aj2| = |aiz]; and if [z — a2 <

Then
20—
~ 1 Ci%Y i1
v = 5 T T L2yt
H 'k 1 (7 +lanl?) (7 +lanl?)
letanl<g 2 lz—anl<s !
23 Ci
o | foranrer dz). (A9)
t127rt2 lZanl>i |z 4+ a12|22-9) |z — apa|?
lz—anl>7
where C| is a constant.
Since
1
1 dz
/Z+“12|>f1 |2+ anP )z —apl
\Z—alzl>5
/ dz f dz
< +
1z 4+ a2>@=Play|? la12>@=" |z — apa?
%<|2+a12\5\012| é<|z—fl12|5|a12\
+ / dz (A.10)
lztaiz|>la] |z 4+ a12|2C=9|z — app|?” ’

[z—ai|>laiz|

Itis easy to see thatif |z £ aj2| < |a1z2]|, then |z Far2| > |ajz| again, and if |z 4+aj2| >

laiz| and |z — a12| > |aral, then |z — ajp| > —Ir|z + ajz| with C; large enough. if
¢;

|z —aiz2| > laiz|, then |z — ap2| > |a2| > |z + aj2|, we have

dz

lz+aiz|>laiz] |z 4+ a12]2C=9|z — ajp|?
|z—a12|>lai2]

-c f dz C2|S?| 1
>~ 02 = .
letap|>lan| 12+ a2?@02 (3 —=21) |ap 3727
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On the other hand,
1 / dz
lai2|? |z 4 app >
%<‘Z+012\§|alz|
IS?| flazl g IS 1 N 1
_ — - ), A.ll
la* Jr r2 " a2 -1 tlz"l) A1
1
and
1 / dz
lain |22 lz —ap|?
é<|z—a12|§|a12|
ISP / ld ISP (lai2] ! ) (A.12)
= —dr = —————(lan| — —). .
laip 22— r lap2C—0 T g
é<\z—a12\§|012|
By (A.10), (A.11) and (A.12), we have
23 / 1 J
- . z
tlzfttz Iz+a12\>? |z +a12|2(2—r)|z _ a12|2
lz—ai2|> 7
<C 1 n 1 n 1 n 1 n 1
V72 S S LTS Sy s e SR s
<CEi+t+1%)=0(), (A.13)
recalling that (A.9), one has
23 / Ciif*v
2 (i + laal?)
‘Z+012|§% 2
1
' (;fl) — 0(1), (A.14)
HEED)
similarly,
23 Ci1?
— / 2 o— =0 (k¥ V) = 0?), (A.15)
i 'h (z+ laia|?)?>*
|Z*012‘5% 1
Thus, by (A.13), (A.14) and (A.15), we obtain (A.2). O
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Lemma A.5 Under the hypotheses of Lemma A.4, in addition that T'(, 'y are positive
constants independent of t. Then, we have,

ddp 1 88})1 1 2

(0P, .1 0P .11) = |SS|, < L =) =TI"1t7, (A.16)
08 08

o ) = T (A17)

8l1 81‘1
(8P1,115 8P 1) = O(7), (A.18)
185, 58Pl 32s3) = O(x]log 7)), (A.19)

B

1-t 99P1,1 _ 3/2

|3k " \LS,W) = 0 log ), (A20)
03

1 Pyt 3/2

H8P1 1OPn ey = 00 | log ), (A21)

1855 = by 323y = O(xllog T,

I—t (A.22)
”‘SPl 1 —épnliz3esy = 0(t| log 71),
”(SP] 1 8%’1,11 ||L1(S3) = O(T| IOgTI), (A23)
2 1/2
|||P - P1|5P1,;l HL3/2(§3) =0( / )s (A24)
|1P — P18, ”L3/2(Sa) = 0(1),
adp,
/ |P — Pi*8p,  — L = O(<?). (A.25)
S3 on

Proof Because the computation is elementary and routine, we only take (A.16) and
(A.17) as an example to prove.
Proof of:(A.16)

l‘
_ —n3 —1
(5P1,11’5P1,11>__/ 5P1 1 =2 A@ (l+t |y|2)3 dy

_23|82|f dr—|s3|
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Since Py dp, 1 = 51201,[1, then Pa(%a a L) =28p,4 (a P ). It follows that

<88P1,t1 a51’1,t1>_v/ <P a81)1»’1>881’1,t1
) - o
apP? apl® 3 ap®/ ap®
98 p; 1 \2
28p ( 1’l>
/gﬁ P\ op®
- [ T
ry L+ 2y L+ ]y2)?

_ 55 / 02 L
g (1+ [x[?)3 !

where I'y is a constant.

Proof of:(A.17) Since Py8p,,, = 62 9py .1

then Py ( oy, '1) = 28p,.1 (

). It

Pyt daty
follows that
98P, 1 \2
25 ( ‘*1)
/ P ot
2/ 2 ( 2 2 )z
= - y
Ry L+ lyP N+ y2 A+ f1y?)?
1 21x]? 2
= 242 (1- al ) dy=Tar?
r3 (1+ [x]?)3 1+ |x|?
where I'; is a constant. O

LemmaA.6 Let gy, T, A be as in Lemma A.4, P1, P>, P3 € S3 satisfy | P; — Pj| > e,
i # j,and Al 1/2 < t,th,t3 < At~ Y2, Then, we have,

d .
e
P Js3

d
‘8_1’1 /; 5P2 t28P1 1

szons

_ 172
L3/2(§3) - O(T | lOg T|), (A26)

B(SP] f ‘
Pon P

— 0(x'/?, Ha

=0@"?,  (A27)

d
1/2 2
0(7: / )» ‘rﬂéS 5P2,t28P1,11

88})1’[1
0P

R 0 (' 1og 7). (A.28)

LemmaA.7 In addition to the hypotheses of Lemma A.4, we assume that K € C'(S%).
Then

g f (K(P) — K(P)§% T 8p.0y = O(27). (A.29)
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Lemma A.8 In addition to the hypotheses of Lemma A.T, we assume that v € Ep, 4.
Then

_, 08p, ¢
K(P) — K(Py))sL—t —LLh
/SS< (P) = KPS} =

v=0(@"?logt|vlly). (A.30)
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Abstract The aim of this paper is to investigate the existence of solutions to the prescribing fractional
Q-curvature problem on S™ under some reasonable assumption of the Laplacian sign at the critical point
of prescribing curvature function K. Due to the lack of compactness, we choose to return to the basic
elements of variational theory and study the deformation along the flow lines. The novelty of the paper
is that we obtain the existence without assuming any symmetry and periodicity on K. In addition,
to overcome the loss of compactness for high-order operator problem, we need more delicate estimates
with the second order cases.

Keywords Prescribing curvature problem, existence, critical exponent
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1 Introduction

Conformal geometry is an in-depth and complex research field aimed at revealing the geometric
properties of manifolds, which has received extensive research in recent years. In this paper, we
mainly study the prescribing fractional Q-curvature problem on n-dimensional standard sphere
(S™, go) in conformal geometry. This problem can be described as: which function K on (S™, go)
is the fractional @-curvature of a metric g that is conformal to go? This problem involves a class
of nonlinear partial differential equations derived from conformal deformations of Riemannian
metrics. To be more precise, if we denote g = v (n-20) go, this problem can be represented as
finding the solution of the following nonlinear equation with critical exponent:

P9 (v) =c¢(n,o0)Kv "3 on S”, (1.1)
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where n > 2, 0 <o < 3, ¢(n,0) = I'(} +0)/T(} — o), I' is the Gamma function, K is a
function defined on S™, and P% is an intertwining operator of 2c-order:

I(B+}+0) \/ n—142
p9o — 2 , B=4/-A .
7 T(B+,-0) 90+( 2 )

It can be viewed as the pull back operator of the o power of the Laplacian (—A)? on R™ via
the stereographic projection:

(Pg(v) o F = |Jp|~ "5 (=A)7(|Jp| " (vo F))  for ve C*(8"),
where F is the inverse of the stereographic projection and |Jg| is the determinant of the Jacobian

of F'. The Green’s function of P¢° is the spherical Riesz potential, i.e.,

O =cnn [T

, p>1,and |- | is the Euclidean distance in R"**.

dvg, (¢)  for f e LP(S"),

F( n;Zu )
n
2202 T (o)
The prescribing fractional @Q-curvature problem can be viewed as extensions and generaliza-

where ¢, =

tions of several problems in conformal geometry. For ¢ = 1, it is the scalar curvature problem
or the classical Nirenberg problem: which function K on (S", go) is the scalar curvature (Gauss
curvature in dimension n = 2) of a metric g that is conformal to go? If we denote g = e*Vgq
in the two dimensional case and g = pnte go in the n (n > 3) dimensional case, this problem is

equivalent to solving the following nonlinear elliptic equations:
~Agv+1=Ke* on S?

and
—Agov +c(n)Rov = c(n)Kv:tg on S", n >3,

where A, is the Laplace-Beltrami operator, c(n) = 4(’:;21), Ry = n(n — 1) is the scalar
curvature associated to gg. There have been many papers on the problem and related ones, see
e.g., [4, 10, 12, 14, 20, 21, 28, 29, 32, 33, 39, 44, 45, 47]. For o = 2, it is the Paneitz—Branson
curvature problem, the fourth order conformally invariant Paneitz operator and Branson’s Q-

curvature on Riemannian manifolds (M, g) are given by

. . n—4
Py = A; —divg(anRgg + bpRicg)d + 9 Qg,
1 ) 2 o
Qg = (- 1)A9Rg +en Ry — (n — 2)2 |Ricgl?,
where R, and Ric, denote the scalar curvature and Ricci tensor of g respectively, and a, =
5 .
2((;L:12))(nt42)7 bp=—,%,, cn = "; (;‘i’lli;f(ff;)g". For this topic, we refer for example to [11, 13,

38, 43, 46, 48] and references therein. For o = k if n is odd, and for k € {1,..., 7} if n is
even, it is the higher order Nirenberg problems which are associated to Graham, Jenne, Mason,
and Sparling operators, see [17]. For the case where o is a non-integer, it is the prescribing
fractional @-curvature problem (1.1), see [9, 18, 25, 26, 42] for properties of those fractional
and high order operators, as well as for various existence results on the higher order operators
and related problems. One can see from these papers that the higher order operator presents

new and challenging features compared with the Laplace operator.
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The problem of determining which K admits a solution to prescribing fractional Q-curvature
problem (1.1) has been studied extensively. First of all, (1.1) is not always solvable. A first
necessary condition for the existence is that maxg» K > 0, but there are also some obstructions.
For example, a necessary condition is the following Kazdan—Warner type obstruction: for any
conformal Killing vector field X on S", there holds

/ (VXK)vnigﬂdng =0,

for any solution v of (1.1), see [7, 49].

Moreover, the flatness of the prescribing curvature function K plays a crucial role in the
study of this problem. Roughly, the function K is said to satisfy the [-flatness condition if
there exists 3 € (1,n) such that

n
K(z) = K(xo) + Zaj|mj —x0,4|° + R(x),
j=1

where a; # 0, Z?:l a; # 0, and R(z) satisfies certain degenerating conditions. For o € (0,1)
and 8 € (n — 20,n), Jin-Li-Xiong [22, 23] proved the existence of the solutions to (1.1) and
derived some compactness properties when K satisfies the S-flatness condition by using the
approach based on approximation of the solutions to (1.1) by a blow up subcritical method.
For o € (0,%) and § € (n — 20, n), Jin-Li-Xiong [24] developed a unified approach to establish
blow up profiles, compactness and existence of positive solutions to (1.1) when K satisfies the -
flatness condition by making use of integral representations. For o € (0, ) and 8 € [n — 20, n),
Li-Tang—Zhou obtained the unified results of existence for prescribing fractional @Q-curvature
problem, see our work [29-31]. Existence results of the solutions to (1.1) were given when § €
(1,n—20] by Abdelhedi-Chtioui-Hajaiej [2], and when 3 € [n—20,n) by Chtioui and Abdelhedi
[16]. Under a so-called “non-degenerate condition”, Khadijah and Chtioui [27] studied the lack
of compactness and provided the existence results for (1.1) when 3 =n —20 =2, 0 € (0, 7).

On the other hand, the periodicity and symmetry of the curvature function K also have
a certain impact on the existence of solutions. For ¢ = 1, when K is positive and periodic,
Li-Wei—Xu [34] proved the existence of multi-bump solutions where the centers of bumps can
be placed in some lattices in R”, including infinite lattices. When K is positive and rotationally
symmetric, Wei and Yan [47] proved that (1.1) possesses infinitely many non-radial solutions
by using singular perturbation method. Subsequently, Liu and Ren [36] extended this result to
the case of o € (0,1). For more research work in this area, one may refer to [19, 40] and the
references therein.

From the above, it can be seen that all existence results of this problem are based on
a certain flatness, symmetry or periodicity assumption of the prescribing curvature function
K, for instance radial symmetry, symmetry under a subgroup of the group of rotations, or
periodicity in one variable.

We want to refer the readers to work by Bianchi [6], where the author studied the existence
for the prescribing scalar curvature problem with ¢ = 1, when K is a function bounded from
above and below by positive constants and no symmetry assumption on K is made. Motivated
the work of Bianchi [6], we study the existence for the prescribing fractional Q-curvature prob-

lem (1.1) with o € (0, ) without assuming any symmetry and periodicity on K. In addition,
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due to its deep geometry and physics roots, the higher order equations (1.1) for any o > 1 have
been found considerable interest.

The aim of this paper is two-fold. Firstly, we will discuss the existence of solutions to (1.1)
under some reasonable conditions near the global maximum point of K. Secondly, when the
condition weakens to the local maximum point of K, we further investigate the existence of the
solution. Obviously, due to the existence of critical Sobolev exponent, the lack of compactness
leads to that the problem cannot be directly solved by variational methods. Instead, we can
return to the basic elements of variational theory and study the deformation along the flow
lines, and further restrict the set of critical points of K which may cause loss of compactness.
To be more precise, the research of Bahri and Coron in [3, 4] enables us to regain compactness
along gradient flow, at certain values of variational functional which are related to the value
of the coefficient K in some of its critical points. By doing so, similar as in [6], we use the
min-max method and look for a min-max over the class of continuous paths connecting two
“critical points at infinity”. We assume that the prescribing curvature function K satisfies the
following conditions:

For K € C?(S™) and d > 0, we define K.y := maxgn K,

Hy:={xeS": K(x) > d}, (1.2)
and
Ay :={K € C*S"): K >00nS", K has only finitely many critical points in #3}. (1.3)

Our first result is about the existence of solutions to (1.1) under some reasonable conditions
near the global maximum point of K.

Theorem 1.1 Let 0 € (0,5), g be as in (1.3), and K € o3 with d = 2= n % Kax. Let
xo, £1 € S™ be two distinct points belonging two different connected components of {x € S™ :
K(x) = Kmax}. Suppose also that there exist some positive constant ¢y and some > n — 20,

such that in some geodesic normal coordinate system centered at x;, i = 0,1,
K(z) > K(z;) — colz — z°.

Furthermore, if & is a critical point of K and K(Z) € (2_n2—020 Kiax, Kmax), then either
Ay K(Z) < 0 and & is a strict local mazimum or Ay K(Z) > 0. Then there exists a solu-
tion to (1.1).

Remark 1.2 The assumption of Theorem 1.1 indicates that there are neither critical points

with Ag K (%) = 0 nor “saddle” points with Ay K (Z) < 0 near the global maximum point of
K.

Our second result is about the existence of solutions to (1.1) when the condition weakens
to the local maximum point of K.

Theorem 1.3 Let o € (0, %) and oy be as in (1.3). Let K € C*(S™) be a positive function
and 1 be a strict local mazimum of K with Ay K (x1) # 0. Let (t) be a continuous path that
connecting x1 to some point xo different from xz1, where K(xg) > K(x1). Suppose also that

K € @; with d < min; K(y(t)) and

min K (v(t)) > 2720 Konax.
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Furthermore, if a point & satisfies Vg4 K(Z) = 0 and K(Z) € [min, K(y(t)), K(x1)), then either
Ay K (%) < 0 and T is a strict local mazimum or Ag K (%) > 0. Then there exists a solution
to (1.1).

The paper is organized as follows:

In Section 2, we introduce some definitions and notations, as well as some properties of
gradient flow. In Section 3, we give the set of admissible paths to run the inf-sup scheme and
provide estimates of the upper and lower bounds on the inf-sup value of the functional on the
admissible paths. Section 4 is devoted to the proof of Theorems 1.1 and 1.3, by using the
estimates obtained in Section 3 and constructing a path that satisfies a specific condition. In
Appendix, we provide some useful technical results and elementary estimates.

2 Notations and Preliminaries

In this section, we introduce some definitions and notations, as well as some properties of
gradient flow. In order to further restrict the set of critical points of prescribing curvature
function K that may cause compactness loss, we first investigate the behavior of the flow lines
for the negative gradient of functional associated to (1.1) near the critical points at infinity.

In what follows, P2 is simply written as P,. Denote H?(S™) as the o order fractional

1

2

ol = ([ vrevan, )
Sn

where dvg, is the volume element of S™ with respect to the standard metric go. Let

Sobolev space with the norm

(u, v), :/ uPyv dug,

be the corresponding scalar product. The sharp Sobolev inequality on S™ (see Beckner [5])

asserts that

n—2o
2n " F(n — U) o/Qn
( N |v|n25dvgo) < |Sn|2a/ir(g o) /S VP, (v)dvg,, Vv € H(S"). (2.1)

Let
Sti={ve H(S"): |lv|l, =1, v > 0}. (2.2)

For K € C?(S™) and K > 0, we define Jx : ¥+ — R as follows:

1

- L, vest, (2.3)
Jon K025 dug,

JK(U)

*x . 2n
where 27 = <% .

The exponent 27 is critical for the Sobolev embedding H?(S™) — L?(S™). This embedding
is continuous and not compact. The functional Jg does not satisfy the Palais—Smale condition
on X7, but the sequences which violate the Palais-Smale condition are known. In order to
describe them, let us introduce some notation. For ¢ € S™ and A > 0, define

n—2o

A\ 2
Sar(z) = : e N
A(x) CO<1+ A;l(l—COS d(x7a))) ’ ( )
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where ¢ is a constant, depending only on the dimension n, such that ||J, 2]l = 1 and d(-, ")
is the geodesic distance (with respect to the standard metric gg). After multiplication by a

suitable constant, they are the only positive solutions of

Pyv = ¢(n, 0)02;*1, v >0 onS",
where c(n,0) is as in (1.1).
Define
S = |S"|"e(n,0)2, (2.5)

then by (2.1) and ||04,1]| = 1, we have

/ 5% = (87 Fe(n, 0)4) % = 7%, (2.6)

For a positive integer p and £ > 0, we define the set Q(p, ) of potential critical points at
infinity as follows (see for instance [3]):

with

Q(p,s):{uEE"':EIal,...,apES",/\1,...,/\p>0,
P 20—n

u—cZK(ai) 1 0g N

i=1

P o\ "2
< g, where c = <ZK(%‘) 2 > ,
1 2o i )\j 9 1
Ai > . €ij = /\j + A + )\iAjd(ai, CLj) > E.} (27)
Following [8] and [35], the failure of the Palais—Smale condition can be described as follows.

Lemma 2.1 Let K € C?(S™) be a positive function, X% be as in (2.2), and Jx be as in (2.3).

Assume Ji has no critical point on X1, Let {u;,} be a sequence in X7 such that Jx(um)

g

is bounded and VJk(um) goes to zero. Then there exist a subsequence of {um} (still denote
the subsequence by {um}), a sequence {e,,} tending to zero, and a positive integer p such that
Um, € QUP,Em)-

If u is a function in Q(p,e), one can find an optimal representation, following the ideas
introduced in [3]. Namely, we have:
Lemma 2.2 For any p € N, there is €, > 0 such that if ¢ < &, and u € Q(p,e), then the

minimization problem

(M) :

U_§ al a;,\;

a; >0, )\ >0 a; ES™

has unique solution up to a permutations.

If we denote

P
v=u— g 0i0q; 2
i=1

then v belongs to H?(S™) and satisfies the following condition:
85!11‘7)\1’ 85!11‘7)\1’
5)% ’ 6ai ’

Here and subsequently, we denote v € (E,,») to say that v satisfies (Eq ).

(Ean) : |vlle <e, and (v,¢i)e =0, for i =1,...,p, and @; = dq; \,»



1302 Li Y. and Tang Z. W.

Lemma 2.3 Under the assumptions of Lemma 2.1, and let (a;)m be the points associated to
Um, via the minimization problem (M) and a; := lim,,— 00 (a;)m, then we have

2

2* P n—2o
JK um _>S E n— 217 9

as m — oo, where S is as in (2.5).

Proof By using Lemma 2.1 and the optimal representation of u,,, after a simple calculation,

we can obtain Lemma 2.3.

Lemma 2.4 Under the assumptions of Lemma 2.1, in addition that S is as in (2.5), and

lim Jg () < 27 %20 §20 K1

max-*
m— 00

Then there exists a subsequence of {u,} (still denote the subsequence by {u.,}) and a sequence
{em} tending to zero such that u,, € Q(1,e,). Moreover, there exists ay € Hy for some

d < 8% (limy, o0 Ji ()", such that, as m — oo,

S%
(a1)m — a1 and Jg(um) — K(a)’

where Hq is as in (1.2) and (a1)m is the point associated to u,, via the minimization problem
(M).

We now state the definition of critical point at infinity.
Definition 2.5 Let K € C%(S") be a positive function, S be as in (2.2), and Jx be as in
(2.3). Given ug € H°(S"), a critical point at infinity of Jx on X7 is a limit of a flow-line u(t)

of the following equation:

ou
ot = —VJK(U'(t))a (2-8)
u(0) = ug,

such that u(t) remains entirely within Q(p, ) for any € small enough and some p > 1.

Lemma 2.6 Under the assumptions of Lemma 2.4, in addition that K € <ty for some d <
8% (limyy, 0o Ji (Um)) ™1 Let u(t) be as in (2.8), and

max"*

Jim Ji (u(t)) < 2= Y0 820 KL
Then p =1 and if a(t) denotes the point associated to u(t) via the minimization problem (M),
then a(t) converges to some point a € S™ with Vg, K(a) =0 and Ay K(a) <0 ast — oo.

The proofs of Lemmas 2.4 and 2.6 are similar to Lemmas 1.3 and 1.4 in [6], respectively.

We omit it here.
Lemma 2.7 Let u(t) be a solution to (2.8) then lim;_ [|VJk (u(t))| = 0.
The proof of this lemma can refer to Appendix A in [4].

3 The Inf-sup Scheme Argument for Existence of Solutions

In this section, we first give the set of admissible paths to run the Inf-sup scheme, which we

are going to use in order to prove existence result. Then we provide estimates of the upper and
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lower bounds on the inf-sup value of the functional on the admissible paths. These estimates
play a crucial role in our proof of existence results.

Now we introduce the set of admissible paths. In the notation below, the point a, is the one
given by the minimization problem (M). Let x¢, z1 be two distinct points on S™. Let Py 4,
be the set of all continuous paths vs : (0,1) — X7 defined by

Prozs = {’ys :(0,1) — 27 such that v, € Q(1,¢) for any € > 0,
(3.1)
and lim as = xg, lim as = xl}.
s—0 s—1
Since K (x), K(x1) > 0, it is easy to see that the set of paths Py, ,, is nonempty (see for
instance the proof of Proposition 3.1 below).
Let Jg be as in (2.3). Define
Cp = inf sup Jr (7). (3.2)

o Vs€Pzg.21 5€(0,1)

Proposition 3.1 Let K € C*(S"), K >0, and xo, 71 € S™ be two distinct points. Let Jx be
as in (2.3) and S be as in (2.5). Let Py, oy be as in (3.1) and Cp, . be as in (3.2). Suppose
also that there exist some positive constant cyg and some 3 > n— 20, such that in some geodesic
normal coordinate system centered at x;, 1 =1, 2,

K(x) >K(x;) — colz — z]°. (3.3)

Then, we have
n—2o

Opoy oy < (K(20)™ 20 + K(21)™ "2 )n 50 8%

0,71

Proof For s,t >0, s2+t2=1, and X sufficiently large, let
Ug = 5510,)\ + tdmh,\, (3.4)

where 0, x and d4, » are as in (2.4).

The path us, when properly normalized belongs to Py, .,. Actually the behavior at the
endpoints d, » and d, » is not completely correct, but we can continue the path with the
desired property.

Here and subsequently, it is convenient to transform the problem on R™ by the stereographic
projection when calculating estimates. We use the symbol y; to represent a point x; on the
sphere after passing through the stereographic projection.

By (3.4) and Lemma 4.2, we have

K(@)ui = | K(x)(s%827 \ + %6, )
Nig Nig

+ 27 (sQZ_lt
Sn

+ R(N), (3.5)

K (2)027 5 00y + st% —1/ K ()8, A5§1A1>

n

where

0( 523/252?/2), for n > 6,

ajo)\ a:l)\

S’V'L
</ 5?60;2 rlA) for 3 <n <6.

R()) =
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Now, we further provide an accurate estimate of R(\).

Case 1 when n > 6, we have 2 < 27 < 3, then
25 25

25
COR X PO

c A 2 A 2
<
- R"<1+/\2|y_y0|2) <1+A2|y—yll2)

(f ) oot
< o ) ) ( )
y—vol<r  Jy—wml<r  Jly—yol>r ly—u|>r / \ 1+ X2y — g0l 1+ A2y —y|?

=: C(Al + As + ./43),
where |y — y1| > 2r. Firstly, it is easy to see that
[As[ < OA™).

For Aj, let z = A(y — yo), we have

n

H 2
|A1|§/ ( 2)\ 2) ( 2 A 2)
ly—yol<r \ 1+ A%y — Yol 1+ Xy —yo +yo — vl

n

C 1 : 1 5
< )\‘”/ ( ) ( )
lzj<ar \ 1+ [2]2 A2 4 Jyo —y1 + A1 2)?

A T T L Sy
< O\ <A2+€> /1 (1+§2),5_0(A In(\)).

By the same reason, we can obtain
Ay = O(A" " 1In(N)).

Case 2 when 3 <n <5, we have 3 < 130 < 2% < 6, then
2% —2

‘/Sn 5I0,)\ 5217)\

_ / ( A )20’( A >n20’

T Jre \ 1+ A2y —yol? L+ My —yl?

/\ 20 )\ n—220
([ I ) ( )
ly—yol<r  Jly—wil<r  Jly—yol>r, ly—y1|>r L+ X[y — yol? 1+ N2y — y]?

=B + By + Bs.

It is clear that as A — oo,

1
|Bs| < A" =0(™).
ly—yol>r, ly—y1|>r [V = Yol*7ly — 2727

By direct calculation, we can obtain

20 n—2o0
|B1] S/ < 2)\ 2) ( 2 g 2)
lw—yol<r \1 + X[y — o 14+ A2y —yo +yo — v

20 n—20
<,\2<20—n>/ ( 1 ) < 1 )
B reae \LH122 ) AN fyn — o + A 122

Ar
< C)\Q(Qo—n)/ ,r,n—l—4c7 _ O(AQO'—TL).
0
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Using a similar argument, we have
By = 0o(\277™).
From what has already been proved, we conclude that
R(y) = o7 ™). (3.6)
Next, we estimate the second term at the right-hand side of (3.5). Let F be the stereographic

projection with z; being the south pole and K (y) := K(F(y)), z; = F(y;). We consider a ball
B; centered at y;, it follows from (2.6) that

27 —1
K(m)(swg’)\ 5$1,A
Sn

1

= Klao) [ 83Nt [ (K@) = K@) b

n+420 n—20

- (/}30+/5)(I~((y) - f((yo))<1 +>\2|2 —yol2> 2 (1 +>\2|?/—y1|2> 2
— CK (20)A27 "|zg — 21 7" + 0(A27 ), (3.7)

where C is a universal constant independent of A, and |xg — x1| represents the distance between

two points x¢ and x; after through a stereographic projection.
By (3.5), (3.6), and (3.7), we have

K(o)ul” = 872 (5% K (20) + * K (21))
Sn
s [ (K@) - K@o)d ,+ 5 [ () - K@),
+25CS% NPT 3 — @1 [P0 (5% T K (w0) + st?0 K (1)) + o(A27").

From the definition of ug, a direct calculation gives

2r 7

ol = ([ (e + 16200 Bals 182,
Sn

N
20‘

= (P0ra I 4 20012 4250 [ Gy Prin )
Sn

*
20‘

— <1+2 R ) 5231> ’
- s 0,A%1 A

S"L
=14 st25827 CA2 " mg — 21 |27 + o(N2TTT). (3.8)
By (3.3) and (3.8), it is easy to see that
ot
- - [Jusl5” 2% (2 27 ~1
lim Jg(us) = lim . = 8% (s K (xg) +t°° K (21
i Jr(w) = im0 = 87 6 K ) + K )
* n—20 n—20 20
< 8% (K(wo)™ "2 + K(zo)~ "2 )", (3.9)
with equality if and only if
n—2oc
K -
S = § = (.’El) ‘ ,

n—2

\/K(%)ng"% + K(x1) 2"
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n—2o

K({EQ) 4o
n—20

t=1=
\/K(mo)"gﬁ" + K (z1) "2

Then, we just need to prove that (3.9) is true when s = § and ¢ = £. In this case, we have

(K (20)K (21)) "1

n—2 n—2c

sz = 14 2;8%¢ .
K(xzg) 20 + K(x1) 2

/\207n|m0 _ Z,1|2o'7n + 0(/\20771)7

and
1

fS" K(x)u?’
= 8% (K(xo)™ 20 + K(x1)™ 20 )n-20

n—2co

(K(mO)K(ml)) 4”’n720 |$0 _ x1|20—n)\20—n _ S(A)) + O()\Qo—n),

n—2o0

.(1—26(8 P ey peyn

with

EN) = / (K (@) = K (20))827 5 + 3 / K@) = K(@))5 5

where co and c3 are positive constants. We might as well assume d(zg, 1) > 2p for some p > 0.

It is easy to see that
9
[ (K@ - K@),

— [ K@ - K@) [ @) - K@),
B(zo,p)

Be(z0,p)

— [ (K@) - K@)+ 00,
B(zo,p)
where B(xg, p) is the geodesic ball centered in x¢ with radius p. It follows from (3.3) that
[ @) - K@), = o)

B(zo,p)
By the same reason, we have

[ @)~ K@), = o),
It follows that £(A) = 0o(A27~"). Therefore, we can obtain

9%
[[ulls”
fsn Ku?;
_n—20 n—20. 2 o*
< (K(xo) 2 _K(xl) 2 )n—QGS -

JK(Ug) =

K(z1)) s
(K(ff)z)u (x;()() )n72u |$0 _ Z,1|2¢7—n/\2¢7—n + 5(/\)) + 0(/\20—11)
20+ T 20

)
)~ ) e 8% (3.10)

: (1 —20(8%)?
(zo

K
< (K(LCQ) 2 _K(xl

From (3.9) and (3.10), we prove that Proposition 3.1 holds. O
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Proposition 3.2 Let K € C%(S") and K > 0. Let xg, x1 belong to two different connected
components of {x € S” : K(x) = Kmax}. Let Jx be as in (2.3) and S be as in (2.5). Let Py a2,
be as in (3.1) and Cp, . be as in (3.2). Then, we have
S%
CPaywy > Ko (3.11)
The proof of this proposition is based on the concept of concentration-compactness in [41]
for fractional Sobolev space. Analysis similar to that in the proof of Lemma 2.2 in [6] shows
that (3.11) holds.

Proposition 3.3 Let K € C?(S") and K > 0. Let 1 € S™ be a strict local mazimum of K
and Ag, K (z1) < 0. Let xg € S™ be different from 1 such that K(xo) > K(x1). Let Jx be as
in (2.3) and S be as in (2.5). Let Pyyay be as in (3.1) and Cp, . be as in (3.2). Then there
exists cg > 0 such that

CPryey > K(z1)7'8% + «p.

Proof Let s € Pyy.z,- By the definition of P, ,,, for any € > 0, there exists s, > 0 such that
when |s| > s¢, 75 stays definitively in Q(1,¢). Let as > 0, as € S, As > 0 be the parameters
associated to 7, via the minimization problem (M), by Lemma 2.2 we can write

Ys(x) = aslq, 2, () + vs(2), (3.12)

where v, satisfies (E, ). The definition of 7, implies that ||vs|l, — 0, as — x1, As — +00 as
s — 1.

Next, we consider the expansion of Jx as s — 1. Firstly, by Lemma 4.1 in Appendix, we

have
K@y =a? | K@i, +250 " | K@), v,
Sn S”'L 9 s Sn Sy El
2%(2% — 1 *_ .
R K (2)027 %02 + R(s)

S
2 - :

2;(25 - 1)
2

=ral M+ 2;(1?;71/\42 + aZr My + R(s), (3.13)

where a direct calculation yields

R(s)| < C /S (05[> + [0,[26%32)

o o* 23:*, o 25
S CH’USHUU + c |US| i 5(1:,)\3
§n S

< C(llvsllo” + flos12)
= O(llvsll3)-

For the term Mj in (3.13), let p > 0 be sufficiently small. By using the same computing

method as in [3, 4], we have

M= [ K@), =K(a) / 5%+ / (K (2) — K(a2))5% .
[ K@i, [

4 / (K (2) - K(a2))8%
B(as,p)©
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=: K(as)S™% + Ry + Ra, (3.14)

where B(as, p) is the geodesic ball centered in as with radius p. In order to estimate R and
Ro in (3.14), we still transform the problem on R™ for calculation as before. Let F be the
stereographic projection with as being the south pole and K(y) := K(F(y)), then we have

~ ~ 2\ "
R :/ K(y) - K(0 ( N )
1 |y|§r( () ()) 1_’_)\§|y|2
~ 2\ "o ~ 2\ " 1
= (VK(0 s AK(0)|y|? N
/|y|§rm ( ())<1+A2|y|2> " on yl<r O <1+A2|y|2> +O(A2)

2"~1 AK(0) / ly[? 1
= + o
no A2 Jee (L [y TN

Ay K(as) 1
=C gOAQ —’—0()\2), (3.15)
where ¢ is a positive constant independent of s. It is easily seen that
~ ~ 2 " 1 1
Ra = K(y) — K(0 X <C, =0 . 3.16
o= [, Fo=FO( S) 200 =0(y ) e

Thus, by (3.14), (3.15), and (3.16), we can obtain

M = ()5”

STL a5‘7 s

=K(as) | 027, + / (K (x) - K (as))d27
S B(a97p)
+ / (K (2) — K(a,))6
B(as,p)

* Ay K s 1
= K(as)S™% + ¢ go)\Q(a ) + o(/\Q). (3.17)

For the term My in (3.13), since a; — x1 as s — 1 and Vg, K(z1) = 0, it follows from
Holder inequality and (E, ) condition that

Mo| = | | K(2)327 v,

Sn

[ @) - K@il
<V o ) 1ol

As
<ol )l (3.18)
>0 AL Vs|lo- .
For the term M3 in (3.13), by using Holder inequality and (2.1), we have
Ms= [ K@) / 52202 + o [ua2). (3.19)
STL

By (3.12) and ||vs]ls = 1, we have

ai + [lusllz =1
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Substituting (3.17), (3.18), (3.19), and o, = (1 — |jvg]|2)? into (3.13), we can obtain

* x Ay K(as
K(on = K(a)57% + %(“ )
N s

23’ —2* 2*72
- T K()s 2a(||vs||?, /@w 2)
to(llosl2) +o( ) +of fusllo 1 ). (3.20)
ol e A

To be more precise, by (3.17) and as = (1 — ||vs]|2)2, we have

o My = (1= [[u|2)%/* | K(@)s

STL ai" s

2% x Ay K(as 1
= (1= 10l +olont?)) (Kla)s 2 + o 251 o L)

. Ay K(as 1
= K(as)S™ % + ¢ go)\z(a‘) + 0<)\2)

2% ox Ay K(as 1
= et (KGas +e ) o, )

+ollul?) + of Il . )

« Ay K(as 2% x
= K05 40 S50 K )5

1
soflulz) +o( 3y ) +o(lunlz )

From (3.18) and a, = (1 — ||v,]|2)2, we can obtain

w251 " 25 -1 1
2502 My| < 25(1 — [lua]2) o(A )nvsno
S

2% —1 1
=25 (1= % el o) )o( . 1ol

N 1
= 250( )l + ol

It follows from (3.19) and as = (1 — ||vs]|2)2 that

2*%(2* — 1 *_
o'(z; )a§° 2\ s

25 (25 — 1) 25 -2
- % (1— 5 2ol ollonl2)) (e [ 3522 4 o)

2* *
— ( K(ay) / 52 "A v +o0 ||US||(27)

Therefore, we get (3.20).
Let (Qsvs, vs)s be the quadratic form on (E,, x,) given by

2% —1 2% 2
<QsUs,’Us>o = ||Us||§ - ( 22; ) ~/S" 6(1:,)\5”?'
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By the same method of proving the coercivity of the quadratic form @ in [1, 15, 37], we obtain
that there exists a positive constant ca = ca(s) such that
(Qsvs,05)0 > CQ””Hia on (Eq, . )- (3.21)
By (3.20) and (3.21), we have

2(7* —2* ( S) ( 1) 2% go ( 5) [t ( 5)
Vs < + o —
K(.’E) £ K(ml)S “ <1 =+ K(xl) ClS K(xl))\% C2 K(xl)

+ o(||vs|12) + 0(/\1§) + 0<”vs|g)\1s>)

Since 1 is a global maximum for K with Ay K(21) < 0 and Ay K (as) = Ago K (1) +0(1) <0,
as s — 1, there exists a constant cg > 0 such that

lvsll
S’!‘L

sup Jr(us) < K(x1)718% (1 — ¢o).
s€(0,1)

It follows that Proposition 3.3 holds.

Proposition 3.4 Let K € C%(S") and K > 0. Let xg, x1 be two distinct points on S™ and
¢(s) be a continuous path on S™ with limg_o ((s) = xo and lims_,1 {(s) = x1. Let Jx be as in
(2.3) and S be as in (2.5). Let Pyy .y be asin (3.1) and Cp, . be as in (3.2). Then we have

S%

ey . .

0T T minge o1y K(C())

Proof Let A >0, A — +00 and 7(s) := 0¢(s),x- This path is in Py, z,. Actually the behavior

at the endpoints is not exactly correct, but we can continue the path with the desired property.

Cp

Let p > 0 be small enough. For each fixed s, we have

2, 25 _ 25
[ @ty =@ [ Foas ([ ) = K,
= K(((s))S7% + Ry + Rs.

It follows from the calculation technique in Proposition 3.3 that there exist positive constants
¢4, ¢ independent of ((s) such that

) | 2 Yo
Ri1 < |K n =
1< [[Klle2s )\ /R" |y|<1 + |y|2> Y

~ C
IRs| < ;.

and

n

Thus, for sufficiently large A, we know that

* _o* C
; K ()07, 2K (((s)S ™% — ;

We obtain that Proposition 3.4 holds.

4 Proof of the Existence to Solutions

This section is devoted to proving the Theorems 1.1 and 1.3. We first use the estimates in
Section 3 to obtain the upper and lower bounds of the inf-sup value of functional Jg, which
is related to K. Then, assuming that (1.1) has no solution, we construct a path and estimate
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the value of the functional on that path, ultimately leading to the contradiction, and prove
Theorem 1.1. Similar arguments apply to the case that the condition weakens to the local
maximum point of K.
Proof of Theorem 1.1 Let Py, be as in (3.1) and Cp, , be asin (3.2). It follows from
Propositions 3.1 and 3.3 that

St Op,y,, <2020 s%

Kmax max

. _ 20 * _
Since 27 n 20 Koy < 52"07%10 < Kmax, we define

Q:={FeS": K(&)=8%Cp! ., V4K(&)=0,A,K() < 0}.

It follows from the assumption of theorem that each point & € Q is a strict local maximum for
K. By Proposition 3.3, we can obtain that there exists a constant ¢z > 0 such that

max Jr(u) > 8% K(&) ™' + ¢z (4.1)
uey

for each v € Py .o, Let cp = mingeg cz. Choose

6 < min(co, 2 2 ST KL — Op, ), (4.2)

max

and also assume that there is no critical point & of K with
~ 25 ~—1 25 ~—1
K(z)e (S szoyzl,S szo,m +0).

If there is no solution to (1.1), let v(s) € Py, ,», be a path such that Jx (y(s)) < Cp +0.

-
Then, there exists a constant § such that denoting by u(t) is the solution of the problem

?91: = Vg (u(t)),
u(0) = ~(5),
and
Tic(u(t)) € (Cp,, .. .Cp,, .. +6). (4.3)

This conclusion follows by the same method as in Lemma 3.1 in [6]. By using Lemma 2.7, we
know that each of subsequence of u(t) is a Palais-Smale sequence. It follows from (4.2) and
(4.3) that

lim Jx(u(t)) < Cp,, , +6 <202 8% K1

100 20,71 max-

Thus, by d = 2720 Knay and Lemma 2.4, we conclude that u(t) stay definitively in (1, ¢e;)
with e; — 0. Let a(t) be the point associated to u(t) via problem (M). Lemma 2.6 shows that
the point a(t) converges to some point a € S™ with V4 K(a) = 0 and Ay K(a) < 0. A trivial
verification shows that

t1i>1£10 Jx (u(t)) = 8% K(a)™L.
Since there is no critical point # for K with K (%) € (§%C5' 8% 07;11[%4”1 +6), then we have

on,zl

K(a) = 8% C3t

Pag,eq
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It follows from the definition of Q that a € Q. Consider the path 4 that is the union of
u(t), t > 0 and y(s) with 0 < s < 5. We know that this path belongs to Py, . and the value of
maxyes Jx(u) < Cp, .+ 0. This contradicts (4.1). O

By using Propositions 3.3 and 3.4, and similar arguments as the above proof, we next prove
Theorem 1.3.

Proof of Theorem 1.3 Let Py, », be as in (3.1) and Cp, , be as in (3.2). In what follows,
we choose d > 27 n20 Kiax. By Propositions 3.3 and 3.4, and d < min; K (y(t)), we can obtain
2 2
If(xl) <Cp,y., < Sd .

Moreover, from d < min; K(v(t)) and K(x1) < Knax, it is easily seen that

S§2 - S§2 —c _ 52 - 52
= Py, no2e
Kmax K(xl) 01

d max
Then the rest of the proof is similar to Theorem 1.1. |

Appendix

In this appendix, we provide two inequalities that were respectively used in [33] and [37], both
of which have already been applied in Section 3.

Lemma 4.1 ([33]) Let2 < a < 3. There exists a positive constant C depending only on 3
such that, for any a >0, b € R, we have

ala —

1
S Va2 <ol + ap),

la +b]**(a+b) — a® — aa® b —

where v = max{0, a — 3}.
Lemma 4.2 ([37]) Let a,b> 0. There exists a positive constant C' such that

CaP/2pr/2, 2<p<3,

[la + bP —a? —bP — paP~1b —pabp71| <
Ca?bP~2 + CaP~2b%, p> 3.
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Abstract. In this paper we study the problem of prescribing fractional
Q-curvature of order 20 for a conformal metric on the standard sphere
S™ with o € (0,n/2) and n > 3. Compactness and existence results are
obtained in terms of the flatness order 3 of the prescribed curvature func-
tion K. Making use of integral representations and perturbation result, we
develop a unified approach to obtain these results when 8 € [n — 20, n)
for all o € (0,n/2). This work generalizes the corresponding results of
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1. Introduction

Let (S™,go) be the standard sphere in R"*!. The prescribing fractional Q-
curvature problem of order 20 on S™ can be described as: which function K on
S™ is the fractional Q-curvature of a metric g on S™ conformally equivalent to
go? If we denote g = v*/("=29) gy this problem can be represented as finding
the solution of the following nonlinear equation with critical exponent:

n+20

P,(v) = ¢(n,0)Kvn—2s  on S", (1.1)

where n > 3,0 < 0 < n/2, ¢(n,0) =I'(5 +0)/I'(5 —0), I is the Gamma
function, K is a function defined on S, and P, is an intertwining operator of
20-order:

Po=———2 = B=\/-ANg+(—),
I[(B+3—o0) 9 ( 2 )

Published online: 13 March 2024 T Birkhauser
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where Ay, is the Laplace-Beltrami operator on (S”, go). The operator P, can
be viewed as the pull back operator of the fractional Laplacian (—A)? on R"
via the stereographic projection:

(Pa(v)) o F = |Jp| 55" (—A)7 (IMr| " (vo ) for ve C*(8"),
where F' is the inverse of the stereographic projection and |Jp| = (ﬁ)" is
the determinant of the Jacobian of F'. In addition, the Green’s function of P,
is the spherical Riesz potential, i.e.,

f©)

PO = nr [ e Aol (@) o FEINEY. (1)
S§n
where ¢, » = %, p > 1, and | - | is the Euclidean distance in R™+1,

Equation (1.1) has a variational structure and involves critical exponent
because of the Sobolev embeddings. A natural function space for finding so-
lutions is H?(S™), the o-order fractional Sobolev space that consists of all
functions v € L2(S™) such that (1 — A,,)?/?v € L%(S"), with the norm
||| o sny == [1(1 — Ago)o/2v||L2(Sn). The sharp Sobolev inequality on S™ (see
Beckner [7]) asserts that

( |v|w37n2<7 dvolgo)

sn

n—2o
n

r(n —
< FETZ'FZ;][" vP,(v)dvoly,, for v e H(S").
(1.3)

Due to the non-compactness of the embedding of H?(S™) into L?"/(»=29)(s"),
the Euler functional associated to (1.1) does not satisfy the Palais-Smale condi-
tion, which leads to the failure of the standard critical point theory. Moreover,
beside the obvious necessary condition that K be positive somewhere, there
are topological obstructions of Kazdan-Warner type to solve (1.1) (see [27,38]).

Problem (1.1) can be seen as the generalization of the classical Nirenberg
problem: which function K on S” is the scalar curvature of a metric conformal
to the standard one? This is equivalent to solving

Piw+1=-Ajw+1=Ke” on S

and
n(n — 2) n—2 nt2 n
Piv=—-Agv+ i V= 4(n_1)Kvn—2 on S", n >3, (1.4)

where g = e?Vgy and v = e"T %, There has been vast literature on the Niren-
berg problem and related ones and it would be impossible to mention here all
works in this area. One significant aspect most directly related to this paper
is the fine analysis of blow-up solutions or the compactness of the solution
set. These were studied in [5,10,11,24,25,27,33,34,39]. For more recent and
further studies, see our work [31,32] and related references therein.

Another stimulating situation is the study of higher orders and frac-
tional order conformally invariant pseudo-differential operators PZ° on (S™, go),
which exist for all positive integers k if n is odd and for k € {1,...,n/2} if
n is even. These operators defined on Riemannian manifolds have also been
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studied. For any Riemannian manifold (M, g), let R, be the scalar curvature
of (M, g), and the conformal Laplacian be defined as P{ = —A, + 4(n 1)R

The Paneitz operator P§ is another conformal invariant operator, which was
discovered by Paneitz [36]. Graham et al. [22] constructed a sequence of con-
formally covariant elliptic operators {Py} on Riemannian manifolds for all
positive integers k if n is odd, and for k € {1,...,n/2} if n is even, which
are called GJMS operators. Juhl [28,29] found an explicit formula and a re-
cursive formula for GIMS operators and Q-curvatures (see also Fefferman and
Graham [21]). Graham and Zworski [23] presented a family of fractional order
conformally invariant operators P¢ of non-integer order o € (0,n/2) on the
conformal infinity of asymptotically hyperbolic manifolds. In addition, Chang
and Gonzdlez [9] showed that the operator P¢ with o € (0,n/2) can be de-
fined as a Dirichlet-to-Neumann operator of a conformally compact Einstein
manifold by using localization method in [8], they also provided some new in-
terpretations and properties of those fractional operators and their associated
fractional Q-curvatures. There are many research conducted on the fractional
operators PJ and their associated fractional @Q-curvature, for instance, see
[1,2,4,14-16,18-20,25-27,31,32].
Directly related to our current work are some work on blow up analysis,
a priori estimates, and existence and compactness of solutions to (1.1). For
€ (0,1), Jin-Li-Xiong [25,26] proved the existence of the solutions to (1.1)
and derived some compactness properties. More precisely, thanks to a very
subtle approach based on approximation of the solutions to (1.1) by a blow-
up subcritical method, they proved the existence of solutions to (1.1). For
o € (0,n/2), Jin-Li-Xiong [27] developed a unified approach to establish blow
up profiles, compactness and existence of positive solutions to (1.1) by making
use of integral representations. Their main hypothesis is the so-called flatness
condition. The definition is as follows:

Definition 1.1. Let K € C*(S") (K € CY1(S") if 0 < o < 1/2) be a positive
function. We say that K satisfies the flatness condition (K')g for some 3 > 0 if
for each critical point go of K, in some geodesic normal coordinates {y1,...,¥n}
centered at g, there exists a small neighborhood & of 0 such that

K(y) = K(0) + Q) (y) + Rigy(y)  for [y < 1, (1.5)
where Q(ﬁ ) satisfies

QU () =XQ\ (y), forall x>0,y eR", Q) e CIITLI (s 1),

(g0)

Rig)(y) is COWBI=11 near 0 with lim, o EOSIQIS[ﬁ] |8aR(q0)(y)||y\_ﬁ+|a‘ = 0.

Here C1P1=11 means that up to [3] — 1 derivatives are Lipschitz functions, and
[0] is the integer part 3. We call 3 the flatness order.

However, they were only able to handle the case 8 € (n — 20,n) in the
flatness hypothesis. When the flatness order 8 of K is n — 20, the L>°(S")
estimates of the solutions to (1.1) fail, see [27] for more details.
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The flatness condition excludes some very interesting functions K. In
fact, note that an important class of functions, which is worth including in
any results of existence for (1.1), are the Morse functions (C? having only
nondegenerate critical points). Such functions can be written in the form (K)g
with 8 = 2. This special flatness type condition 8 = 2 has been applied to
obtain existence and compactness results, see Li [34] for 0 = 1 with n = 4
in the classical Nirenberg problem (1.4); Djadli-Malchiodi-Ahmedou [19] in
Paneitz operator o = 2 with n = 6; Li-Tang-Zhou [31] in the half Laplacian
o =1/2 with n = 3 and [32] in Q-curvatures problems.

Recently, there have been some works devoted to the existence results via
studying the flatness condition effect, and those mainly use the critical points
at infinity techniques introduced by Bahri-Coron [5,6]. For ¢ € (0,1), see
Abdelhedi-Chtioui-Hajaiej [2] with 3 € (1,n — 20]; Abdelhedi-Chtioui [1] for a
non-degeneracy condition n = 2 and o = 1/2. For 0 = 2, see Chtioui-Bensouf-
Al-Ghamdil [17] with 8 = n; Al-Ghamdi-Chtioui-Rigane [3] with § € [1,n—4);
Chtioui-Rigan [16] with 8 € [n—4,n). However, for higher order case including
o € (0,n/2), there are still plenty of technical difficulties which demand new
ideas.

Convinced that the nondegeneracy assumption would exclude some in-
teresting class of functions K, we adopt the flatness hypothesis used in [25—
27]. But again, in order to include all plausible cases 8 € [n — 20,n) with
o € (0,n/2), we need to develop a new line of attack with new ideas. This is
essentially due to the structure of the multiple blow-up points, which is much
more complicated than in the classical setting. Many new phenomena emerge.
More precisely, it turns out that the strong interaction between the bubbles, in
the case 8 € (n—20,n), forces all blow-up points to be single, and § =n — 20
can present multiple blow-up points and there is a phenomenon of balance
that is the interaction of two bubbles of the same order with respect to the
self interaction.

Our goal in this paper is to include a larger class of functions K in the
existence and compactness results for (1.1). For this aim, we develop a self-
contained approach which enables us to include the case § € [n — 20, n) for all
o € (0,n/2). In order to state our results, we need the following notations and
assumptions.

Suppose that K (z) satisfies (K)s condition with § € [n — 20, n), assume
also

VO W~ P oralllyl < 1, o)

Jon VO (5 + €)1+ [y dy
#0, forall £ €R"”, (1.7)

— 2 —n
Jon Q) (v + &) Tz (1 + [y*) " dy

Jon VO (y+ ) (1 + [y dy
#0, forall £ €R". (1.8)

Jar QU (w+ ) (1 + [y2) " dy
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For any « € [n — 20,n), define

% == {QO € S" vgoK(qO) = 07 ﬂ(qﬂ) = Oé},
where 3(qo) represents the flatness order of K at the point . For gy € £, 2.,
we assume

/ VQ N 20) (y+&(1+y|*>)™dy =0 if and only if £ = 0. (1.9)

A {QO € Aoyt /]R 2. VQEZ;)QU)(z)(l +]2)?) " dz < O}, (1.10)

and for any distinct ¢V, ¢(? € Ty 0g, M = M (g™, q(2)) is a symmetric 2 x 2
matrix given by

N e o n o —-n . .
K@) [ Ve W P My =,

M;j = _2"7220 (n—20)2 /2 Gy (qW) oy (1.11)
dn - T(o+3) VE(GD)K (D) .
where )
X 1 e
() —
Gq(l) (q ) - (1 — cos d(q(l)7q(])>) (112)

is the Green’s function of P, on S™, and d(-, -) denotes the geodesic distance.

Let v € (0,1), C7(£2) denotes the standard Holder space over the domain
Q. For simplicity, we use C7(£2) to denote C17=11(Q) when 1 < v ¢ N, For
R>0,a€ (0,1) and o € (0,n/2), we define

={v e C***(S"):1/R < v < R, ||v||c20+a < R}.

For P € S", 1 <t < o0, let ¢p; be the Mobius transformation on
S™ which, under stereographic projection with respect to the north pole P,
sends y to ty (see [33]). The totality of such a set of conformal transforms is

diffeomorphic to the unit ball B”*! in R*™!, with the identity transformation
identified with the origin in B"*! and

t—1
WVH<15)P:p€FM- (1.13)
Our main result is:

Theorem 1.1. Let K € C1(S™) (K € CYY(S") if o < 1/2) be a positive func-
tion satisfying that for any critical point qo € S™ of K, there exists some real
numbers 3 = (qo) € [n — 20,n) such that K € CIPLB=Bl(S™) and (1.5)-(1.8)
hold in some geodesic normal coordinate system centered at qo. Suppose also
that if either §., 5. < 1 or for any two distinct points ¢, ¢ € #—,_, we
have My1 Moo < M12, where M = M (¢, ¢®) is given by (1.11).

Then for all 0 < «, € < 1, there exists some constant C = C(n,0,¢, a)
such that, for all e < u <1, any positive solution v to (1.1) with K replaced
by K,, = pK + (1 — p), we have

1/C <v<C, ||U||Cza+a(§n) <C. (1.14)
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For all P € S™, t > C, we have

K o pp(z)z dvoly, # 0, (1.15)
STL
and for all R>C,t > C,
deg(v — (Py) L Kv"3%  0g,0) = (—1)" deg ( K o pp(z)z dvoly,, B, o).
sn
(1.16)

If we further assume that

deg( K o ppy(x)xdvoly,, Bt 0) #0  forlarge t,

S n

then (1.1) has at least one solution.

Remark 1.1. For n > 3 and o = 1, the above result was established by Li [34].
Theorem 1.1 gives the compactness and existence results of the solution to (1.1)
when K satisfies the flatness condition (K)g with 8 € [n — 20, n). Moreover,
Theorem 1.1 establishes a unified result on the compactness and existence of
solutions corresponding to prescribing fractional @Q-curvature problem.

If we consider a more specific expression of K (y) with Q(y) = 22:1 ajly;|?,
additional degree-counting formula of the solutions to (1.1) will be obtained.

Corollary 1.1. Let K € C*(S") (K € CY1(S") if 0 < o < 1/2) be a positive
function satisfying that for any critical point qo of K, under the stereographic
projection coordinate system {yi,...,yn} with qo as south pole, there exist
some small neighbourhood € of 0 and some real number 8 € [n — 20,n), such
that K € CWPL.A=181(S™) and

n
K(y) =K(0)+ Y a;ly;[" %" + Rigy(y) in O,
j=1

where a; = aj(qo) # 0, >27_1 a; # 0, and R4, (y) € CWI=L1(G) with

8]
D 10" Ry Wllyl "1 =0 as [y — 0.
|er|=0
Suppose also that if either 8¢, 5 <1 or M1 Mas < M3, for all distinct
¢, ¢ e " ,,, where K, is as in (1.10) and M = M(¢™V,¢?) is as
in (1.11). Then for all 0 < o < 1, there exists some constant C' such that, for
all solutions v of (1.1), we have

1/C <wv<C, ||’U||cza+a(§n) <C,
and for all R > C,
deg(v — (Py) 'Kvi=27 O, 0) = —1+ (-1 S (=1)i@),

Vg0 K (20)=0
Z;‘Zl a;(q0)<0
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where

i(qo0) = #{a;j(qo) : a;(q0) < 0,1 <5 < n}.

If we further assume that

DG VKN C D
Vg0 K (a0)=0
Yi—1a;(20)<0

then (1.1) has at least one solution.

Remark 1.2. When § € (n—20,n), Jin-Li-Xiong [27] obtained existence results
for (1.1), but their assumptions on K differ from those in Corollary 1.1, and
they did not provide a degree-counting formula of the solution. The result of
Corollary 1.1 holds for all cases of 3 € [n—20,n). Furthermore, for the special
case of 3 = n— 20 = 2, Li-Tang-Zhou [31] established an optimal compactness
and existence result when n = 3 and o = 1. For other integers with § = n—20,
a similar result was demonstrated by Li-Tang-Zhou in [32].

Our methods rely on a readapted characterization of blow up behavior
introduced by Schoen-Zhang [37,39] and used in the above mentioned papers
[25-27,33,34]. However, there is a serious problem of divergence of the integrals
when 0 = n — 20. To overcome this challenging problem, we perform a local
analysis to give precise estimates to further characterize the blow up behavior.
In detail, we obtain the necessary conditions for the solution to (1.1) blow
up at more than one point by using the blow up analysis, the Pohozaev type
identity (see Proposition A.1), and the assumptions of of K. This approach is
different from the proof in [27] with the case n — 20 < 8 < n.

The present paper is organized as the following. In Sect. 2, we character-
ize the blow up points for solutions to (1.1), which plays a key role in proving
the compactness result of Theorem 1.1 (see Theorem 2.1). The proof of Theo-
rem 2.1 is mainly based on Pohozaev type identity (see Proposition A.1) and
the results of the blow up analysis established by Jin-Li-Xiong [27]. In Sect. 3,
we follow the arguments of Jin-Li-Xiong [26] and establish a perturbation result
for all o € (0,n/2) (see Theorem 3.1), which is necessary to prove the exis-
tence result of Theorem 1.1. In Sect. 4, we complete the proof of Theorem 1.1
and Corollary 1.1 by using Theorem 2.1, Theorem 3.1 and some results in [33,
Section 6]. In “Appendix A”, we provide several technical results obtained in
Jin-Li-Xiong [27], which is necessary in our proof.

2. Characterization of blow up behavior

In this section, we further characterizes the behavior of blow up points for
solutions to (1.1) by using integral representation, some blow up estimates
in “Appendix A” and the properties of matrix M, which plays a key role in
proving main result concerning compactness and existence. Theorem 2.1 below
also gives a necessary condition when the solution to (1.1) has more than one
isolate simple blow up point.
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We first review the definitions of blow up point. Let 2 be a domain in R™
and K; are nonnegative bounded functions in R™. Let {7;}32, be a sequence
of nonnegative constants satisfying lim; .., 7; = 0, and set

n+ 20

pi = - Ti-

n— 20

Suppose that 0 < u; € LS (R™) satisfies the nonlinear integral equation

wi(z) = [ W@,

y‘n72a
We assume that K; € C1(Q) (K; € C11(Q) if o < 1/2) and, for some positive
constants A; and As,

in Q. (2.1)

Re [T —

1
I/Al S Kl', and ||Kz||Cl(Q) S A27 (K”(ﬂ,l(g) S A2 if o S 2) . (22)

Definition 2.1. Suppose that {K;} satisfies (2.2) and {u;} satisfies (2.1). A
point § € Q is called a blow up point of {u;} if there exists a sequence y;
tending to g such that u;(y;) — oo.

Definition 2.2. A blow up point § € 2 is called an isolated blow up point of
{u;} if there exists 0 < 7 < dist(g,Q2), C > 0, and a sequence y; tending to 7,
such that y; is a local maximum point of u;, u;(y;) — oo and

ui(y) < Cly —y;| 27/® =Y for all y € Br(y;). (2.3)

Let y; — 7 be an isolated blow up point of {u;}, and define, for r > 0,

1
i (r) = =———— w; and w;(r) := r2/ =Dy, (r).

«(r) 0B (i)l Jop.(y) i(r) ()
Definition 2.3. A point y; — 7 € Q is called an isolated simple blow up point
if y; — ¥ is an isolated blow up point such that for some p > 0 (independent
of i), w; has precisely one critical point in (0, p) for large i.

In what follows, we consider a situation more general than the properties
of set K, _,, given in (1.9) and (1.10). Let K € C(S") (K € CY1(S") if
o < 1/2) be some positive function satisfying that for any critical point gy € S™

of K, there exists some real number 8 = 3 (qo) € [n—2,n) such that (1.5)—(1.8)

—

hold in some geodesic normal coordinate system centered at go. Let JZ,_,
denote the set of critical points go of K with 8(qo) = n—20 and simultaneously
for some 19 € R™ satisfying

S VOS2 +m0) (1 + [y[2) " dy = 0,
(2.4)
Jrn v VQET (g + o) (1 + [y[2) " dy < 0.

When #«75//;120 > 2, for distinct ¢V, ..., ¢®) € JZ/;:QU, nU) eR" (1 <
§ < k), satisfying (2.4) with gy = ¢\, n9 = n\), we define a k x k symmetric
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matrix M = M (¢M,...,¢® n® . n®) by

i\ —1Ete n—2c i —n . .
~K (D) /IR v VU (4 )+ [y dy, i =5,
Mij = - 271—22(7 (n B 20)2 /2 Gq(i) (q(j)>

4n Lo+ %) /K(D)K(q®)

i # ]
(2.5)

The result about characterization of blow up behavior of the solutions to
(1.1) is:

Theorem 2.1. Let K € C*(S") (K € CYY(S™) if o < 1/2) be a positive func-
tion satisfying that for any critical point qo of K, there exists some real number
B = 08(q) € [n—20,n), such that (1.5)~(1.8) hold in some geodesic normal co-
ordinate system centered at qo. Let {v;} be a sequence of solutions to (1.1) that

blows up at {qM), ... ¢"} with k > 2. Then we have ¢V, ... ¢*) € JZ’;:QU,

and for some nU) € R™ satisfying (2.4) with qo = ¢\, no = nW (1 < j < k),
the equation

k
> M =0
{=1

has at least one solution \g >0, £ =1,...,k, where J, 5, is as in (2.4) and
My is as in (2.5).

Proof. Tt follows from [27, Theorem 3.3] that, after passing to a subsequence,
{v;} has only isolated simple blow up points. Moreover, if {v;} blows up at
{gM, ..., ¢"™} with & > 2, we know from [27, Theorem 3.4] that §(q)) =
n — 20 for each j € {1,...,k}.

Using (1.2), we write (1.1) as the form

n+2o nt2g
vi(€) = F(%Q) K(n)vi(n)»—2-
S YO S =T

dn on S™. (2.6)

Let F be the stereographic projection with ¢1) being the south pole:
PR — 5\ {0},
- ( 2z |z|? — 1)
1+ ]z Jz]2+ 1/
and its Jacobi determinant takes |Jp| = (ﬁ)” Via the stereographic pro-
jection, the Eq. (2.6) is translated to

n o ~ n+2o0
wi(z) = D(™59) K (y)ui(y) =
v 22‘777"/21_‘(0') R |$ _ yln—Qa

dy on R",

where

n—2o

ui(z) = H(w)vi(F(ﬂf)_% K(z) = K(F(z)), H(z)=|Jp(x)">
- ( 2 ) ’ (2.7)

14+ |z|?
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Let xgj) be the local maximum of u; and :rgj)

Propositions A.5 and A.6 that

— 2 = 0. Tt follows from

uz(xﬁj))uz(a:) — h9)(z) = aK(q(j))ZZ%WPU—H + b9 (z)

_ (2.8)
m C?oc(Rn\ UIZ:l {x(o})v
where
1 e
a= 2%(”70>Cn,a/ (m) dy =2""'¢(n,0)cn o B(0,n/2) = 2772,
n y
(2.9)

and 1) (y) > 0 is some regular harmonic function in R™\ Upy; {z(¥}. Coming
back to v; on S", by (2.7), we have

n— 20

1+\x|2)

lim (g )vi(g) = lim ( 52

11— 00 1— 00

Thus, for ¢ # ¢\ and close to ¢\,

lim v; (g )vi(q) =

71— 00

(¢9) 57 Gy (g) +59(q)
in CR(S™\{a™,....a™}),

where G ) (1)) is as in (1.12), and b1 (q) is some regular function near ¢(@)

satisfying P,b() = 0.
Then, taking into account the contribution of all the poles, we deduce
that

20—n

Dy (0) — a0 (¢ z G0 (@)
Jim vi(g,")vi(q) = a2 2 {K( ()52 +Z i K(q<é>)”;3"}'

i—00 ;U
(2.10)
It follows that for |z| > 0 small,
Tim (27 )u, ()
N 20—n . (‘j) G (e)( )
:aK(q(J))22 Z lim uil l " + O(Jz|)
= el K ()
=: b (x). (2.11)
For sufficiently small § > 0, u; satisfy
~ n+20
K(y)ui(y) "=~
u;i(z) = eppc n,o)/ —=—>— dy + hs(x), (2.12
( ( Bs@®) v —y[n2 ) )
where
K (y)us(y) 5
hs(z) = cnocln, o) / e (2.13)
R\ By (z$7) |z -yl
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By Proposition A.1, we have

2n
n— 20

/ (x — x(J)) Vf((z)uz(x)ﬁ dz
Bs(z)

n— 20

= / ‘ I?(x)uz(m)%hg(x) dx
2 Bs(x(")

n+2o0

i / (=) - Vhs (@) K (x)u(2) 72 da
Bg( (j))

2 on
I / R (2)ui(2) 7% ds. (2.14)
aB;( (J'))

n— 20

Let m;; = u;(x (])) by [27, Lemma 2.18], we have

2(n—20—1)

|VK( EJ))| < C'm n—2c

On the other hand, it follows from (1.5) and (1.6) that

VR = VQUT @) + os()la P

then, we obtain

2(n—20—1)

P20t < Oy T (2.15)
It follows from the above that

: / y-VR(q(j))(y—&—xE i (y + 2) 75 dy
Bs

mi;

Sm?j%( )/ |y\|y+m<J - 20—1 (y_’_x(J))niZg dy
(5

< 05(1) /B ("2 + [yl|2P "2 YYuy(y + 2) 725 dy
)
= 0s(1). (2.16)

For the left hand side of (2.14), by Proposition A.3, Proposition A.7,
(2.16), and letting ¢ — oo, we have

2n 2 () % ()T
M /195(m§j>)(m z;”) - VK (z)u;(z) 72 dz
2 ~ n
=g [, v VR ey + o) dy
n— 2o

n_ o )
:_nfgamij/ v qum 'y +29) dy + 05(1)

B 2n / z VQEZU)z)U)(Z +£W)

- d 1 2.17
(1+ k@) |z]2)n z+o5(1), (2.17)

n—20

where £U) = lim; oo m/J; > 29 and k@ = K(q0))1/7 /4.

3
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For the first term on the right hand side of (2.14), by Proposition A.3,
Proposition A.6, (2.11), and letting i — oo, we have

-~ n4+20

-2
my; n-e / K (z)u;(x) =27 hs(x) dz
2 Bg(:r(j))

_9 -
— 22 / (R@D) 1 (@ -2 VR
J 2 B&(I<J))

+O(|z — 2912 hs(a)ui(x) 725 da

9% ~ s
- uK(xl(J))/ (m jlul( o 2ay+x(])))n QUhé(m y—l—xm)dy
2 lyI<R;
+0o(1)
n— 20 : @ (0
="K [ O 4. (2.18)
2 re (14 kW@[y[2)"2

A direct calculation gives that when |z — a: | <4,

‘(520—1—((5—|3§—$§j)|)20_1| .
Vhs(a)| <4 ¢ o1 M ToFE2 g
C\logdflog((;f|xfx§])|)|mi_jl if o0=1/2.

For the second term on the right hand side of (2.14), from (2.19) and Propo-
sition A.3, we have

n+20

m?j‘ /B,;(aj(.j))(x - xl(j)) . Vh(;(x)f((x)ui(x) n2e da

n+2c

SCmij/ ‘ \x—x |ul( )yn=27 dx
Bs(x(")

_ 2 __2n n+2o0 o
:Cm;j n—20 n726+n72a/ |y|(m 1u2(m y+$(j))" 5o dy
ly|<R:
- ||
:m,,"*%/ _ ——dy = o(1). 2.20
5 et =o) (220)

For the third term on the right side of (2.14), Proposition A.7 led to

2 n
lim | —m2 n 5/ K(x)ui(x)"i% ds
9Bs( (j))

i—00 Y — 20
_ _2n
< C(6) lim m?, sm" 2 =0, (2.21)
71— 00
Let
1— n+20
A=K (gW) 5 lim vi(g!)i(¢!?). (2.22)

17— 00
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It follows from Propositions A.4 and A.5 that 0 < A; < oo. Therefore, by
(2.14), (2.17), (2.18), (2.21), (2.20) and letting 6 — 0, we have

_ 2n / Z~VQEZ(7‘>2)U)(Z+£(J')) L n—2aK( ) / @) (0)
n—20 /g (1+ k@) |z[2)m 2 ! 1+ kO [y2)=2=
(2.23)
By (2.9) and (2.22), we obtain
( ) A ( )1 1L+2<7
p)(0) = 25 SO BMT) 2T (W), 9.24
© Z N Kgoys Caod”) (2.24)

Substituting (2.24) into (2.23) and making a change of variable, it holds

.vO"20) kicl)
L2 gan-0) fr(gli)) = / v-VQ "+ VhE )dy

(1 +[y[?)
1—2n+4o0

sn—20) 27"/ M K(qW)) =5
(o +n/2) = N K(q®)%

n— 20

= (n —20)2" %" Gy (q9),
where n\) == VEGWEU Tt follows that

,K(q(j)) N

s / vQUT (y+n )

y
(1 Jy?)"

. 271_22(7 (n — 20’)2 7Tn/2 Z Gq(@ (q(J)) A (2 25)

B 4n T(o+ 2) &~ K(q0)2 K (¢ '

We next prove that ¢, 79 (j = 1,...,k), satisfy (2.4) with ¢o = ¢\¥),
no = nY). In fact, due to (2.25), we only need to prove

/ VUG (y+n) (1 + ly2) " dy =0, (2.26)
We first claim that
: VK (z + xij))ul(aﬁ (J))n 2o dor = O(m;ﬁ). (2.27)
)

Indeed, by using symmetry, we have
n— 20

fayd 2n
K(x)Vu;(z)n-22d
o /135(z§j>) (2)Vu;(x) x

~ n+2o0
= [, o E@u@E vue) i

~ n+2o0
= (20 —n) / K (2)u;(z) ntie / (z — y)K(y)g(?i);—Ta dyde
Bg(],'(j)) B(;(ﬂ(j)) |.T - y|’ﬂ 7

+ / K (2)u;(z) "2 Vhe(z) dz
Bs(z)

~ n+2o0

[ E@u(@)FE Tha(a) .
Bs(z;")
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and by the divergence theorem,
/ K (2)Vu,(z) "5 da
Bs(x(")

= —/ ‘ Vl?(x)ui(x)% dz+4§ ‘ I?(x)uz(m)%(x—xgj))ds
Bs (") 9Bs ()

It follows that

n— 20 2n
i /195(m<j>) VK (z)u;(z)»-2 da

n— 20

+ ) l?(x)ui(x)%(x—xl(-j))ds

2n 3B§(ﬂ¢5j))

/ K (2)us(z) "2 Vhs(z) da
Bs(2(")

Then by using Proposition A.5 and (2.19), we have

/ ‘ Vf((x)uz(x)wiiﬂ% dz
Bs(z7)

= O(m;f).

Therefore, (2.27) can be obtained from the above.

Multiplying (2.27) by m/:” a7 (=20 -1) , we obtain

2

/ VU mly T+ m T il + 2P) 7 o

2 n
_ 5(1)/ |m;; 20x+m£ =r (])'n 20—1 ($+.’£(J))"32° d$+0(1)
Bs
(2.28)
It follows from (2.15) and Proposition A.7 that

m/ e (20 ) ’/ VR ( —&-ﬂc(j))uz(x—i—m(]))n 5o da

<mE —2_(n—20— 1)/ o+ 2D P2 Ly (2 4 D) de
Bs

—2—(n—20-1)

<mg / "2 (2 + ) 7 da
Bs

e —2_(n—20— 1)/ D[22 4 29 72 da
Bs

=0(1), (2.29)
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and using Proposition A.3, we conclude
2

/ VQ(n 20) mi 20$+mn 2ax(ﬂ))ul(x+mu))% dax

(@) ’Lj ij

. (n—20) T e (]) (9)y 25—
S V@ (mi @y u(w @) de o+ o(1)
z|<r

_ Q(” 20)( +mi 2"x(,j))(m,_,1u(m,":‘22” Jrizr(,j)))ﬁd +o(1)
 Jyi<re @9 y i ij Wil Y & J '

(2.30)
By (2.28)—(2.30), and letting i — oo and § — 0, we have
| Q0+ €M Ky as =0,
Making a change of variable, we establish (2.26).
Theorem 2.1 follows from (2.25) and (2.26). O

3. Perturbation method for existence results

In this section, we use the method in [26] to establish a perturbation result
Theorem 3.1. Similar results in the classical Nirenberg problem were obtained
in [11,13,33]. In this section, we only concern with the case 1 < o < n/2, since
the proof of 0 < o < 1 can be found in [26, Section 3].

For a conformal transformation ¢p; (see (1.13)), we let

n—20
Typp,v=vo@p|detdpp,| 2,

where dpp denotes the Jacobian of pp; satisfying

©pi90 = | det dop[* " go.

Let
S = {v € H°(S") : |v|"37736 dvoly, = 1},
S”L

o = {v SR x\v|% dvoly, = O}.

Sn
For w € % and p € B"*! let 7(w,p) be defined by 7(w,0) = w and
m(w,p) = Tgppltw. It can be checked that the map 7 : % x B""! — 7 is
a C? diffeomorphism, see [33].

It is easy to see that 1 € % N .%. By some direct computations and

elementary properties of spherical harmonics, we have
Y = {(b : o= O} = span{spherical harmonics of degree > 1},
S‘IL
and

T,.%y = span{spherical harmonics of degree > 2},
where T7.% and T).7, denote the tangent space of at 1, respectively.
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Let us use w € T1.% as local coordinates of w € ¥ near w = 1, and
w = 0 corresponds to w = 1. Using implicit function theorem, it is easy
to check that .7 is represented locally near 1 as a graph over T7.%%: For
all w € T1.%), w sufficiently close to 0, there is a twice differentiable map
pu(w) € R, n(w) € R**! defined in a neighborhood of 0 in T}.%, with 1(0) = 0,
1(0) =0, Du(0) =0, and Dn(0) = 0 such that

|1 _|_ﬂ)/+lu_~_n_x|2n/(n—20') -1
Sn

and
][ 14+ @+ p+n-z>/ 72 = 0.
Now we consider a functional on .7

B fsn vPy(v) dvolg,
- (chn K|v|2n/(n—20) dvolgo)(n—QU)/n :

Ex(v) (3.1)

We have

Proposition 3.1. Let n > 3, 1 < o < n/2, and K € C'(S") be a positive
function. There exist some constants €1 = €1(n, o) > 0 and g3 = e3(n,0) > 0,
such that, if ||K — 1||pe(sny < €1, then

EK(U})

min
weS, HU)_1HH0(§")§E2

has a unique minimizer wg > 0. Furthermore, D*Ex |, (wx) is positive def-
inite, and there exists a constant C = C(n,o) such that

||wK — 1||H0‘(Sn) S C(I‘relﬂg ||K - C||L2n/(n+2<7)(§n). (32)

Proof. Using the conformal invariance of P, and (3.1), for w € T1.% and w
close to 0, we have

B(@) i= Ea(w) = | wP,(w)dvol,

where w = 1+ @ + p(w) + n(w) - x.
It is well known (see [35]) that P, has eigenfunctions the spherical har-

monics and eigenvalues

I'k+5+0)

T Tkk+2%2-0) -

with multiplicity (2k +n —1)(k +n —2)!/(n — 1)!k!. It follows that

Ak (3.3)

n

E(®) = P, (1)(1 + 2p(w)) +/ WP, (@) dvolg, + O([ @] 5o gn))-  (3.4)
Thus,
- _} n+ 20

_ ~2 ~112
(@) = —5 - 252 [ avoly, + ol o) (3.5)
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Note that A\; = 222 P, (1) (see (3.3)), then, by (3.4) and (3.5),

E(@) = P,(1) +][n (WP () — M @?) dvoly, + o([| @[30 gny)- (3.6)

Set Q(w) = fgn (WP, (w) — \yw?). It is clear that for any w, v € T1.%%,
DAQ@)[.9) = 2 (FP.(@) = M) dvoly, 2 2(1 = 1) [Tl (1)
which means the quadratic form Q(w) is positive definite in T}.%,. Further-
more, we derive from Sobolev inequality (1.3) that for some g = g¢(n,0) > 0,
|Ex |70 — 1l llc2(B., (1)) < O(e), (3.8)

provided || — 1[|poc(gn) < €. Here B, (1) denotes the ball in . of radius £,
centered at 1. Then we verify by direct computations that, for any w € T1.%
and any constant c,

n

(DEx

(K — c)wdvolg,.

(20-2n)/n
) g

70(1), @) = 2P, (1)( [ K dvoly,

Therefore,
|DE

yo(l)H S CHK - C||L2n/(n+2a)(Sn). (39)

As a consequence, we see from (3.6)—(3.8) that the minimizing problem has a
unique minimizer wx and D?Ey |y, (wg) is positive definite. Estimate (3.2)
follows from (3.7)—(3.9) with some standard functional analysis arguments.
We are left to prove the positivity of wg.
Since wg is a constrained local minimum, wg satisfies the Euler-Lagrange
equation for some Lagrange multiplier A € R"*1:

P (wg) = MK — Ak - @) |wg [/ 2wy on ST, (3.10)

where

7 fon Wi Py (wi ) dvoly,
i K|wic |75 dvoly,

Then, using the same argument in [26, Lemma 3.6], we obtain wx > 0. Note
that Eq. (3.10) can be equivalently rewritten as

/ Ak K () = Axc - mwic () "2/ (0 —20)
" Jon €= P

by using (1.2). If there exists some &y € S™ such that wx(£) = 0, then using
the facts [[K — 1||pesny < &, [\ — c(n,0)| = O(e), and |Ag| = O(e), we
immediately obtain (Ax K — Ak - ) > 0 for sufficient small e. It follows that
wg = 0. However, it is a contradiction because wg € %, which in turn implies
that wg > 0. The proof is finished. O

wr(§) =c

dn,

As illustrated before, we write v = w(w,p) = Tg}itw for any v € . with

w € S, p=sP e B" t>1and s = (t—1)/t. It is easy to check that
Er(v) = Exopp, (w). Let us rewrite Ex (v) in the (w, p) variables:

I(wap> = EK(U) = EKOWP,t (w) (3'11)
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By Proposition 3.1, for some €5 > 0, we have

min I(w,p) = min Exopp, (w). (3.12)

weSo,[[w—1| o sn)<ez ’ wELp,||lw—1|go sn)<e2
Furthermore, if || K — 1[| oo (sn) < €1, the minimizer exists and we denote it as
Wp.
Let e5 be as in Proposition 3.1, we define
Nl = {weﬁ’o : ||w—1HH0‘(Sn) SEQ}. (313)
For 1 < t < 0o, define
No(t) :={v e v =m(w,p) for some w € N7 and p = sP,
—1
PeS”,s:CT71§§<t},

and
N;(t) :={v e H?(S")\{0} : cv € N,(¢t) for some constant ¢ > 0}.

Using the Proposition 3.1 and the properties of the integral equation, as
well as a natural fibration of H?, we can obtain the following perturbation
result:

Theorem 3.1. Letn >3,0< o <n/2, and K € C*(S") (K € CH(S") if o <
1/2) be a positive nonconstant function and @py be as in (1.13) for P € S™,
1 <t < oo. Suppose that there exists some constant €3 = e3(n) € (0,&1) such
that || K — 1| pee(sny < 3. Suppose also that for all P € S™, we have

|K opps— K(P)||2LQ(S,L < 0(‘/ K o ppy(x)z dvolgy, ) as t — oo,
Sn

and

deg ( K o ppy(x)z dvolgy,, B”+170) #0  for large t.

Sn

Then (1.1) has at least one positive solution. Furthermore, for any a €
(0,1) satisfying that o + 20 is not an integer, there exists constant Cy > 0
depending only on n,«, o, such that for all C > Cf,

deg(v — (P K[t/ (=290 NG(#) N {v € C27F : o] gzose < C},o)

_ (—1)”deg( K o pp(z)z dvoly,, B, 0). (3.14)

Sn

Proof. We initiate the proof with Proposition 3.1 since the case o € (0,1/2)
follows from a degree argument, see [26]. For each p € By, let w,, is the mini-
mizer of (3.12), set

oy = ﬁ][ (V(K oppy), V$>w§”/("*2”) dvoly,, %, = K o op(z)z dvoly,.
n S/”

It is clear that %, # 0. We write
oty = By +1+11,
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where

I :][ (K o ppy — K(P))z(w/"=29) — 1) dvol,,,

1
II=- ][(K o ppy — K(P))(Vz, V(w2 ("=29))) dvol,,

The proof consists of 3 steps.
Step 1: Estimates of 1.
By using Cauchy-Schwartz inequality and (3.2), we have, as t — oo,
1| < CIIK o ppy — K(P)|| 2 lwp™ ™27 = 1| 2 gn)

<C|Ko PPt — K(P )HLZ(S” ||wp - 1||H°(S")

< C|IK oppi — K(P)|72(m

< o(t)%,. (3.15)
Step 2: Estimates of II.

Firstly, let us claim that there exists a constant C' depending on n, o,
such that

IV (wp™ " 2) | p2(gny < CIIK 0 ppp = K (P)]|£2sm), (3.16)

here ¢ is given by Proposition 3.1. Once we verify it, together with Cauchy-
Schwartz inequality, it will yield that, as t — oo,

1| < CIK 0 ops = K(P)|12@m |V (wp™ ") |12 < o(t) By, (3.17)

Now we give the proof of the claim.
As in (3.10), we know that

P, (wp) = (MK oppr — Ay - m)wz()”“”)/("*%) on S", (3.18)
where
s, = tnPaltn) Il (3.19)
JCS" K o ppwy > dvoly,
and A, € R"T1 Tt is easy to see w, solves (1.1) if and only if A, = 0.
Denote v, = w, — 1, using Taylor’s theorem and (3.18), we get
Py (vp) =(\pK 0 ppy — Ay - 2)wrT20)/(n=20) — p (1)
=(Ap = Po(1))K opp + Po(1)(Kowpy —1) = Ap -
n+ 20
" — 9% (ApK o ppi— Ay x)up
+ (MK oppy — Ay - 2)o(|vpl)
n+ 20
=R(@) + "~ Qw)uy + olluy), (3.20)

where
R(x) :O‘p —Py(1))K oppi+ Py(1)(Kopps —1) — Ap -z,
O(z) =(N\pK oppsr — Ay - x).
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By the stereographic projection and Green’s representation (1.2), we have
(up to a harmless constant)

n—20

= [ For <y>><”*2"%j;|g’fgg>+|JF|"55”R<F<y>> .

where v, = | Jp |2/ (n=20) (vpoF) as illustrated in the introduction. We consider

n420 ) 10| 5 Q(F(2))0,
%(y):/B n=20 | P QUF ()T ()

v

L] B,
R7\ B3 ly — z|n—20
nt20

[Tr| 7 Q(F(2))o(|Ty]) + [Jr| 52" R(F(2))
+/n |2 —y|n—20 dZ)
_ / 22 | e | Q(F(2))5, (y)
.,

ly — 2|"=27

dz 4+ H(x).

Now we give an upper bound of ||H|| - &n).
It follows from Proposition 3.1 that

|vpll #0 (n) + 2Py (1) f, vp dvoly,

Ay — Py (1) = = <O(|Koppt — 1| poo(sny)-
' fon K o0 <PP,t|wp|"32” dvolg, ©
(3.21)
Multiplying (3.18) by A, - « and integrating over both sides we have
nt20
- / (Ap - x)?wy 27 dvoly,
n+2o0
=X\ / wpAy, - xdvolg, — A, [ K 0wy 7 Ay - xdvoly,. (3.22)
n Sn
It is easy to see that
|Ap| = O K o ops — 1| oe(sm))- (3.23)
Meanwhile, we get from (3.21) and (3.23) that
[l oo sm) < O(IIK © opt — 1| Lo (sm))- (3.24)
Thanks to (3.24) and [27, Corollary 2.1], we obtain
[vpll oo (sm) < OUIK 0 opt — 1| Lo sm))- (3.25)

Putting the above estimate and (3.25) together, we find

|Ap| < C(n,0)||Kopps — K(P)||L2sn)- (3.26)



NoDEA Unified results for existence and compactness Page 21 of 28 38

Using Proposition 3.1, (3.25) and || K — 1||p=~ < e3 < €1, we have

P (1)
¥ K(P)
2n
— 1| go(sn -1 n K — K(P n=27 dvol
< C(n, 0761)(”% leo(sny + llwp = Ulniny + f5. 1K 0 pp e (P)wp~*7 dvo 90)

fon Ko gﬂp,twﬁ dvolg,
< C(n,0,e1)||K 0ppt — K(P)||p2(sn)- (3.27)
Then, by (3.27) and (3.26), we have
[(ApK o pps—Ap-z)wp ™ — Po(1)||p2gn) < C(n,0,e1)|K 0 ppe — K(P)|[L2(sn)-
(3.28)
Combining (3.20), (3.28), (3.3), and the spherical expansion of w, — 1, we
arrive at

lwp — 13 @) < /S (P (wy — 1))° dvoly, < C(n,0,1)|K 0 p — K(P)|l12(en)-

This justifies the claim.
Step 8: Complete the proof.
From (3.15) and (3.17), we know that for sufficiently large ¢, there exists
0 < Cpy < 1 such that
sty By > (1 Co)|B|*.
As a consequence of the homotopy invariance property of the degree,
deg(,, B"1,0) = deg(%,, B"™,0).

We note that A, can also be computed more directly from the function
K as follows. In view of (3.18) and the Kazdan-Warner identity (see [27]), we
have

2n
/ (VINKoppy —Ap-x), Va)wy >  dvolg, =0, 1<i<n+1

It follows that, for 1 <i <n-+1,
n+1 2n

. _2n
S A / (Va;, Va;)wp " dvoly, = A, / (V(K o @py), Vai)wy > dvoly,.
j=1 /8"

sn
(3.29)
Note that, as e3 — 0, by Proposition 3.1, we have w, — 1 uniformly for small

3. This implies that the coefficient matrix on the left hand side of (3.29) is
positive definite:

Y wi
</ (Va;, Vaywy dvolgo)lgwén+1 > 0.
Tt follows that, for ¢ large with s = (¢t — 1) /4,
deg (A, B!, 0) = deg (o, B"*,0) = deg (%, B"",0) , (3.30)

where B?*! denotes the open ball in R"*! with centered at the origin and s
as the radius. Therefore, A}, has to have a zero inside B™t! which immediately
implies that (1.1) has at least one positive solution.
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Let I(w,p) be as in (3.11), the same argument in [26, Theorem 3.1] can
be applied to obtain that, for any p, € B"*!,

20—n

n— 20

Opl (Wpy, P)lp=po = — ( - K(T;plo wy, > (27 dvolgo)

n
1 2n
— o=
X 8;0 (]é APU *Ppo O PPtWpo dVOlgo) ‘

By Li [33, Appendix A], we get the matrix

pP=Po

2n

Op (]é Ayp, - <pp_01 © ¢P7tw;0720 dVOIQO)

is invertible with positive determinant. Therefore, for ¢ large with s = (¢t —1)/t,
we have

b=Po

(_1)n+1deg(APa Bnglv O) = deg(ﬁpl(wp,p), B?Jrl: O)

The rest of the proof of (3.14) is similar to that in [33, page 386] and we omit
them here. O

4. Proof of Theorem 1.1 and Corollary 1.1

In this section, we give the proof of Theorem 1.1 and Corollary 1.1.

Proof of Theorem 1.1. The proof is divided into three steps.

Step 1: Proof of (1.14). Suppose the contrary that the solution v to (1.1)
has at least one isolated simple blow up point. In the case of §.%,_, < 1,
it follows from Theorem 2.1 that v has only one blow up point, and then we
obtain from [27, Theorem 3.5] that there exists a constant C' > 0 such that

1/C<v<C onS"

In another case, we assume that v corresponding to (1.1) blow up at
{¢™,...,q™} with k > 2. By Theorem 2.1 we know that equation

A1
M(q(l)7"'7q(k))’r](1)7'"?n(k)) : :O
Ak
has at least one solution A1,...,A\x > 0. By Cramer’s Rule we can deduce a

contradiction. Therefore, in both cases we prove that (1.14) holds.

Step 2: We now prove the following claim: let 3 be as in Proposition 3.1,
and N be as in (3.13), then there exists a constant ¢4 > 0 such that, for
0 < p < &4, we have ||K, — 1||pesn) < €3, where K, := puK + (1 — p).
Furthermore, if v is any solution to (1.1) with K = K, and there exists
(w,p) € S x B" such that v = 7(w,p), then w € Nj. The proof of the
claim is similar to that in [26, page 1529], and we omit it here.

Step 3: Proofs of (1.15) and (1.16). Equation (1.15) follows from [33,

Lemma 6.7]. Next we prove (1.16).
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From the proof of Step 1, it is known that there exists some constant
Co > 1 such that for all e, < p < 1,

1/00 <wv, < Co,

where v, is any solution of (1.1) with K = K,,.
For o € [1,n/2), it follows from the homotopy property of the Leray
Schauder degree and Proposition 3.1 that

deg(v - (By) LKt 027 (S7) (1 {1/Co < v, < Co},0)
= deg(v— (P) 7 K.,0 75, C27H(87) 1 {1/Cy < v, < Co},0)
= (—1)”deg< / K., oppi(z)r dvolgO,B"“,o)
Sn

= (—1)”deg< Kopp(x)x dvolgO,B"+1,0>.

STI,
For o € (0,1), Eq. (1.16) follows from [26, Theorem 3.2].
If

deg( K o ppy(z)z dvoly,, B, 0) £0

Sn

for large ¢, then (1.1) has at least one solution. O

Proof of Corollary 1.1. Corollary 1.1 follows from Proposition 3.1 and [33,
Lemma 6.7], the proof of Theorem 1.1 and [33, Corollary 6.2]. O
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Appendix A

In this section, we review some results about the blow up profiles for integral
equations obtained in Jin-Li-Xiong [27]. For any € R™ and r > 0, B.(z)
denotes the ball in R™ with radius r and center z, and B, := B,(0).

Let ©Q be a domain in R™ and K; are nonnegative bounded functions in
R™. Let {7;}$2, be a sequence of nonnegative constants satisfying lim; .o, 7; =
0, and set

n+ 20
n— 20

Ti-

Di =

Suppose that 0 < u; € L2 (R™) satisfies the nonlinear integral equation

ui(x):/R Mdy in Q. (A1)

n |z —y|n2e
We assume that K; € C1(Q) (K; € C11(Q) if o < 1/2) and, for some positive

constants A; and As,

. 1
]./A1 S Ki, HKlHol(Q) S AQ, (”KZHC’ll(Q) S A2 if o S 2) . (AQ)

Proposition A.1. (Pohozaev type identity) Let u > 0 in R™, and u € C(BR)
be a solution of

_ K(y)u(y)? .

where 1 < p < 222 and hr(z) € CY(Bg), Vhr € L*(Bg). Then

n—2o’

(n —20 _n ) /13 K(z)u(z)?* dz — % eVK ()u(z)"™ do

2 p+1 P o
_n—2 K(2)u(z)Phg(z) do +/ rVhr(z)K(2)u(r)? dz
2 Br Br
R +1
_ v K (z)u(z)PT" ds.
p+1Jom,

Proposition A.2. Suppose that 0 < u; € LS (R™) satisfies (A.1) with K; sat-

loc

isfying (A.2). Suppose that x; — 0 is an isolated blow up point of {u;}, i.e.,
for some positive constants Az and 7 independent of i,

|z — 2|27/ P~V (2) < As for all € By C Q.
Then for any 0 < r < 7/3, we have the following Harnack inequality

sup u; < C inf U,
Bay (2:)\By2(wi) Bar (x)\ By /2 ()

where C' is a positive constant depending only on sup; || K;l| L (B, (z:))s 1, 0, T
and As.
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Proposition A.3. Under the hypotheses in Proposition A.2. Then for every
R; — o0, g; — 07, we have, after passing to a subsequence (still denoted
as {u;}, {x;}, etc.), that

— —(pi—1)/20 o—n

g s (my P2 ) — (Ul 1) 277 oy o)) <

r; = Rim;(pifl)/za —0 as i— oo,
where m; := ui(xz;) and k; == (K;(z;)m™/?T (o) /T(% + 0))1/°.
Proposition A.4. Under the hypotheses of Proposition A.2, there exists a pos-
itive constant C' = C(n,o, A1, Ag, A3) such that,

ui(z) > C'my (1 + k‘imgp"_l)/ﬂx — |2 forall o — 2] < 1.

In particular, for any e € R™, |e| = 1, we have
—14+((n—20)/20)T;

ui(zi +e) > C'm, ,
where T, = (n+ 20)/(n — 20) — p;.

Proposition A.5. Under the hypotheses of Proposition A.2 with 7 = 2, and in
addition that x; — 0 is also an isolated simple blow up point with constant p,
we have

7= O(us(x) ™ MY and  wi(z;)™ =14 o(1),

where ¢; = min{2,2/(n — 20)}. Moreover,
ui(2) < Cuy May)|z — > for all |x — x| < 1.
Proposition A.6. Under the hypotheses of Proposition A.5, let
Ti(x) ::ui(xi)/ Ki(y)ui(ﬁi/)pi dy—&-ui(xi)/ Ki(?J)“i(E/)pi dy
Bi(z) 1T —Yy["m2 Re\By (z;) [T — Y27
LT () + T} ().
Then, after passing to a subsequence,
Ti(@) = ala" in CR.(B\{0})

and
T/(2) — h(z) in CR(By)
for some h(z) € C*(Bz), where
720 () — 2% 1 nilo . 20-n
“= (F(% —|—(0§> /]R" (1 + \y|2) dyzllglo Ki(0) >
Consequently, we have
wi(zi)ui(z) — ale** ™" +b(z) in Co(Bi\{0}).

Proposition A.7. Under the hypotheses of Proposition A.2, we have
O(us(y:) 2/ (n29)), —n<s<n,
/ ly — il*ws ()" dy = § O(ui () > 2 logui (i), s =mn,
ly—yi|<r;

o(ui(y:) 2/ (=2, s>,
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and
o(ui(1117;)725/(71720'))7 —n < s<n,
/ [y = il us ()" dy = § O(ui(ya) >/ "2 log ui(ya)), s =n,
ri<|y—y;|<1 O (u;(y;) 2/ (=29, s>n.
References

[1] Abdelhedi, W., Chtioui, H.: On a Nirenberg-type problem involving the square
root of the Laplacian. J. Funct. Anal. 265, 2937-2955 (2013)

[2] Abdelhedi, W., Chtioui, H., Hajaiej, H.: A complete study of the lack of com-
pactness and existence results of a fractional Nirenberg equation via a flatness
hypothesis, I. Anal. PDE 9, 1285-1315 (2016)

[3] Al-Ghamdi, M., Chtioui, H., Rigane, A.: Existence of conformal metrics with
prescribed Q-curvature. Abstr. Appl. Anal. 11, 568245 (2013)

[4] Andrade, J.H., Wei, J., Ye, Z.: Complete metrics with constant fractional higher
order Q-curvature on the punctured sphere. J. Geom. Anal. 34(1), 6-77 (2024)

[5] Bahri, A., Coron, J.-M.: The scalar-curvature problem on the standard three-
dimensional sphere. J. Funct. Anal. 95, 106-172 (1991)

[6] Bahri, A., Coron, J.-M.: On a nonlinear elliptic equation involving the critical
Sobolev exponent: the effect of the topology of the domain. Comm. Pure Appl.
Math. 41(3), 253-294 (1988)

[7] Beckner, W.: Sharp Sobolev inequalities on the sphere and the Moser—Trudinger
inequality. Ann. Math. 138, 213-242 (1993)

[8] Caffarelli, L., Silvestre, L.: An extension problem related to the fractional Lapla-
cian. Comm. Partial Differ. Equ. 32, 1245-1260 (2007)

[9] Chang, S.-Y., Gonzélez, M.: Fractional Laplacian in conformal geometry. Adv.
Math. 226, 1410-1432 (2011)

[10] Chang, S.-Y., Gursky, M.J., Yang, P.: The scalar curvature equation on 2- and
3-spheres. Calc. Var. Partial Differ. Equ. 1, 205-229 (1993)

[11] Chang, S.-Y., Yang, P.: Prescribing Gaussian curvature on S2. Acta Math. 159,
215-259 (1987)

[12] Chang, S-Y., Yang, P.: Conformal deformation of metrics on S®. J. Differ. Geom.
27, 259-296 (1988)

[13] Chang, S.-Y., Yang, P.: A perturbation result in prescribing scalar curvature on
S™. Duke Math. J. 64, 27-69 (1991)

[14] Chen, Y.-H., Liu, C., Zheng, Y.: Existence results for the fractional Nirenberg
problem. J. Funct. Anal. 270, 4043-4086 (2016)

[15] Chtioui, H., Abdelhedi, W.: On a fractional Nirenberg type problem on the n
dimensional sphere. Complex Var. Elliptic Equ. 62, 1015-1036 (2017)



NoDEA Unified results for existence and compactness Page 27 of 28 38

[16] Chtioui, H., Rigan, A.: On the prescribed Q-curvature problem on S™. J. Funct.
Anal. 261, 2999-3043 (2011)

[17] Chtioui, H., Bensouf, A., Al-Ghamdi, M.: Q-curvature problem on S" under
flatness condition: the case 8 = n. J. Inequal. Appl. 384, 17 (2015)

[18] Djadli, Z., Malchiodi, A., Ahmedou, M.O.: Prescribing a fourth order confor-
mal invariant on the standard sphere, part I: a perturbation result. Commun.
Contemp. Math. 4, 375-408 (2002)

[19] Djadli, Z., Malchiodi, A., Ahmedou, M.O.: Prescribing a fourth order conformal
invariant on the standard sphere, part II: blow up analysis and applications.
Ann. Sc. Norm. Super. Pisa 5, 387-434 (2002)

[20] Esposito, P., Robert, F.: Mountain pass critical points for Paneitz—Branson op-
erators. Calc. Var. Partial Differ. Equ. 15, 493-517 (2002)

[21] Fefferman, C., Graham, C.R.: Juhl’s formulae for GJMS operators and Q-
curvatures. J. Am. Math. Soc. 26, 1191-1207 (2013)

[22] Graham, C.R., Jenne, R., Mason, L., Sparling, G.: Conformally invariant powers
of the Laplacian I: existence. J. Lond. Math. Soc. 46, 557565 (1992)

[23] Graham, C.R., Zworski, M.: Scattering matrix in conformal geometry. Invent.
Math. 152, 89118 (2003)

[24] Han, Z.-C.: Prescribing Gaussian curvature on S?. Duke Math. J. 61, 679-703
(1990)

[25] Jin, T., Li, Y.Y., Xiong, J.: On a fractional Nirenberg problem, part I: blow up
analysis and compactness of solutions. J. Eur. Math. Soc. (JEMS) 16, 1111-1171
(2014)

[26] Jin, T., Li, Y.Y., Xiong, J.: On a fractional Nirenberg problem, Part II: Existence
of solutions. Int. Math. Res. Not. IMRN 1555-1589 (2015)

[27] Jin, T., Li, Y.Y., Xiong, J.: The Nirenberg problem and its generalizations: a
unified approach. Math. Ann. 369, 109-151 (2017)

[28] Juhl, A.: On the recursive structure of Branson’s Q-curvatures. Math. Res. Lett.
21, 495-507 (2014)

[29] Juhl, A.: Explicit formulas for GIMS-operators and Q-curvatures. Geom. Funct.
Anal. 23, 1278-1370 (2013)

[30] Kazdan, J., Warner, F.: Existence and conformal deformation of metrics with
prescribed Gaussian and scalar curvatures. Ann. Math. 101, 317-331 (1975)

[31] Li, Y., Tang, Z., Zhou, N.: On a Fractional Nirenberg problem involving the
square root of the Laplacian on S%. J. Geom. Anal. 33(7), 227 (2023)

[32] Li, Y., Tang, Z., Zhou, N.: Compactness and existence results of the prescribing
fractional @Q-curvatures problem on S™. Calc. Var. Partial Differ. Equ. 62(2), 58
(2023)



38 Page 28 of 28 Y. Li et al. NoDEA

[33] Li, Y.Y.: Prescribing scalar curvature on S™ and related problems. 1. J. Differ.
Equ. 120, 319-410 (1995)

[34] Li, Y.Y.: Prescribing scalar curvature on S"™ and related problems. II. Existence
and compactness. Comm. Pure Appl. Math. 49, 541-597 (1996)

[35] Morpurgo, C.: Sharp inequalities for functional integrals and traces of confor-
mally invariant operators. Duke Math. J. 114, 477-553 (2002)

[36] Paneitz, S.: A quartic conformally covariant differential operator for arbitrary
pseudo-Riemannian manifolds. SIGMA Symmetry Integr. Geom. Methods Appl.
4, 036 (2008)

[37] Schoen, R., Zhang, D.: Prescribed scalar curvature on the n-sphere. Calc. Var.
Partial Differ. Equ. 4, 1-25 (1996)

[38] Xu, X.: Uniqueness theorem for integral equations and its application. J. Funct.
Anal. 247, 95-109 (2007)

[39] Zhang, D.: New results on geometric variational problems, thesis, Stanford Uni-
versity, (1990)

Yan Li

College of Science

China University of Petroleum
Beijing 102249

People’s Republic of China
e-mail: yanli@cup.edu.cn

Zhongwei Tang and Heming Wang

School of Mathematical Sciences, Laboratory of Mathematics and Complex Systems,
MOE

Beijing Normal University

Beijing 100875

People’s Republic of China

e-mail: tangzw@bnu.edu.cn

Heming Wang
e-mail: hmw@mail.bnu.edu.cn

Ning Zhou

Department of Mathematical Science
Tsinghua University

Beijing 100084

People’s Republic of China

e-mail: zhouning@mail.tsinghua.edu.cn

Received: 10 January 2023.
Revised: 25 January 2024.
Accepted: 1 February 2024.



J. Math. Anal. Appl. 516 (2022) 126479

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Regular Articles

Gradient estimates for elliptic systems from composite materials )
with closely spaced stiff O inclusions

Yan Li

School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China

ARTICLE INFO ABSTRACT
Article history: This paper is devoted to establishing the pointwise upper and lower bound estimates
Received 4 March 2022 of the gradient of the solutions to a class of general elliptic systems with Hoélder

Available online 8 July 2022

' : continuous coefficients in a narrow region where the upper and lower boundaries
Submitted by C. Gutierrez

are C17, 0 < v < 1, weaker than the previous C?7 assumption. These estimates
Keywords: play a key role in the damage analysis of composite materials. From our results, the
Stress concentration damage may initiate from the narrowest place.

Schauder estimates © 2022 Elsevier Inc. All rights reserved.
Gradient estimates

Hélder semi-norm

Elliptic systems

Contents
1. Introduction . . .. ... . . 2
1.1. Background and problem formulation . ... ... ... ... ... 2
1.2, Main results . . . .. .o e 5
2. The gradient estimates for the general elliptic systems . .. ... ... . ... ... ... . . . .. . 7
2.1.  CY7 estimates and WP estimates . . . . . oo vt o e 7
2.2, Proof of Theorem 1.1 . . . . . 8
3. Proof of Corollary 1.1 . . . . o 22
4. Appendix. Proof of C17 estimates and WP estimates . . . . . ... ..ot 26
4.1.  Proof of Theorem 2.1 . . . . . . 27
4.2, Proof of Theorem 2.2 . . . . . .. 32
References . . . . . . 35

E-mail address: yanli@Qmail.bnu.edu.cn.

https://doi.org/10.1016/j.jmaa.2022.126479
0022-247X/© 2022 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2022.126479
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2022.126479&domain=pdf
mailto:yanli@mail.bnu.edu.cn
https://doi.org/10.1016/j.jmaa.2022.126479

2 Y. Li / J. Math. Anal. Appl. 516 (2022) 126479

1. Introduction
1.1. Background and problem formulation

Damage analysis of composite materials is of great significance in engineering, which is also an important
application of gradient estimates of second-order elliptic systems in partial differential equations [16,27,28].
Babuska et al. [7] computationally analyzed the damage and fracture in fiber composite materials, and
some numerical results of stress concentration are given, which plays a key role in the problem of stress
concentration in materials. At present, a lot of progress has been made in precisely studying this field
concentration phenomenon, see e.g. [2,9,15,16,24-26,28].

From the viewpoint of mathematics, Li and Vogelius [29] described this stress concentration by using the
gradient of the solution to a specific class of elliptic systems with partially degenerate coefficients. Before
studying the gradient estimates of elliptic systems, Bonnetier et al. [14] considered the simplified scalar
equation:

V- ((1+(a=1)xuy ,p,)Vv) =0, in Q, (1.1)

to model a problem of electric conduction, where a # 1, @ C R™ represents a bounded domain, N € Z
represents the number of the inclusions and D; C €2 represents the inclusions in the matrix material which
are close to each other. Bonnetier and Vogelius [14] proved rigorously that the gradient of the solution to
(1.1) is indeed bounded when N = 2 and Dy, D are two touching disks with comparable radii in R?. Li
and Vogelius [29] extended the result to a large class of divergence form second order elliptic equations with
piecewise Holder continuous coefficients in R%, when N > 2 and the inclusions are C17, (0 < v < 1) (see
Definition 1.2 below). Li and Nirenberg [28] further extended such results to general divergence form elliptic
systems with Holder continuous coefficients satisfying the strong elliptic condition.

When the coefficients degenerate to infinity in D;, the gradient of the solution is no longer bounded but
blows up. For the scalar case, we call it perfect conductivity problem. Let € be the distance between the two

1/2

inclusions. The blow-up rate of |[Vu| is respectively ¢ 71/2 in two dimensions, (g]Ine|)~! in three dimensions

and ¢!

in four dimensions and higher dimensions. See Ammari, Kang and Lim [6], Ammari, Kang, Lee,
Lee and Lim [4], Bao, Li and Yin [11], and Yun [33]. There have been many papers on the problem and
related ones: see e.g. [2,3,5,12,13,24,27,30] and the references therein.

However, when considering the gradient estimates of the solution to the linear elasticity problem, namely
the Lamé system, the method of scalar equation is no longer suitable for using. Under the assumption that
the smoothness of the inclusion boundary is C?7 (0 < v < 1), Bao, Li and Li [9,10] applied an energy
method and an iteration technique, which was first used in [27], to obtain a pointwise upper bound of
|Vu| in the narrow region between inclusions. Kang and Yu [25] proved that the blow up rate e~'/2 is
optimal in some two-dimensional cases when the smoothness of inclusion boundary is C37. Ju, Li and Xu
[23] established the pointwise upper and lower bounds of the gradient of the solutions to a class of general
elliptic systems in the narrow region between two C?” inclusions. For more work on elliptic equations and
systems related to the study of composites, see [8,14,16-18,21,22,24,26,32] and the references therein.

Under a weaker smoothness assumption on the inclusion boundary, namely, C*7, Chen and Li [15]
proved that the blow up rate of the gradient for the Lamé system of linear elasticity with partially infinite
coefficients is e~/ in two dimensions and ~! in n > 3 dimensions.

Contrary to the case where the smoothness of the inclusion boundary is C?7 or higher, less is known on
such blow up phenomenon for the case of weaker smoothness C'7. Based on the classical elliptic theory, a
natural question is whether it is possible to obtain gradient estimates of the solutions to a class of general
elliptic systems (see Definition 1.4 below), under a weaker smoothness assumption on the inclusions, namely,
C17. In addition, we want to obtain more information on what factors |Vu| depends on, which plays an
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important role in the study of the perfect conductivity problem and Lamé system with partially infinite
coefficients.

In this paper, we investigate the gradient estimates of the solutions to a class of general elliptic systems
with Holder continuous coefficients in a general narrow region between the two C'1 inclusions. This is a
generalization of the stress concentration problem in two-phase high-contrast elastic composites with densely
packed C'7 inclusions. These estimates have a wide range of applications and play a key role in the damage
analysis of composite materials. When we apply these results to the Lamé systems of linear elasticity, under
the assumption of the C'!*Y regularity of the boundary, the results can present more dependency information
about gradient. Our results show that the damage may initiate from the narrowest place.

Before stating our results, we first introduce some definitions and notations, as well as fix our domain.

Let U be any domain in R™. Denote by the symbol C'(U) the set of all continuous functions on U. For every
0 < v <1, afunction v € C(U) is said to be Hélder continuous with exponent v if |u(z) —u(y)| < Clx —y|7,
x,y € U for some constant C. If u: U — R is bounded and continuous, we write ||ul|c) = sup,¢p |u(z)|-
We use the symbol C*(U) to denote the set of all k-th continuously differentiable functions on U for integer
k > 0. For every 0 < v < 1, the 4" -Holder semi-norm of v : U — R is

|u(z) — u(y)|
u]co. (= sup {7} 1.2
[ul o) 7 S e (1.2)
TAY
Definition 1.1. Let 0 < v < 1, k € Z4, and o = (ay, - ,a,) € Z' be a multiindex of order |af =

ay + -+ ap. The Hélder space C*(U) is defined to be the set of all k-th continuous differentiable real
valued functions satisfying that the k-th order derivatives are Holder continuous with exponent v and

lullcraqy = Y 10%ullew + D 10%ulgon ) < oo,
lo| <k | =F
where 0%u := 8‘1% e %u. In particular, for 0 < v < 1, we often use the symbol C7(U) to denote
i n
Cc* ().

Definition 1.2. Let U be any domain in R™, the integer k£ > 0 and 0 < v < 1, the boundary QU is said to
be C* or C*7 if for each point zy € OU there exist r > 0 and a C* or C*7 function 7 : R»~! — R such
that (upon relabeling and reorienting the coordinates axes if necessary) we have

UNB,(xg) ={z € B(x0) | xp, > T (x1,...,2n-1)}.
Furthermore, the inclusion is said to be C*(U) or C*7(U) if its boundary is C*(U) or C*7(U).

Definition 1.3. Let 1 < p < oo, k € Z4 and a = (ay,---,a,) € Z7} be a multiindex of order |a| =
ai+---+ay,. The Sobolev space WP (U) is defined to be the set of all locally integrable functions u : U — R
such that for each multiindex a € Z7} with |a| < k, Oy u exists in the weak sense and belongs to the standard
Lebesgue spaces LP(U) and

1/p
( >, v |aau\de) (1<p<oo)
Hu”W’WJ(U) = la|<k e

| ‘Z esssupy; |0%ul (p=o0)
o<k

Denote by the symbol C(U) the set of all infinitely continuously differentiable functions on U with
compact support. We denote by Wé’p(U) the closure of C>°(U) in WkP(U).
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Next, we fix our domain. Let D be a domain in R™, and Dy, Dy be a pair of convex subdomains of
D c R™ Let the distance between D; and Dy be ¢ > 0 (sufficiently small positive number). Denote
P = (6n,175/2), Py = (6n,1, —&/2) the nearest points between dD; and 0D such that

diSt(Pl, Pz) = diSt(aDhaDg) =¢£, (13)
where for any ' € R"™!, z := (2/,z,) € R". Let B. be the ball with 0,_; as the center and 7 € (0,1] as

the radius in R™~1,
Let € be as in (1.3), hy,ho € CH7(BY), 0 < v < 1 satisfy

—g + ho(a') < g +hi(a!), for |2 <1, (1.4)
hi(0p—1) = h2(0_1) =0, Vhi(0,_1) = Vhy(0,_1) =0, (1.5)

and there exist some constants 0 < kg < k1 such that
kolz'|Y < |Vhy(2')|, |Vha(z')| < rq|2'|?, for |2'| < 1. (1.6)
To be precise, we define general narrow region in R™: for r < 1,
Q, = {(m/,mn) eD: —g +ho(a!) < zn < % F (e, 2] < r}. (1.7)

We here assume that 0D, and 0Dy are C*7, 0 < v < 1 as in Definition 1.2, and the top and bottom
boundaries of the narrow region ; between 9D and dDs satisfy

(@ 20) ER™ : 2y = % Y hi(2'), || <1} C 9Dy,

(@, 20) €R™ : 2y, —g + ho(a'), || < 1} C ODs,

(1.8)
and
{(@',2a) eR": 72 + ha(2') <an < % +h (), 2] <1} N (0D UODs) = 0.
Furthermore, we denote the top and bottom boundaries of €2, as
I :={zedD;: ap =< +h(z'), || <1},
2 (1.9)

€
I'y:={x€dDy: z, = 5T hao(z'), |2'] < r}.
We now introduce the definition of general elliptic system with Holder continuous coefficients in a narrow
region {2; in this paper.

Definition 1.4. Let 0 < v < 1, m,n € Z,, A%ﬁ,B?j,CiBj,DU € C7({) for any integer 0 < «, 8 < n,

0 < i,j < m, and the matrix of coefficients (Af;ﬁ)igf‘jﬂgf satisfy the strong ellipticity condition in q,

namely, there exists a constant A > 0 such that

S AY (@)Eabsnin; = NEPInl®, VEER™, neR™, z € Q. (1.10)
a,B,i,3

Let
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p:= (90(1)7%0(2)’ . ’(p(m)) e CM(THR™),
(1.11)
b= (60,0@, W) € IR,
Then the following system
s Oa (A;‘fagu@) + B;;M) +CLasu® + Dyjul) =0 in O,
u=, on Ff, (1.12)
u=1, on I'T,
is called a general elliptic system, where I'f and I'] are as in (1.9).
A function u := (M 4@ ... wM) e WH2(Q; € R™;R™) is said to be a weak solution to the general

elliptic system defined as in Definition 1.4 if, for every vector-valued function ¢ € Wol’Q(Ql C R™;R™),

Z / (A?]ﬁ(x)aﬁu(ﬂ(x) + Bf;(x)um(x)) aa(b(i) (JJ)
T (1.13)

— O (2)05u ()¢ (z) — Dij(2)u (2)¢? (x) dw = 0
holds true, for any integer ¢ =1,--- ,m.

Remark 1.1. It is clear that hypotheses (1.10) and (1.18) are satisfied by the following Lamé system, (see
(31]),

MAu+ (A 4+ p1)V(V -u) =0,

where Lamé constants (A1, 1) satisfy the ellipticity condition: gy > 0, Ay + 1 > 0. Therefore, the gradient
estimates results in this paper include the case of Lamé systems.

1.2. Main results

Now we are going to present our main result about pointwise gradient estimates of the weak solution to
the general elliptic system, which is:

Theorem 1.1. Let € be as in (1.3), 0 <y < 1, hy, hy € CY7(BY) satisfy (1.4)~(1.19), and Q,., r € {1/2,1} be
as in (1.7). Let ¢ and v be as in (1.11) and u € WH2(Q; C R™;R™) be a weak solution to general elliptic
system as in Definition 1./. Then there exists a positive constant C independent of e, such that, for any
v = (s2) € Qupo,

C
! ! ! / /
V! )| < o (e, 2/2 4+ (@) = (', —/2 4 ha(a))
+C (Igllers) + 1¥lennry + lull 2 ) (1.14)

where T'f and T'7 are as in (1.9).
Moreover, if 9 (0,_1,/2) # O (0,_1,—¢/2) for some integer £ € {1,--- ,m}, then there exists a
positive constant C' independent of €, such that, for any x,, € (—¢/2,¢/2),
|(p(é) (67171’ 6/2) — w(@) (671717 _8/2)‘

|Vu(0,_1,2,)] > C . .
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For the convenience of further applications, we list the analog result about the Lamé system in the narrow
region, which is:

Corollary 1.1. Let ¢ be as in (1.3), Q,, r € {,1} be as in (1.7), T'{, T7 be as in (1.9), and ¢ € C*7(I'T;R™),
Y € CY(I7;R™) be as in (1.11). Let A1, p1 € R be the pair of Lamé constants which satisfy the strong
ellipticity condition: p1 > 0, Ay 4+ 1 > 0. Let u = (u -+ u(™) € WH2(Qy) be the weak solution to

Ly, ju:i=V-(Co%(u)) = MAu+ (A +p1)V(V-u) =0, in Q,
u=, on T, (1.15)
u=1, on I'T,

where e(u) = 2(Vu+ (Vu)T) and the elastic tensor C° = C (A1, p1) consists of elements

Cijrt(A1, 1) = M0t + p1(0irdj + 0u05i), 4,7,k 1=1,2,--- ,n, (1.16)

and d;; is Kronecker symbol: 6;; = 0 for i # j, §;; =1 fori=j.
Then there exists a positive constant C independent of e, for any x = (x1,72) € Qy/2,

C
Vu(z', z,,)| SW lo(a',e/24 hi(2) — ¥(2, —£/2 + ha(2'))]
4 (Ielonarty + Wlongsy + 2o (117

Moreover, if 99 (0,_1,¢/2) # YO (0,_1,—¢/2) for some integer £ € {1,--- ,n}, then there exists a positive
constant C' independent of , such that, for any x, € (—¢/2,e/2),

|01 (On-1,/2) = (01, —¢/2)|

IVu(0y_1,2,)] > C 6 .

Indeed, the proof of this result is nontrivial. Under the assumption that the smoothness of the inclusions
boundaries is C17, we need to estimate the Holder semi-norm of the gradient of the constructed auxiliary
function when we use the iteration method to prove that the gradient of the auxiliary function is the major
singular term of the gradient of the solution to (1.12). In this paper, we consider the general elliptic system
as in Definition 1.4, so the complexity of the constructed auxiliary function makes it more cumbersome
to deal with some parameters in estimating the Hoélder semi-norm, see Proposition 2.1 below. In addition,
compared with [15], the coefficients of the elliptic system here are no longer constant, and the right-hand
side is no longer in divergence form, which leads to the iteration process more complex, see Lemmas 2.1,
2.2, and 2.3 below.

To be precise, this article is organized as follows.

In Section 2, we devoted to proving the Theorem 1.1. Firstly, we give the C''7 estimates and WP
estimates required in the iteration process. Then, we obtain the solutions vy, £ =1,--- ,m (see (2.5) below)
of m elliptic systems with relatively simple boundary conditions (see (2.4) below) by decomposing the
solution u to general elliptic system. Next, we use a scalar auxiliary function @ (see (2.6) below) to generate
a family of vector-valued auxiliary functions U, whose value is same as v, on '] and '] (see (2.9) below). In
order to prove that the Vi is the major singular term of Vv, by using iteration method in [9,10,27], it is very
important to consider the estimates of the Holder semi-norm of Vi in a small region (see Proposition 2.1
below). Finally, by using semi-norm estimates, C1"7 estimates and W1 estimates, we complete the proof
of Theorem 1.1.

In Section 3, our main task is to prove Corollary 1.1. When the general elliptic system is simplified to the
Lamé system, the pointwise estimate of the gradient is obtained under the assumptions in Definition 1.4.
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In Section 4, we show the proofs of the C1'7 estimates (Theorem 2.1) and W1 ? estimates (Theorem 2.2),
which play a key role in the proof of Theorem 1.1. Different from the Theorem 2.3 and 2.4 in [15], the
elliptic systems considered in this paper is no longer simple constant coefficients, and the right-hand side of
the system is no longer in divergence form. This section can be regarded as a generalization of [15, Theorem
2.3 and 2.4]. To prove Theorem 2.1, we first give the interior C'!7 estimates (see Lemma 4.2 below) of
the solution to the elliptic system with non divergence form at the right-hand side, with the help of the
Campanato’s approach, Schauder estimates in [19, Theorem 5.14]. Then we can obtain the boundary C'*7
estimates (see Corollary 4.1 below) on half space by using the [19, Theorem 5.21] and Lemma 4.2. Finally,
we use these estimates and the technology of locally flattening the boundary to obtain the estimates near the
C' boundary I'. We prove the WP estimates by applying the interior W' estimates and the boundary
WP estimates of the upper half space.

Finally, we make some conventions on notation. Let N := {1,2,...} and Z, := N U {0}. We always
denote by C a positive constant which is independent of the main parameters, but it may vary from line to
line. If E' is a subset of R™, we denote by x g its characteristic function. Let U and V be the open subsets
of R™, we write V. CC U if V. C V C U and V is compact, and say V is compactly contained in U. The
symbol 0D; denotes the boundary of D;. For any xg € R™ and r > 0, the symbol B,(x() denotes the open
ball with center z(, radius 7 in R”.

Throughout this article, let A > 0 satisfy for a, 5 =1,--- ,n, 4,5 =1,--- ,m,

‘Afﬁ(x)‘ <A, Vze, (1.18)
and ko, k3 > 0 such that
[hallero sy + llhallera sy < k2, (1.19)
[Allcr (i) + IBllev @) + [ICllev @) + [IDller @) < ks, (1.20)
where
[Allcv ) = Jnax AT ey, IBllovay) = $?§||B%(')||CW(91)7
ICllcv (o) = %1?§F||Ciﬁj(')||c~(91), IDllcv(ay) = H}%X|\Dij(‘)||m(91)~

2. The gradient estimates for the general elliptic systems

In this section, our main task is to prove Theorem 1.1. By using the idea of iteration in [9,10,27] and
the treatment of C'1"Y boundary in [15], we establish the pointwise upper and lower bound estimates of the
gradient of the solution to general elliptic systems, under the assumption that the smoothness of partial
boundary of the region is C'7. Before that, we first give the C!+7 estimates and W1 estimates required in
the iteration process.

2.1. CY7 estimates and WP estimates

Firstly, we give the definition of general elliptic type system in a more general region.

Definition 2.1. Let 0 < v < 1 and Q be a bounded domain in R", n > 2, with a C'” boundary portion
I' C 8Q. Let A%ﬂ,B%, CZ,DZ-j,FZ—(a) € C(Q) and H® € L>®(Q) for any o, B = 1,--- ,n, i,j = 1,--- ,m.
Let the matrix of coefficients (Af’f) satisfies (1.10) and (1.18), and B}, ij,Dij satisfy (1.20). Then the
following system
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> 0a (450050 + Bguw) + CLogut) + Diyuwl® = HO — 0,F), in Q,
a,B3,j

(2.1)
W= (w(l)a 7,w(m)):07 on F,

is called a general elliptic type system.

Theorem 2.1. (C'Y estimates) Let k3 be as in (1.20) and w = (w®, - w™) € WH2(Q c R R™) N
CL(QUT;R™) be the weak solution to the general elliptic type system as in Definition 2.1. Then, for any
Q' CC QUT, there exists a positive constant C depending on n,m, k3,7, Q’,Q, such that,

Wllcrr@y < C (Wl + [Flyo + [IHllL~@)) - (2.2)

Here and thereafter, the Holder semi-norm of the matrix-valued function F = (Fi(a))i,a is defined as

[Fly.q = maxi’a[Fi(a)]%Q, the L* norm of the vector-valued function H := (H®) ...  H(™)) is defined as
||H||Loo(Q) = max; ||H(l) HLOO(Q).

Theorem 2.2. (WP estimates) Let 0 < v < 1 and w = (w®, .- w(™) € WH2(Q c R*;R™) N C(QU
[';R™) be the weak solution to the general elliptic type system as in Definition 2.1. Then, for any 2 < p < 00
and any domain Q' CC QUT, there exists a positive constant C depending on \, k3, p,Q’,Q, such that,

Iwllwrr @y < Clllwllzz@) + [Fly@ + Hllz=(@))- (2.3)

In particular, if p > n, there exists a positive constant C' depending on X\, T,k3,p,Q’,Q, such that, for any
0<7<1-—n/p,

Iwller @ < Cllwllz2@) + [Fly.e + [Hllze@)-
For readers’ convenience, the proofs of Theorem 2.1 and Theorem 2.2 are given in Section 4.
2.2. Proof of Theorem 1.1

Definition 2.2. Let A%B,B%,ij,Dij, a,B=1,---,n,4,7=1,--- ,m, be as in Definition 1.4 and ¢, 1 be
as in (1.11). Let

Ve:(vél)’y§2)’...’y§m))’ 611,2,"',7'&

with vy ) =0 for Jj#L, v(gj ) = u® for j =4, be a weak solution to the following boundary value problem:

> ap, Oa (A;‘faﬁvéj) + Bf‘jvéj)) + ijagvéj) + Dijvéj) =0, in Qy,

V£=(07"'70,%“),0,'-',0)7 on I'f, (2.4)
V[:(07"'7077/](6)707"'70)7 OHFI'
It follows from Definition 1.4 that for the solution u = (u(l), e ,u(m)) to the general elliptic system as

in Definition 1.4, we have

m
U=vy+vy+---+v, and VuzZVve in Q. (2.5)
=1
In order to estimate |Vv|, £ = 1,---,m, we introduce a scalar function @ € C*7(R™) such that @ = 1

onI'f, 4=0o0nT] and
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Ty, — ho(z') + /2

u(z) = €N 2.6
)= ) — ey T (26)
where hy, hy € C17Y(BY) satisfy (1.4)—(1.6).
By a direct calculation, we obtain that for z := (z/, x,) € 4,
_ Clz'|7 _ 1
|8au(x)| < m, o = 1727-.. 7’[7,—1, 3nu(x) = 5(:5’)7 (27)
where
5(.73/) =c+ hl(ﬂj‘/) — hQ(.CC/), in Ql. (28)
Using u to define a family of vector-valued auxiliary functions, for £ =1,2,--- ,m, we define
~ OV N~ /r € ’ _
Uy = (o, 0,00 (@, S+ hu(a)a() + 90! =5 + ha(a) (L - (@), 0, - 70). (2.9)

It is obvious that Uy = (0,---,0,0%,0,---,0) on T'{ and G, = (0,---,0,% 0,--- ,0) on T .
In view of (2.7) and (2.9), for any x € Q; and @ =1,2,--- ,n — 1, we have

_ Clz'|”
|0a ()| < % ‘(p(z)(l‘/,é‘/Q + hl(l’/)) — 1/1(@(.’17/, —e/2+ hz(l‘/))’
+C (196 ety + IVl ey ) (2.10)
and
O, e/24 by (2)) — (2!, —e/2 + ha(a
(2’ /2 + h(a")) — (2!, —/2 + ha(a"))|
Cle + |/ |1
e+ ) o)
N C ’gp(e)(x’,e/Q +hi(z") — O (', —e/2 + hg(x’))|
< [Onue(z)] < :
€+ |z [+
Next, we estimate |Vvg|, £ =1, -+ m. Let
Wg:Vg—Ug, 621,2,-” ,m, (212)
then, by (2.4) and (2.9), wy = (w{”, w?, -+, w{™) satisfies
> (0a (A% 050 + Byw) + Clogul + Dywl) = HO = S 0, F2, in
S a (2.13)
we =0, onI‘li,
where forany 1 <a<n,1<i<m,
F@): =Y (A7 @051 (@) + By (@)a (1))
7 , (2.14)
HO(@): = 3" (=Cos (2) - Dyy(@)if (x)
B,j

Lemma 2.1. Let vy € W12(Q; € R R™), 1 < ¢ < m, be a weak solution to (2.4) in the sense of (1.13),
thus wy as in (2.12) satisfies (2.13). Let ¢, ¥ be as in (1.11), T, '] be as in (1.9) and Q,., v € {1/2,1} be
as in (1.7). Then there exists a positive constant C independent of €, £, such that, for any £ =1,--- ,m,
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[ 19wl do < € (Iwliaian + 1Ot + 10O rs)-
Q2

Proof. For simplicity, we assume that ¢ = 0. Multiply (2.13) by w,, making use of the integration by parts

in 91/2,
Z / (A%”B(x)agwéj)) 3awéi) dx
a’B’i’jﬂlm
= Z — / Bf‘j(x)wéj)(?awéi) dx + / C’fj (x)agwéj)wéi) dx
o,B,1,3 Q172 Q12
+ Z / D (J) ) do — / H(z (Z) / Oy Fa 1) dx
a,fB,1,j Q12 Q12 Q12
+ > / (45 @05l + By @) wv@ ds |
B0, |2’ |=1/2,
—S+ha(z')<zn<S+hi(z))
where / := (V(l)7 e 71/(")) € R™ is the unit outer normal vector of vertical boundary on both sides of € /5.

From the strong ellipticity condition (1.10) and Cauchy’s inequality, we have

A/|VWg| ar< Y /(A;;ﬂ( 05 l) Ouf? da

a,B,i,§

Q12 21/2
<= / |Vw|? dx + C / \Wg\QdaH—Z / H®qy
Q1/2 Q1/2 21/2
+C / (IVwe|® + we|?) da:JrZ / 8aFiawéi) dr|. (2.15)
|2’ |=1/2, AL S

—S4ha(z")<wn<§+hi(z’)

By using Cauchy’s inequality again, (2.9), and (2.14), we have

3 /H%é“ dx §C/(\Vﬁz||Wg|+|ﬁzHWg|) du
1951

%
1/2

<C /(|Vﬁg|2 + |ﬁz|2) dr + / ‘W@|2 dxr

1 Q1

2
<C (el Faqqyy + 199120 s ) (2.16)

Note that Qy/5\Q1 /5 CC Q21\Qy /4, applying Theorem 2.1 and (2.3) for (2.13) with (2.14), one has,
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IVWell oo (@, 0\ m) < IWellora (o, a5 <C (||W€\|Loo(ﬂl\m) + H‘P“)HCM(FT))

<C (Iwellzean) + 1¢Plernet) ) -
This implies that for x = (2, z,,) € Q2/5\Qy/3,

we(a' )| < C (Iwellzzon + 19 nqr) ) -

it follows that

/ (19wel? + ) do < © (IwillZagey + [0Ons)) - (27
0| =1/2,
—£+ha(z")<zn<S+hi(z’)

By (2.10), we deduce that

n—1
Z/|5‘aﬁg|2dx

a:lﬂl
> : :
< [ 06 (o 0 5 ] 19 ) o
|z’ |<1
cllo®]
< . 2.18
- Hcp ‘CM(FT) ( )

In view of 9y, Up = 0 and (2.17), (2.18), by applying the integration by parts in €; , we have

Z /8aFi(a)wéi) dx SZ /Fi(a)aawéi) dx| + / Fi(a)wéi)uadx

1/2 1/2 lz'|=1/2,
S+ha(z')<zn<§+hi(z")

n—1
<c / (Z Oie] [Twel + auvw) dz

Q))s a=1

n—1
+C / (Z |Oate| [we| + |ﬁz||W5|> ds
a=1

lz'|=1/2,
—S+ha(z')<zn<§+hi(z’)

A
<3 [ 1Vl o € (10O g, + el

Q1/2

this, combining with (2.15), (2.16), and (2.17) we obtain

/ Vel do < C (Iwellzagay + 1010 ry) -
Q12

We have completed the proof of Lemma 2.1. O
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Let 1 < s <1/2and Q5 be as in (1.7). Let hy, ho € C17(BY) satisfy (1.4)~(1.19) and ¢ be as in (1.3),
we define set as

Q(2) = {(/,z) € Qi - % +ho(2) <z, < g + hi(2'), |2" = 2’| < s}. (2.19)

In order to use iteration as in [9,15] to prove that the gradients of the auxiliary functions uy are the major
singular terms of |Vuy|, we need the following estimates: namely, for a fixed point

z=(2,2n) € Qo, (2.20)

we consider the Holder semi-norm estimates of Vuy in (AZS (2). In the following, we always assume that ¢ and
|2’| are sufficiently small.

Proposition 2.1. Let hy, hy satisfy (1.4)~(1.19), TT, T be as in (1.9) and @, 9 be asin (1.11). Let z = (', 2,,)

be as in (2.20), 6(2') be as in (2.8), and ﬁg(z) be as in (2.19) for 0 < s < CH(2"). Then there exists a positive
constant C' independent of €, such that, for any £ =1,--- ;m,

Vi, 6, <C [0 5 + () =¥, 5 + ha(2))]
(67 517 +6() ) + € (19D vy + 6@ rorr))  (221)
(87775277 4 6(2) T 4 0() T s 4 8() 7).
Proof. Since s < Co(z’) and |2/| < C’é(z’)ﬁ, for any x = (2/,x,) € Q4(2), we have
'] < o’ — 2|+ |¢'] < s+ |2/ < Ca(2) T,
and combining with mean value theorem, we have
|hi(z) — hi(F)| < Olzp |"|2" — & < Co(2' )5 |2 — 7|, i=1,2, (2.22)
for any 2/, € Q,(2), 2’ # . In view of (2.8), we obtain
(') = 8(&)] < [ha(a’) = I (#)] + |ha(a’) = ha(#)] < CS(z') 7 |2’ — &|. (2.23)
In particular, taking &’ = 2/, and recalling that |2/ — 2/| < s < C4(2’), we have
0(2') < 6(2') + [h(2') = ()] + |ha(a’) — ha(2)| < C4(2), (2.24)
and for sufficiently small € and |2/,
0(z') 2 6(2') = [h(2') = h(2')] = |ha(a’) = ha(2)| = %5(«2’). (2.25)

Next we estimate |0yu(z) — Dy u(Z)|, z,% € QS(Z), x# & fora=12,---,n. Fora=12,---,n—-1,
recalling (2.6), we have

—0pha(2") —Tn_ (ho(z) — €/2)00(x")
5(z) 62(x’) §2(x")
=: I (x) + Iy (z) + T3 (x). (2.26)

Opu(r', ) =
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Since hy ('), ha(x’) € CHY(BY), (2.23), and (2.25), we obtain

|6ah2(l‘/) - 8ah2(52’|)
5(@) 5@ oz

<C (5(2’)_1|x' —F 4 6(2) A o — :z’|) : (2.27)

|II; () — 1 (2)] < + |0aha ()| ‘

for any z,7 € ﬁs(z), x # &. By using |%,| < §(2'), we can obtain

ta(e) ~ 1a(a)] < 5t o — 2l 4 5100000 - 0,00
<C (5(2/)—1—ﬁ | — | + 8(z") " Yz' — f’l”) . (2.28)

It follows from (2.22), (2.24), and (2.25) that

_10:0) e S
M3 () — M3(2)| < @R |ha(2') = ha ()] + 5(96—,)2|5a5(5f ) = 0a0(Z')]
+80u8) | 500~ 5007

<C (5(z')*$ 2/ — &| +6(z') "z’ — ;f:'w) .
This, combining (2.26), (2.27), and (2.28), we get for a = 1,2,--- ,n — 1,
|0ati() — Oati(7)]
<C (=)0 = &| + 8(=') Mo = &7+ 8(z) T g — Tl (2.29)
and for oo = n, by using (2.23) and (2.25), we obtain

1 1

S 5 <O T e — 7. (2.30)

10ni(z) — Bpa(7)] < C ‘

Now we prove (2.21). Take the case when ¢ = 0 for instance. Firstly, for a = n, since p(z) € C7(I'}),
(2.7), (2.25), and (2.30), we have

Onie(w) = 0ae(@)] < |0 (@", 5 + (@) ni() — D7)

. . € -
10,10 [pO@, 5 + (@) - ¢ 0@, S + (@)

<C oD, 5 + ()| o) e - 7
+ OVl o) 0(z) M = &'| (5() s +1),
where we used the fact that |2’ — 2’| < s. Similarly, by using |2’ — #'| < s we obtain
[0uTe), 6, o) <C |09, % ()] 8z s

+ C||Ve® HLm(m(<5(z’)+ﬁs2*V + (")t ). (2.31)
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Fora=1,2,---,n—1,
Daiie(@) = Daie(@)] < |0 (@', 5 + In()ii(x) = 0ap (@, 5+ (#)(3)
|05+ b (@)aii(n) — o0 (@, + b (@) 0ai(3)
= :1+1L (2.32)
Using (2.25) and (2.30), we obtain

6(1‘/) 5(x/) - 6(j/)| + Cvao(Z)HCO»’Y(FTﬂ:LJ _ ./L'/ v

< CHV(p(l)”COW(FT) (6(2’)71|$n — jn‘ + 5(2’)—ﬁ|gj/ _ j;" + |gj/ _ j’""/) .

1< COIVe |yt (

In view of |2/ — &'| < s and |z, — &,| < 25(2’), we obtain

s ———— < C[[vel|
e — |y

x,7€0,(2'),z#E

n— N=145 1—7
o (5(2) () T s ) (2.33)

It follows from (2.7) and (2.29) that

3
<0 (Jp(, 5+ ()] + 51V o))
(6 " = &+ 8() " a! = |7 + (') |y — 3
_ e ~
+ OV e oy 6() T T 2 - 7).
Obviously,

II
|z — Z|7

sup

<O, S + ()| (s(2)7 17 4 ()17
2,860, (2'), 4% 9

+ OOl ey (8) 75277 4 6(21) " Fh 517 4 5(2) )
This, combining (2.32) and (2.33), we have for « =1,2,--- ;n — 1,
Baiie), g, o) < C |09, 5 + ()] (377517 + 8(/) 777
OOl (307877 4 6() TS T 4 8() T s 4 6() 7).
From the above formula and (2.31), we have proved Proposition 2.1. O

Let z = (2, 2,) be as in (2.20), 6(2') be as in (2.8), and €,(2) be as in (2.19) for 0 < s < C§(2'). L
A?jﬁ be as in Definition 1.4, U, be as in (2.9) for £ = 1,--- ,m, and |Q,(%)| be the volume of region Q(z )
Fori=1,2,--- ;mand a=1,---,n, we define

M = (a5 =

()95 (1)) dy)jﬁ. (2.34)
Q (z)

Clearly, by using (2.13) we have wy, £ =1,--- ,m as in (2.12) satisfies
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3" 0 (A 0pwf” + BEwi) + CLogwi +Dijw)

@,B,4, (2.35)

=HO 3" 9,(F" — M™), in Q.
Lemma 2.2. Let z = (2',2n) € Q2 be as in (1.7), §(2') be as in (2.8) and Qg(z/)(z) be as in (2.19). Let
hi, ho satisfy (1.4)~(1.19), TT, T] be as in (1.9) and ¢, 9 be as in (1.11). Let € be as in (1.3) and wy

be as in (2.35), £ = 1,--- ,m. Then there exists a positive constant C independent of €,¢, such that, for
0< || <em,

[l o scere ([0 4 ) - 006 )] )

Q.1 (2)

+ o)

# T (il + ) @)
1

cl, »y(F+)
and for e < |2/| <1/2,
2
/ \sz|2 dx §C|z'|(1+7)(”*$) (‘(p(e)(z’, % + hi(2) — O (2, —g + hg(z'))‘ )
ﬁé(z’)(z)

+C|Z|(1+7)n 5 12) (HW@”L?(QI)"'HQO )‘

ol

. 2.37
e )) (2.37)

Proof. For simplicity, we assume that ¢ = 0. Indeed, for 0 < t < s < 1/2, let n be a cut-off function
satisfying 0 < n(z') < 1,

cLy (T

1, if o' = 2| <t 2
N _ s 7 \VA N < 2
n(') {O,if|x’—z’|>s | 77(33>|_Si

Multiplying (2.35) by n?w, and using the integration by parts, one has

Z 172Ai°‘jﬂ (x)(‘?ﬂwy)aawgi) dx
,B,i,55

Q.(2)
- > / AP (@)05w w( 2o dz — / B2 ()00, (r2w)
P 17] (2) @ IJQ (2)
(2.38)
-3 / 2)05wS (n*w!?) Z / Dy ()0l (0 de
P98 )
+Z / H(i)(UQw() dx—|—z / _Mga))aa(UQ’wéi))dl‘.
i Qs(z azﬁ )

Now we can bound with (1.18), Young’s inequality 2ab < (a? + ﬁ, and the properties of 7,
¢

Z / A%’B(aﬁ)ﬁﬁwéj)wéi)Qna&ndw

a,B,i,j ()
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<GA / n\Vwe|2dm+ /|Wg| dz,

QS (2)

combining with (1.20), we deduce

> /B;;(;c)ng)a (Pwy?) de| =Y /Bg() '@2n0amu? + 1206w} du

R e R NE
gCT n \VWg|2da:+ / |we|? da.
Q(2) Q.(2)
Similarly, using Young’s inequality again, we have
/ x)0pw, () " (Z)dx <<3 3 / 7% Vwg |2da:+ / lw|? da.
B,i,7 (2) Q. (2) Q. (2)

Noticing 0 < s —t < 1, we obtain

i C
/D” w/)nzwé)da: SW / lwe|? da.

YT Bz Q.(2)

Recalling (2.9) and (2.14), we also have

c |
/H“)n?w S / wel? dz+ (s — )2 3 / \HOP da.
S — N
a,(2) YA,z

For the last term in the right-hand side of (2.38), using the Young’s inequality again we obtain

3 / (F — M) (120) da

s(2)

G4 2 () ()2 2
SE n? | Vwy| d:zc—f—C Z |F™ — M| dx+ \Wg\ dx.

OéZA

Qs(2) Q.(2)
Choosing 0 < (; < 1,7 =1,2,3,4 satisfy

K3 K3 1 A
AG + 7(2 + 7(3 + §C4 < 5

In view of the strong ellipticity condition (1.10), we obtain

A / 7| Vwe|? da < Z / QA(’B 8511) ) O wf)dac

a,B, mA

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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this, combining with (2.38)—(2.44), yields

C )
/VW4|2d:U§(S_4t)2 / we* do + C(s — ) / |HD|? da

ﬁt(z) ﬁs(z) ! ﬁs(z)

+0y° / IEC — M2 de. (2.45)

e APN

Qs (2)

It follows from (2.10) and (2.11) that

. 2 1
(4)12 ) (1 / ’
> [ 0P <ol ez mE] [ (—Hm,m)dﬂc

i~
Qs(2) |z'—2'|<s

+ V@2 =2 2.46
P Lo (0 et [ € (2.46)
|z’ —2"|<s
Case 1. For |2/| < e and 0 < s < sﬁ, we have € < §(2') < Ce. By a direct calculation, we have

2

Tn

/ lwe|? dz = / / Onwy(x', ) dzy| dx < Ce? / |Vw,|? du, (2.47)

Q. (2) Qu(z) F5+ha(a) Qs (2)

and from (2.46), we have

(i) (2 0y € R 02 st
S [ HOPd <ClpOE 5+ )| T+ CIVEOl o) T = Guls)
L.
By using (1.20), (2.14), and (2.34) for any a = 1,--- ,n, i =1,--- ,m, we have
2
F(a) _ agqla) 2 < Crs Vi, ~ _ 7 d §(2) 1 _ v d C (0)
P =M < B [Viel 6. ) v —y["dy +d(2") |z —y["dy |+ Crslle™| Lo )
’ 0. () 9,(2)
<C ([Vﬁg]i;ﬁs(z) + 5(2/)—2) (3(z")>7 + %),

thus, from Proposition 2.1 we have

3 / P — M2 de gc(]so<f><z',§+h1<z'>>\ +52|so“>||ém(rl+)>

[ PN

Qs (2)
sn+1 Snfl sn+172'y sn71+2'\/
1+% + 2 + T+2 —2y + 1+ﬁ = Glg(S). (248)
£ + £ 1+~ IS 1+~ e T+y

Denote F(t) := [g,,,) |Vwe|? da. It follows from (2.45), (2.47), and (2.48) that

Cc1¢€

2
F(t) < < t) F(s) + C(s — t)2G11(s) + CG1a(s). (2.49)

s —
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Similarly as in [15], let k = (4c1eT7 )~ and t, = 6(2') 4 2c17¢, 7 =0,1,2,- -+, k. It is easy to see from the
definition of G11(s) and G12(s) that

G (trin) < Ce"2 <‘<P“’(Z'76/2+h1(2“’))‘ + 2|12 s )<T+1>”+1
and

Gra(t, 1) < Ce"~ (]go“)(z’,%ml(z'))( 4 ng ] )(T+1)”+3.

Cc1, 'y(F+)

Taking s = t;41 and t = ¢; in (2.49), we have the following iteration formula
1 2
F(tr) S7F(brs) + CE" (\w“kz', e/2+ m(2)| +e? Ve ||im(m) (r+ 1)+

ot (|00 S 4 mE| + 2]

) (r+1)"+?

cLy ()

) (T + 1)+,

n—12 (1,0 E 2 H W‘
<cen s (1065 +mEE+ e o,

after k iterations, and by virtue of Lemma 2.1, we have

k—1 1
- n+3
c1, ’y(I“+)> Z 4 Z+1)

i=

Flto) < ()F(t) + €5 (16065 +m)E + 2 o0,

2 g
<cen ity (|¢<‘><z/,2+h1< D+l +Ilwzlliz(m>>)-

Cl«, F+

This implies that Lemma 2.2 holds when |2/| < eTH .

Case 2. For 747 < |2/| < 3 and 0 < s < ||, we have &|2/['™ < §(z') < C|2/|'™. Estimates (2.47) and
(2.48) become, respectively,

2
/ lwe|? dz < C|2/|20+) / |Vwe|? dz, if 0<s< g|,z'\,

Q.(2) Q.(2)
S [ R <00 @] 4 OO S = ()
: = ®Y zZ, 2 1z | ,|2 "2 oo F+) |Z/|2 = 21(S),
" 9.(2)
and
@ 0y, < H <e>‘
Z / M; dx <C (|g0 +h1 | + 52 o .
“0.(2)

sn+1 Sn—l Sn+1—2'y Sn—1+2’y
(157 * = * e + )

=. GQQ(S).

Let k = (4eo|2’|")~ Y and t, = §(2') + 2¢ot [2'[*T7, 7 =0,1,2,- - , k, one has
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Gai(s) <C|2'|1H7M(=2)
(\apW(z’,s/z )| + 0|z'|2<1+7>||w“>|2x(m) (r+ 1),
and

Gaa(tri1) < C|z’|<1+v><n—%>

<’90(€) —+ h1(z’))| eIl |2(1+7) H(p(l)) . F+)) (1 + 1)+,
Then, we obtain that, for 0 <t < s < §|z’|,
1
F(tr) < S F(tr1) + C| |- 1)
(f) < 2(1+7) na3
(160 5+ m@P e o)y s

after k iterations, and using Lemma 2.1 again, we have
F(to) < C|z’|(1+7)("_%)

<|@(6> AN NP+l P me‘

2
ey el

This implies that Lemma 2.2 holds when |2/| > eTH. O

Lemma 2.3. Let z = (2', 2,) € Qy/9 be as in (1.7), §(2') be as in (2.8) and Qg(z/)(z) be as in (2.19). Let hy,
hy satisfy (1.4)~(1.19), TT, T] be as in (1.9) and @, 1 be as in (1.11). Let € be as in (1.3) and w; be as in
(2.35), £ =1,--- ,m. Then there exists a positive constant C independent of €, such that, for |2'| < e+,

[Vwe(2', 2,)| <Ce™TH

PO, 5+ () = ¥(, ~ + hal))
+Ce™ 5 (Iwellzaay) + 199 o g + 180 lorarr))
andforeﬁ <l <3
[Vwele!, 20)] <CI/ ™ O (2, 5+ ha(2) = 0O =5 + ha()]
+ |77 (HWZ”B(Ql) + 1 1oy + \|1/)(o||cl,w(rf>) '
Consequently, by (2.10) and (2.11), we have, for sufficiently small e and z € Q4 2,

ClO(', 5 + (=) — ¥, =5 + ha(2)]

[Vve(2)] <

e+ |21
+C (Ivellzz@u + 19 oro ) + 16l naqrr)) - (2.50)
Moreover, if o9 (0,_1, 5)# (01, —5), then there exists a positive constant C' independent of , such
that, for any z, € (—5,5),

0O (01, 2) = O (01, 25|
Ce ’

|VVZ(67L71; Zn)’ >
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Proof. For simplicity, we assume that 1) = 0. Given z = (', z,) € /2, making the following change of
variables on Q5./)(2), as in [15], we have

.T/ _ ZI — 5(Zl)y/7
In = 5(Zl)yna
then 5\25(2/)(2) becomes @ of nearly unit size, where

€ 1

= R™: — —— + ——hy(6(2 )y + 2
Q {y < 25<ZI) * 6(2/) 2( (Z )y i ) (2 51)
€ 1 '
h 6 ! / / /
< < 55007 5 MOEW + 2 Iyl <,
for r < 1, and the top and bottom boundaries become
D = (Y e R = o b () + ), ] <
" "28(2)  6(2) ’ ’
and
By eR gy — = Ly ), Il <r
e e 26(2")  0(2') ’ ’
respectively. Let
We(y',yn) = we(6(2")y + 2, 0(2")yn), Ue(y',yn) = Ue(0(2)y" +2',0( Yyn), for (y',yn) € Q.
It follows from (2.13) that w,(y) satisfies
Wy = 0, onfli, .
where
Tap . paB na R «@
Aij (y) = Aij (5?/ + 2, 0Yn)s Bij(y> = 5Bij (5?/ + 2, 8Yn)s
Cl(y) = 0CL(8y + 2 .0yn), Dijy) == 52Dij(5y' + 2, 6yn), (2.53)
Fo(y) = A )osag” + Bywia, HO@) = C(y)asay” — Dy (yyag.
It follows from Theorem 2.2 that
[Wil[zoe (@, ,0) < C (||Wl|\L2(al) + [Flya + ||H|\L°c(a1)) : (2.54)

Applying Theorem 2.1 for (2.52) with (2.53) on @y /2, we have

[#ellr@yya) < € (IRl @, + Fla + 1Allea) -

This, combining with (2.54) and using the Poincaré inequality, yields

[VWell L@, ,0) < C <||VVAVM||L2(91) + [Flya + HH||L°°(Q1)) :
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In the following proofs, we will briefly refer to §(z’) as J. Recalling back to the original region ﬁg(z), we

have
Vel (@1 0) = O VWell e i,y 1YWl z2@0) = 875 (IVWell 2 o0
||VH€HL°C(Q1) = 5||VHZ||L00(§5(Z))7 [Vaé]%al = 51+’Y[VHE]%§5(Z)7
thus,
Flrar < €6 (IV8ell 00y + VT, g0,y + 18l e 3y )
and

1Rllze @) < C8% (VT ey oy + N ey o)

It follows that

HVWelle@M(Z))

<O VWil 2 gy + OO (190, 3,0y + Ve e o000y + Tl 1 )

Case 1. For 0 < |[2/]| < eTi
By (2.36) and Proposition 2.1, we have

_n C g
5 NITWl s, < S [0 5 mE)|+ (e, e, + el
and
SV o < - |0 2+ ()] + 0]
4 7,Q5(2) = gﬁ ® ) 1 %) CL’Y(I‘;F) .

By using (2.9), (2.10), and (2.11), we can obtain

57||G€HL0<>(§5(Z)) < HSO(Z)”LOO(Fﬁ);

and
TNVl e o) < o [0 e/2 4+ ()| + IV ®)|
Eloe(@s(2)) = 17 [P V% 1 L)
Therefore,
9wl e < [0 e/2 4 ()| + (o) + liwell 2 o)
¢ L>oQs .y /4(2) = Eﬁ ¥ ’ 1 ¥ cr(T) 2llL2(9,)/

Case 2. For e 77 < |2'] < 1/2. By (2.37) and Proposition 2.1, we have

o0, = + ()] + O

_n C
6 2 HVW@HLZ(Q(;(Z/)(Z)) <

Ed + HWZHL?(QI))a

Ccta(Iy)

and
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07 [Vy] Sﬁ(z)(z/,éf/?Jrhl(Z/))’JrCHgD(Z)’

C
75t = 7] L)’

By using (2.9), (2.10), and (2.11), we can obtain
”UEHLOC(QJ = H‘P )||L°°(F1+)a
and

NV L @)

PO e/2+ M) + CIOO o o)

It follows that

0O (2 /2 + hl(Z/))’ +C <H“D(Z)‘

C
IVl o) < + il )

21y/4(%)) |Z'| L (rf)

Noticing that |Vve| < |Vwy| + |VUg|, and by (2.10), (2.11), (2.36), and (2.37), we obtain (2.50).
It is clear that if (*) # 0, then

‘SD(Z) (6n71733n)|

|VV£(6n717xn)| 2 |Vﬁ2(6n717xn)| - |VWE(6n717xn)‘ Z Ce

The Lemma 2.3 is proved when ¥» = 0. O

Proof of Theorem 1.1. By Lemma 2.1, Lemma 2.2, and Lemma 2.3, we have for x € 2y,

Vu(z Zm:IVv/z Ol e/2+ (@) — (@', —¢/2 + ha(a'))|

e+ |o/ |1+
C (Il + Wlornr) + Iullzaan)) -
If o (0,_1,/2) # O (0,,_1, —e/2) for some integer ¢, then by Lemma 2.3, we can obtain

}w(z)(ﬁn,l,sﬂ) — O (0,1, —s/2)| € €
o Va, € (—=,2).

- B . >
|vu(0’ﬂ 1,:1: )|7 272

The proof of Theorem 1.1 is completed. 0O
3. Proof of Corollary 1.1

Since the Lamé system as in (1.15) has more applications in practice, such as shear modulus in high
contrast linear elastic composites. This section establishes the gradient estimates of Lamé system under the
assumptions in Definition 1.4. We give a sketched proof of Corollary 1.1 and only list its main ingredients.
In order to make the proof more clear and concise, we will prove the case when n = 2.

Let vy (v%l), viQ)) = (u™M,0) be a weak solution to

‘1:)\17H1V1 =V (Coe(Vl)) = 07 in Ql,
Vi = (90(1)70)’ OHFT, (31)
= (¢(1)’0)7 OnF1_7

and vy = (v8, 0$?) = (0,u?) be a weak solution to
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Ly, va =V - (Co%(vg)) =0, in€Qy,

vo = (0, ¢®), onT'7, (3.2)
va = (0,9pM), onl'y.

It is obvious that
u=vi+vo and Vu=Vv;+ Vv,. (3.3)

Then we still construct the auxiliary function u, for £ = 1,2 as shown in (2.9) in Section 2:

. 5 _ € _
i s = (¢, 5 + b (@0)i(@) + 60 (o1, =5 + ha(a1))(1 = (@), 0),
(3.4)
~ € _ € _
5= (0, 9 (a1, 5 + I (0)al@) + 9 (1, — 5 + haen))(1 - a(2) ).
So |Vuy| also has the gradient estimate as in (2.10)—(2.11), and the Hélder semi-norm estimate of Vi, as
in Proposition 2.1.
Denote wy = vy — uy for any ¢ = 1,2, which satisfies the following boundary value problem:

Ly mWe = =Ly pyle, Iy,
wy =0, on I'f, (3.5)
wy =0, onI'].

Because the result in Corollary 1.1 independent of ¢, we might as well consider only the case of £ = 1.

Lemma 3.1. Under the hypotheses of Lemma 2.1, and in addition that wy is the weak solution to (3.5), then
there exists a positive constant C' independent of €, such that,

2
/ [Vwnf? do < C (Il ) + 10V oy + 10D 120 ) - (3.6)
Q1/2

Proof. Multiplying (3.5) by wi and making use of the integration by parts in £ /5, in view of w; = 0 on
I'E, we have

/(Coe(wl),e(wl))d:c: / (V- (CO%(iy))) - wy da. (3.7)

Q12 Q12

For the right-hand side of (3.7), noticing that 822651) = 0 in €, /2, and using integration by parts, (2.10),
(2.17), we have

/ (V- (C%(1))) - wy da

1/2

<C / 81 (1) wlV d + / Aoty da

212 Q12
gc/ ‘8117§1)’|Vw1|d:c+ / \w1|‘81&'§1)’dx2
Q12 lz1]|=1/2

—5+ha(z1)<za<§+hi(z1)
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<5 [ IvwPdo+ (Il + 160w + 10O ) (35)
Q1/2

For the left-hand side of (3.7), it follows from strong ellipticity condition as in (1.10) there exists a positive
constant A, such that,

)\/|VW1|2dJ;§ / (Coe(wl),e(w1)>dx. (3.9)

Q1/2 Q1/2
y (3.7)=(3.9), we obtain (3.6). O

From the definition of Uy, we can get

(M + 2000001 0yt

Ce(ty) =
/1,1821]51) )\181651)
Let
0 1 0, /-1
C"e = — C e(u;(y)) dy. (3.10)
12 (20)]
s(21) Qs (21)
It follows from (3.5) that wy satisfies
Loy Wi = =Ly, (U1 = M). (3.11)

Lemma 3.2. Under the hypotheses of Lemma 2.2 and in addition that wy is the weak solution to (3.5), then
1
there exists a positive constant C independent of €, such that, for 0 < |z1| < eT+v,

2y € < 2
/ |VW1|2 dx <CeT+v (‘w(l)(zl, 3 + hi(z1)) — 1/1(1)(21, —3 + hg(zl))‘ )

ﬁ(5(21)(5)

2y
#0757l + . ) 812

+ o],

cl, 'y(r‘+)
and for eTH < |z1] <1/2,
€ € 2
[ vl o<l ([ e, § + ) - 0015 + o))
ﬁé(zl)(z)

+ Oz [ H20H) <|W1L2(521) n Hw( )‘

o],

- ) (3.13)

Proof. For simplicity, we assume that ¢ = 0. Similar to the proof of Lemma 2.2, for a fixed point z = (21, 22),

cLy(ry)

we consider the following cut-off function n(x1): for 0 < t < s < 1/2, let ) be a cut-off function satisfying

1 if|1’1—2’1|<t, 2
n(z1) = , and  [n(z1)| < ~
0 if |z1 — 21| > s, s—1
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Multiplying (3.11) by n?w; and using the integration by parts, one has
/ (Coe(wl),e(ngwl)) dr = — / ((Coe(ﬁl) —M,V(n2wl)) dx. (3.14)
Qs(2) Qs (2)
Using the same proof method as Proposition 2.1 in [15] to deal with (3.14), we get
/ |Vw; |2 dx < (37 / lwi|? dz + C / |C% (1) — M|? du. (3.15)
Qe (2) Q.(2) Q. (2)

1 1
Case 1. For |21] < eT#7 and 0 < s < eT+, we have € < §(z1) < Ce. By a direct calculation, we have

o 2
/ \wi|? do = / / Dowy (1, 2) dg| dr < Ce? / |Vw, |2 da. (3.16)
Q ﬁs(z) %+h2(£1) QS(Z)

In view of Proposition 2.1 and (3.10), one has

/ |CO%(ty) — M|* da <C’[Vu§1 %Q(Zl) / % +5(21)%7) dx
Qs(z) Qs (21

9
<C (‘90(1)(21, s+ h1<z1))\ + M2, m)

83 s 83—2'7 1+2’y
(61 a0+ >::G1(s). (3.17)

2
BEEIES et P 1+1217

Case 2. For eT7 < |z1] < § and 0 < 5 < |21], we have &|z1['™7 < 0(21) < C|z1|'*7. Estimates (3.16)
and (3.17) become, respectively,

2
/ lwi |? da < C|z |23 / |Vwi|? de, if 0 <s< §|z’|, (3.18)
Qa(2) Q. (21)
and
/ |CO(ty) — M|* do <C <|<p<f>( S )+ s wa ’CM(N))
Q. (2)

83 s 83—27 S2+2'y

<|z13+7 " 21|71 " 21|17 =27 " Izml““) ' (3.19)

Next, similar to the proof of Lemma 2.2, we complete the proofs of (3.12) and (3.13). O

Lemma 3.3. Under the hypotheses of Lemma 2.3 and in addition that wy is the weak solution to (3.5), then
1
there exists a positive constant C independent of € such that, for |z1| < eT+7,

1 g 13
|Vwi (21, 22)| <Ce™ T3 90(1)(2/7 B + hi(z1)) — ¢(1)(217 -3 + h2(21))’

+Cem (Iwallzany + leWlloas + 19 Plernr) ) - (3.20)
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_1
and for e < |z1| < 3,

[Vwi (e, 22)| <Clea| ™ [ (e, 5 4 () = O (ea, = + ha(=2))|
+Clal™ (Iwalzz@n + 160 oty + 10V onngers ) (3.21)
Proof. Let Q; be as in (2.51) and Cjjx; be as in (1.16). For any (y1, y2) € Q1, we denote
wi(y1,y2) == wi(0(z1)y1 + 21,6(21)y2),  UL(y1,y2) == u1(6(21)y1 + 21,6(21)y2),

then, after the same coordinate transformation as in Lemma 2.3, we can obtain that w; satisfies

= 05(Cigmdndt™) = 9 (Cijmoras”) in- Q,
Jkd Jikil (3.22)
w1 =0 on fli
Similar to the proof in Lemma 2.3, recalling back to the original region (AZ(;(ZI)(Z), one has
||VW1 ||Loo(§5(21)/4(2)) S 06(21)_1||VW1HLz(ﬁa(zl)(Zﬂ) + Cé(zl)V[VUl]%65(21)@). (323)

Therefore, by using (3.12), (3.13), and Proposition 2.1, we prove that (3.20) and (3.23) hold. O

Proof of Corollary 1.1. Consequently, by (2.10) and (2.11), we have for sufficiently small € and z € € 5,

CleM(z1, 5+ ha(z1)) =W (21, =5 + ha(z1))]

\Y% <
| V1(Z)| = €+|Zl|l+7

+C (Iwllzs@n + 1Plont) + 1Elener ) - (3.24)
By (3.3), we have for x € s,

[Vu(a)] <[Vvi(z)] + [Vva(2)]

cCle(@i,e/2 + hi(z1)) — D1, —€/2 + ha(@1))]
- e+ |1’1|1+7

+C (I¢lloraws) + Wlleraqy) + Mllza) ) -
If (9(0,e/2) # (0, —¢/2) for some integer ¢, then by Lemma 2.3, we can obtain

|90(E) (07 6/2) - 7/}(8)(03 76/2)|
Ce

€ €
[Vu(0,z2)| > Vg € (—=, ).
2°2
The proof of Corollary 1.1 is completed. O
4. Appendix. Proof of C17 estimates and WP estimates
In this section, we show the proofs of the Theorem 2.1 and Theorem 2.2, which play a key role in the

proof of Theorem 1.1, with the help of the Campanato’s approach, Schauder estimates and LP estimates
for elliptic systems in [19].
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4.1. Proof of Theorem 2.1

To prove Theorem 2.1, we first introduce the definition of the spaces of Morrey and Campanato (see [19,
Chapter 5]).

Let @ C R™ be any domain and p > 0, for any xg € @ we use the symbol Q(xo;p) to denote the set
Q N B,(xo) and the symbol dim @ to denote the diameter of Q. The domain €2 is said to be a Lipschitz
domain if 00 is Lipschitz defined as in Definition 1.2.

Definition 4.1. Let @@ be a Lipschitz domain in R™. For every 1 < p < 400, A > 0, define the Morrey space

LPANQ) = {u €rLr(Q): sup p / |u|P dx < +oo},

ro€EQR, p>0
Q(zo,p)

endowed with the norm defined by

1
fulirr@yi= (s o [ o).
o €EQR, p>0
Q(zo,p)

Definition 4.2. Let ) be a Lipschitz domain in R™. For every 1 < p < 400, A > 0, define the Campanato
space

LPMNQ) :={uecIP(Q): sup p / [u — g, p|P do < +o0},

zo€Q,p>0
Q(zo,p)
endowed with the norm defined by
[ull ox (@) + = [ulpa + llullze
1 1
::( sup  p / [ — gy p|? dx> it (/ [ul? dm)P < 400, (4.1)
20€Q,p>0
Q(zo,p) Q
— 1
where Ugg,p = [5G fQ(mmp)uda:.

The following lemma is just [19, Theorem 5.5].

Lemma 4.1. Forn < A<n+p and vy = )‘;” we have LP(Q) = C%Y(Q). Moreover the Hélder semi-norm
[ulo~ as in (1.2) is equivalent to [ulpx as in (4.1). If X > n+p and u € LP(Q), then u is a constant.

Referring to [19, Theorem 5.14], we can obtain the following interior estimates. In what follows, for any
domain @ C R™ we denote by the symbol Llc;i (Q) the set of all functions u which satisfies for any Q' CC @,
||U||Lp,>\(Q/) < 0OQ.

Lemma 4.2. Let Q) be a Lipschitz domain in R™. Let A?jﬂ be constant and satisfy (1.10), (1.18). Let 0 < v < 1,
pwi=n+2y—2and for any « = 1,---,n, i = 1,--- ,m, Fi(a) € L2M2(Q) and HY € L*>*(Q). Let

w=(w® ... wm) e WH2(Q c R R™) be a weak solution to
3" 0a(AY 05wy = HO — 3" 0, FY, in Q. (4.2)
a,B,j a
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Then dpw™ € LZZ(’)‘C‘(Q) forany a = 1,--- . nandi = 1,---,m, and there exists a positive constant C
depending on n,m,~y, R, A\, A such that, for Br(zg) C Q,

; 1
[VWly.Bg)0 = max[0aw)y b, < C(W”WHL“’(BR) +[Fly.r + ||H||L2wu(BR>)’ (4.3)
where ||H|L2.0(5g) = mz.aX”H(i)HLQ’”(BR)'

Proof. By Proposition 4.1 we have Fi(a) € L2"T27(Q). For a given ball B := Bg(x¢) C @, the decompo-
sition of w is as follows

w =w; +ws, inBg, (4.4)
where wy and ws satisfy, respectively,

> 0a(A395wi”) = 0, in Bg,

a.B,j (4.5)
Wi =w, on 0Bg,
and
S 0a(AP 05wy = HO =S 9, (F — (F\*)R), in B
a,B,j 7 ij Y8 W2 a Ja\tg i R)» R, (46)
wy = 0, on 0Bg,
where (F*)p = ﬁ [z, ¥ da.
By [19, Proposition 5.8], for 0 < p < % we have
9 p n+2 9
/|VW1 — (Vwy),[?dz < C (E) / IVwi — (Vwy)g|? dz, (4.7)
B, Bsr/a
and for wg, multiplying (4.6) by wy and using the integration by parts, one has
/ |VW2|2dCE < CR+*2 ([F]L2=“+2(BR) + ||HHL2=#(BR)) . (4.8)
B3r/a
Consequently,
/|VW — (Vw)p|2dx < / [Vwi — (Vwi), + Vwg — (VWQ)p|2d(E
B, B,
AN 2 2
<ci (£) / Ywi — (Vwi)rl dz + o / Vws — (Vwa)anyal? do
B3Rr/a B3gry/a
SCl (%) / |VW— (VW)3R/4|2 dl‘—l—Cg / |VW2|2 dx. (49)
B3sr/a B3gry/a

Inserting (4.8) in (4.9) and using [19, Lemma 5.13], we obtain
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P2
/|Vw —(Vw),[2dx < C[ <§) / |Vw|? dz + pH 2 ([F] 7. wr2(gp) T [H[2., u(BR))} (4.10)
B, Bsr/a
We assert that the following inequality holds:
1
/ Vw[2 de < C(ﬁ / w[? de + RH+2([F]%2,#+2(BR) + ||H||%2,#(BR))), (4.11)
B3rya Br

where C' depends on A and boundedness of coefficients of (4.2).
Actually, define a cut-off function ¢ € C°(Q) as follows, 0 < ((z) < 1,

() = {1 MmOV s 5

0, on BR\B3R/4 ’

and substitute w¢? as test function into (2.1). From strong ellipticity condition (1.10), we obtain

/<|VW\2dx< > /CQA‘.’;ﬂaﬁwU)aaw(“dz

B3r/a ”6’7’JBsR/4
=— ) / 20w AL 95w 06 da — > / BEw 9, w@ g)
aﬁl]BsRM al]BsR/4
—Z / w¥¢? Cﬂagw(J)—FD wl)) dx+z / wD¢PHD dx
/J"LJBSR/4 i B3rya
F3 [  Eangon (w067) do
a’lBSR/ﬁl

Then by using Cauchy’s inequality and the properties of ¢, we proved (4.11).
Therefore, using (4.10) and (4.11), we have

1 1
m/|VW—(VW)p|2 dx SC(W/MP dx+[F]iQ,M+2(BR)+||H||2L2,M(BR))
B

B,

1
<C( / W2 dz + [l g + M2 (5 )
Br

where C' depends on n,~. For any « = (2/,2,) € Br/p and 0 < p < R/4, we have

1 1
[ IV WPy < [ Tw (Fw, Py
B,(z)NBr/2 B,
1 2 2 2
SC(W/M‘ der[F]Lz,ﬁz(BR)+HH||L2,“(BR)).
Br

By the equivalence between the Holder space and the Campanato space (see Lemma 4.1), this implies that
(4.3) holds. O
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Next, we give the boundary estimate on half space OR"l. Consider

> 8a(AY0500)) = HO — 3 9, F | in R7,
o.B.j o (4.12)
w =0, on OR”.

Corollary 4.1. Under the hypothesis of Lemma /.2, let w € W12(R;R™) be the solution to (4.12), for any
zo € ORY and BE(CL'()) := Bgr(xo) NORY, then there is a constant C' only depending on n,~v, X\, A such that,

1
VW], st o) < C(WHWHLOC(B;(IO)) + [Fl, 8t (20) T ||H\|L2,u(3;(m0)))~

Proof. Firstly, we decompose w = wy +ws as shown in (4.4), where wq, wy satisfy (4.5) and (4.6) in 8% (7o)
respectively. It follows from [19, (5.38) in Theorem 5.21] that (4.7) holds for w;. The proof of the corollary
can be obtained by the method in the proof of the Lemma 4.2 and some elementary arguments. We omit
the details. O

Proof of Theorem 2.1. Since I' is C17, then for any zy € T, there exist a neighborhood U of zy and a
homeomorphism ¥ € C17(U) such that

V(UNQ)=8f :={yeBi(0),y, >0}, YUNT)=08] N{yeR":y, =0}
Through the transformation y = ¥(z) = (¥ (z),--- , ¥ (z)), we denote

3((\11—1)(1)7... 7(\1;—1)(n))
yr, -+, yn)

and

AL () - = Y ITWIAL (U7 ()) (950 (1)) 10a (¥)@ (¥ (1),

&,B
B() = >_1TG)IBS (V7)) 0 (1) (07 (),
Chy): =S 1TWICE (T () 05(1)P (T1(y)), Dij(y) := T ®)IDis (T (v)),
B
FO )= YT WIF (07 @) 0a(1)@ (37 (w) . HO(y) == |TWIHD (37 (1),

where &, 3=1,--- ,n. Then (2.1) becomes

3" 0u(A WD 1 B2WD) 4 Loy WD) + Dy W) = HD — N 9,7 ins,
a,B,1,7 «

and W =0 on aBE NOR". Let yo = ¥(xo). Freezing coeflicients and rewriting the above formula into the
following form,

D 0ul A (90) WY () = > —0al A (40)9s WD (y) + B (y) WY ()
a,B,j a,B,j
+ 3 (€)W () — Dis (WD (y) + HO () — 8.7 ().

a,B,j
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Then, by Corollary 4.1 we have that for 0 < R < 1,

1
[V(W]%B;/z SC(W”(W”LOO(B;) + [7:]7,3+>
oy ([(ﬂ;"@) =~ AL W)Wy + [BEWWY] )

+ C( (1)As W) — D () W)

e )

Since ﬂ%ﬁy)ﬂ% (y),ij (), Di;(y) € CV(B}), we have

S AL W)~ AL W)W gy <C (RIVWL, gy + VW)

. ’ R
B3

> [B?j(y)(w(j)]%g;; SCRY[|W o (gt):

J
and

Y)W — Dy () WO| < CIVWI oo (st + Wl Lo (5)-

“ L2:n B+)
»J

In view of the interpolation inequality ([20, Lemma 6.35]), we can obtain
- C
VW oo gty < RT[VW], g1 + EH(WHLoo(B;)a
where C' = C(n). Hence,

(VW] < C(5=

P Wiy + BT IVWL g+ T st + 1 H 20 (51)):

Rl—s-’v

Since V¥ is a homeomorphism, thus, changing back to the variable x, we obtain

[Vw]_ o < C(RH,Y IWllzoe vy + R [VWly n + [Fly v + ||ﬁ||L2v“(N))v

where N = U~ H(BE), N’ = \Ilfl(B;/z) and C' = C(n,, ¥). Furthermore, there exists a constant 0 < o < 1,
independent on R, such that B,r(zo) N Q C N'.

Therefore, recalling that I' C 9Q is a boundary portion, for any domain ' cC Q UT and for each
xo € Q' NT, there exist Ry := Ro(zo) and Cy = Cy(n, 7, zo) such that,

1
[VW]%BRO(IO)mQ/ < Co (Rg[VW]% Q T W”WHL“(Q) + [F]%Q + ||HHL2v“(Q))' (4.13)

By using the boundary estimates (4.13) near T', the finite covering theorem, and Lemma 4.2, we can obtain

(Vo] g < C (IWllze(@) + Flro + Hlz2n@))

where C' = C(n,v,Q’, Q). The proof details can be referred to the proof of [15, Theorem 2.3]. By using the
interpolation inequality ([20, Lemma 6.35]), we obtain (2.2). O
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4.2. Proof of Theorem 2.2

In this subsection, we give the proof of WP estimates of the weak solution to the system as in Defini-
tion 2.1.

Proof of Theorem 2.2. First, we give the WP interior estimates. For any ball Bsgs := Bapa(xo) C Q with
R <1, since w # 0 on dB3p/4, we can choose a cut-off function n € C§°(Bsg/4) such that for 0 < p < 3R/4,

0<n<1l n=1 in B, |V7}\§L

R—p
It is easy to see that
> [ A @000 do
a’ﬁ’i’jBaR/zl
=3 [ (A0 - AT @) 250,00 o
a’B’i’jBBR/zL

+Z( / TO @ gz 4 / Kf“)aa(b(i)), V¢ e C5°(Bsr/a; R™),

a,t

B3y Bsprya
where
NG ((A;;B (@)95w + BE (2)w)dan — CF (x) (20D 9n + ﬂ@gw(j)))

a,B,j

= Dy @) + HOn+ 3 (B = (B )3py0)0am,
J a

K =37 (45 @w 95 — B @)w P+ (B = (F)grjan) -
B3
Let v = (v, ... o(m) ¢ H&(B3R/4;]Rm) be the weak solution to

—Ap) =70, (4.14)

Thus, we can obtain that nw satisfies

> A (20)95 (nw) 006 de

Q’B’i’jBBR/AL

=Y | (@A) - A7 @) 0D) + K*) 906 dr
a,ﬂ,i,stR/4

where Ki(a) = Ki(a) + 9pv(D.
Since Fi(a) € C7(Bsg/s), then (Fi(a) — (F,L-(a))gR/4)) € LP(Bsgy4) for any n < p < oo. We firstly assume

that w € Wh9(Bsp /4;R™), ¢ > 2. Then, combining with Sobolev embedding theorem and the boundedness
of coefficients, H) LP(Bsgy4), we can get

K™ e LonPa)(Byp)y) and T € L™n0D(Byy ),
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where ¢* := n"—fq is the Sobolev conjugate of ¢. To write simply, we use a A b to represent min(a,b). By

(4.14),
—A(@av(i)) =9,T9, for a=1,2,---,n
The [19, Theorem 7.1] guarantees that V(0,v(") € LP"(Bypg/4) and
||v(aav(i))||LPM(BgR/4) < C||T(i)||LpAq(BgR/4)7
where C depends on n, A, p,q. Combining with the Sobolev embedding theorem, we have
Bav') € LMD" (Byp ).

It follows from p A ¢* < (p A q)* that Ki(a) € Lp/\q*(BgR/4). Let s := p A ¢* and define T : W(}’S(B3R/4) —
WOI’S(B;),RM) as follows,

T(V)=v, foranyV € WOI’S(BSR/Ua

where v € VVO1 *(Bsgr /4) is the solution to the following elliptic system:

3 / 0 (00)050 V000D dar = > / A"ﬁ ~ A (x ))85V(j)+Ki(a))6a¢(i)dx.

a,fB,i a,B,i

’JBgR/z; ’]BSR/4

By using [19, Theorem 7.1] again, we have

Vv

L#(Bsnya) < CllIA(zo) — A)] ) + ClIKILs (B g a)s (4.15)

where A(z)VV represent matrix (A;;ﬁ(x)ang), and C depends on n, A, ||Allcv (@), P q-
When R is sufficiently small, it is proved by Poincaré inequality and (4.15) that T is a contractive mapping
and nw is the only fixed point. See [19, Theorem 7.2] for details. By (4.15), we have

IV (nw)]

Lo(8r) < Cll[A(zo) — A2)]V (nw)]

r(Br) + ClIK]

Ls(Br)*

Therefore, for sufficiently small R, we can obtain

IV (W) Lona By ) < CIKIZona* (B,p,4)

STl zera(Bspa) + 1Kl Lona* (B0

c
S R——P ([F]’Y7BSR/4 + ||H||L°°(BgR/4) + ||W||W1’Q(B3R/4)) )

where C' depends on n, A, ||Allcv (@), p, ¢- Thus

C
[VullLera(B,) < = ([F]W,BSRM + IHll 2o (Byp,0) + ||W||W1»‘1(B3R/4)) . (4.16)

R—
Next, we prove that Vw € LP(Bpg/3). Similar to the proof of [15, Theorem 2.4], choose a series of balls with
radii

3R

<--~<Rk<---<R2<R1<T.

| =
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First, let p = R1,q = 2 in (4.16), then

C
HVUHLPM*(BRl) < R—R, ([F]’YyBaRM + HH||L°°(BSR/4) + HWHW“(BSRM)) :

If p < 2*) it can be obtained by interpolation inequality ([1, Theorem 5.8]) that

0 —0
Wl ) < ClIWI1 25 I 52y < ClMW 120530,

where 0 = n/2 — n/p with 2 < p < 2*. Combining with (4.16), the proof is completed. If p > 2* then
Vw € L? (Bg,) and

c
HVW”Lz* (Bry) < m ([F]%BSR/4 + ||H||L°°(33R/4) + HWHW1'2(B3R/4)) . (417)

By taking R = Ry, p = Rz, ¢ = 2* in (4.16), and combining with (4.17), one has

C
T =Ty (Fhsane Il + 4 Wi,

||VWHLM2**(BR2) <

Similarly, if p < 2**) using the above formula and interpolation inequality ([1, Theorem 5.8]), we have
completed the proof of the theorem.

If p > 2**, continuing the above argument within finite steps, with the help of interpolation inequality,
we obtain

[Wilwir(Bg,.) < C ([F]v,BSRM + Hl oo (Byg)a) + ||W||W172(33R/4)> ; (4.18)
where C' depends on n, A, p, [|Al|cv(q), dist(Br, 0Q)). Similar to the proof of (4.11), we can obtain
[ 19w do <€ (1wl + FE 5, + I )
B3gry/a

This, combining with (4.18), we have

IWllwrr(Bry2) < C (IWllz2(Br) + [Fly.r + [Hllz(B2)) - (4.19)

Now, we prove the WP estimates near boundary I' by using the technology of locally flattening the
boundary, which is the same to the proof in Theorem 2.1. For simplicity, we use the same notation. Hence,
we have that W(y) :=w(V~1(y)) € WL2(BL C R",R™) satisfies

3 / ( ALOWD + 33,(W<j>) Dad) + CLOEWD 6D 1 DLW G0 dy
avﬂaiij;

= / HO GO 4 7@ 60 ay

a,l
7341%

for any ¢ € WOI’Q(BE,R’”). In this special case, we can obtain the boundary estimate of the upper half
space by using the above method of proving the interior estimate (4.19), thus, for n < p < co we have

[Wlhsniss, ) < € (1Wlzaqagy + ) sg + 1H ) imay)

R/2
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where C depends on A, A, p, R, ¥. Then, changing back to the original variable x, we obtain
Wl s ) < C (9lLzagagy + Fly s+ Mg )

where N/ = \11_1(83/2), N = \Il_l(BE) and C = C(\, pu,p, R, ¥). Furthermore, there exists a constant
0 < 0 < 1, independent on R, such that Byr(xo) N Q C N’. Therefore, for any xo € Q' N T, there exists
Ry := Ro(xg) > 0 such that,

VW[ wir B,k (zo)n@) < CUIWllL2(@) + [Flv.@ + IHl[z= (@) (4.20)

where C' depends on A, A, p, zg, R. Combining (4.19) and (4.20), and making use of the finite covering
theorem, we have completed the proof of Theorem 2.2. Refer to the proof of [15, Theorem 2.4] for more
details. O
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