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Abstract
Let 𝐴 be an invertible 𝑑 × 𝑑 matrix with integer ele-
ments. Then 𝐴 determines a self-map 𝑇 of the 𝑑-
dimensional torus 𝕋𝑑 = ℝ𝑑∕ℤ𝑑. Given a real number
𝜏 > 0, and a sequence {𝑧𝑛} of points in 𝕋𝑑, let 𝑊𝜏 be
the set of points 𝑥 ∈ 𝕋𝑑 such that 𝑇𝑛(𝑥) ∈ 𝐵(𝑧𝑛, 𝑒

−𝑛𝜏)

for infinitely many 𝑛 ∈ ℕ. The Hausdorff dimension of
𝑊𝜏 has previously been studied by Hill–Velani and Li–
Liao–Velani–Zorin. We provide a lower bound on the
Hausdorff dimension of 𝑊𝜏 for any expanding matrix.
For hyperbolic matrices, we compute the dimension of
𝑊𝜏 only when 𝐴 is a 2 × 2 matrix. We give counterex-
amples to a natural candidate for a dimension formula
for general dimension 𝑑.
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1 INTRODUCTION

Let 𝑇∶ 𝑋 → 𝑋 be a measure-preserving transformation on a metric space 𝑋 which is equipped
with an ergodic Borel probability measure 𝑚. For any fixed subset 𝐵 ⊂ 𝑋 of positive measure,
Birkhoff’s ergodic theorem implies that

{ 𝑥 ∈ 𝑋 ∶ 𝑇𝑛𝑥 ∈ 𝐵 for infinitely many 𝑛 ∈ ℕ }

has 𝑚-measure 1. Hill and Velani [13] considered this set when 𝐵 = 𝐵(𝑛) is a ball that shrinks
with time 𝑛. They called the points in the set the well-approximable points in analogy with the
classical theory of metric Diophantine approximation [6, 22], in particular the Jarník–Besicovitch
theorem [3, 16], and introduced the so-called shrinking target problems: if at time 𝑛, one has a ball
𝐵(𝑛) = 𝐵(𝑥0, 𝑟𝑛) centred at 𝑥0 with radius 𝑟𝑛 → 0, then what kind of properties does the set of
points 𝑥 have, whose images 𝑇𝑛(𝑥) are in 𝐵(𝑛) for infinitely many 𝑛?
There are plenty of related works such as the so-called quantitative recurrence properties [4],

dynamical Borel–Cantelli lemma [7], shrinking target problems [11, 23], uniform Diophantine
approximation [5], recurrence time [1], waiting time [12] and so on. We refer to the survey article
by Wang and Wu [26] for more information.
Let𝐴 be a 𝑑 × 𝑑matrix with integral coefficients, let𝑋 be the 𝑑 dimensional torus 𝕋𝑑 = ℝ𝑑∕ℤ𝑑

and let 𝑇∶ 𝕋𝑑 → 𝕋𝑑 be a transformation of 𝕋𝑑 defined by

𝑇(𝑥) = 𝐴𝑥 mod 1.

Given 𝜏 > 0 and a sequence { 𝑧𝑛 ∶ 𝑛 ∈ ℕ } of points in the 𝑑 dimensional torus 𝕋𝑑, we consider
the set

𝑊𝜏 = { 𝑥 ∈ 𝕋𝑑 ∶ 𝑇𝑛(𝑥) ∈ 𝐵(𝑧𝑛, 𝑒
−𝑛𝜏) for infinitely many 𝑛 ∈ ℕ }

= lim sup
𝑛∈ℕ

𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏).

Let 𝜇 denote the 𝑑-dimensional normalised Lebesgue measure on 𝕋𝑑. In this paper, the radii of
the balls decay exponentially as 𝑒−𝜏𝑛. Li, Liao, Velani and Zorin [17] also studied other decay rates
and they gave conditions when the Lebesgue measure of the corresponding set is 0 or 1. We will
only study the exponential decay rate, and we note that by the Borel–Cantelli lemma, it follows
immediately that for any 𝜏 > 0, we have 𝜇(𝑊𝜏) = 0.
Since 𝜇(𝑊𝜏) = 0, it is natural to calculate the Hausdorff dimension of the set𝑊𝜏. This is the

problem that we will deal with in this paper. It has previously been studied by Hill and Velani
[14] and by Li, Liao, Velani and Zorin [17, Theorem 6 and 8]. Our results are similar to some of
those in the mentioned papers, but our assumptions are somewhat different, and we also prove a
large intersection property of the set𝑊𝜏. The main difficulty in the problem of determining the
Hausdorff dimension of𝑊𝜏 is that𝑊𝜏 is a limsup set of increasingly eccentric ellipsoids.
Li, Liao, Velani and Zorin used mass transference to obtain their results. We use the geometry

of the involved sets to obtain estimates on measures which leads to our results through results on
Riesz energies.
Our results about hyperbolic endomorphisms are only for 𝑑 = 2, but for expanding endomor-

phism, our results hold for any 𝑑 ⩾ 2. We also point out an error in Theorem 1 of Hill and Velani
[14], see Example 2.6 below.
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2 RESULTS

Our results will involve the eigenvalues of the matrix 𝐴. Throughout this text, we denote by
𝜆1, … , 𝜆𝑑 the eigenvalues of 𝐴 counted with multiplicity and ordered so that

0 < |𝜆1| ⩽ |𝜆2| ⩽ … ⩽ |𝜆𝑑|.
Hence, we will always assume that 𝐴 is invertible. Put 𝑙𝑗 = log |𝜆𝑗|, 𝑗 = 1, 2, … , 𝑑.
With this notation, we have the following theorems.

Theorem 2.1. Let 𝐴 be a 2 × 2 integer matrix with eigenvalues 0 < |𝜆1| < 1 < |𝜆2|. Then

dimH𝑊𝜏 = 𝑠𝜏 =

⎧⎪⎪⎨⎪⎪⎩

2𝑙2
𝜏 + 𝑙2

, 0 < 𝜏 < −𝑙1,

min

{
𝑙1 + 𝑙2
𝜏 + 𝑙1

,
2𝑙2

𝜏 + 𝑙2

}
, −𝑙1 < 𝜏.

Moreover, 𝑊𝜏 has large intersection property in the sense that 𝑊𝜏 ∈ 𝒢𝑠𝜏 , provided 𝑠𝜏 > 0. (See
Section 3 for the definition of𝒢𝑠𝜏 ).

We remark that the dimension formula above differs from the one for recurrence in Hu and
Persson [15]. In one-dimensional cases, the dimension formulae are often the same for hitting
and recurrence, see [17, 24].

Remark 2.2. In Theorem 2.1, for the critical case 𝜏 = −𝑙1, the dimension of 𝑊𝜏 is simpler to
describe when | det𝐴| > 1. When | det𝐴| > 1, we have dimH𝑊−𝑙1

=
2𝑙2
𝑙2−𝑙1

, and the dimension of
𝑊𝜏 is continuous as a function of 𝜏. We refer to the proof of Theorem 2.1.
When | det𝐴| = 1 and 𝜆 is an eigenvalue with |𝜆| > 1, we have by Theorem 2.1 that

dimH𝑊𝜏 =

⎧⎪⎨⎪⎩
2 log |𝜆|
𝜏 + log |𝜆| , 0 < 𝜏 < log |𝜆|,
0, log |𝜆| < 𝜏.

It is interesting (but natural) that the dimension formula above is not continuous as a function of
𝜏. Figure 1 shows the graph of dimH𝑊𝜏 as a function of 𝜏 when 𝐴 =

(
2 1
1 1

)
.

The dimension of𝑊𝜏 when 𝜏 = log |𝜆| depends on the choice of 𝑧𝑛. It is possible to choose 𝑧𝑛 so
that𝑊𝜏 is a line segment, and hence dimH𝑊𝜏 = 1, and it is possible to choose 𝑧𝑛 so that𝑊𝜏 = ∅

and dimH𝑊𝜏 = 0.

Remark 2.3. With the following adjustments, our results are valid for general non-increasing
sequences {𝑟𝑛}𝑛⩾1 of positive real numbers instead of {𝑒−𝑛𝜏}𝑛⩾1. Put

𝜏 = lim inf
𝑛→∞

− log 𝑟𝑛
𝑛

.

With this definition of 𝜏 in mind, Theorems 2.1, 2.4 and 2.5 hold for such sequence {𝑟𝑛}𝑛⩾1.
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4 of 25 HU et al.

F IGURE 1 The graph of 𝜏 ↦ dimH𝑊𝜏 for the cat map, that is, when 𝐴 =
(
2 1
1 1

)
.

We now turn to the case of a torus of general dimension 𝑑. We prove an upper bound on the
dimension of𝑊𝜏.

Theorem 2.4. If 𝐴 is an invertible 𝑑 × 𝑑 integer matrix, then for any 𝜏 ⩾ 0, we have

dimH𝑊𝜏 ⩽ min
𝑘

{
𝑘𝑙𝑘 +

∑
𝑗>𝑘 𝑙𝑗

𝜏 + 𝑙𝑘

}
, (1)

where the minimum is over those 𝑘 for which 𝜏 + 𝑙𝑘 > 0, and the minimum of the empty set should
be interpreted as 𝑑.

Hill and Velani [14, Theorem 1 and 2] stated that under some assumptions, there is equality
in (1). As we will show in Examples 2.6 and 7.2, those statements are incorrect for hyperbolic
matrices. These examples also show that the lower bound mentioned immediately after Hill’s
and Velani’s Theorem 2 is not always correct. However, the following theorem shows that their
statements hold for expanding toral endomorphisms.
We further state a lower bound on the dimension for expanding endomorphisms. Without the

assumption that all eigenvalues are outside the unit circle, the result may fail, as we will explain
after the theorem.

Theorem 2.5. Let 𝐴 be a 𝑑 × 𝑑 integer matrix. Assume that 𝑙𝑖 > 0 for 1 ⩽ 𝑖 ⩽ 𝑑. Then,

dimH𝑊𝜏 ⩾ 𝑠𝜏 ∶= min
1⩽𝑘⩽𝑑

{
𝑘𝑙𝑘 +

∑
𝑗>𝑘 𝑙𝑗 −

∑𝑑
𝑗=1(𝑙𝑗 − 𝑙𝑘 − 𝜏)+

𝜏 + 𝑙𝑘

}
,

and (𝑥)+ = max{0, 𝑥}. Moreover,𝑊𝜏 ∈ 𝒢𝑠𝜏 .

Li, Liao, Velani and Zorin [17, Theorem 6 and 8] obtained dimension formulae under some
conditions on the matrix 𝐴. They assumed that either 𝐴 is an integer matrix, diagonalisable over
ℤ, with all eigenvalues outside the unit circle, or that 𝐴 is diagonal, not necessarily an integer
matrix, and that all eigenvalues are outside the unit circle. The novelty in Theorem 2.5 is that we
do not need any assumption on diagonalisability over ℤ, but on the other hand, we only treat
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 5 of 25

integer matrices, and we only obtain estimates on the dimension. Note that for most values of 𝜏,
the lower bound provided by Theorem 2.5 differs from the upper bound provided by Theorem 2.4.
One could possibly expect that the lower bound of Theorem 2.5 holds also without any assump-

tions on the eigenvalues. Although this might be the case in certain cases, it is not always so. To
explainwhat can gowrong, we define a probabilitymeasure𝜇𝑛 supported on𝐸𝑛 = 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝑛𝜏)

by

𝜇𝑛 = 𝑐𝑑𝑒
𝑛𝑑𝜏𝜇|𝐸𝑛 ,

where 𝑐𝑑 is a constant that depends only on 𝑑. In words, 𝜇𝑛 is the normalised restriction of the
Lebesgue measure to the 𝑛th inverse image of 𝐵(𝑧𝑛, 𝑒−𝜏𝑛).
It turns out that when 𝜇𝑛 does not converge weakly to the Lebesgue measure, then the lower

bound in Theorem 2.5 can fail. In the proof of Theorem 2.1, wewill see (and use) that 𝜇𝑛 converges
weakly to the Lebesgue measure, unless in the case when dimH𝑊𝜏 = 0. Hence, in the case of
Theorem 2.1, we do not need the assumption that 𝜇𝑛 converges weakly to the Lebesgue measure,
but it seems that such an assumption is needed in the general case.
If 𝐴 has an eigenvalue on the unit circle, then it is sometimes possible to, given any 𝜏 > 0,

choose 𝑧𝑛 such that 𝑊𝜏 = ∅, and 𝜇𝑛 will not converge to the Lebesgue measure. The following
example shows a particular instance of this. In Section 7, there are further examples of things that
can go wrong if the assumptions are not fulfilled. In particular, the examples in Section 7 show
that it is not enough to assume that there are no eigenvalues on the unit circle, in order for the
bound in Theorem 2.5 to hold.

Example 2.6. Assume that 𝑏 is an integer, and define the 2 × 2matrix

𝐴 =

(
1 0

0 𝑏

)
.

If 𝑧𝑛 = (𝑥𝑛, 𝑦𝑛) with 𝑥𝑛 ∈ 𝕋 and 𝑦𝑛 ∈ 𝕋, then

𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏) ⊂ [𝑥𝑛 − 𝑒−𝑛𝜏, 𝑥𝑛 + 𝑒−𝑛𝜏] × 𝕋.

From this, it is clear that we can choose 𝑥𝑛 such that

lim sup
𝑛∈ℕ

[𝑥𝑛 − 𝑒−𝑛𝜏, 𝑥𝑛 + 𝑒−𝑛𝜏] = ∅.

We then also have

𝑊𝜏 ⊂ lim sup
𝑛∈ℕ

([𝑥𝑛 − 𝑒−𝑛𝜏, 𝑥𝑛 + 𝑒−𝑛𝜏] × 𝕋) = ∅.

The dimension formula in [14] is not quite correct in this and similar cases, such as when

𝐴 =

(
1 0

0 𝐵

)
,

and 𝐵 is any (𝑑 − 1) × (𝑑 − 1) integer matrix. In particular, the main result of Hill and Velani [14,
Theorem 1] is not correct as stated, see also Example 7.2.
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6 of 25 HU et al.

The paper is organised as follows. Section 3 is devoted to preliminaries, where we recall the def-
inition of theHausdorff dimension and give a critical lemma. In this paper, we deal with two kinds
of endomorphisms, hyperbolic ones with both expansion and contraction and purely expand-
ing ones. Theorem 2.1 is for hyperbolic endomorphisms, Theorem 2.4 is for both hyperbolic and
expanding endomorphisms and Theorem 2.5 is for expanding endomorphisms. In Section 4, we
give the proofs of Theorem 2.4 and the upper bound in Theorem 2.5. The strategy of dealing with
the lower bound for these two kinds of endomorphisms is different, so the proofs are divided into
two sections. Section 5 contains the proof of Theorem 2.1, and the proof of Theorem 2.5 is given
in Section 6. In the last section, we give counterexamples to a natural candidate for a dimension
formula for general dimension 𝑑.
Our method of proof is the following. We give upper bounds on the Hausdorff dimension by

direct covering arguments. The lower bounds are obtained by estimates of the type 𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽
𝐶𝑟𝑠, where, as above, 𝜇𝑛 is the normalised restriction of the Lebesgue measure to the set
𝑇−𝑛(𝐵(𝑧𝑛, 𝑒

−𝜏𝑛)). According to Lemma 3.2 below, such estimates lead to a lower bound on the
Hausdorff dimension, provided that 𝜇𝑛 converges weakly to the Lebesgue measure on 𝕋𝑑.

3 HAUSDORFFMEASURE AND DIMENSION

Limsup sets often possess a large intersection property, see [9, 10, 19]. This means that the set
belongs to a particular class𝒢𝑠 of 𝐺𝛿 sets that, among other properties, is closed under countable
intersections and consists of sets of Hausdorff dimension at least 𝑠.
To get an upper bound on the Hausdorff dimension of a set is frequently easier than obtaining

a lower bound, at least if the set is a limsup set. The mass transference principle [2] is often used
to get a lower bound of the Hausdorff dimension of a set. In this paper, we will use the following
special case of a lemma from Persson and Reeve [21]. See also Persson [19]. It is a slight variation
of a lemma in [19].
Let 𝜇 denote the 𝑑-dimensional Lebesgue measure on 𝕋𝑑. We recall that the 𝑠-dimensional

Riesz energy of the measure 𝜇 is defined as

𝐼𝑠(𝜇) = ∬ |𝑥 − 𝑦|−𝑠 d𝜇(𝑥)d𝜇(𝑦).
Lemma 3.1 ([20, Lemma 2.1]). Let 𝐸𝑛 be open sets in 𝕋𝑑 and let 𝜇𝑛 be probability measures with
𝜇𝑛(𝕋

𝑑 ⧵ 𝐸𝑛) = 0. If there is a constant 𝐶 > 1 such that

𝐶−1 ⩽ lim inf
𝑛→∞

𝜇𝑛(𝐵)

𝜇(𝐵)
⩽ lim sup

𝑛→∞

𝜇𝑛(𝐵)

𝜇(𝐵)
⩽ 𝐶 (2)

for any ball 𝐵, and

∬ |𝑥 − 𝑦|−𝑠d𝜇𝑛(𝑥)d𝜇𝑛(𝑦) < 𝐶

for all 𝑛, then lim sup𝑛→∞ 𝐸𝑛 ∈ 𝒢𝑠, and, in particular, we have

dimH

(
lim sup
𝑛→∞

𝐸𝑛
)
⩾ 𝑠.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 7 of 25

Sometimes, the assumption that the 𝑠-dimensional Riesz energy of 𝜇𝑛 is uniformly bounded is
not easy to check. We observe that this assumption can be replaced by a stronger but sometimes
more manageable one as the following lemma shows, which is a slight variation of Lemma 3.1.

Lemma 3.2. Let 𝐸𝑛 be open sets in 𝕋𝑑 and let 𝜇𝑛 be probability measures with 𝜇𝑛(𝕋
𝑑 ⧵ 𝐸𝑛) = 0.

Suppose that there are constants 𝐶 and 𝑠 such that

𝐶−1 ⩽ lim inf
𝑛→∞

𝜇𝑛(𝐵)

𝜇(𝐵)
⩽ lim sup

𝑛→∞

𝜇𝑛(𝐵)

𝜇(𝐵)
⩽ 𝐶 (3)

for any ball 𝐵 and 𝜇𝑛(𝐵) ⩽ 𝐶𝑟𝑠 for all 𝑛 and any ball 𝐵 of radius 𝑟. Then lim sup𝑛→∞ 𝐸𝑛 ∈ 𝒢𝑠.

Proof. Let 𝑡 < 𝑠. Using the estimate 𝜇𝑛(𝐵) ⩽ 𝐶𝑟𝑠, we can write

∫ |𝑥 − 𝑦|−𝑡d𝜇𝑛(𝑦) = 1 + ∫
∞

1

𝜇𝑛
(
𝐵(𝑥, 𝑢−1∕𝑡)

)
d𝑢 ⩽ 1 + 2𝐶 ∫

∞

1

𝑢−𝑠∕𝑡d𝑢

= 1 + 2𝐶
𝑡

𝑠 − 𝑡
.

Therefore, ∬ |𝑥 − 𝑦|−𝑡d𝜇𝑛(𝑥)d𝜇𝑛(𝑦) ⩽ 1 + 2𝐶𝑡∕(𝑠 − 𝑡), and by Lemma 3.1, we can conclude that
lim sup𝑛→∞ 𝐸𝑛 belongs to the intersection class with dimension 𝑡. Since 𝑡 can be taken as close to
𝑠 as we like, it follows that lim sup𝑛→∞ 𝐸𝑛 ∈ 𝒢𝑠. □

4 THE UPPER BOUND

We start this section with several elementary observations concerning 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)).

In the proofs, the singular values of 𝐴𝑛 will be of importance. The following easy lemma tells
us that the singular values and eigenvalues of 𝐴𝑛 are comparable.

Lemma 4.1. Let 𝜎𝑛,1 ⩽ … ⩽ 𝜎𝑛,𝑑 be the singular values of𝐴𝑛. For any 𝜀 > 0, there exists a constant
𝑐0 > 0 such that

𝑐−10 𝑒−𝜀𝑛 ⩽
𝑒𝑙𝑘𝑛

𝜎𝑛,𝑘
⩽ 𝑐0𝑒

𝜀𝑛.

for all 𝑘 and 𝑛.

We shall also need the following lemma that we compile from the book by Everest and Ward
[8].

Lemma 4.2 ([8, Lemma 2.2 and 2.3]). If 𝐴 is an invertible 𝑑 × 𝑑 integer matrix with no eigenvalue
being a root of unity, and 𝑇(𝑥) = 𝐴𝑥 (mod 1), then

#{ 𝑥 ∈ 𝕋𝑑 ∶ 𝐴𝑛𝑥 (mod 1) = 0 } = | det𝐴|𝑛.
Put 𝐿 ∶=

∑𝑑
𝑖=1 𝑙𝑖 , then 𝑒𝑛𝐿 = | det𝐴|𝑛, which is an integer. Let 𝜏 > 0. We let 𝑘 be the smallest

number such that 𝜏 + 𝑙𝑘 > 0. By Lemma 4.2, the set 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)) consists of 𝑒𝑛𝐿 ellipsoids
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8 of 25 HU et al.

with semi-axes 𝑟1 ⩾ 𝑟2 ⩾ … ⩾ 𝑟𝑑 > 0, where 𝑟𝑖 = 𝑒−(𝜏𝑛+𝜎𝑛,𝑖), 1 ⩽ 𝑖 ⩽ 𝑑. It follows from Lemma 4.1
that for 𝑛 ⩾ 1 and 1 ⩽ 𝑗 ⩽ 𝑑,

𝑐−10 𝑒−(𝑙𝑘+𝜏+𝜀)𝑛 < 𝑟𝑗 ⩽ 𝑐0𝑒
−(𝑙𝑘+𝜏−𝜀)𝑛.

By the choice of 𝑘, we have that 𝑟𝑘, … , 𝑟𝑑 are exponentially small (in 𝑛), whereas 𝑟𝑗 for 𝑗 ⩽ 𝑘 − 1

are exponentially large. From now on, we shall simplify notation by assuming that 𝑐0 = 1.
We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. To obtain an upper bound on the Hausdorff dimension of𝑊𝜏, we look for
covers of the set𝑊𝜏. Recall that

𝑊𝜏 = lim sup
𝑛∈ℕ

𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏).

Let 𝜀 > 0. For all large 𝑛, the set 𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏) consists of 𝑒𝐿𝑛 ellipsoids with semi-axes not

more than 𝑒−(𝑙𝑗+𝜏−𝜀)𝑛. Fix an integer 𝑘 such that 1 ⩽ 𝑘 ⩽ 𝑑, we may cover the set 𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏)

by balls of radius 𝑟 = 𝑒−(𝑙𝑘+𝜏−𝜀)𝑛. We assume that 𝑘 is such that 𝑙𝑘 + 𝜏 − 𝜀 > 0, and hence also that
the radius goes to zero as 𝑛 goes to infinity.
To cover each ellipsoid, we need about

∏
𝑗<𝑘

𝑒−(𝑙𝑗+𝜏−𝜀)𝑛

𝑟
=
∏
𝑗<𝑘

𝑒−(𝑙𝑗+𝜏−𝜀)𝑛

𝑒−(𝑙𝑘+𝜏−𝜀)𝑛
= 𝑒𝑛((𝑘−1)𝑙𝑘−

∑
𝑗<𝑘 𝑙𝑗)

such balls. Hence, we need in total not more than about

𝑒𝑛(𝐿+(𝑘−1)𝑙𝑘−
∑

𝑗<𝑘 𝑙𝑗)

balls of radius 𝑒−(𝑙𝑘+𝜏−𝜀)𝑛 to cover the set 𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏).

If 𝑙𝑘 + 𝜏 > 0, then the radius 𝑒−(𝑙𝑘+𝜏)𝑛 goes to 0 as 𝑛 → ∞ and the cover mentioned above can
be used to get an upper bound on the Hausdorff dimension of𝑊𝜏. Hence, by letting 𝜀 → 0, we get
that

dimH𝑊𝜏 ⩽
𝑘𝑙𝑘 +

∑
𝑗>𝑘 𝑙𝑗

𝜏 + 𝑙𝑘
,

provided that 𝜏 + 𝑙𝑘 > 0. This proves the upper bound on the Hausdorff dimension of𝑊𝜏. □

5 THE PROOF OF THEOREM 2.1

First, let us give somenotation.Wewrite𝑓𝑛 ≲ g𝑛,𝑛 ∈ ℕ, if there is an absolute constant 0 < 𝑐 < ∞

such that 𝑓𝑛 ⩽ 𝑐g𝑛 for large 𝑛. If 𝑓𝑛 ≲ g𝑛 and g𝑛 ≲ 𝑓𝑛, then we write 𝑓𝑛 ≍ g𝑛.
For the lower bound in our theorems, we use Lemma 3.2. In this section, let 𝜇 denote the

two-dimensional normalised Lebesgue measure on 𝕋2, and we define the probability measure
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 9 of 25

𝜇𝑛 supported on 𝐸𝑛 = 𝑇−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏) by

𝜇𝑛 = 𝜋−1𝑒𝑛2𝜏𝜇|𝐸𝑛 .
The following lemma is essential in estimating dimH𝑊𝜏 when 𝐴 is a hyperbolic 2 × 2 integer

matrix.

Lemma 5.1. Let𝐴 be a 2 × 2 integer matrix with an eigenvalue 0 < |𝜆| < 1. Then, both eigenvalues
of 𝐴 are irrational.

Proof. Suppose 𝐷 = det𝐴 and 𝜆 = 𝑝∕𝑞, where 𝑝∕𝑞 is a reduced fraction. Then, the other eigen-
value must be 𝑞𝐷∕𝑝 since the product of the eigenvalues is 𝐷. The trace of the matrix is also an
integer and is the sum of the eigenvalues. Hence,

𝑝∕𝑞 + 𝐷𝑞∕𝑝 = (𝑝2 + 𝐷𝑞2)∕(𝑝𝑞)

is an integer. Therefore, (𝑝2 + 𝐷𝑞2) is divisible by 𝑞. But then 𝑞 divides 𝑝2 which is impossible,
since 𝑝∕𝑞 is a reduced fraction. □

Let 𝜃 be a real irrational number, and let 𝜃 − [𝜃] = {𝜃} be the fractional part of 𝜃, where [𝜃]
is the greatest integer not greater than 𝜃. The distribution of ({𝜃𝑛})𝑛⩾1 is a crucial ingredient in
showing (𝜇𝑛)𝑛 satisfy inequalities (3).
The set { {𝜃𝑛}∶ 1 ⩽ 𝑛 ⩽ 𝑁 } partitions the interval [0, 1] into𝑁 + 1 intervals. The three distance

theorem states that these intervals have at most three distinct lengths, then we denote 𝑑𝜃(𝑁) and
𝑑′
𝜃
(𝑁), respectively, the maximum and minimum lengths. The following theorem describes the

relationships between 𝑑𝜃(𝑁) and 𝑑′
𝜃
(𝑁).

Theorem5.2 (Theorem 2 in [18]).Under the setting given above, the sequence ( 𝑑𝜃(𝑁)

𝑑′
𝜃
(𝑁)

)∞
𝑁=1

is bounded

if and only if 𝜃 is of constant type (defined as irrationals with bounded partial quotients).

5.1 Proof of theorem 2.1

Without loss of generality, we assume that 𝜏 > 0. Recall that 𝑙1 = log |𝜆1|, and 𝑙2 = log |𝜆2|, then
𝑙1 < 0 < 𝑙2. The assumptions in Theorem 2.1 imply that𝐴 is diagonalisable and we do not need to
use the 𝜀 in Lemma 4.1 as in the proof of Theorem 2.4 above, and for simplicity, we assume that
𝑐0 = 1 in Lemma 4.1. By Lemmata 4.1 and 4.2, the set 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒

−𝜏𝑛)) consists of 𝑒𝐿𝑛 ellipses with
semi-axes of length about 𝑒−(𝜏+𝑙1)𝑛 and 𝑒−(𝜏+𝑙2)𝑛, where 𝐿 = 𝑙1 + 𝑙2 ⩾ 0. These ellipses are denoted
by {𝑅𝑖𝑛}

𝑒𝑛𝐿

𝑖=1
.

The strategy of the proof is the following. We are going to use Lemma 3.2, and therefore, we
are going to prove that (𝜇𝑛)∞𝑛=1 satisfies the inequalities (3) and that there are constants 𝐶 and 𝑠
such that 𝜇𝑛(𝐵) ⩽ 𝐶𝑟𝑠, with 𝑠 = 𝑠𝜏, as defined in Theorem 2.1. In the case 𝑠𝜏 = 0, there is nothing
to prove and it is therefore enough to consider the case 𝑠𝜏 > 0.

Lemma 5.3. Assume that 𝑠𝜏 > 0. If 𝜏 ≠ −𝑙1 or | det𝐴| > 1, then themeasures 𝜇𝑛 satisfy inequalities
(3).
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10 of 25 HU et al.

F IGURE 2 Artist’s illustration of the structure of 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)), for 𝑛 = 0, 1, 2, 3, 4 and 𝐴 =

(
2 1
1 1

)
.

Proof. If 𝜏 < −𝑙1, then 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)) consists of one or several disjoint long ellipses that wrap

around the torus, see Figure 2. Because of Lemma 5.1, the longer semi-axis has an irrational
direction, denoted by 𝛼 and we will show that 𝜇𝑛 converges weakly to the Lebesgue measure
on the torus.
Since 𝛼 is a quadratic irrational number, 𝛼 is of constant type. For 𝑁 ⩾ 1, it follows from

Theorem 5.2 that 𝑑𝛼(𝑁)

𝑑′𝛼(𝑁)
is uniformly bounded, then

𝑑𝛼(𝑁) ≍ 𝑑′𝛼(𝑁) ≍ 𝑁−1.

Viewing 𝕋 as [0, 1)𝑑, each ellipse 𝑅𝑖𝑛 consists of many pieces as in Figure 2. We deduce from the
above estimates that these pieces are separated by ≍ 𝑒𝑛(𝜏+𝑙1) for large enough 𝑛. Let 𝐵 = 𝐵(𝑥, 𝑟).
For large 𝑛, each ellipse 𝑅𝑖𝑛 can intersect 𝐵 and because of the separation, at most about 𝑟∕𝑒

𝑛(𝜏+𝑙1)

pieces can intersect 𝐵. Therefore,

𝜇(𝐵 ∩ 𝑅𝑖𝑛) ≍ 𝑟
𝑟

𝑒𝑛(𝜏+𝑙1)
𝑒−𝑛(𝜏+𝑙2) = 𝑟2𝑒−2𝑛𝜏𝑒−𝑛(𝑙1+𝑙2),

and we get that

𝜇𝑛(𝐵) = 𝜋−1𝑒2𝑛𝜏
∑
𝑖

𝜇(𝐵 ∩ 𝑅𝑖𝑛) = 𝜋−1𝑒2𝑛𝜏𝑒𝐿𝑛𝜇(𝐵 ∩ 𝑅𝑖𝑛)

≍ 𝑒2𝑛𝜏𝑒𝐿𝑛𝑟2𝑒−2𝑛𝜏𝑒−𝑛(𝑙1+𝑙2) = 𝑟2

hold for large enough 𝑛.
If 𝜏 > −𝑙1, then there are two cases, either | det𝐴| = 1 or | det𝐴| > 1. If | det𝐴| = 1, then

𝐴−𝑛𝐵(𝑧𝑛, 𝑒
−𝑛𝜏) shrinks as 𝑛 → ∞. It implies that 𝑆𝜏 consists of a single point, or it is empty, which

gives the Hausdorff dimension 0. This means that 𝑠𝜏 = 0, but we assumed that 𝑠𝜏 > 0, and hence,
there is nothing to prove in this case.
If | det𝐴| > 1, then 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒

−𝜏𝑛)) consists of 𝑒𝐿𝑛 exponentially small ellipses {𝑅𝑖𝑛}𝑖 . Given
𝐵 = 𝐵(𝑥, 𝑟), note that for large enough 𝑛,

𝜇𝑛(𝐵) =
∑

𝑖 ∶ 𝐵∩𝑅𝑖𝑛≠∅
𝜋−1𝑒2𝑛𝜏𝜇(𝐵 ∩ 𝑅𝑖𝑛)

≍ 𝑒2𝑛𝜏𝜇(𝑅𝑖𝑛)#{𝑖 ∶ 𝐵 ∩ 𝑅𝑛,𝑖 ≠ ∅}

≍ 𝑒−𝑛(𝑙1+𝑙2)#{𝐵 ∩ 𝑇−𝑛𝑧𝑛} ≍ 𝑒−𝑛(𝑙1+𝑙2)#{𝐴𝑛𝐵 ∩ ℤ2}. (4)
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 11 of 25

Now we estimate #{𝐴𝑛𝐵 ∩ ℤ2}. The set 𝐴𝑛𝐵 is an ellipsoid with centre (𝑥1, 𝑥2), and semi-axes
𝑟𝑒𝑛𝑙1 and 𝑟𝑒𝑙2𝑛. The direction of the longer semi-axis of𝐴𝑛𝐵 is irrational, denoted by 𝜃. If (𝑧1, 𝑧2) ∈
ℤ2 ∩ 𝐴𝑛𝐵, then {|𝑧1 − 𝑥1| < 1√

1+𝜃2
𝑟𝑒𝑙2𝑛,|𝑧2 − 𝑥2 − 𝜃(𝑧1 − 𝑥1)| <√1 + 𝜃2𝑟𝑒𝑙1𝑛.

(5)

If (𝑧1, 𝑧2) ∈ ℤ2 satisfies

⎧⎪⎨⎪⎩
|𝑧1 − 𝑥1| < 1

4
√
1+𝜃2

𝑟𝑒𝑙2𝑛,

|𝑧2 − 𝑥2 − 𝜃(𝑧1 − 𝑥1)| < 3
√
1+𝜃2

4
𝑟𝑒𝑙1𝑛,

(6)

then (𝑧1, 𝑧2) ∈ ℤ2 ∩ 𝐴𝑛𝐵.
Notice that |𝑧2 − 𝑥2 − 𝜃(𝑧1 − 𝑥1)| = {𝜃(𝑧1 − 𝑥1) + 𝑥2}. Therefore,

#{𝐴𝑛𝐵 ∩ ℤ2} ⩽ #{(𝑧1, 𝑧2) ∈ ℤ2 ∶ (𝑧1, 𝑧2) satisfies (5)}

≍ #

{
1 ⩽ 𝑘 ⩽

2√
1 + 𝜃2

𝑟𝑒𝑙2𝑛 ∶ {𝜃𝑘} ∈ 𝐼𝑛

}
, (7)

where 𝐼𝑛 is an interval of length 2
√
1 + 𝜃2𝑟𝑒𝑙1𝑛. Since 𝜃 is of constant type, then given 𝑁 ⩾ 1, it

follows from Theorem 5.2 that 𝑑𝜃(𝑁)

𝑑′
𝜃
(𝑁)

is uniformly bounded, which implies that

𝑑𝜃(𝑁) ≍ 𝑑′
𝜃
(𝑁) ≍ 𝑁−1.

From what is written above, we see that

#{1 ⩽ 𝑘 ⩽
2√

1 + 𝜃2
𝑟𝑒𝑙2𝑛 ∶ {𝜃𝑘} ∈ 𝐼𝑛} ≍

|𝐼𝑛|
𝑑𝜃

(
2√
1+𝜃2

𝑟𝑒𝑙2𝑛
)

≍ 𝑟𝑒𝑛𝑙1𝑟𝑒𝑙2𝑛. (8)

By (7) and (8), we get

#{𝐴𝑛𝐵 ∩ ℤ2} ≲ 𝑟𝑒𝑛𝑙1𝑟𝑒𝑙2𝑛.

Similarly, we deduce from (6) that

#{𝐴𝑛𝐵 ∩ ℤ2} ≳ 𝑟𝑒𝑛𝑙1𝑟𝑒𝑙2𝑛.

Recalling (4), we conclude that for any ball 𝐵,

𝜇𝑛(𝐵) ≍ 𝑟2

holds for large enough 𝑛.
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12 of 25 HU et al.

We now consider the case 𝜏 = −𝑙1 and | det𝐴| > 1. In this case, 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)) consists of 𝑒𝑛𝐿

disjoint long ellipses transversal in 𝐵. Therefore,

𝜇𝑛(𝐵) ≍ 𝑒2𝑛𝜏
∑

𝑖 ∶ 𝐵∩𝑅𝑖𝑛≠∅
𝜇(𝐵 ∩ 𝑅𝑖𝑛)

≍ 𝑒2𝑛𝜏#{𝑖 ∶ 𝐵 ∩ 𝑅𝑖𝑛 ≠ ∅}𝑟𝑒−𝑛(𝜏+𝑙2). (9)

Let 𝑅(𝑝, 𝑞) be a rectangle with the same centre as 𝐵, the length in the stable direction is 𝑝, and
𝑞 in the unstable direction. If 𝑅𝑖𝑛 intersects 𝐵, then the centre of 𝑅

𝑖
𝑛 is contained in a rectangle

𝑅 ∶= 𝑅(𝑝, 𝑞), where 𝑝 ∶= 2(𝑟 + 1) and 𝑞 ∶= 2(𝑟 + 𝑒−𝑛(𝜏+𝑙2)). Recall that the centres of {𝑅𝑖𝑛} are
𝑇−𝑛𝑧𝑛. Then, we obtain

#{𝑖 ∶ 𝐵 ∩ 𝑅𝑖𝑛 ≠ ∅} ⩽ #{𝑇−𝑛𝑧𝑛 ∩ 𝑅} ≲ #{ℤ2 ∩ 𝐴𝑛𝑅}.

Using a similar argument in estimating #{ℤ2 ∩ 𝐴𝑛𝐵}, we get

#{ℤ2 ∩ 𝐴𝑛𝑅} ≲ {1 ⩽ 𝑘 ⩽ 2𝑒𝑙2𝑛 ∶ {𝜃𝑘} ∈ 𝐼𝑛},

where 𝐼𝑛 is a segment with |𝐼𝑛| = 2𝑒𝑙1𝑛(𝑟 + 1). Then,

#{ℤ2 ∩ 𝐴𝑛𝑅} ≲ 𝑒𝑙2𝑛𝑒𝑙1𝑛 = 𝑒𝑙2𝑛𝑒−𝑛𝜏.

On the contrary, if the centre of 𝑅𝑖𝑛 is contained in rectangle 𝑅(
1

4
, 3
4
𝑟), then 𝑅𝑖𝑛 intersects 𝐵. Then,

#{𝑖 ∶ 𝐵 ∩ 𝑅𝑖𝑛 ≠ ∅} ⩾ #
{
ℤ2 ∩ 𝐴𝑛𝑅

( 1
4
, 3
4
𝑟
)}

≳ 𝑒𝑙2𝑛𝑒𝑙1𝑛 = 𝑒𝑙2𝑛𝑒−𝑛𝜏.

Combining this with (9), we have 𝜇𝑛(𝐵) ≍ 𝑒2𝑛𝜏𝑟𝑒−𝑛(𝜏+𝑙2)𝑒𝑙2𝑛𝑒−𝑛𝜏 = 𝑟2. □

Lemma 5.4. There is a constant 𝐶 such that

𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽

⎧⎪⎨⎪⎩
𝐶𝑟

2𝑙2
𝜏+𝑙2 if 0 < 𝜏 < −𝑙1

𝐶𝑟
min{

𝑙1+𝑙2
𝜏+𝑙1

,
2𝑙2
𝜏+𝑙2

} if 𝜏 ⩾ −𝑙1,

for all 𝑛, 𝑥 and 𝑟.

Proof. Pick a point 𝑥 ∈ 𝕋2 and 𝑟 > 0. We want to give an estimate of the 𝜇𝑛-measure of the ball
𝐵(𝑥, 𝑟) for 𝑛 ⩾ 1. There are three cases to consider: 𝜏 < −𝑙1, −𝑙1 < 𝜏 <

𝑙2−𝑙1
2

and 𝑙2−𝑙1
2

⩽ 𝜏.
We consider three cases, depending on the size of 𝜏.

∙ Case 𝜏 < −𝑙1.
In this case, we have 𝑙1 + 𝜏 < 0 < 𝜏 + 𝑙2. Then, on the torus, each ellipse in 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒

−𝜏𝑛))

is very long, and hence wraps around the torus in a complicated way, see Figure 2. To get a
good estimate on 𝜇𝑛(𝐵(𝑥, 𝑟)), we need to investigate how the strips are distributed on the torus.
If they are too concentrated, then 𝜇𝑛(𝐵(𝑥, 𝑟)) can be very large.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 13 of 25

F IGURE 3 Illustration of the rectangle which does not overlap itself.

Firstly we estimate the distance between different parts of one ellipse. Consider a line in the
unstable direction going out from the point 𝑧𝑛 = (𝑧𝑛,1, 𝑧𝑛,2). The equation of this line can be
written as 𝑦 − 𝑧𝑛,2 = 𝛼(𝑥 − 𝑧𝑛,1), and by Lemma 5.1, the number 𝛼 is an algebraic number of
degree 2. This line will wrap around the torus and come close to the point 𝑧𝑛.
Let 𝑝 be an integer, and consider (𝑥, 𝑦) ∈ 𝕋2 with 𝑥 = 𝑞 + 𝑧𝑛,1 and 𝑦 = 𝑧𝑛,2 + 𝛼(𝑥 − 𝑧𝑛,1) =

𝑧𝑛,2 + 𝛼𝑞. Suppose that the point (𝑥, 𝑦) is very close to 𝑧𝑛, that is, there is an integer 𝑝 such that
𝑦 = 𝑧𝑛,2 + 𝑝 ± 𝑟with 0 < 𝑟 < 2√

1+𝛼2
𝑒−𝜏𝑛. We then have |𝛼𝑞 − 𝑝| = 𝑟, or equivalently |𝛼 −

𝑝

𝑞
| =

𝑟

𝑞
. Liouville’s theoremonDiophantine approximation implies that there exists a constant 𝑐𝛼 > 0

which only depends on 𝐴 such that |𝛼 −
𝑝

𝑞
| > 𝑐𝛼

𝑞2
and hence 𝑟

𝑞
>

𝑐𝛼
𝑞2
. We then get 𝑞 > 𝑐𝛼𝑟

−1 >

𝑐𝛼

√
1+𝛼2

2
𝑒𝜏𝑛.

This implies that for 𝑐 < 𝑐𝛼

√
1+𝛼2

2
, the rectangle 𝑅 around 𝐵(𝑧𝑛, 𝑒−𝜏𝑛) with side length 2𝑒−𝜏𝑛

in the stable direction and 𝑐𝑒𝜏𝑛 in the unstable direction does not overlap itself. More precisely
if, 𝑅 is viewed as a subset ofℝ2 and (𝑎, 𝑏) is a non-zero integer vector, then 𝑅 ∩ (𝑅 + (𝑎, 𝑏)) = ∅.
Therefore, when 𝑅 is projected to 𝕋2, the projection is injective on 𝑅, as illustrated in Figure 3.
Hence, any ellipse in 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝜏𝑛) does not overlap itself and the ellipse has a side length
𝑐𝑒(𝜏−𝑙2)𝑛 in the unstable direction, which means that the separation of the strips in such ellipse
is at least 𝑐𝑒(𝜏−𝑙2)𝑛, for some 𝑐 > 0.
Consider again the rectangle 𝑅 around 𝐵(𝑧𝑛, 𝑒−𝜏𝑛)with side lengths 2𝑒−𝜏𝑛 in the stable direc-

tion and 𝑐𝑒𝜏𝑛 in the unstable direction. As we have seen above, the rectangle 𝑅 does not overlap
itself, whichmeans that inℝ2, any two different translations of 𝑅 by integer vectors are disjoint.
The pre-image 𝑇−𝑛(𝑅) consists of 𝑒𝐿𝑛 pieces, but they must all be disjoint, since if two of them
intersect, then their images under 𝑇𝑛, which are 𝑅 + 𝑧1 and 𝑅 + 𝑧2, 𝑧1 ≠ 𝑧2 ∈ ℤ2, must inter-
sect. Since two different copies of 𝑅 in 𝑅 + ℤ2 do not intersect each other, all pieces in 𝑇−𝑛(𝑅)

are disjoint.
This implies that we have the separation 𝑐𝑒(𝜏−𝑙2)𝑛 between the strips in 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒

−𝜏𝑛)).
Now we estimate 𝜇𝑛(𝐵). There are two cases, depending on how large 𝑟 is compared to the

size of the ellipses that make up the set 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)).

(i) Assume that 𝑟 ⩽ 𝑐𝑒(𝜏−𝑙2)𝑛. Then 𝐵(𝑥, 𝑟) intersects at most one strip. Since each ellipse
is long, 𝐵 ∩ 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝑛𝜏) is contained in a rectangle with lengths of sides 2𝑟 and
2min{𝑟, 𝑒−(𝜏+𝑙2)𝑛}. We therefore have that

𝜇𝑛(𝐵(𝑥, 𝑟)) = 𝜋−2𝑒2𝑛𝜏𝜇
(
𝐵 ∩ 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝑛𝜏)
)

⩽ 4𝜋−2𝑒2𝑛𝜏𝑟 min{𝑟, 𝑒−(𝜏+𝑙2)𝑛}.
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14 of 25 HU et al.

If 𝑟 ⩽ 𝑒−(𝜏+𝑙2)𝑛, then

𝜇𝑛(𝐵(𝑥, 𝑟)) ≲ 𝑒2𝑛𝜏𝑟2 < 𝑟
2− 2𝜏

𝜏+𝑙2 = 𝑟
2𝑙2
𝜏+𝑙2 .

If 𝑒−(𝜏+𝑙2)𝑛 < 𝑟 ⩽ 𝑐𝑒(𝜏−𝑙2)𝑛, then

𝜇𝑛(𝐵(𝑥, 𝑟)) ≲ 𝑒2𝑛𝜏𝑟𝑒−(𝜏+𝑙2)𝑛 = 𝑟𝑒𝑛(𝜏−𝑙2)

<𝑟
1−

𝜏−𝑙2
𝜏+𝑙2 = 𝑟

2𝑙2
𝜏+𝑙2 .

(ii) Suppose that 𝑐𝑒(𝜏−𝑙2)𝑛 < 𝑟 < 1. Then 𝐵(𝑥, 𝑟) intersects at most 𝑐−1𝑟𝑒(𝑙2−𝜏)𝑛 strips of
𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝑛𝜏). The intersection of each strip and 𝐵(𝑥, 𝑟) is contained in a rectangle with
lengths of sides 2𝑟 and 2𝑒−(𝜏+𝑙2)𝑛. Hence,

𝜇𝑛(𝐵(𝑥, 𝑟)) = 𝜋−2𝑒2𝑛𝜏𝜇
(
𝐵 ∩ 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝑛𝜏)
)

≲ 𝑒2𝜏𝑛𝑟𝑒(𝑙2−𝜏)𝑛𝑟𝑒−(𝜏+𝑙2)𝑛 = 𝑟2.

Taken together, the two estimates imply that there is a constant𝐶 such that𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝐶𝑟
2𝑙2
𝜏+𝑙2

holds for all 𝑛, 𝑥 and 𝑟.
∙ Case 𝜏 ⩾

𝑙2−𝑙1
2
.

In this case, we have 𝜏 + 𝑙2 > 𝜏 + 𝑙1 ⩾
1

2
(𝑙1 + 𝑙2) ⩾ 0. Since we do not consider the case

𝜏 = −𝑙1 in this lemma, we actually have 𝜏 + 𝑙2 > 𝜏 + 𝑙1 > 0 in this case. Note that 𝐵(𝑧𝑛, 𝑟𝑛)
is contained in a ‘rectangle’ 𝑅 centred at 𝑧𝑛 and with side lengths 𝑐𝑒

1
2
(𝑙2−𝑙1)𝑛 in the unstable

direction and 𝑒
1
2
(𝑙1−𝑙2)𝑛 in the stable direction. From what was written in the previous case, we

conclude that such a rectangle does not intersect itself. The rectangles in the pre-image 𝑇−𝑛𝑅

have a side length 𝑐𝑒−
1
2
(𝑙1+𝑙2)𝑛 in the unstable direction and 𝑒−

1
2
(𝑙1+𝑙2)𝑛 in the stable direction

and each such rectangle contains one of the ellipses in 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)). Therefore, the ellipses

are separated by at least about 𝑐𝑒−
1
2
(𝑙1+𝑙2)𝑛.

We now bound the measure 𝜇𝑛(𝐵(𝑥, 𝑟)).
(i) If 𝑟 < 𝑒−(𝜏+𝑙2)𝑛, then as before

𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝑟
2𝑙2
𝜏+𝑙2 .

(ii) If 𝑒−(𝜏+𝑙2)𝑛 < 𝑟 < 𝑒−(𝜏+𝑙1)𝑛, the ball𝐵(𝑥, 𝑟) intersects atmost one ellipse, but cannot contain
an ellipse. We then have

𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝑒2𝜏𝑛𝑟𝑒−(𝜏+𝑙2)𝑛 = 𝑟𝑒(𝜏−𝑙2)𝑛.

Since 𝜏 > 𝑙2−𝑙1
2
, we have 𝜏 + 𝑙1 >

𝑙1+𝑙2
2

⩾ 0. Therefore, 𝑙1 + 𝑙2 ⩾ 0 implies that 𝜏 − 𝑙2 ⩽ 𝜏 +

𝑙1 and hence that
𝜏−𝑙2
𝜏+𝑙1

⩽ 0. Because of this, we can use 𝑟 < 𝑒−(𝜏+𝑙1)𝑛 to estimate that
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 15 of 25

𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝑟𝑒(𝜏−𝑙2)𝑛 = 𝑟
(
𝑒−(𝜏+𝑙1)𝑛

)−𝜏−𝑙2
𝜏+𝑙1

⩽ 𝑟
1−

𝜏−𝑙2
𝜏+𝑙1 = 𝑟

𝑙1+𝑙2
𝜏+𝑙1 .

(iii) If 𝑒−(𝜏+𝑙1)𝑛 < 𝑟 < 𝑒−
1
2
(𝑙1+𝑙2)𝑛, in this case, 𝐵(𝑥, 𝑟) intersect at most one ellipse, and can

contain an ellipse. Hence,

𝜇𝑛(𝐵) ⩽ 𝑒−𝑛(𝑙1+𝑙2) < 𝑟
𝑙1+𝑙2
𝜏+𝑙1 .

(iv) When 𝑒−
1
2
(𝑙1+𝑙2)𝑛 < 𝑟, we have that 𝐵(𝑥, 𝑟) intersects at most 𝑐𝑟𝑒

1
2
(𝑙1+𝑙2)𝑛 ellipses. Then,

𝜇𝑛(𝐵) ⩽ 𝑟𝑒
1
2
(𝑙1+𝑙2)𝑛𝑒2𝜏𝑛𝑒−(𝜏+𝑙1)𝑛𝑒−(𝜏+𝑙2)𝑛 = 𝑐𝑟𝑒−

1
2
(𝑙1+𝑙2)𝑛 = 𝑐𝑟2.

From above, we have log 𝜇𝑛(𝐵(𝑥,𝑟))

log 𝑟
⩾ min{

𝑙1+𝑙2
𝜏+𝑙1

,
2𝑙2
𝜏+𝑙2

, 2} =
𝑙1+𝑙2
𝜏+𝑙1

. Hence, 𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝐶𝑟
𝑙1+𝑙2
𝜏+𝑙1 .

∙ Case −𝑙1 ⩽ 𝜏 <
𝑙2−𝑙1
2
.

Here, we can use the separation 𝑒(𝜏−𝑙2)𝑛 between the ellipses in the unstable direction. We
consider three cases.
(i) When 𝑟 ⩽ 𝑒−(𝜏+𝑙2)𝑛, the ball 𝐵(𝑥, 𝑟) intersects at most one ellipse, and we have

𝜇(𝐵(𝑥, 𝑟)) ⩽ 𝑟2𝑒2𝜏𝑛 ⩽ 𝑟2𝑟
− 2𝜏

𝜏+𝑙2 = 𝑟
2𝑙2
𝜏+𝑙2 .

(ii) When 𝑒−(𝜏+𝑙2)𝑛 < 𝑟 ⩽ 𝑒(𝜏−𝑙2)𝑛, here it is important to note that 𝜏 − 𝑙2 < −
𝑙1+𝑙2
2

< 0.
Therefore,

𝑒(𝜏−𝑙2)𝑛 =
(
𝑒−(𝜏+𝑙2)𝑛

)−𝜏−𝑙2
𝜏+𝑙2 ⩽ 𝑟

−
𝜏−𝑙2
𝜏+𝑙2 ,

since −𝜏−𝑙2
𝜏+𝑙2

> 0.
The ball 𝐵(𝑥, 𝑟) intersects at most one ellipse in the unstable direction. Hence,

𝜇(𝐵(𝑥, 𝑟)) ⩽ 𝑒2𝜏𝑛𝑟𝑒−(𝜏+𝑙2)𝑛 = 𝑟𝑒(𝜏−𝑙2)𝑛

⩽ 𝑟
1−

𝜏−𝑙2
𝜏+𝑙2 = 𝑟

2𝑙2
𝜏+𝑙2 .

(iii) When 𝑟 > 𝑒(𝜏−𝑙2)𝑛, then the ball 𝐵(𝑥, 𝑟) intersects at most about 𝑟∕𝑒(𝜏−𝑙2)𝑛 ellipses in the
unstable direction, and intersects at most one ellipse in the stable direction, then we get

𝜇(𝐵(𝑥, 𝑟)) ⩽ 𝑒2𝜏𝑛 min{𝑟, 𝑒−(𝜏+𝑙1)𝑛}𝑒−(𝜏+𝑙2)𝑛
𝑟

𝑒(𝜏−𝑙2)𝑛
⩽ 𝑟2.

Combining (i)–(iii) above, we have

𝜇𝑛(𝐵) ⩽ 𝐶𝑟
min{

2𝑙2
𝜏+𝑙2

,
𝑙1+𝑙2
𝜏+𝑙1

}
.

□
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16 of 25 HU et al.

By Lemmata 5.3 and 5.4, the assumptions of Lemma 3.2 are satisfied, and therefore, the set𝑊𝜏

has a large intersection property in the sense that𝑊𝜏 ∈ 𝒢𝑠𝜏 , where

𝑠𝜏 =

⎧⎪⎪⎨⎪⎪⎩

2𝑙2
𝜏 + 𝑙2

0 < 𝜏 < −𝑙1

min

{
𝑙1 + 𝑙2
𝜏 + 𝑙1

,
2𝑙2

𝜏 + 𝑙2

}
𝜏 > −𝑙1.

This finishes the proof of Theorem 2.1.

6 PROOF OF THEOREM 2.5

The proof of Theorem 2.5 follows some ideas fromWang and Wu [25]. The following proposition
is a simplification of the corresponding statement in their paper [25, Proposition 3.1].

Proposition 6.1. Let 𝑠𝜏 be as in Theorem 2.5. For 𝜏 ⩾ 0, we have

𝑠𝜏 = min
𝑡∈{ 𝑙𝑖+𝜏∶1⩽𝑖⩽𝑑 }

{ ∑
𝑗∈1(𝑡)∪2(𝑡)

1 +
1

𝑡

( ∑
𝑗∈3(𝑡)

𝑙𝑗 −
∑

𝑗∈2(𝑡)

𝜏

)}

= min
𝑡∈

{ ∑
𝑗∈1(𝑡)∪2(𝑡)

1 +
1

𝑡

( ∑
𝑗∈3(𝑡)

𝑙𝑗 −
∑

𝑗∈2(𝑡)

𝜏

)}
,

where

 = { 𝑙𝑖, 𝑙𝑖 + 𝜏 ∶ 1 ⩽ 𝑖 ⩽ 𝑑 },

and for each 𝑡 ∈ , the sets1(𝑡),2(𝑡),3(𝑡) give a partition of {1, 2, … , 𝑑} defined by

1(𝑡) = { 𝑗 ∶ 𝑙𝑗 ⩾ 𝑡 },

2(𝑡) = { 𝑗 ∶ 𝑙𝑗 + 𝜏 ⩽ 𝑡 } ⧵1(𝑡),

3(𝑡) = {1, 2, … , 𝑑} ⧵ (1(𝑡) ∪2(𝑡)).

Proof. The second equality holds due to Proposition 3.1 in [25].
Since 𝑙1 ⩽ 𝑙2 ⩽ … ⩽ 𝑙𝑑, for any 1 ⩽ 𝑖 ⩽ 𝑑, assume that there is a 0 ⩽ 𝑘 ⩽ 𝑑 − 𝑖 such that 𝑙𝑖 = ⋯ =

𝑙𝑖+𝑘 < 𝑙𝑖+𝑘+1. Here, we adopt 𝑙𝑑+1 = ∞. Then,

1(𝑙𝑖 + 𝜏) = { 𝑗 ∶ 𝑙𝑗 ⩾ 𝑙𝑖 + 𝜏 },

2(𝑙𝑖 + 𝜏) = {1, 2, … , 𝑖, … , 𝑖 + 𝑘}.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 17 of 25

Note that

1

𝜏 + 𝑙𝑖

⎛⎜⎜⎝
∑

𝑗∈1(𝑙𝑖+𝜏)∪2(𝑙𝑖+𝜏)

𝜏 + 𝑙𝑖 +
∑

𝑗∈3(𝑙𝑖+𝜏)

𝑙𝑗 −
∑

𝑗∈2(𝑙𝑖+𝜏)

𝜏
⎞⎟⎟⎠

=
1

𝜏 + 𝑙𝑖

⎛⎜⎜⎝
∑

𝑗∈1(𝑙𝑖+𝜏)

(𝑙𝑖 + 𝜏 − 𝑙𝑗) +
∑

𝑗∈1(𝑙𝑖+𝜏)∪3(𝑙𝑖+𝜏)

𝑙𝑗 +
∑

𝑗∈2(𝑙𝑖+𝜏)

𝑙𝑖

⎞⎟⎟⎠
=

1

𝜏 + 𝑙𝑖

⎛⎜⎜⎝
∑

𝑗∈1(𝑙𝑖+𝜏)

(𝑙𝑖 + 𝜏 − 𝑙𝑗) + (𝑖 + 𝑘)𝑙𝑖 +

𝑑∑
𝑗=𝑖+𝑘+1

𝑙𝑗

⎞⎟⎟⎠
=

1

𝜏 + 𝑙𝑖

⎛⎜⎜⎝
∑

𝑗∈1(𝑙𝑖+𝜏)

(𝑙𝑖 + 𝜏 − 𝑙𝑗) + 𝑖𝑙𝑖 +

𝑑∑
𝑗=𝑖+1

𝑙𝑗

⎞⎟⎟⎠.
The last equality follows from the assumption on 𝑘. This finishes the proof. □

Proof of Theorem 2.5. Without loss of generality, we assume that 𝜏 > 0. Recall that 𝐿 =
∑𝑑

𝑗=1 𝑙𝑗 ,
and put 𝑊𝑛 = 𝑇−𝑛𝐵(𝑧𝑛, 𝑒

−𝜏𝑛), and 𝑊𝑛 is the union of 𝑒𝐿𝑛 ellipsoids, denoted by {𝑅𝑘𝑛}
𝑒𝐿𝑛

𝑘=1
. The

ellipsoids in the set𝑊𝑛 have semi-axes 𝑒
−(𝜏+𝑙𝑗)𝑛, 1 ⩽ 𝑗 ⩽ 𝑑 which are all small. The separation of

the ellipsoids is 𝑒−𝑛𝑙𝑗 , 1 ⩽ 𝑗 ⩽ 𝑑 in the direction of the 𝑑 semi-axes. Let

𝜇𝑛 =
𝜇|𝑊𝑛

𝜇(𝑊𝑛)
= 𝑐𝑑𝑒

𝑛𝑑𝜏𝜇|𝑊𝑛
,

where 𝜇 is the Lebesgue measure. Let 𝐵 ∶= 𝐵(𝑥, 𝑟), where 𝑥 ∈ 𝕋𝑑 and 𝑟 > 0, then one has

𝜇𝑛(𝐵) = 𝑐𝑑𝑒
𝑛𝜏𝜇(𝐵 ∩𝑊𝑛) = 𝑐𝑑𝑒

𝑛𝑑𝜏
∑

1⩽𝑘⩽𝑒𝐿𝑛

𝐵∩𝑅𝑘𝑛≠∅

𝜇(𝐵 ∩ 𝑅𝑘𝑛).

Now we show that 𝜇𝑛(𝐵(𝑥, 𝑟)) ⩽ 𝐶𝑟𝑠. We consider three cases, depending on the size of 𝑟.

(i) 𝑟 < 𝑒−𝑛(𝜏+𝑙𝑑).
In this case, a ball of radius 𝑟 intersects only one ellipsoid of𝑊𝑛. So,

𝜇𝑛(𝐵) ⩽ 𝑐𝑑𝑒
𝑛𝑑𝜏

∑
1⩽𝑘⩽𝑒𝐿𝑛

𝐵∩𝑅𝑘𝑛≠∅

𝜇(𝐵)

≲ 𝑒𝑛𝑑𝜏𝑟𝑑 < 𝑟
𝑑− 𝑑𝜏

𝜏+𝑙𝑑 = 𝑟
𝑑𝑙𝑑
𝜏+𝑙𝑑 .

(ii) 𝑟 ⩾ 𝑒−𝑛𝑙1 .
The ball 𝐵 intersects at most

𝑑∏
𝑘=1

𝑟𝑒𝑙𝑘𝑛 = 𝑟𝑑𝑒𝐿𝑛
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18 of 25 HU et al.

ellipsoid of𝑊𝑛. Thus,

𝜇𝑛(𝐵) ⩽ 𝑐𝑑𝑒
𝑛𝑑𝜏

∑
1⩽𝑘⩽𝑒𝐿𝑛

𝐵∩𝑅𝑘𝑛≠∅

𝜇(𝑅𝑘𝑛) ≲ 𝑒𝑛𝑑𝜏𝑟𝑑𝑒𝐿𝑛
𝑒−𝑛𝑑𝜏

𝑒𝐿𝑛
= 𝑟𝑑.

(iii) 𝑒−𝑛(𝜏+𝑙𝑑) ⩽ 𝑟 < 𝑒−𝑛𝑙1 .
In this case, the ball 𝐵 intersects many ellipsoids, and each ellipsoid is in the worst case

transversal in 𝐵. The ellipsoid in𝑊𝑛 are parallel and each ellipsoid has 𝑑 semi-axes. In each
of these 𝑑 directions, wewill estimate the number of ellipsoid segmentswhich a ball of radius
𝑟 intersects, aiming to get the total number of ellipsoid segments intersecting 𝐵.
Recall that

 = { 𝑙𝑖, 𝑙𝑖 + 𝜏 ∶ 1 ⩽ 𝑖 ⩽ 𝑑 }.

Arrange the elements in in non-descending order, and assume that there exists 𝑖 such that

𝑒−𝑛𝑡𝑖+1 ⩽ 𝑟 < 𝑒−𝑛𝑡𝑖 ,

where 𝑡𝑖, 𝑡𝑖+1 are two consecutive and distinct terms in. For such 𝑖, put
𝑁1(𝑖) ∶= { 𝑗 ∶ 𝑙𝑗 > 𝑡𝑖 } = { 𝑗 ∶ 𝑒−𝑛𝑙𝑗 < 𝑒−𝑛𝑡𝑖 },

𝑁2(𝑖) ∶= { 𝑗 ∶ 𝑙𝑗 + 𝜏 ⩽ 𝑡𝑖 } = { 𝑗 ∶ 𝑒−𝑛(𝑙𝑗+𝜏) ⩾ 𝑒−𝑛𝑡𝑖 },

and

𝑁3(𝑖) ∶= {1, 2, … , 𝑑} ⧵ (𝑁1(𝑖) ∪ 𝑁2(𝑖)).

Since 𝑡𝑖, 𝑡𝑖+1 are consecutive, we have

𝑁1(𝑖) = { 𝑗 ∶ 𝑙𝑗 ⩾ 𝑡𝑖+1 }, (10)

and

𝑁2(𝑖) = { 𝑗 ∶ 𝑡𝑖+1 > 𝑙𝑗 + 𝜏 }. (11)

(a) For 𝑗 ∈ 𝑁1(𝑖), by Equation (10), one has 𝑒
−𝑛𝑙𝑗 ⩽ 𝑟. Hence, in each of these directions, the

number of ellipsoids intersecting a ball with radius 𝑟 is at most

𝑟

𝑒−𝑛𝑙𝑗
.

(b) For 𝑗 ∈ 𝑁2(𝑖), we have 𝑟 ⩽ 𝑒−𝑛(𝑙𝑗+𝜏). In the direction of this semi-axis, a ball with radius
𝑟 intersects at most one ellipse of𝑊𝑛.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 19 of 25

(c) For 𝑗 ∈ 𝑁3(𝑖), it follows from the definition of 𝑁3(𝑖) and Equation (11) that

𝑒−𝑛(𝑙𝑗+𝜏) ⩽ 𝑒−𝑛𝑡𝑖+1 < 𝑒−𝑛𝑡𝑖 ⩽ 𝑒−𝑛𝑙𝑗 ,

which implies that

𝑒−𝑛(𝑙𝑗+𝜏) ⩽ 𝑟 < 𝑒−𝑛𝑙𝑗 .

In this direction, because of the assumption on 𝑟 and the separation of the ellipsoids, the
ball intersects at most one ellipsoid.

From above, the ball 𝐵 intersects at most∏
𝑗∈𝑁1(𝑖)

𝑟

𝑒−𝑛𝑙𝑗

∏
𝑗∈𝑁2(𝑖)∪𝑁3(𝑖)

1 =
∏

𝑗∈𝑁1(𝑖)

𝑟

𝑒−𝑛𝑙𝑗

ellipsoids, and the intersection of 𝐵 and each of these ellipsoids are contained in a rectangle
of sides about

𝐿𝑗 =

{
2𝑒−𝑛(𝜏+𝑙𝑗) if 𝑗 ∈ 𝑁1(𝑖) ∪ 𝑁3(𝑖) ,

2𝑟 if 𝑗 ∈ 𝑁2(𝑖) .

It follows that

𝜇𝑛(𝐵) = 𝑐𝑑𝑒
𝑛𝑑𝜏

∑
1⩽𝑘⩽𝑒𝐿𝑛

𝐵∩𝑅𝑘𝑛≠∅

𝜇(𝑅𝑘𝑛 ∩ 𝐵)

≲ 𝑒𝑛𝑑𝜏
∏

𝑗∈𝑁1(𝑖)

𝑒−𝑛(𝜏+𝑙𝑗)
𝑟

𝑒−𝑛𝑙𝑗

∏
𝑗∈𝑁2(𝑖)

𝑟
∏

𝑗∈𝑁3(𝑖)

𝑒−𝑛(𝜏+𝑙𝑗)

= 𝑒
𝑛(
∑

𝑗∈𝑁2(𝑖)
𝜏−
∑

𝑗∈𝑁3(𝑖)
𝑙𝑗)

∏
𝑗∈𝑁1(𝑖)∪𝑁2(𝑖)

𝑟. (12)

The estimate obtained in case (iii) above will now be discussed in two cases.

(a) If
∑

𝑗∈𝑁2(𝑖)
𝜏 −
∑

𝑗∈𝑁3(𝑖)
𝑙𝑗 ⩾ 0, then using 𝑟 < 𝑒−𝑛𝑡𝑖 , the inequalities (12) will be rewritten as

𝜇𝑛(𝐵) ≲ 𝑟𝑠𝑖,1 ,

where

𝑠𝑖,1 ∶ =
∑

𝑗∈𝑁1(𝑖)∪𝑁2(𝑖)

1 −
1

𝑡𝑖

⎛⎜⎜⎝
∑

𝑗∈𝑁2(𝑖)

𝜏 −
∑

𝑗∈𝑁3(𝑖)

𝑙𝑗

⎞⎟⎟⎠.
Notice that

1(𝑡𝑖) = 𝑁1(𝑖) ∪ { 𝑗 ∶ 𝑙𝑗 = 𝑡𝑖 },
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20 of 25 HU et al.

2(𝑡𝑖) = 𝑁2(𝑖),

3(𝑡𝑖) = 𝑁3(𝑖) ⧵ { 𝑗 ∶ 𝑙𝑗 = 𝑡𝑖 }.

Hence,

𝑠𝑖,1 =
∑

𝑗∈1(𝑡𝑖)∪2(𝑡𝑖)

1 −
∑

𝑗∶𝑙𝑗=𝑡𝑖

1 −
1

𝑡𝑖

⎛⎜⎜⎝
∑

𝑗∈2(𝑡𝑖)

𝜏 −
∑

𝑗∈3(𝑡𝑖)

𝑙𝑗 −
∑

𝑗∶𝑙𝑗=𝑡𝑖

𝑙𝑗

⎞⎟⎟⎠
=

∑
𝑗∈1(𝑡𝑖)∪2(𝑡𝑖)

1 −
1

𝑡𝑖

⎛⎜⎜⎝
∑

𝑗∈2(𝑡𝑖)

𝜏 −
∑

𝑗∈3(𝑡𝑖)

𝑙𝑗

⎞⎟⎟⎠. (13)

This shows that 𝑠𝑖,1 is a term in

⎧⎪⎨⎪⎩
∑

𝑗∈1(𝑡)∪2(𝑡)

1 +
1

𝑡

⎛⎜⎜⎝
∑

𝑗∈3(𝑡)

𝑙𝑗 −
∑

𝑗∈2(𝑡)

𝜏
⎞⎟⎟⎠
⎫⎪⎬⎪⎭𝑡∈

,

as given in Proposition 6.1.
(b) If

∑
𝑗∈𝑁2(𝑖)

𝜏 −
∑

𝑗∈𝑁3(𝑖)
𝑙𝑗 < 0, by 𝑟 ⩾ 𝑒−𝑛𝑡𝑖+1 and inequalities (12), then

𝜇𝑛(𝐵) ≲ 𝑟𝑠𝑖,2 ,

where

𝑠𝑖,2 ∶ =
∑

𝑗∈𝑁1(𝑖)∪𝑁2(𝑖)

1 −
1

𝑡𝑖+1

⎛⎜⎜⎝
∑

𝑗∈𝑁2(𝑖)

𝜏 −
∑

𝑗∈𝑁3(𝑖)

𝑙𝑗

⎞⎟⎟⎠.
Notice that

1(𝑡𝑖+1) = 𝑁1(𝑖),

2(𝑡𝑖+1) = 𝑁2(𝑖) ∪ { 𝑗 ∶ 𝑙𝑗 = 𝑡𝑖+1 },

3(𝑡𝑖+1) = 𝑁3(𝑖) ⧵ { 𝑗 ∶ 𝑙𝑗 = 𝑡𝑖+1 }.

Hence,

𝑠𝑖,2 =
∑

𝑗∈1(𝑡𝑖+1)∪2(𝑡𝑖+1)

1 −
∑

𝑗∶𝑙𝑗=𝑡𝑖+1

1−

−

∑
𝑗∈2(𝑡𝑖+1)

𝜏 −
∑

𝑗∈3(𝑡𝑖+1)
𝑙𝑗 −
∑

𝑗∶𝑙𝑗=𝑡𝑖+1
𝑙𝑗

𝑡𝑖+1

=
∑

𝑗∈1(𝑡𝑖+1)∪2(𝑡𝑖+1)

1 −
1

𝑡𝑖+1

⎛⎜⎜⎝
∑

𝑗∈2(𝑡𝑖+1)

𝜏 −
∑

𝑗∈3(𝑡𝑖+1)

𝑙𝑗

⎞⎟⎟⎠. (14)
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 21 of 25

Hence, 𝑠𝑖,2 is also a term among those in Proposition 6.1.

Let

𝑠(𝑖) =
∑

𝑗∈1(𝑡𝑖)∪2(𝑡𝑖)

1 −
1

𝑡𝑖

⎛⎜⎜⎝
∑

𝑗∈2(𝑡𝑖)

𝜏 −
∑

𝑗∈3(𝑡𝑖)

𝑙𝑗

⎞⎟⎟⎠.
Combining (13) and (14), we get that

𝜇𝑛(𝐵) ≲ 𝑟min1⩽𝑖<𝑑 𝑠(𝑖).

Note that 𝑠(𝑑) = 𝑑𝑙𝑑
𝜏+𝑙𝑑

< 𝑑, togetherwith Cases (i) and (ii) and Proposition 6.1, thenwe conclude
that there is a constant 𝐶 such that

𝜇𝑛(𝐵) ⩽ 𝐶𝑟𝑠,

where

𝑠 = min
1⩽𝑗⩽𝑑

{
𝑗𝑙𝑗 +

∑
𝑖=𝑗+1 𝑙𝑖 − (𝑙𝑖 − 𝑙𝑗 − 𝜏)+

𝜏 + 𝑙𝑗

}
.

Lemma 3.2 now finishes the proof, since 𝜇𝑛 converges weakly to the Lebesgue measure on the
torus if all eigenvalues are outside the unit circle. □

7 EXAMPLES

Recall that by Theorems 2.5 and 2.4,

min
𝑘

{
𝑘𝑙𝑘 +

∑
𝑗>𝑘 𝑙𝑗 −

∑𝑑
𝑗=1(𝑙𝑗 − 𝑙𝑘 − 𝜏)+

𝜏 + 𝑙𝑘

}
⩽ dimH𝑊𝜏

⩽ min
𝑘

{
𝑘𝑙𝑘 +

∑
𝑗>𝑘 𝑙𝑗

𝜏 + 𝑙𝑘

}
,

where theminimum in the upper bound is over those 𝑘 for which 𝜏 + 𝑙𝑘 > 0, and the lower bound
is only valid if all eigenvalues are outside the unit circle. We expect that the lower bound holds in
more cases than those given by Theorem 2.5, but this is not always the case, which we will show
in several examples.
Here, we will consider tori of several different dimensions and compare the corresponding sets

𝑊𝜏. To keep them apart, we will use the notation𝑊𝜏(𝑇), where 𝑇∶ 𝕋𝑑 → 𝕋𝑑.

Example 7.1. The first example is a transformation 𝑇 on 𝕋4 and another related transformation
𝑆 on 𝕋2. For any𝑚 ∈ ℕ, let

𝐴𝑚 =

(
𝑚 + 1 𝑚

1 1

)
.
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22 of 25 HU et al.

Then, det𝐴𝑚 = 1 and tr 𝐴𝑚 = 𝑚 + 2. The eigenvalues of 𝐴𝑚 are

𝜆𝑚,− =
𝑚

2
+ 1 −

√
𝑚2

4
+ 𝑚, 𝜆𝑚,+ =

𝑚

2
+ 1 +

√
𝑚2

4
+ 𝑚.

Take𝑚 > 1 and put

𝐴 =
⎛⎜⎜⎝
2 1 0

1 1 0

0 0 𝐴𝑚

⎞⎟⎟⎠ =
(
𝐴1 0

0 𝐴𝑚

)
.

Thus, 𝐴 is an integer matrix with no eigenvalues on the unit circle and det𝐴 = 1. The
transformation 𝑇∶ 𝕋4 → 𝕋4 defined by

𝑇(𝑥) = 𝐴𝑥 mod 1

has four Lyapunov exponents

𝑙1 = log 𝜆𝑚,−, 𝑙2 = log
3 −
√
5

2
, 𝑙3 = log

3 +
√
5

2
, 𝑙4 = log 𝜆𝑚,+.

Therefore, 𝑙1 < 𝑙2 < 0 < 𝑙3 < 𝑙4, 𝑙1 + 𝑙4 = 0 and 𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 = 0. We will consider𝑊𝜏(𝑇) and
prove that we do not have equality in Theorem 2.4 for𝑊𝜏(𝑇).
Consider the transformation 𝑆∶ 𝕋2 → 𝕋2 defined by 𝑆(𝑥) = 𝐴𝑚𝑥 mod 1. The dimension

formula in Theorem 2.1 tells us that

dimH𝑊𝜏(𝑆) =

⎧⎪⎨⎪⎩
2𝑙4

𝜏 + 𝑙4
, 𝜏 ∈ [0, 𝑙4),

𝑙1 + 𝑙4
𝜏 + 𝑙1

= 0, 𝜏 ∈ [𝑙4,∞).

We shall now compare with 𝑊𝜏(𝑇). In this case, the upper bound from Theorem 2.4 says
that

dimH𝑊𝜏(𝑇) ⩽

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4𝑙4
𝜏 + 𝑙4

, 𝜏 ∈ [0, 𝑙4∕3),

3𝑙3 + 𝑙4
𝜏 + 𝑙3

= 0, 𝜏 ∈

[
𝑙4
3
,
𝑙3 + 𝑙4
2

)
,

2𝑙2 + 𝑙3 + 𝑙4
𝜏 + 𝑙2

=
𝑙2 + 𝑙4
𝜏 + 𝑙2

, 𝜏 ∈

[
𝑙3 + 𝑙4
2

, 𝑙2 + 𝑙3 + 𝑙4

)
,

𝑙1 + 𝑙2 + 𝑙3 + 𝑙4
𝜏 + 𝑙1

= 0, 𝜏 ∈ [𝑙2 + 𝑙3 + 𝑙4,∞).

In fact, for 𝜏 ∈
( 𝑙3+𝑙4

2
, 𝑙4
)
and 𝑧𝑛 = 0, the set 𝐸𝑛 = 𝑇−𝑛𝐵(0, 𝑒−𝑛𝜏) is a thin and long ellipsoid that

is wrapped around the torus. This ellipsoid’s three shortest semi-axes shrink with an exponential
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speed in 𝑛 and the largest grows. Therefore, we have

𝑊𝜏(𝑇) = (0, 0) ×𝑊𝜏(𝑆).

Thus,

dimH𝑊𝜏(𝑇) = dimH𝑊𝜏(𝑆) =
2𝑙4

𝜏 + 𝑙4
,

for this 𝜏. The upper bound for this 𝜏, however, is

dimH𝑊𝜏(𝑇) ⩽
𝑙2 + 𝑙4
𝜏 + 𝑙2

.

It is clear that

𝑙2 + 𝑙4
𝜏 + 𝑙2

≠ 2𝑙4
𝜏 + 𝑙4

,

unless 𝜏 = 𝑙4, and hence, the upper bound is not the actual value of the Hausdorff dimension
in general.
When 𝜏 is close to 𝑙4, then it is clear that the upper and lower bounds from Theorems 2.5 and

2.4 coincide, and hence, the lower bound is not valid in this case.
Note that for the range of 𝜏 considered above, the measure 𝜇𝑛 does not converge weakly to the

Lebesgue measure on 𝕋4, but it does converge weakly to the Lebesgue measure on (0, 0) × 𝕋2.

Example 7.2. The second example is a transformation 𝑇 on 𝕋3. For any integer𝑚 > 2, let

𝐴 =
⎛⎜⎜⎝
𝑚 0 0

0 2 1

0 1 1

⎞⎟⎟⎠ .
The eigenvalues are

𝑚,
3 +
√
5

2
,

3 −
√
5

2
.

Hence,

𝑙1 = log
3 −
√
5

2
, 𝑙2 = log

3 +
√
5

2
, 𝑙3 = log𝑚.

Thus, 𝑙1 < 0 < 𝑙2 < 𝑙3 and 𝑙1 + 𝑙2 + 𝑙3 = 𝑙3 = log𝑚.
Take points (𝑎𝑛, 𝑏𝑛, 𝑐𝑛) ∈ 𝕋3 and consider 𝜏 > 𝑙2 + log 6. Let 𝑧𝑛 be such that 𝑧𝑛 = 𝑇𝑛(𝑎𝑛, 𝑏𝑛, 𝑐𝑛).

Since 𝜏 > 𝑙2, we have that 𝑒−𝑛(𝜏+𝑙2) < 𝑒−(𝜏+𝑙1)𝑛 < 𝑒−(𝜏−𝑙2)𝑛, then 𝑇−𝑛(𝐵(𝑧𝑛, 𝑒
−𝜏𝑛)) is contained in

the set

𝕋 × (𝑏𝑛 − 𝑒−(𝜏−𝑙2)𝑛, 𝑏𝑛 + 𝑒−(𝜏−𝑙2)𝑛) × (𝑐𝑛 − 𝑒−(𝜏−𝑙2)𝑛, 𝑐𝑛 + 𝑒−(𝜏−𝑙2)𝑛).
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24 of 25 HU et al.

It is therefore possible to choose (𝑏𝑛, 𝑐𝑛) such that 𝑊𝜏 = ∅. For example, let 𝑐𝑛 = 0 and 𝑏𝑛 sat-
isfy 𝑏1 = 𝑒−𝜏−𝑙2 , 𝑏𝑛 = 2𝑏𝑛−1 + 𝑒−(𝜏−𝑙2)𝑛, 𝑛 ⩾ 2. The sequence {𝑏𝑛}𝑛 exists, since

∑
𝑛⩾1 𝑒

−(𝜏−𝑙2)𝑛 =
𝑒−(𝜏−𝑙2)

1−𝑒−(𝜏−𝑙2)
< 1∕5. In particular, for such a choice of (𝑏𝑛, 𝑐𝑛), we have dimH𝑊𝜏 = 0 for 𝜏 > 𝑙2 + log 6.

In this case, the result of Hill and Velani [14, Theorem 1] is not correct. Note also that this shows
that the lower bound in Theorem 2.5 does not hold in general, since it gives a positive dimension
in this case.
As in the previous example, we note that for 𝜏 > 𝑙2, the measure 𝜇𝑛 does not converge weakly

to the Lebesgue measure on 𝕋3, but if (𝑏𝑛, 𝑐𝑛) → (𝑏, 𝑐), then it converges weakly to the Lebesgue
measure on 𝕋 × (𝑏, 𝑐).
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Abstract Let T : Td → Td, defined by Tx = Ax (mod 1), where A is a d×d integer matrix

with eigenvalues 1 < |λ1| ≤ |λ2| ≤ · · · ≤ |λd|. We investigate the Hausdorff dimension of the

recurrence set

R(ψ) := {x ∈ Td : Tnx ∈ B(x, ψ(n)) for infinitely many n}

for α ≥ log |λd/λ1|, where ψ is a positive decreasing function defined on N and its lower order

at infinity is α = lim inf
n→∞

− logψ(n)
n

. In the case that A is diagonalizable over Q with integral

eigenvalues, we obtain the dimension formula.

Keywords quantitative recurrence properties; Hausdorff dimension; matrix transforma-

tions

MSC2020 37C45; 37B20; 28A80

1 Introduction

Let (X,B, T, µ, ρ) be a probability measure preserving system with a compatible metric ρ.

We call (X,B, T, µ, ρ) a metric measure preserving system (m.m.p.s.). If (X, ρ) is separable,

the Poincaré recurrence theorem shows that µ-a.e. x ∈ X is recurrent, that is

lim inf
n→∞

ρ(Tnx, x) = 0.

It shows nothing about the speed at which the orbit returns close to the initial point. One of

the first general quantitative recurrence results was given by Boshernitzan [4].

Theorem 1.1 ([4]) Let (X,B, T, µ, ρ) be a m.m.p.s. Assume that for some τ > 0, the

τ -dimensional Hausdorff measure Hτ of X is σ-finite. Then for µ-a.e. x ∈ X,

lim inf
n→∞

n
1
τ ρ(Tnx, x) <∞.
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partially by the NSFC (12271176) and the Guangdong Natural Science Foundation (2024A1515010946).
∗Corresponding author



1660 ACTA MATHEMATICA SCIENTIA Vol.45 Ser.B

Futhermore, if Hτ (X) = 0, then for µ-almost every x ∈ X,

lim inf
n→∞

n
1
τ ρ(Tnx, x) = 0.

Later, Barreira and Saussol [3] showed that the exponent τ in Theorem 1.1 could be replaced

by the lower local dimension of a measure at x. This leads us to study the size of recurrence

set when the rate of recurrence is replaced by a general function. Define recurrence sets as

R(ψ) = {x ∈ X : Tn(x) ∈ B(x, ψ(n)) for infinitely many n ≥ 1 },

where ψ : N→ R+ is a positive decreasing function, and B(x, ψ(n)) denotes the ball centred at

x with radius ψ(n).

For the measure of R(ψ), Chang, Wu and Wu [5] investigated the case when X is a ho-

mogeneous self-similar set satisfying strong separation condition, and obtained results on the

Hausdorff measure of R(ψ). Similar results were generalised to finite conformal iterated function

systems satisfying the open set condition by Baker and Farmer [2]. Later, Hussain et al. [14]

considered more general conformal dynamical systems. When T is a piecewise expanding map,

under some conditions, He and Liao [10] obtained that the measure of R(ψ) obeys a full-zero

law. More results about measure of R(ψ) can be found in [1, 15, 16]. As for the size of R(ψ)

in Hausdorff dimension, Tan and Wang [20] calculated the Hausdorff dimension of R(ψ) when

T is the β-transformation. Seuret and Wang [19] proved similar results for self-conformal sets.

There are very few results on the Hausdorff dimension when T is the matrix transformation,

and as far as we know, the only results were obtained for diagonal matrix transformations [10],

toral automorphisms on 2-dimensional torus [13] and recently for some special cases [22, 23].

Shrinking target problem concerns the speed at which (Tnx)n≥1 returns to the neighbor-

hood of a given point x0 instead of the initial point x, which has many common features with

the problem of quantitative recurrence. For the shrinking target problem, much more results are

known. Hill and Velani [12] investigated the Hausdorff dimension of shrinking target sets in the

system (X,T ), where X a d-dimensional torus, and T a linear map given by an integer matrix.

For a real, non-singular matrix transformation with some conditions, Li et al. [17] proved that

the Lebesgue measure of the shrinking target set obeys a zero-one law. They also determined

the Hausdorff dimension of shrinking target sets when T is a diagonal matrix transformation.

One can refer to [6, 9] for more results on the measure, and [11, 18, 21] for the dimension.

Motivated by the aforementioned research, in this paper, we focus on the case where X is

the d-dimensional torus Td endowed with the usual quotient distance ρ0, and T is the integer

matrix transformation with the modulus of eigenvalues are strictly larger than 1. More precisely,

T : Td → Td is defined by

Tx = Ax (mod 1),

where A is a d× d integer matrix. Let ψ : N→ R+ be a positive function satisfying ψ(n)→ 0

as n→∞. Throughout, denote the lower order of ψ at infinity by

α := lim inf
n→∞

− logψ(n)

n
.

In this paper, dimH stands for the Hausdorff dimension.
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Theorem 1.2 Let A be a d×d integer matrix with all eigenvalues λ1, λ2, · · · , λd. Assume

that |λd| ≥ · · · ≥ |λ1| > 1. Then for α ≥ log |λd/λ1|,

dimHR(ψ) = min
j∈{1,··· ,d}

{j log |λj |+
∑d
i=j+1 log |λi|

α+ log |λj |

}
.

Remark 1.3 Let A be as in Theorem 1.2. For α ≥ 0, we always have

dimHR(ψ) ≤ min
j∈{1,··· ,d}

{j log |λj |+
∑d
i=j+1 log |λi|

α+ log |λj |

}
,

here we do not need to assume that α ≥ log |λd/λ1|. Notice that for α > 0, dimHR(ψ) ≤
d log |λd|
α+log |λd| < d.

As an immediate consequence of Theorem 1.2, when the modulus of all eigenvalues of A

are the same, we obtain the formula of the Hausdorff dimension of R(ψ) for any α ≥ 0.

Corollary 1.4 Let A be a d × d integer matrix with all eigenvalues λ1, λ2, · · · , λd.
Assume that the modulus of all eigenvalues are the same, denoted by λ, and λ > 1. Then for

α ≥ 0,

dimHR(ψ) =
d log λ

α+ log λ
.

When an integer matrix A is diagonalizable over Z or A is a diagonal real matrix with

eigenvalues λd ≥ · · · ≥ λ1 > 1, Yuan and Wang [24] calculated the Hausdorff dimension of

R(ψ). However they did not consider the case when λi < −1 for some 1 ≤ i ≤ d. When A

is a diagonal real matrix with |λd| ≥ · · · ≥ |λ1| > 1, He and Liao [10] gave the formula of

dimHR(ψ). If A is an integer matrix, the diagonal assumption can be relaxed to a weaker

condition as the following theorem shows.

Theorem 1.5 Let A be a d× d integer matrix. Assume that A is diagonalizable over Q
with all eigenvalues λ1, λ2, · · · , λd ∈ Z. Assume that |λd| ≥ · · · ≥ |λ1| > 1. Then for α ≥ 0,

dimHR(ψ) = min
j∈{1,··· ,d}

{j log |λj |+
∑
k∈K(j)(α+ log |λj | − log |λi|) +

∑d
i=j+1 log |λi|

log |λj |+ α

}
,

where

K(j) := {i ∈ {1, · · · , d} : log |λi| > log |λj |+ α}.

Remark 1.6 The dimension formula in Theorem 1.5 is the same as those given by [10, 24].

When α ≥ log |λd/λ1|,
⋃
j K(j) = ∅, hence in this case, the formula in Theorem 1.2 coincides

with that given in Theorem 1.5.

For n ≥ 1, write

Rn(ψ) = {x ∈ Td : (An − I)x (mod 1) ∈ B(0, ψ(n)) },

where I is the identity matrix. Then R(ψ) = lim sup
n→∞

Rn(ψ).

The paper is organized as follows. Theorem 1.2 is proved in the following two sections.

Section 2 is devoted to give some preparations on the geometric property of Rn(ψ), which is

crucial to the proof of Theorem 1.2. In Section 4, we use the preparations to construct a Cantor

subset to establish the lower bound of dimHR(ψ). By Remark 2.4, we only prove Theorem 1.2

in the case that A is diagonalizable over R with eigenvalues λi > 1, 1 ≤ i ≤ d. In the last

section, we give the proof of Theorem 1.5.
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Notation 1.7 Suppose f(n) and g(n) are two functions defined on natural numbers.

Write f(n) . g(n) or f(n) = O(g(n)) if and only if there exist constants N ≥ 1 and C > 1

such that f(n) ≤ Cg(n) for all n ≥ N . Write f(n) � g(n) if f(n) . g(n) and g(n) . f(n). The

ceiling function of a real number x is denoted by dxe, and the floor function is denoted by bxc.
For a matrix A, let detA stand for the determinant of A. We write #E for the cardinality of

a finite set E.

2 Distribution of periodic points

Throughout this paper, let the eigenvalues of the matrix A be {λ1, λ2, · · · , λd} with |λ1| ≤
|λ2| ≤ · · · ≤ |λd|.

Definition 2.1 A point x ∈ Td is called a periodic point with period n if

(An − I)x (mod 1) = 0. (2.1)

It is easy to see that (2.1) is equivalent to Anx (mod 1) = x. Put

Pn = {x ∈ Td : x is a periodic point with period n}.

Lemma 2.2 ([7, Lemma 2.3]) Let M be a non-singular integer matrix. If no eigenvalue

of M is a root of unity, the number of periodic points with period n is given by

#{x ∈ Td : Mnx (mod 1) = x} = |det(Mn − I)|.

Denote |det(An − I)| by Hn. It follows from Lemma 2.2 that

#Pn = Hn =

d∏
i=1

|λni − 1|.

Rewrite

Rn(ψ) = {x ∈ Td : x ∈ (An − I)−1B(0, ψ(n)) + (An − I)−1Zd}

=
⋃
y∈Pn

{x ∈ Td : x ∈ (An − I)−1B(0, ψ(n)) + y}. (2.2)

By (2.2) and Lemma 2.2, Rn(ψ) consists of Hn ellipsoids which are translations of (An −
I)−1B(0, ψ(n)), denoted by (Rn,i)

Hn
i=1. For n ≥ 1 and j = 1, 2, · · · , d, put

`n,j = 2ψ(n)|λnj − 1|−1.

Let en,1 ≥ en,2 ≥ · · · ≥ en,d be the lengths of semi-axes of the ellipsoid Rn,i. If A is diagonal-

izable, for j = 1, · · · , d,

en,j � `n,j .

If A is not diagonalizable, using Jordan decomposition, we have the following lemma.

Lemma 2.3 Let A be a non-singular integer matrix. Assume that the modulus of all

eigenvalues are not 1. Then there are constants C > 1 and τ > 0 such that

C−1n−τ ≤ en,j
`n,j
≤ Cnτ

holds for all n and 1 ≤ j ≤ d.
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Proof By Lemma 3 in [12], for n ≥ 1, we have (An− I)−1 = A1A2, where all eigenvalues

of A1 have absolute value 1, the matrix A2 is diagonalizable over R with eigenvalues of modulus

|λni − 1|−1, 1 ≤ i ≤ d, and A1 and A2 commute. Applying [12, Lemma 2], there is τ ≥ 0

depending only on A such that for any ball B(x, r),

B(x′′, (O(nτ ))−1r) ⊂ A1B(x, r) ⊂ B(x′, O(nτ )r)

for some x′, x′′ ∈ Td. Combining these, we conclude that (An − I)−1B(x, r) contains an

ellipsoid with lengths of semi-axes (O(nτ ))−1|λni − 1|−1r, 1 ≤ i ≤ d, and also is contained in an

ellipsoid with lengths of semi-axes O(nτ )|λni − 1|−1r, 1 ≤ i ≤ d. �

Remark 2.4 By Lemma 2.3, en,j/`n,j grows with polynomial speed, which does not

influence the formula of Hausdorff dimension. Hence for simplicity, from now on, we assume

that A is diagonalizable over R with eigenvalues λi > 1, 1 ≤ i ≤ d, and ψ(n) = e−αn, n ≥ 1. If

there exists i such that λi < −1, then we consider A2 instead of A, which will not change the

value of α by [17, Lemma 9].

Recall that ρ0 is the usual quotient distance. For i 6= k ∈ {1, 2, · · · , Hn}, denote

dn(i, k) = inf
{
ρ0(x, y) : x ∈ Rn,i, y ∈ Rn,k

}
,

that is, dn(i, k) is the distance between Rn,i and Rn,k. When i = k, we have dn(i, k) = 0. Put

dn = min
1≤i6=k≤Hn

dn(i, k).

The following lemma gives some information on dn, the shortest distance between the ellipsoids.

Lemma 2.5 Let A be a d × d integer matrix. Suppose that A is diagonalizable over R
with all eigenvalues λ1, λ2, · · · , λd strictly larger than 1. Then for n large enough,

dn & (λnd − 1)−1.

In particular, we have Rn,i ∩Rn,k = ∅ for i 6= j, 1 ≤ i, k ≤ Hn.

Proof Without loss of generality, we assume that ψ(1) < 1
3 . For n ≥ 1 and x ∈ Pn, note

that

B
(
(An − I)x, ψ(n)

)
⊂ B

(
(An − I)x,

1

3

)
,

and {B
(
(An − I)x, 13

)
: x ∈ Pn} are disjoint, since {(An − I)x : x ∈ Pn} ⊂ Zd. It follows that

{T−nB
(
(An − I)x, 13

)
: x ∈ Pn} are also disjoint. Then we conclude that for 1 ≤ i ≤ Hn, the

ellipsoid Rn,i is contained in an ellipsoid R̃n,i with lengths of semi-axes 1
3 (λnj −1)−1, 1 ≤ j ≤ d,

and (R̃n,i)i are disjoint. It implies that for any i 6= k,

dn(i, k) ≥ min
j=1,2,··· ,d

{
2
(1

3
− ψ(n)

)
(λnj − 1)−1

}
,

which implies that dn ≥ 2( 1
3 − ψ(n))(λnd − 1)−1 > 0. �

Recall Pn consists of all periodic points with period n. Now we estimate the number of

periodic points with period n in a given ball.

Lemma 2.6 For any B = B(x, r) in Td and n ≥ 1, we have

#Pn ∩B := #{y ∈ B : (An − I)y (mod 1) = 0} .
∏

j : (λnj −1)r>1

d(λnj − 1)re.
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If r(λn1 − 1) > 1, then

#Pn ∩B � rdHn.

Proof For n ≥ 1,

#Pn ∩B = #{(An − I)B ∩ Zd}.

Notice that there is a constant c1 > 1 such that (An − I)B may be covered by a rectangle R1

with length 2c1(λnj − 1)r, j = 1, · · · , d, and contains a rectangle R2 with length 1
c1
√
d
(λnj − 1)r,

j = 1, · · · , d.

(i) A square of length 1/2 contains at most one point in Zd, and R1 can be covered by∏
j : 2c1(λnj −1)r>1/2

d4c1(λnj − 1)re

squares with length 1/2, which implies that

#Pn ∩B .
∏

j : (λnj −1)r>1

d(λnj − 1)re. (2.3)

(ii) If r(λn1 − 1) > 1, then r(λnj − 1) > 1, j = 1, · · · , d.

Since a square of length 1 contains at least one point in Zd, it suffices to estimate the

number of squares with length 1 which are contained in R2. Note that R2 contains

d∏
j=1

⌊ 1

c1
√
d

(λnj − 1)r
⌋

squares with length 1. Combining with (3.1), we have

#Pn ∩B � rd
d∏
j=1

(λnj − 1) = rdHn.

�

Remark 2.7 For any B(x, l) in Td, given r > 0, if 2(λnd − 1)l ≤ r, then (An − I)B(x, l)

can be covered by only one ball of radius r. Hence in Lemma 2.6, if (λnd − 1)l ≤ 1/4, we have

#{y ∈ B(x, l) : (An − I)y (mod 1) = 0} ≤ 1.

The following corollary follows from Lemma 2.6, which is crucial to give the lower bound

on dimHR(ψ). Recall that Rn(ψ) =
⋃Hn
i=1Rn,i.

Corollary 2.8 For n ≥ 1, and i ∈ {1, · · · , Hn},

#Pm ∩Rn,i � ψ(n)dHmH
−1
n

holds for m ≥ n large enough.

Proof Recall that `n,j = 2ψ(n)(λnj − 1)−1, j = 1, · · · , d. For n ≥ 1, and i ∈ {1, · · · , Hn},
Rn,i contains a rectangle R̃n,i with length 1√

d
`n,j , j = 1, · · · , d, and R̃n,i contains

d∏
j=1

⌈λnd − 1

λnj − 1

⌉
disjoint squares with length 1√

d
`n,d.
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Taking m > n large enough such that 1√
d
`n,d(λ

m
1 − 1) > 1, by Lemma 2.6, for any ball B

with radius 1
2
√
d
`n,d, we have

#Pm ∩B � `dn,dHm.

Therefore

#Pm ∩Rn,i & `dn,dHm

d∏
j=1

dλ
n
d − 1

λnj − 1
e � Hm

( ψ(n)

λnd − 1

)d d∏
j=1

dλ
n
d − 1

λnj − 1
e

� ψ(n)dHm

d∏
j=1

1

λnj − 1
= ψ(n)dHmH

−1
n .

Note that Rn,i is contained a rectangle with length `n,j , j = 1, · · · , d. It follows that

#Pm ∩Rn,i . ψ(n)dHmH
−1
n .

�

In the following, we prove Theorem 1.2. The proof is divided into two parts: Section 3

and Section 4. In Section 3, we use the natural covering to estimate the upper bound on

dimHR(ψ), and in Section 4, we will construct a Cantor subset K of R(ψ) to give a lower

bound to dimHR(ψ).

3 Upper bound on dimHR(ψ)

In Remark 2.4, we assume that A is diagonalizable, and hence there is a constant c2 > 1

such that the quotient of singular values and eigenvalues of (An − I)−1 is bounded by c2 from

above, and c−12 from below for n large enough. We may take c2 = 1 both in Sections 3 and 4.

For m ≥ 1, we have R(ψ) ⊂
⋃∞
n=mRn(ψ) =

⋃∞
n=m

⋃Hn
i=1Rn,i. The lengths of semi-axes of

Rn,i are about `n,j = 2ψ(n)(λnj − 1)−1, j = 1, 2, · · · , d.

For k ∈ {1, 2, · · · , d}, we may use balls with radius `n,k to cover Rn,i, and the number of

such balls is about ∏
j<k

`n,j
`n,k

=

k∏
j=1

λnk − 1

λnj − 1
. (3.1)

For any δ > 0,

Hsδ(R(ψ)) .
∞∑
n=m

Hn`
s
n,k

k∏
j=1

λnk − 1

λnj − 1
.
∞∑
n=m

λ
n(k−s)
k ψ(n)s

d∏
j=k+1

λnj

= exp
{
n
(
k log λk +

d∑
j=k+1

log λj − s(α+ log λk)
)}
.

Notice that for any s >
k log λk+

∑d
j=k+1 log λj

α+log λk
, Hs(R(ψ)) <∞, and hence

dimHR(ψ) ≤ min
k

{k log λk +
∑d
j=k+1 log λj

α+ log λk

}
.

Remark 3.1 It follows from Lemma 2.5 that for i 6= j,

dist(Rn,i, Rn,j) & (λnd − 1)−1.
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When α > log(λd/λ1), we have `n,1 . (λnd − 1)−1, which implies that any ball with radius `n,k

intersects only one ellipsoid Rn,i. But if λd/λ1 6= 1, for α ∈
(
0, log(λd/λ1)

]
, the number of

balls of radius `n,k covering Rn(ψ) may be less than the number in (3.1), cause a ball of radius

`n,k ≤ `n,1 can cover many Rn,i, that is, there may exist better coverings for Rn(ψ), which

gives another dimension formula such as Theorem 1.5.

4 Lower bound on dimHR(ψ).

Recall that Rn consists of elliptical discs (Rn,i)
Hn
i=1 with lengths of semi-axes `n,j , j =

1, 2, · · · , d, whose centres are periodic points satisfying (2.1). We first suppose that log(λd/λ1) <

α <∞.

4.1 Construct a Cantor set

Write An = {1, 2, · · · , Hn} . Let (nj)j≥0 be an increasing sequence of positive integers (to

be determined later).

Put n0 = 0, K0 = Td. Let

K1 =
⋃
i∈C1

Rn1,i,

where C1 := {i ∈ An1 : Rn1,i ⊂ K0}. For j ≥ 1, suppose Kj has been defined, then

Kj+1 =
⋃

i∈Cl+1

Rnj+1,i,

where Cj+1 := {i ∈ Anj+1 : Rnj+1,i ⊂ Kj}. Here choose (nj)j≥0 such that

lim
j→∞

∑j−1
i=1 ni
nj

= 0, (4.1)

and for j ≥ 1,

ψ(nj)(λ
nj
d − 1)−1 > (λ

nj+1

1 − 1)−1. (4.2)

Notice that Cj 6= ∅ is guaranteed by (4.2). Then each Kj 6= ∅ is a union of finite ellipsoids in

{Rnj ,i : 1 ≤ i ≤ Hnj} with K1 ⊃ K2 ⊃ K3 · · · . Let K =
⋂
j Kj .

4.2 Construct the mass distribution

Now we define a mass distribution supported on K. Given a set E ⊂ Td, for j ≥ 1, denote

the collection of ellipsoids in (Rnj ,m)
nj
m=1 which are contained in E by Cj(E), that is,

Cj(E) := {1 ≤ k ≤ Hnj: Rnj ,k ⊂ E}.

For j = 0, µ(K0) = 1. For j = 1 and i ∈ C1,

µ(Rn1,i) =
1

#C1
.

For j = 2 and i ∈ C2, there is a unique m(i) ∈ C1 such that Rn2,i ⊂ Rn1,m(i), then let

µ(Rn2,i) =
1

#C2(Rn1,m(i))
µ(Rn1,m(i)).

Assume that we have defined µ on the sets {Rnk,i : i ∈ Ck}. Now for j = k+1 and i ∈ Ck+1, since

(Rn,i)
Hn
i=1 do not intersect each other, there is a unique m(i) ∈ Ck such that Rnk+1,i ⊂ Rnk,m(i),
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then let

µ(Rnk+1,i) =
1

#Ck+1(Rnk,m(i))
µ(Rnk,m(i)).

Note that for j ≥ 1

µ(Kj) = 1.

Then the definition of µ may be extended to all subsets of Td so that µ becomes a measure.

The support of µ is contained in K.

4.3 Estimation on µ(Rnj ,m).

For j ≥ 1 and m ∈ {1, · · · , Hnj}, there exists (mk)j−1k=1 with mk ∈ {1, 2, · · · , Hnk}, 1 ≤ k ≤
j − 1 such that

Rnj ,m ⊂ Rnj−1,mj−1 ⊂ · · · ⊂ Rn1,m1 .

Then

µ(Rnj ,m) =
1

#C1

j−1∏
k=1

1

#Ck+1(Rnk,mk)
,

here #C1 = Hn1
. By Corollary 2.8, there is a constant C1 > 1 such that for any k ≥ 1,

C−11 ψ(nk)d
Hnk+1

Hnk

≤ #Ck+1(Rnk,mk) ≤ C1ψ(nk)d
Hnk+1

Hnk

.

It follows that

µ(Rnj ,m) ≤ Cj−11

1

#C1

j−1∏
k=1

Hnk

ψ(nk)dHnk+1

= Cj−11 H−1nj

j−1∏
k=1

ψ(nk)−d. (4.3)

Also

µ(Rnj ,m) ≥ C−j+1
1 H−1nj

j−1∏
k=1

ψ(nk)−d. (4.4)

4.4 Estimate the local dimension of µ

Lemma 4.1 Let B := B(x, r1) and B̃ := B(y, r2). Then for n ≥ 1, the set B∩(An−I)−1B̃

can be covered by ∏
i:r1≤(λni −1)−1r2

dr1
r3
e

∏
i:r1>(λni −1)−1r2>r3

d (λ
n
i − 1)−1r2

r3
e

balls of radius r3 ≤ r1.

Proof Note that (An − I)−1B̃ is contained in a rectangle R with lengths 2(λni − 1)−1r2,

i = 1, · · · , d, and

{1, · · · , d} = {i : r1 ≤ 2(λni −1)−1r2} ∪ {i : r1 > 2(λni −1)−1r2 > r3} ∪ {i : r3 > 2(λni −1)−1r2}

=: I1 ∪ I2 ∪ I3.

Take

Li =


2r1 if i ∈ I1 ,

2r2(λni − 1)−1 if i ∈ I2 ∪ I3.
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Then (An− I)−1B̃ ∩B can be covered by a rectangle R̃ with length Li, i = 1, · · · , d. It implies

that R̃ may be covered by∏
i∈I1∪I2

d Li
2r3
e
∏
i∈I3

1 �
∏

i:r1≤(λni −1)−1r2

dr1
r3
e

∏
i:r1>(λni −1)−1r2>r3

d (λ
n
i − 1)−1r2

r3
e

squares with length r3. �

For x ∈ K, x ∈ Kj for j ≥ 1, and by the construction of Kj , there is a unique sequence of

ellipsoids containing x, denoted by (Ej)j . For r > 0, there is some j such that

(λ
nj
d − 1)−1ψ(nj) ≤ r < (λ

nj−1

d − 1)−1ψ(nj−1), (4.5)

since ψ(nj)(λ
nj
d − 1)−1 is decreasing as j →∞. And there are two cases:

(A) ∃k ≥ 1 such that

(λ
nj
k+1 − 1)−1ψ(nj) ≤ r < (λ

nj
k − 1)−1ψ(nj),

(B) (λ
nj
1 − 1)−1ψ(nj) ≤ r.

First we consider Case (A) : (λ
nj
k+1 − 1)−1ψ(nj) ≤ r < (λ

nj
k − 1)−1ψ(nj).

Let B = B(x, r). For j in (4.5), by (4.2) and (4.5), we have diam(Rnj+1,m) = 2(λ
nj+1

1 −
1)−1ψ(nj+1) < (λ

nj
d − 1)−1ψ(nj) < r, hence up to a set of zero measure,

B ⊂
⋃

B∩Rnj+1,m
6=∅

m∈Cj+1

Rnj+1,m ⊂
⋃

Rnj+1,m
⊂2B

m∈Cj+1

Rnj+1,m.

Then

µ(B) ≤
∑

Rnj+1,m
⊂2B

m∈Cj+1

µ(Rnj+1,m).

Since r < (λ
nj
1 − 1)−1ψ(nj), by Remark 2.7 and α > log(λd/λ1), Ej is the unique ellipsoid of

degree nj which intersects 2B. Then

#Cj+1(2B) = #Cj+1(2B ∩ Ej),

which implies that

µ(B) ≤ (#Cj+1(2B ∩ Ej))µ(Rnj+1,m) ≤ (#Cj+1(2B ∩ Ej))
µ(Ej)

#Cj+1(Ej)
.

Now we estimate #Cj+1(2B ∩ Ej). By Lemma 4.1, 2B ∩ Ej can be covered by

C
∏

i:2r≤(λ
nj
i −1)−1ψ(nj)

d2r
`
e

∏
i:2r>(λ

nj
i −1)−1ψ(nj)>`

d (λ
nj
i − 1)−1ψ(nj)

`
e

balls with radius `, and by Lemma 2.6, if ` > (λ
nj+1

1 −1)−1, then any ball with radius ` contains

about `dHnj+1
periodic points in Pnj+1

. Take ` = ψ(nj)(λ
nj
d − 1)−1, then

#Cj+1(2B ∩ Ej) . `dHnj+1

∏
i:2r<(λ

nj
i −1)−1ψ(nj)

dr
`
e

∏
i:2r≥(λ

nj
i −1)−1ψ(nj)>`

d (λ
nj
i − 1)−1ψ(nj)

`
e

= ψ(nj)
d(λ

nj
d − 1)−dHnj+1

k∏
i=1

r(λ
nj
d − 1)

ψ(nj)

d∏
i=k+1

(λ
nj
d − 1)

(λ
nj
i − 1)

.
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By Corollary 2.8,

#Cj+1(Ej) � ψ(nj)
dHnj+1

H−1nj .

It follows that

#Cj+1(2B ∩ Ej)
#Cj+1(Ej)

.
k∏
i=1

r(λ
nj
i − 1)

ψ(nj)
.

Combining the assumption that ψ(n) = e−αn, it derives from these estimates, (4.3) and (4.4)

that

logµ(B)

log r
≥ 1

log r

(
logµ(Ej) + log

#Cj+1(2B ∩ Ej)
#Cj+1(Ej)

)
≥ 1

log r

(
− logHnj + dα

j−1∑
i=1

ni + k log r +
k∑
i=1

log(λ
nj
i − 1)−

k∑
i=1

logψ(nj) +O(j)
)

= k +
1

log r

(
dα

j−1∑
i=1

ni −
d∑

i=k+1

log(λ
nj
i − 1) +

k∑
i=1

αnj +O(j)
)

= k +
1

log r

(
dα

j−1∑
i=1

ni − nj
d∑

i=k+1

log λi + kαnj +O(j + 1)
)
.

Notice that if kα−
∑d
i=k+1 log λi > 0, we have

logµ(B)

log r
≥ k +

nj(kα−
∑d
i=k+1 log λi)

log((λ
nj
k − 1)−1ψ(nj))

+
1

log r

(
dα

j−1∑
i=1

ni +O(j + 1)
)
.

Note that For ε > 0, there is some constant j1 > 1 such that j ≥ j1

nj(kα−
∑d
i=k+1 log λi)

log((λ
nj
k − 1)−1ψ(nj))

≥ −
kα−

∑d
i=k+1 log λi

α+ log λk
− ε

2
.

and by equation (4.1),

1

log r

(
dα

j−1∑
i=1

ni +O(j + 1)
)
& − 1

nj(α+ log λk)

(
dα

j−1∑
i=1

ni +O(j + 1)
)

increasingly tends to 0, as j →∞, hence there is some constant j2 > 1 such that for all j ≥ j2,

1

log r

(
dα

j−1∑
i=1

ni +O(j + 1)
)
≥ − ε

2
.

Combining these inequalities, we have

logµ(B)

log r
≥
k log λk +

∑d
i=k+1 log λi

α+ log λk
− ε (4.6)

for all j > max{j1, j2}.
If kα−

∑d
i=k+1 log λi ≤ 0, then for j large enough, we get

logµ(B)

log r
≥ k +

1

log((λ
nj
k+1 − 1)−1ψ(nj)

(
kαnj − nj

d∑
i=k+1

log λi

)
− ε

2

≥ k −
kα−

∑d
i=k+1 log λi

α+ log λk+1
− ε =

(k + 1) log λk+1 −
∑d
i=k+2 log λi

α+ log λk+1
− ε.

(4.7)
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It follows from inequalities (4.6) and (4.7) that

logµ(B)

log r
≥ min

{ (k + 1) log λk+1 −
∑d
i=k+2 log λi

α+ log λk+1
,
k log λk −

∑d
i=k+1 log λi

α+ log λk

}
− ε.

Now we consider Case (B): (λ
nj
1 − 1)−1ψ(nj) ≤ r < (λ

nj−1

d − 1)−1ψ(nj−1).

Since 2B does not intersect ellipsoids of degree nj−1 except Ej−1, we have

µ(B) ≤
∑
m∈Cj

Rnj,m
∩B 6=∅

µ(Rnj ,m) ≤
∑
m∈Cj

Rnj,m
⊂2B

µ(Rnj ,m) ≤ (#Cj(2B ∩ Ej−1))µ(Rnj ,m).

There are three cases to consider.

Case (i) : r ≥ (λ
nj
1 − 1)−1.

Applying Lemma 2.6, #Cj(2B ∩ Ej−1) � rdHnj . By (4.3) and (4.4),

logµ(Rnj ,m) = − logHnj + dα

j−1∑
i=1

ni +O(j).

Therefore

logµ(B)

log r
≥ d+

1

log r

(
dα

j−1∑
i=1

ni +O(j)
)
≥ d+

dα
∑j−1
i=1 ni +O(j)

log λ
−nj−1

d ψ(nj−1)

≥ d− dα

α+ log λd
− ε =

d log λd
α+ log λd

− ε.

Case (ii) : (λ
nj
1 − 1)−1ψ(nj) ≤ r < (λ

nj
d − 1)−1.

By Lemma 2.6, #Cj(2B ∩ Ej−1) ≤ 1, hence µ(B) ≤ µ(Ej) which derives that for j large

enough

logµ(B)

log r
≥ 1

log r
(− logHnj + dα

j−1∑
i=1

ni +O(j))

≥
∑d
i=1 log(λ

nj
i − 1)

log((λ
nj
1 − 1)−1ψ(nj))

− ε ≥
∑d
i=1 log λi

log λ1 + α
− ε.

Case (iii) : There exists 1 ≤ k ≤ d− 1 such that

(λ
nj
k+1 − 1)−1 ≤ r < (λ

nj
k − 1)−1.

By Lemma 2.6, #Cj(2B ∩ Ej−1) .
∏d
i=k+1(λ

nj
i − 1)r, which derives that

µ(B) ≤ µ(Rnj ,m)
d∏

i=k+1

(λ
nj
i − 1)r.

Then

logµ(B)

log r
≥ 1

log r

(
− logHnj + dα

j−1∑
i=1

ni +O(j) +
d∑

i=k+1

log(λ
nj
1 − 1) + (d− k) log r

)

= d− k +
1

log r

(
−

k∑
i=1

log(λ
nj
i − 1) + dα

j−1∑
i=1

ni +O(j)
)

≥
(d− k)(α+ log λ1) +

∑k
i=1 log λi

α+ log λ1
− ε
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=

∑d
i=1 log λi +

∑d
i=k+1(α− log(λi/λ1))

α+ log λ1
− ε ≥

∑d
i=1 log λi

α+ log λ1
− ε,

where the last inequality holds since α > log(λd/λ1).

Combining Case (A) and Case (B), for j large enough, we have

logµ(B)

log r
≥ min

k

{k log λk +
∑d
i=k+1 λi

α+ log λk
− ε
}
.

Letting ε→ 0 and applying the mass distribution principle [8, Proposition 2.3], we have

dimHR(ψ) ≥ min
k

{k log λk +
∑d
i=k+1 λi

α+ log λk

}
. (4.8)

Now we deal with the case that α = log(λd/λ1). Given η > log(λd/λ1), define ψη : R+ →
R+ as

ψη : x 7→ e−xη.

There exists an infinite set Nη ⊂ N such that

ψ(n) > ψη(n) = e−nη, n ∈ Nη.

Let

Wη := {x ∈ Td : Tnx ∈ B(x, ψη(n)) i.m. n ∈ Nη}.

Note that

lim inf
n→∞
n∈Nη

− logψη(n)

n
= η,

and

Wη ⊂ R(ψ).

From these and inequality (4.8), we have

dimHR(ψ) ≥ dimHWη ≥ min
k

{k log λk +
∑d
i=k+1 λi

η + log λk

}
for any η > log(λd/λ1). Letting η → α = log(λd/λ1), we get

dimHR(ψ) ≥ min
k

{k log λk +
∑d
i=k+1 λi

α+ log λk

}
.

Next we consider the case α =∞. Given M > 0, define ψM : x 7→ e−xM . Then for n large

enough, we have

ψ(n) < ψM (n) = e−nM .

Let

WM := {x ∈ Td : Tnx ∈ B(x, ψM (n)) i.m. n ≥ 1}.

Since WM ⊃ R(ψ), by Section 3, it follows that

0 ≤ dimHR(ψ) ≤ dimHWM ≤ min
k

{k log λk +
∑d
i=k+1 λi

M + log λk

}
.

Letting M →∞, we get

dimHR(ψ) = 0.

Then combining these with Section 3, we finish the proof of Theorem 1.2.
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5 The proof of Theorem 1.5

Since A is diagonalizable over Q, there is an invertible matrix P such that

A = P−1DP,

where D = diag{λ1, · · · , λd} is a diagonal matrix. The matrix P consists of d2 rational numbers.

Denote by β the least common multiple of the denominators of elements of P . Write P̃ = βP ,

and P̃ is an integer matrix. Then

A = P̃−1DP̃ .

Define f : Td → Td as

f : x 7→ P̃ x (mod 1).

Then f ◦ T = D (mod 1) ◦ f . Since P̃ is nonsingular, its singular values e1, · · · , ed are strictly

larger than 0. Denote

emin = min{e1, · · · , ed}, emax = max{e1, · · · , ed}.

Then

edmin|x− y| ≤ |f(x)− f(y)| ≤ edmax|x− y|. (5.1)

It shows that f is a bi-Lipschitz mapping.

For n ≥ 1,

Rn(ψ) = {x ∈ Td : (An − I)x (mod 1) ∈ B(0, ψ(n))}

= {x ∈ Td : P̃−1(Dn − I)P̃ x (mod 1) ∈ B(0, ψ(n))}

= f−1{y ∈ Td : (Dn − I)y (mod 1) ∈ f(B(0, ψ(n)))} =: f−1En.

By inequalities (5.1),

B(0, edminψ(n)) ⊂ f(B(0, ψ(n))) ⊂ B(0, edmaxψ(n)).

Hence dimH

(
lim sup
n→∞

En
)

equals to the Hausdorff dimension of

lim sup
n→∞

{
y ∈ Td : (Dn − I)y (mod 1) ∈ B(0, aψ(n))

}
=: lim sup

n→∞
E′n

for any given constant a > 0. It implies that

dimH

(
lim sup
n→∞

Rn(ψ)
)

= dimH

(
lim sup
n→∞

f(Rn(ψ))
)

= dimH

(
lim sup
n→∞

E′n
)
.

Note that

lim inf
n→∞

− log(aψ(n))

n
= α.

Combining the fact that D is an integer matrix and Theorem 1.7 in [10], we have

dimHR(ψ) = min
1≤j≤d

{j log |λj |+
∑
k∈K(j)(α+ log |λj | − log |λi|) +

∑d
i=j+1 log |λi|

log |λj |+ α

}
,

where

K(j) := {1 ≤ i ≤ d : log |λi| > log |λj |+ α}.
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Abstract
We consider linear mappings on the 2-dimensional torus, defined by T(x) =
Ax (mod 1), where A is an invertible 2× 2 integer matrix, with no eigenvalues
on the unit circle. In the case detA=±1, we give a formula for the Hausdorff
dimension of the set{

x ∈ T2 : d(Tn (x) ,x)< e−αn for infinitely many n
}
.

Keywords: Hausdorff dimension, recurrence, linear maps

Mathematics Subject Classification numbers: 37C45, 37D20, 28A80

1. Introduction

Let (X,B,T,µ,d) be a metric measure preserving system (m.m.p.s.). If (X, d) is a separable
metric space, then the well-known Poincaré recurrence theorem shows that µ-a.e. x ∈ X is
recurrent, that is

liminf
n→∞

d(Tnx,x) = 0.

It tells us that for µ-almost every x ∈ X, the orbit returns to a sequence of shrinking targets of
the initial point infinitely many times. However, the theorem tells us nothing about the speed
at which the orbit can return to the initial point or the shrinking targets of the the initial point.
Boshernitzan [3] investigated the rate of recurrence for general systems.

Theorem 1.1 ([3]). Let (X,B,T,µ,d) be a m.m.p.s. Assume that for some τ > 0, the τ -
dimensional Hausdorff measureHτ of X is σ-finite. Then for µ-a.e. x ∈ X,

∗
Author to whom any correspondence should be addressed.

© 2024 IOP Publishing Ltd & London Mathematical Society
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liminf
n→∞

n
1
τ d(Tnx,x)<∞.

Futhermore, ifHτ (X) = 0, then for µ-almost every x ∈ X,

liminf
n→∞

n
1
τ d(Tnx,x) = 0.

Later, Barreira and Saussol [2] related the rate of recurrence to the lower pointwise
dimension.

Theorem 1.2 ([2]). If T : X→ X is a Borel measurable map on a measurable subset X⊂ Rm,
and µ is a T-invariant Borel probability measure on X, then for µ-almost every x ∈ X, we have

liminf
n→∞

n1/τd(Tnx,x) = 0

holds for µ-almost every x ∈ X such that τ > dµ(x), where

dµ (x) = liminf
r→0

logµ(B(x,r))
logr

.

Hence a natural question is how large is the set of recurrent points when the rate of recur-
rence is replaced by a general function. More precisely, let (X,B,T,µ,d) be a m.m.p.s. and
rn(x) be some positive function on N×X. Define the recurrence set as

E= E(rn) = {x ∈ X : Tnx ∈ B(x,rn (x)) for infinitely many n⩾ 1} .

Tan and Wang [16] calculated the Hausdorff dimension of E(rn) when T is the β-
transformation with β > 1. Later, Seuret and Wang [17] proved a similar result for conformal
iterated function systems. Chang et al [4] considered the recurrence set on a self-similar set
with the strong separation condition. Baker and Farmer [1] generalised their results to finite
conformal iterated function systems. Hussein et al [11] showed that the measure ofE(rn) obeys
a zero–full law for some conformal and expanding systems. Kirsebom et al [12] investigated
the measure of E(rn) for a class of mixing interval maps and some linear maps on tori.

The recurrence set is a limsup set which often has a large intersection property, originally
introduced by Falconer [6]. Given s ∈ (0,m], he defined Gs(Rm) to be the class of all Gδ sets
F in Rd such that the Hausdorff dimension of any set in Gs(Rm) is at least s, and closed under
similarity transformations and countable intersections. Defining the corresponding class of
sets on the d-dimensional torus Td is straightforward.

Persson and Reeve [14] used Riesz potentials to determine if a limsup set belongs to the
class Gs(Tm). The following lemma is important for the proof of our results. The Lebesgue
measure on Td is denoted by L.

Lemma 1.3 (lemma 2.1 in [15]. See also [14]). Let En be open sets in Tm and let µn be
measures with µn(Tm \En) = 0. If there is a constant C> 1 such that

C−1 ⩽ liminf
n→∞

µn (B)
L(B)

⩽ limsup
n→∞

µn (B)
L(B)

⩽ C

for any ball B, and
¨

|x− y|−sdµn (x)dµn (y)< C

for all n, then limsupn→∞En ∈ Gs(Tm), and in particular we have dimH(limsupn→∞En)⩾ s.

2
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Figure 1. The graph of dimHE as a function of α, with A=
[
2 1
1 1

]
..

Motivated by above results, we focus on the Hausdorff dimension of E(rn) when T is a
linear mapping on T2 and the rate rn does not depend on the initial point, that is, the set

E=
{
x ∈ T2 : Tn (x) ∈ B(x,rn) for infinitely many n⩾ 1

}
.

Theorem 1.4. Let A be a 2× 2 integer matrix with |detA|= 1 and an eigenvalue |λ|> 1. Let
T(x) = Ax (mod 1), and for n⩾ 1, rn = e−αn, α> 0. Then

dimHE= s0,

where

s0 =min

{
2log |λ|

α+ log |λ|
,
log |λ|
α

}
.

Moreover, for α> 0, we have E ∈ Gs0(T2).

By Theorem 1.4, the dimension formula of E is a continuous and decreasing function as a

function of α. Figure 1 shows the graph of dimHE as a function of α when A=

(
2 1
1 1

)
. He

and Liao [10, theorem 1.7] gave a formula for the dimension of E when A is a diagonal matrix,
not necessarily integer, and with all diagonal elements of modulus larger than 1. Our result
seems to be the first result of this type when there is both contraction and expansion present.

Our result is only for the two dimensional case, T2. It is however natural to expect that a
similar result holds in any dimension. To get an upper bound on the Hausdorff dimension of
E, our method works well in any dimension. However, to get a lower bound on the Hausdorff
dimension on E, we need to get good control on the periodic points of T. We have only been
able to achieve such control when the dimension of the space is at most 2. For similar reasons,
we have only considered the case when A is an integer matrix.

Remark 1.5. Theorem 1.4 does not only hold for rn = e−αn. With the following adjustments,
the result is valid for more general non-increasing sequences {rn}. Let

α= liminf
n→∞

− logrn
n

.

3
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With the definition of α and [13, lemma 9], theorem 1.4 holds for a general non-increasing
sequence of positive real numbers {rn}n⩾1.

Let A and {rn}n⩾1 be as in theorem 1.4. Rewrite the recurrence set as

E=
{
x ∈ T2 : Anx (mod 1) ∈ B(x,rn) i.o.

}
,

and let

En :=
{
x ∈ T2 : Anx (mod 1) ∈ B(x,rn)

}
=
{
x ∈ T2 : (An− I)x (mod 1) ∈ B(0,rn)

}
,

where I is the identity matrix. Then E= limsupn→∞ En.
We may rewrite En as

En =
{
x ∈ T2 : x ∈ (An− I)−1B(0,rn)+ (An− I)−1Z2

}
. (1.1)

Therefore, En consists of a union of elliptical discs (An− I)−1B(0,rn) translated by the vectors
in (An− I)−1Z2. We denote the elliptical discs in En by {E in}i.

A point x ∈ T2 is called a periodic point with period n, or an n-periodic point, if Tn(x) = x,
or equivalenty if

(An− I)x (mod 1) = 0. (1.2)

Therefore, x ∈ T2 is an n-periodic point if and only if x ∈ (An− I)−1Z2, and we see that the
centres of the elliptical discs in En are exactly the n-periodic points.

The paper is organised as follows. In next section, we will discuss the periodic points of
T(x) = Ax (mod 1),{

x ∈ T2 : (An− I)x (mod 1) = 0
}
,

which is crucial to our proof, since in order to understand En, we need to understand the dis-
tribution of these periodic points. The proof of our main result is divided into two parts. In
section 3, we give the upper bound on the Hausdorff dimension of E. In the last section we
prove that E has a large intersection property, which gives the lower bound on the Hausdorff
dimension of E.

Without loss of generality, we only prove theorem 1.4 for detA= 1 and λ> 1, since for
λ <−1 or detA=−1, we can consider A2 instead of A, whose eigenvalues are λ2 > 1 and
λ−2, and detA2 = 1. Hence we omit the proof for other cases.

Notation 1.6. Write fn ≲ gn, n ∈ N, if there is an absolute constant 0< c<∞ such that for
all n ∈ N, fn ⩽ cgn. If fn ≲ gn and gn ≲ fn for n ∈ N, then we write fn � gn.

2. Periodic points

Let A=
[
a b
c d

]
be an integer matrix with detA= 1 and eigenvalue λ> 1. Write γ = λ−a

b and

β = λ−1−a
b . Then[

1
γ

]
and

[
1
β

]
4
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are eigenvectors with eigenvalues λ and λ−1. We can diagonalise A as A= TDT−1, where

T=

[
1 1
γ β

]
, T−1 =

1
β− γ

[
β −1
−γ 1

]
and D=

[
λ 0
0 λ−1

]
.

Therefore, for n⩾ 1,

An = TDnT−1

=
1

β− γ

[
βλn− γλ−n −λn+λ−n

γβ (λn− γ−n) −γλn+βλ−n

]
.

It follows that

An− I=

βλn−γλ−n

β−γ −1
−λn+λ−n

β−γ
γβ(λn−λ−n)

β−γ
−γλn+βλ−n

β−γ −1

 .
Put

Hn := det(An− I) .

From the above expressions of An− I, we get

(An− I)−1
= 1

Hn

−γλn+βλ−n

β−γ −1
λn−λ−n

β−γ
γβ(−λn+λ−n)

β−γ
βλn−γλ−n

β−γ −1

 . (2.1)

We will use this formula in the proof of lemma 2.4.
In this section, we investigate the periodic points in order to understand the distribution of

the elliptical discs {E in}i.

2.1. The number of periodic points

Lemma 2.1. For every n⩾ 1, Hn = 2−λn−λ−n, and Hn is an integer.

Proof. Since detAn = 1, we have Hn = 2− tr An = 2−λn−λ−n.

Lemma 2.2 (lemma 2.3 in [5]). If M is a d× d integer matrix with no eigenvalue being a root
of unity, and TM(x) =Mx (mod 1), then the number of periodic points with period n under TM
is |det(Mn− I)|. In particular

#
{
x ∈ T2 : (An− I)x (mod 1) = 0

}
= |Hn|.

2.2. Periodic points when n is odd

To obtain the lower bound on dimHE, it suffices to study the distribution of periodic points
when n is odd, since limsupk→∞ E2k+1 ⊂ limsupk→∞ Ek. In the following, we only consider
the case when n is odd. Assume that n= 2k+ 1. Put

Sk = 1+ tr A+ . . .+ tr Ak = 1+ trD+ . . .+ trDk.

Lemma 2.3. For every n= 2k+ 1, Hn =−(tr A− 2)S2k .

5
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Proof. For k⩾ 0, it follows that

Sk =
k∑

j=−k

λj =
λ−k−λk+1

1−λ
. (2.2)

Since det(A− I) = det(D− I) = 2− trD= 2− tr A, for every k⩾ 0,

Hn = det
(
A2k+1 − I

)
= det(A− I)det

(
I+A+ . . .+A2k

)
= (2− tr A)det

(
I+D+ . . .+D2k

)
.

It remains to prove that S2k = det(I+D+ . . .+D2k). Using the first equality of (2.2), we find
that

det
(
I+D+ . . .+D2k

)
=

 2k∑
j=0

λj

 2k∑
j=0

λ−j


=

λk
k∑

j=−k

λj

λ−k
k∑

j=−k

λj

=

 k∑
j=−k

λj

2

= S2k ,

and this finishes the proof.

Let S ′
k = (tr A− 2)Sk. Since we have assumed λ> 1, we have tr A− 2> 0 so that S ′

k > 0.
Let

Po =

{(
m
S ′
k

,
j
S ′
k

)
: 0⩽ m, j⩽ S ′

k − 1

}
.

Lemma 2.4. For n= 2k+ 1 with k⩾ 0, the n-periodic points are all contained in Po.

Proof. We prove that B2k+1 := (tr A− 2)Sk(A2k+1 − I)−1 is an integer matrix. (Recall that
(trA− 2)> 0.) IfB2k+1 is an integer matrix, then any periodic point x= (A2k+1 − I)−1[m1 m2]

t

for m1,m2 ∈ Z, can be rewritten as

x=
1
S ′
k

B2k+1 [m1 m2]
t
.

Since B2k+1[m1 m2]
t is an integer vector, this implies that x ∈ Po.

Nowwe prove that the matrix B2k+1 is integral. SinceHn =−(tr A− 2)S2k , the formula (2.1)
allows us to compute

B2k+1 =− 1
Sk

−γλ2k+1+βλ−2k−1

β−γ −1
λ2k+1−λ−2k−1

β−γ
γβ(−λ2k+1+λ−2k−1)

β−γ
βλ2k+1−γλ−2k+1

β−γ −1

 ,
and since det(Dn− I) = Hn, we also have

(tr A− 2)Sk
(
D2k+1 − I

)−1
=

−1
Sk

[
λ−2k−1 − 1 0

0 λ2k+1 − 1

]
. (2.3)

6
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Put

Rk := (−1)k+(−1)k−1 tr A+ . . .− tr Ak−1 + trAk

which is an integer, and observe that

Rk = λk−λk−1 + . . .+(−1)k+(−1)k−1
λ−1 + . . .−λ−k+1 +λ−k

=
λk+1 +λ−k

1+λ
. (2.4)

By the definition of B2k+1, (2.2) and (2.3),

trB2k+1 = tr
(
(tr A− 2)Sk

(
D2k+1 − I

)−1
)

=−λ2k+1 − 1
Sk

− λ−2k−1 − 1
Sk

=−(λ− 1)λk+λ−k−1λ
k+1 −λ−k

Sk
= (1−λ)

(
λk−λ−k−1

)
.

Moreover,

detB2k+1 = det
(
(tr A− 2)Sk

(
D2k+1 − I

)−1
)

=

(
λ2k+1 − 1

)(
λ−2k−1 − 1

)
S2k

= (λ− 1)2
2−λ2k+1 −λ−2k−1

(λk+1 −λ−k)
2 λk =− (λ− 1)2

λ
.

Hence, trB2k+1 = det(B2k+1)Sk. Since detB2k+1 does not depend on k, we have detB2k+1 =
detB1 = det(A− I) = 2− tr A, which is an integer. It follows that trB2k+1 = (2− tr A)Sk is an
integer as well.

Finally, we let e1 = [1 0]t and e2 = [0 1]t, compute et2B2k+1e2, et2B2k+1e1 and et1B2k+1e2
and show that they are integers. Recalling γ = λ−a

b , β = λ−1−a
b , after some simplifications,

we obtain that

et2B2k+1e2 =− 1
Sk

(
βλ2k+1 − γλ−2k−1

β− γ
− 1

)
=

1
1+λ

(
λ2k+1 −λ−2k+1 +λ2 − 1

λ1+k−λ−k
+ a

λ−2k−λ2k+2

λ1+k−λ−k

)
=

1
1+λ

((
λ1+k−λ−k)(λk+λ−k+1

)
λ1+k−λ−k

− a
λ2k+2 −λ−2k

λ1+k−λ−k

)

=
1

1+λ

(
λk+λ−k+1 − a

(
λk+1 +λ−k

))
= Rk−1 − aRk, (2.5)

7
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and

et1B2k+1e2 =− 1
Sk

λ2k+1 −λ−2k−1

β− γ

=
λ−1 (1−λ)

β− γ

(
λk+1 +λ−k

)
=

λ−1 (1−λ)

β− γ
(1+λ)Rk

= bRk.

(2.6)

Similarly,

et2B2k+1e1 =− 1
Sk

γβ
(
λ−2k−1 −λ2k+1

)
β− γ

=− λ−1 (1−λ)γβ

(β− γ)(λ−k−λk+1)

(
λ−2k−λ2k+2

)
=−λ−1 (1−λ)γβ

β− γ

(
λk+1 +λ−k

)
=− (1−λ)γβ

λ(β− γ)
(1+λ)Rk.

(2.7)

Notice that et2B1e1 = c, that is

c=
γβ (λ− 1)
λ(β− γ)

(1+λ) .

Because of this, (2.7) can be rewritten as

et2B2k+1e1 = cRk. (2.8)

By (2.5), (2.6) and (2.8), the matrix elements et2B2k+1e1, et1B2k+1e2, et2B2k+1e2 are all integers.
Since trB2k+1 is an integer, the lower right element of B2k+1 must be an integer as well.

Lemma 2.5. For n= 2k+ 1 with k⩾ 0, all the points
{(

m
Sk
, j
Sk

)
: m, j = 0, . . . ,Sk− 1

}
are n-

periodic points.

Proof. Let us prove thatB ′
2k+1 :=

1
Sk
(A2k+1 − I) is an integermatrix, with detB ′

2k+1 = 2− trA.

This will imply that if x= 1
Sk
[x1 x2]t where x1 and x2 are integers, then (A2k+1 − I)x is an integer

vector, and hence T2k+1(x) = x.
Notice that

et1B
′
2k+1e1 =−et2B2k+1e2, et2B

′
2k+1e2 =−et1B2k+1e1,

et1B
′
2k+1e2 = et1B2k+1e2, et2B

′
2k+1e1 = et2B2k+1e1,

where B2k+1 = (trA− 2)Sk(A2k+1 − I)−1. From the proof of lemma 2.4, it follows that the
matrix elements of B ′

2k+1 are all integers.

8
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Remark 2.6. The number of periodic points found in lemma 2.5 is clearly S2k . This is enough
for our needs, but we note that by lemma 2.2, the number of periodic points are |H2k+1|. Recall
from lemma 2.3 that

S2k =− 1
tr A− 2

H2k+1.

Hence the periodic points found in lemma 2.5 are all the periodic points if and only if trA− 2=
±1.

Remark 2.7. When n is even, that is, n= 2k, k⩾ 1, the periodic points with period n are
contained in

Pe =

{(
m
gk
,
j
gk

)
: 0⩽ m, j ⩽ gk− 1

}
,

where gk =
√

(a+ d)2 − 4(λk−λ−k).

Notation 2.8. We are going to prove that each ellipse E in contains a parallelogram and is
contained in a parallelogram. Both parallelograms are comparable in size. As we shall see,
the semiaxes of the ellipses are comparable to λn,1 and λn,2 as follows. For A=

[
a b
c d

]
we write

λn,1 = rn
λn− 1
|Hn|

=
rn

1−λ−n
,

λn,2 = rn
1−λ−n

|Hn|
=

rn
λn− 1

,

where γ = λ−a
b , β = λ−1−a

b , and we let en,1 > en,2 be the semiaxes of the ellipse E in.

We are going to show that en,i are comparable to λn,i. Since each E in is a translation of
the ellipse (An− I)−1B(0,rn), we can inscribe a parallelogram in E in as follows. Consider the
points

± rn√
1+ γ2

[
1
γ

]
, ± rn√

1+β2

[
1
β

]
.

which are boundary points of B(0,rn). Since the above vectors are eigenvectors of A it follows
that the ellipse (An− I)−1B(0,rn) has an inscribed parallelogram with vertices given by

1√
1+ γ2

[
1
γ

]
λn,2, − 1√

1+ γ2

[
1
γ

]
λn,2,

1√
1+β2

[
1
β

]
λn,1, − 1√

1+β2

[
1
β

]
λn,1,

In the same way, by replacing rn by Crn for a sufficiently large C, we get a larger paral-
lelogram in which the ellipse is contained. Therefore the quotients en,i/λn,i are bounded from
above and from below by constants independent of n and i.

We obtain the following lemma.

9



Nonlinearity 37 (2024) 055010 Z-n Hu and T Persson

Figure 2. Illustration of an ellipse E in and its inscribed parallelogram, for the matrix
A=

[
3 2
1 1

]
when n= 1.

Lemma 2.9. For i⩾ 1, the elliptical disc E in, contains an inscribed parallelogram Ein with
vertices

xn,i±
1√

1+ γ2

[
1
γ

]
λn,2, xn,i±

1√
1+β2

[
1
β

]
λn,1,

whose centre xn,i is an n-periodic point. Also the lengths of the diagonal lines of Ein are 2λn,1
and 2λn,2.
There is a constant c> 1 such that

c−1 ⩽ en,1
λn,1

⩽ c, c−1 ⩽ en,2
λn,2

⩽ c

holds for all n.

The parallelograms in lemma 2.9 will be used in section 4 to get a lower bound on the
Hausdorff dimension. They are illustrated in figure 2.

3. The upper bound on dimHE

In this section, we will give the upper bound on dimHE.

Lemma 3.1. Let A be a 2× 2 integer matrix with detA= 1 and an eigenvalue λ> 1. Let T(x) =
Ax (mod 1), and for n⩾ 1, rn = e−αn, α⩾ 0. Then

dimHE⩽ s0,

where

s0 =min

{
2logλ

α+ logλ
,
logλ
α

}
.

Proof. Recall that En consists of |Hn| elliptical discs with same shape. For every k⩾ 1, {En}n⩾k

is a cover of E and therefore, all the elliptical discs of En (n⩾ k) form a cover of E. We will

10
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get two upper bounds for dimHE by using directly these elliptical discs to cover E, or using
suitable squares to first cover each elliptical disc and then to cover E.

Case 1: For δ > 0, there is some k0 ⩾ 1 such that rn < δ for all n⩾ k0. Since E in ⊂
B(xn,i,cλn,1) for an absolute constant c> 0,

Hs
δ (E)⩽

∑
n⩾k0

|Hn|∑
i=1

|E in |s ≲
∑
n⩾k0

|Hn|λsn,1. (3.1)

It follows from the facts λn,1 � rn and Hn � λn that

Hs
δ (E)≲

∑
n⩾k0

rsnλ
n.

Therefore, for s> logλ
α , we conclude thatHs(E)<∞, which implies that dimHE⩽ logλ

α .
Case 2: For i⩾ 1, E in is contained in a rectangle, the length of whose sides are comparable

to λn,1 and λn,2. From this E in can be covered by

Γn,i := C1
λn,1
λn,2

� λn.

squares with length of each side λn,2, where C1 > 0 is a constant only depending on A. For
any δ > 0, there is some n0 ⩾ 1 such that

√
2λn,2 < δ for all n⩾ n0. Then

Hs
δ (E)⩽

∑
n⩾k0

|Hn|∑
i=1

Γn,iλ
s
n,2 ≲

∑
n⩾k0

λ2n
(
rnλ

−n
)s
,

where the second inequality follows from λn,2 � rnλ−n. Therefore for any s> 2 logλ
α+logλ ,

Hs(E)<∞, which implies that dimH E⩽ 2 logλ
α+logλ .

Combining Cases 1 and 2, we have

dimHE⩽min

{
2logλ

α+ logλ
,
logλ
α

}
.

4. Lower bound on Hausdorff dimension

Recall that the s-dimensional Riesz potential of a measure µ is defined by

Rsµ(x) =
ˆ

|x− y|−s dµ(y) .

The s-dimensional Riesz energy of µ is

Is (µ) =
ˆ
Rsµdµ=

¨
|x− y|−s dµ(x) dµ(y) .

Falconer [7] introduced singular values and singular value function of linear mappings T
on Rd. The singular values βi (1⩽ i⩽ d) of T are the lengths of the semi-axes of the ellips

11
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TB, where B is the unit ball inRd. Assume that β1 ⩾ β2 ⩾ . . .⩾ βd. For 0⩽ s⩽ d, the singular
value function ϕs(T) is defined by

ϕs (T) = β1β2 . . .βmβ
s−m
m+1,

where m is the largest integer not larger than s.
Let A be a 2× 2 integer matrix with detA= 1 and an eigenvalue λ> 1. Lemma 2.5 tells us

that
{(

m
Sk
, j
Sk

)
: m, j = 0, . . . ,Sk− 1

}
are some of the periodic points with period n= 2k+ 1.

After re-enumeration, we denote these periodic points by {xn,i}Nni=1, where Nn = S2k .
For n= 2k+ 1, define

En =
Nn⋃
i=1

Ein, (4.1)

and recall from lemma 2.9 that Ein ⊂ E in is the parallelogram with centre xn,i, and lengths of

diagonal lines 2λn,1 and 2λn,2. Note that En ⊂
⋃|Hn|
j=1 E

j
n. Hence limsupnEn ⊂ E.

Now we estimate the shortest distance between Ein and E
j
n with i 6= j.

Lemma 4.1. For i 6= j, we assume that xn,i = ( i1Sk ,
i2
Sk
), xn,j = ( j1Sk ,

j2
Sk
), then

d
(
Ein,E

j
n

) ≳ 1
Sk|i1−j1| ≳ λ−n if i1 6= j1,

� S−1
k if i1 = j1.

(4.2)

Proof. Note that for i 6= j,

d
(
Ein,E

j
n

)
⩾ d(xn,i, ln,j)− 2rnλn,2,

where d(xn,i, ln,j) is the distance between xn,i and the line ln,j given by f(x) = β(x− j1
Sk
)+ j2

Sk
.

When i1 = j1, we get that d(Ein,E
j
n)� S−1

k . When i1 6= j1, since λ−1−a
b is an algebraic number

of degree 2, by Liouville’s theorem on diophantine approximation,

d(xn,i, ln,j)≳
∣∣∣β( i1 − j1

Sk

)
+
j2 − i2
Sk

∣∣∣
⩾ c1
Sk|i1 − j1|

,

where c1 > 0 is a constant only depending on A. Hence the distance between Ein and E
j
n, i 6= j,

satisfies

d
(
Ein,E

j
n

) ≳ 1
Sk|i1−j1| ≳ λ−n > 0 if i1 6= j1,

� S−1
k if i1 = j1.

We conclude that for large enough n, the parallelograms {Ein}
Nn
i=1 do not intersect each other.

Therefore

L
(
Ein
)
� r2n

|Hn|
, L(En) =

Nn∑
i=1

L
(
Ein
)
� r2n.

12
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4.1. Estimate when α is large

In this subsection, we give a lower bound on the Hausdorff dimension of E when α⩾ 1
2 logλ.

Since limsupk→∞E2k+1 ⊂ E= limsupk→∞Ek, the following theorem implies that E ∈
Gs0(T2).

Theorem 4.2. For α⩾ 1
2 logλ, let En be defined as in (4.1). Then

limsup
k→∞

E2k+1 ∈ Gs0
(
T2
)
,

where s0 =min
{ 2 logλ

α+logλ ,
logλ
α

}
.

Proof of theorem 4.2. Let

µn =
1

L(En)
L|En .

The distribution of the periodic points {xn,i}i is very regular, since they are grid points, and
they are in fact distributed according to Lebesgue measure as n→∞. Hence, it follows that
#Pn ∩B� r2S2k for large n. Therefore it is clear that there is a constant C> 1 such that for any
ball B⊂ T2,

C−1 ⩽ liminf
k→∞

µ2k+1 (B)
L(B)

⩽ limsup
k→∞

µ2k+1 (B)
L(B)

⩽ C.

(In fact, we may take C= 1, since the points {xn,i}i are distributed according to the Lebesgue
measure as n→∞.)

Now we show that Is(µn) is finite for some s> 0, here n= 2k+ 1. Write

I1 =
Nn∑
i=1

ˆ
Ein

ˆ
Ein

1
|x− y|s

dµn (x) dµn (y) ,

and

I2 =
Nn∑
i=1

Nn∑
j=1
j ̸=i

ˆ
Ein

ˆ
Ejn

1
|x− y|s

dµn (x) dµn (y) .

(a) Put Tn : x 7→ rn(An− I)−1x and ϕs(Tn) be the singular value function of Tn. Then

I1 =
Nn∑
i=1

1

L(En)
2

ˆ
Ein

ˆ
Ein

1
|x− y|s

dxdy

≲ 1
r4n

Nn∑
i=1

L
(
E in
)2

ϕs (Tn)
=

1
r4n

Nn∑
i=1

π2r4n
S4kϕ

s (Tn)

= S−2
k ϕ−s (Tn) ,

where the first inequality follows from lemma 2.2 in [7].
(b) Now we estimate I2.

13
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It suffices to prove that the Riesz potential

R(x) =
∑
j ̸=i0

ˆ
Ejn

1
|x− y|s

dµn (y)

is uniformly bounded for x ∈ Ei0n ,
Since α > 1

2 logλ, for any i⩾ 1, the number of cubes {( l
Sk
, l+1
Sk

)× ( mSk ,
m+1
Sk

)} which Ein
intersects is uniformly bounded. Hence |i1 − j1|≲ 1, where i1

Sk
, j1
Sk

are the first coordinate of

xn,i and xn,j respectively. By (4.2), the shortest distance dn between Ein and E
j
n, i 6= j satisfies

dn ≳ λ− n
2 .

Since the centres of parallelograms Ejn are placed along a lattice, for j 6= i0, x ∈ Ei0n and
y ∈ Ejn, there are 0⩽ m⩽ d−1

n and 1⩽ l⩽ d−1
n such that |x− y|⩾ (m2 + l2)1/2dn. Therefore,

R(x)⩽
d−1
n∑

m=0

d−1
n∑
l=1

((
m2 + l2

)1/2
dn
)−s

µn
(
Ejn
)

≲ 1
r2n
Ssk

ˆ d−1
n

0

ˆ d−1
n

0

(
u2 + v2

)− s
2 dudv

≲ r−2
n λ

1
2 nsλ

1
2 n(2−s) = en(−2α+logλ) < C1,

where C1 is a constant which is independent of n and x. It hence follows that

I2 =
Nn∑
i=1

ˆ
Ein

R(x)dµn (x)� C1λ
nr−2
n < C2.

where C2 is a constant which is independent of n.
Combining (a) and (b), we have

Is (µn) = I1 + I2 ⩽ S−2
k ϕ−s (Tn)+C2.

Put s0 =min
{ logλ

α , 2 logλ
α+logλ

}
⩽ 2 and let m be such that m< s0 ⩽ m+ 1. Take s such that m<

s< s0. Recall that by lemma 2.9, the singular values of Tn are approximately λn,2 ⩽ λn,1.
If m= 0, then s0 =

logλ
α , and

ϕs (Tn)� (λn,1)
s � rsn.

Here λn,1 � rn. Then for large n,

S−2
k ϕ−s (Tn)� r−s

n λ−n = exp{n(αs− logλ)} .

From this and since s< 1
α logλ, it follows that exp{n(αs− logλ)}<M. This implies that

S−2
k ϕ−s(Tn)<M, where M> 0 is an absolute constant.
If m= 1, then s0 =

2 logλ
α+logλ and

ϕs (Tn)� λn,1 (λn,2)
s−1 � rn

(
rnλ

−n
)s−1

= rsnλ
n(1−s),

14
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here λn,2 � rnλ−n. For n large enough, we have

S−2
k ϕ−s (Tn)� λ−nr−s

n λn(s−1) = eαsnλn(s−2)

= exp{n(αs− (2− s) logλ)} .

When s< 2 logλ
α+logλ , the expression exp{n(αs− (2− s) logλ)} is bounded and it follows that

S−2
k ϕ−s(Tn)<M for some number M.
Therefore, for any

s< s0 :=min

{
2logλ

α+ logλ
,
1
α
logλ

}
⩽ 2,

the energy Is(µ2k+1) is uniformly bounded for all large enough k. We conclude by lemma 1.3
that limsupkE2k+1 ∈ Gs0(T2). It follows that when α⩾ 1

2 logλ,

E ∈ Gs0
(
T2
)
.

Moreover,

dimHE⩾ dimH

(
limsup
k→∞

E2k+1

)
⩾min

{
2logλ

α+ logλ
,
1
α
logλ

}
.

4.2. Estimate when α is small

In this subsection, we give the lower bound on dimH limsupnEn when 0< α < 1
2 logλ. We

denote by L1 the Lebesgue measure restricted on T.
Let Lx0 := {(x0,y) ∈ T2 : y ∈ T}, x0 ∈ T and

Fn (x0) =
{
En,i ∩Lx0 : 1⩽ i⩽ Nn, λn,2/3⩽ |Ein ∩Lx0 |⩽ 2λn,2

}
.

Assume that Fn(x0) = { In,i : 1⩽ i⩽Mn }, and put Mn =#Fn(x0), and

Fn (x0) =
Mn⋃
i=1

In,i.

Theorem 4.3. For 0< α < 1
2 logλ, given x0 ∈ T, we have

limsup
n→∞

Fn (x0) ∈ Gs1 (Lx0) ,

where s1 =
logλ−α
logλ+α . In particular, for any x0 ∈ T,

dimH

(
limsup
n→∞

Fn (x0)

)
⩾ s1.
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Observe that for any x ∈ T, the set Fn(x) may be regarded as a subset of the intersection of
En with the line Lx on T2. Thus, applying proposition 7.9 in [8], we deduce that

dimH

(
limsup
n→∞

En

)
⩾ s1 + 1= s0.

Then we get a lower bound on dimHE, which coincides with its upper bound. However, we
will show more about limsupkE2k+1, namely the following.

Theorem 4.4. For 0< α < 1
2 logλ, we have

limsup
n→∞

En ∈ Gs0
(
T2
)
,

where s0 =
2 logλ
logλ+α .

Since it suffices to study limsupkF2k+1(x0) and limsupkE2k+1 instead of limsupnFn(x0)
and limsupnEn, from now on, we always assume that n= 2k+ 1, k⩾ 0.

Lemma 4.5. Given any segment with Ll ⊂ Lx0 , of length ℓ, for large enough n= 2k+ 1, we
have

#

{
i : 1⩽ i⩽ Nn,

λn,2
4

⩽ |Ein ∩Ll|⩽ 2λn,2

}
� ℓrnλ

n.

In particular,#Mn � rnλn.

Proof. Assume that Ll = {(x0,y) : y ∈ (y0,y0 + ℓ)}. Note that i⩾ 1 with λn,2

4 ⩽ |Ein ∩Ll|⩽
2λn,2 if and only if xn,i ∈ Pl, where xn,i is the centre of E in, and Pl is the parallelogram with
vertices (a ′,b ′), (d ′,c ′), (a ′,b ′ + ℓ), (d ′,c ′ + ℓ), and

a ′ = x0 −K0λn,1, d ′ = x0 +K0λn,1,

b ′ = y0 −K ′
0λn,1, c ′ = y0 +K ′

0λn,1

where K0, K ′
0 > 0 are absolute constants. We observe that

#{xi : 1⩽ i⩽ Nn, xi ∈ Pl }=#
{
(p,q) ∈ Z2 : (p,q) ∈ SkPl

}
.

The coordinates of the vertices of SkPl are (a ′Sk,c ′Sk), (d ′Sk,b ′Sk), (a ′Sk,c ′Sk+ ℓSk), and
(d ′Sk,b ′Sk+ ℓSk). By Pick’s theorem [9]

#
{
(p,q) ∈ Z2 : (p,q) ∈ SkPl

}
⩽ (dd ′Ske− ba ′Skc)dlSke

⩽ (lSk+ 1)

(
2K0rnSk

λn− 1
|Hn|

+ 2

)
≲ ℓrnλ

n, (4.3)

and

#
{
(p,q) ∈ Z2 : (p,q) ∈ SkPl

}
⩾ (bd ′Skc− da ′Ske)blSkc

⩾ (lSk− 1)

(
2K0rnSk

λn− 1
|Hn|

− 2

)
≳ ℓrnλ

n. (4.4)
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Combining (4.3) and (4.4), we get that

#

{
i : 1⩽ i⩽ Nn,

λn,2
4

⩽ |Ein ∩Ll|⩽ 2λn,2

}
� ℓrnλ

n.

Take ℓ= 1. Then Mn � rnλn.

Now we give the proof of theorem 4.3.

Proof of theorem 4.3. Given x0 ∈ T, in this proof, we write Fn(x0) as Fn for convenience. For
n= 2k+ 1, let

µn =
1

L1 (Fn)
L1|Fn .

It follows from lemma 4.5 that L1(Fn)� r2n.
(i) For any ball B⊂ Lx0 , we have

µn (B) = r−2
n

Mn∑
i=1

In,i∩B ̸=∅

L1 (B∩ In,i)

≲ r−2
n L1

((
1+

2λn,2
rB

)
B

)
rnλ

nrnλ
−n ⩽ L1

((
1+

2λn,2
rB

)
B

)
.

Since maxi |In,i| → 0, as n→∞, then

limsup
n→∞

µn (B)
L1 (B)

≲ 1.

And for large enough n we estimate that

µn (B) =
Mn∑
i=1

In,i∩B ̸=∅

L1 (B∩ In,i)
L1 (Fn)

⩾
Mn∑
i=1
In,i⊂B

L1 (In,i)
L1 (Fn)

� r−2
n #{ i : In,i ⊂ B}rnλ−n.

Since

#{ i : In,i ⊂ B} ⊃
{
i : E in ∩ (1− 2λn,2)B 6=∅

}
,

Lemma 4.5 gives that

#{ i : In,i ⊂ B}≳ L1 ((1− 2λn,2)B)rnλ
n.

Hence,

µn (B)≳ L1 ((1− 2λn,2)B) ,

and it follows that for large enough n,

liminf
n→∞

µn (B)
L1 (B)

≳ 1.
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Therefore

C−1
3 ⩽ liminf

n→∞

µn (B)
L1 (B)

⩽ limsup
n→∞

µn (B)
L1 (B)

⩽ C3,

where C3 > 0 is a constant independent of n and B.
(2) Now we show that the energy of µn is bounded for some s. We observe that

Is (µn) =
¨

|x− y|−s dµn (x) dµn (y)

=

Mn∑
i=1

Mn∑
j=1

ˆ
In,i

ˆ
In,j

|x− y|−s dµn (x) dµn (y)

=

Mn∑
i=1

ˆ
In,i

ˆ
In,i

|x− y|−s dµn (x) dµn (y)

+

Mn∑
i=1

Mn∑
j=1
j̸=i

ˆ
In,i

ˆ
In,j

|x− y|−s dµn (x) dµn (y) .

(1) When i= j, for x ∈ In,i for some i⩾ 1, we have

I1 (x) :=
ˆ
In,i

|x− y|−s dµn (y)⩽
1
r2n
|In,i|1−s ≲ en{(1+s)α−(1−s) logλ}.

If s< logλ−α
logλ+α , then I1(x) is bounded as a function of n, which implies that

I1 :=
Mn∑
i=1

ˆ
In,i

ˆ
In,i

|x− y|−s dµn (x) dµn (y)≲ rnλ
nr−1
n λ−n < C4, (4.5)

for some constant C4.
(2) When x ∈ In,i for some i⩾ 1, we let

I2 (x) :=
Mn∑
j=1
j̸=i

ˆ
In,j

|x− y|−s dµn (y) .

For p⩾ 0, let

Ap =

{
j : In,j ∩

{
(x0,y) :

p+ 1
Sk

> |y− x|⩾ p
Sk

}
6=∅

}
.

Then

I2 (x) ⩽ S1 (x)+ S2 (x)

:=

Sk−1∑
p=1

∑
j∈Ap

ˆ
In,j

|x− y|−s dµn (y)+
∑
j∈A0
j̸=1

ˆ
In,j

|x− y|−s dµn (y) .
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For p⩾ 1, j ∈ Ap, and y ∈ In,j, we see that |x− y|⩾ p
Sk
. Then it follows from lemma 4.5 that

for any s⩽ 1,

S1 (x) =
Sk−1∑
p=1

∑
j∈Ap

µn (In,j)

(
p
Sk

)−s

�
Sk−1∑
p=1

#App
−sr−1

n λ−nSsk

� λ
n
2 (s−1)

Sk−1∑
p=1

p−s ⩽ λ
n
2 (s−1)

ˆ Sk

0
u−s du

⩽ λ
n
2 (s−1)λ

n
2 (1−s) < C5.

(4.6)

Now we estimate S2(x). Recall (4.2) which states that

d
(
Emn ,E

j
n

)
≳ λ−n.

We denote the shortest distance between intervals {In,i} by dn. Then d(In,j1 , In,j2)⩾ dn ≳ λ−n

for any j1 6= j2 ∈ A0. Therefore

S2 (x)⩽
#A0∑
q=1

(qdn)
−s

µn (In,j)≲ r−2
n rnλ

−nλns
#A0∑
q=1

q−s

⩽ r−1
n λn(s−1)

ˆ #A0

0
u−s du⩽ r−1

n λn(s−1) (rnSk)
1−s

≲ r−s
n λ

n
2 (s−1) = en{αs+

1
2 logλ(s−1)}.

(4.7)

We see that S2(x)≲ 1 is bounded as a function of n when s< logλ
logλ+2α . Inequalities (4.6)

and (4.7) yields that for any s< logλ
logλ+2α ,

I2 :=
Mn∑
i=1

Mn∑
j=1
j̸=i

ˆ
In,i

ˆ
In,j

|x− y|−s dµn (x) dµn (y)< C6. (4.8)

Notice that

min

{
logλ−α

logλ+α
,

logλ
logλ+ 2α

}
=

logλ−α

logλ+α

holds for all α> 0. Combining (4.5) and (4.8), for any s< logλ−α
logλ+α , we have Is(µn)< C4 +C6

for n large enough.
Write s1 =

logλ−α
logλ+α . Applying lemma 1.3, we get that limsupn→∞Fn ∈ Gs1(Lx0).

Suppose that µ is a probability measure on [0,1]2 which can be disintegrated as

µ(A) =
ˆ

µx (A∩{x}× [0,1]) dν (x) =
ˆ

µx (A) dν (x) ,
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for any A ∈ B, where µx is a measure with support in {x}× [0,1]. We then say {µx}x∈[0,1] is a
disintegration of µ over ν. We assume moreover that ν is a probability measure and that µx is
a probability measure for ν a.e. x.

Lemma 4.6. With µ as above, we have for x= (x1,x2) that

Rs+tµ(x)⩽
ˆ
Rsµy1 (x2) |x1 − y1|−t dν (y1) .

In particular, if the s-dimensional Riesz potentials of µx are uniformly bounded and if ν has a
bounded t-dimensional potential, then

Is+t (µ)⩽ sup
x
‖Rsµx‖∞‖Rtν‖∞.

Proof. Writing x= (x1,x2) and y= (y1,y2), we have

Rs+tµ(x) =
¨

|(x1,x2)− (y1,y2) |−s−t dµy1 (y2) dν (y1)

⩽
ˆ (ˆ

|x2 − y2|−s dµy1 (y2)

)
|x1 − y1|−t dν (y1)

=

ˆ
Rsµy1 (x2) |x1 − y1|−t dν (y1) .

Hence

‖Rs+tµ‖∞ ⩽ sup
x
‖Rsµx‖∞‖Rtν‖∞.

Since µ is a probability measure, we obtain Is+t(µ)⩽ ‖Rs+tµ‖∞.

Now we finish the proof of our main result theorem 1.4.

Proof of theorem 1.4. For α⩾ 1
2 logλ, it follows from theorem 4.2 that

E ∈ Gs0
(
T2
)
,

where s0 =min
{

2 logλ
α+logλ ,

1
α logλ

}
. Hence

dimHE⩾ s0.

For 0< α < 1
2 logλ, let µ̃n be defined as

µ̃n (A) =
ˆ

µx,n (A) dx,

for A ∈ B, where µx,n = 1
L1(Fn(x))

L1|Fn(x). For n⩾ 1,

µ̃n
(
T2 \En

)
= 0,

that is, the support of µ̃n is in En. Then {µx,n}x∈T is a disintegration of µ̃n over Lebesgue
measure L1.
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By theorem 4.3, the (s1 − ε
2 )-dimensional Riesz potentials of µ2k+1 are uniformly bounded

for k large enough, and note thatL1 has a bounded (1− ε
2 )-dimensional potential for any ε> 0.

Applying theorem 4.3 and lemma 4.6, for k large enough, we have

Is1+1−ε (µ̃2k+1)<∞,

where s0 − ε= s1 + 1− ε when α < 1
2 logλ. It is easy to show that for any ball B⊂ T2,

1≲ liminf
k→∞

µ̃2k+1 (B)
L(B)

⩽ limsup
k→∞

µ̃2k+1 (B)
L(B)

≲ 1.

Applying lemma 1.3, we get that limsupk→∞E2k+1 ∈ Gs0−ε(T2). Since ε> 0 is arbitrary, it
follows that limsupk→∞E2k+1 ∈ Gs0 and in particular, dimHE⩾ s0.

Therefore, for α> 0, we conclude that

E ∈ Gs0
(
T2
)
,

and dimHE⩾ s0. This, together with lemma 3.1 gives us that dimHE= s0.
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Abstract
We show that limsup sets generated by a sequence of open sets in compact Ahlfors s-regular
(0 < s < ∞) space (X,B, μ, ρ) belong to the classes of sets with large intersections
with index λ, denoted by Gλ(X), under some conditions. In particular, this provides a lower
bound on Hausdorff dimension of such sets. These results are applied to obtain that limsup
random fractals with indices γ2 and δ belong to Gs−δ−γ2(X) almost surely, and random cov-
ering sets with exponentially mixing property belong to Gs0(X) almost surely, where s0 equals
to the corresponding Hausdorff dimension of covering sets almost surely. We also investigate
the large intersection property of limsup sets generated by rectangles in metric space.

Keywords Limsup sets · Large intersection property · Metric space ·
Limsup random fractals · Random covering sets

Mathematics Subject Classification (2010) Primary 37A50; Secondary 28A78 · 28A80

1 Introduction

Sets with large intersection were introduced by Falconer in [9]. Given s ∈ (0, d], he defined
Gs(Rd) to be the class of all Gδ sets F in R

d such that

dimH

∞⋂

n=1

fn(F ) ≥ s

holds for all sequences of similarity transformations {fn}n≥1, where dimH denotes the Haus-
dorff dimension. It is known that Gs(Rd) is the maximal class of Gδ sets satisfying (i)
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Hausdorff dimension larger than s, and (ii) closed under similarity transformations and
countable intersections. The packing dimension of sets in Gs(Rd) is d from the fact that they
are dense Gδ sets. In [9], Falconer also gave several equivalent definitions and established
various properties of Gs(Rd). In 2004, Bugeaud [3] generalized the class for more general
gauge functions. Later, Negreira and Sequeira [21] extended the class of sets in Euclidean
space with large intersection property to metric space endowed with doubling measure.

There are many applications of large intersection property. Lots of mathematicians
applied this property for estimating Hausdorff dimension from below in the study of Dio-
phantine approximations, and refer to [3, 4, 9, 21] for more details. In 2007, Durand [5]
investigated the size and large intersection properties of limsup sets generated by homo-
geneous ubiquitous systems in R

d . In 2010, Durand [8] showed that random covering
sets lim sup

n→∞
B(ξn, rn) are sets with large intersection, where {ξn}n≥1 are independent and

uniformly distributed random variables on the circle. In 2019, Persson [22] proved that
dynamical covering sets lim sup

n→∞
B(T nx, n−α) has large intersection property for dynamical

systems (T , μ) which have summable decay of correlations. Ding [4] showed that under
a full Hausdorff measure assumption, the limsup sets generated by rectangles with some
conditions in compact metric space are sets with large intersection. In 2021, Persson [23]
considered various sequences of open sets with general shapes, proved the corresponding
limsup sets have large intersection properties, and obtained the lower bound on the Haus-
dorff dimension. Aubry and Jaffard [1] noticed that large intersection property also occurred
in probability theory, such as the multifractal analysis of random wavelet series. See also [6,
7, 10] for more study in fractals, dynamical systems and the multifractal analysis of other
stochastic processes.

Limsup sets, the upper limits of sequences of sets, play an important role in many areas,
such as random covering problem [16], shrinking target problem [13], the study of Brownian
motion [18] and so on. Motivated by the study on sets with large intersections, we are
interested in the large intersection properties of limsup sets generated by open sets in metric
spaces (X,B, μ, ρ) and those applications.

Definition 1.1 ABorel measureμ on metric space (X, ρ) is Ahlfors s-regular (0 < s < ∞)

if there exists a constant 1 ≤ C < ∞ such that

C−1rs ≤ μ
(
B(x, r)

) ≤ Crs (1.1)

holds for all x ∈ X and 0 < r ≤ diamX, where diamX is the diameter of X. Here
B(x, r) = {y ∈ X : ρ(x, y) < r} is an open ball with centre x and radius r . A space
(X,B, μ, ρ) is said to be Ahlfors s-regular if μ satisfies formula (1.1).

In this paper, we consider a probability space (X,B, μ, ρ) where μ is Ahlfors s-regular
(0 < s < ∞). For B = B(x, r), we adopt the convention that cB = B(x, cr), Bt =
B(x, rt/s) and B = ∅ if r = 0. If we say simply balls, they are open balls.

Definition 1.2 For 0 ≤ t ≤ s, the t-potential at y ∈ X of the measure μ is defined as

φt (μ, y) =
∫

X

ρ(x, y)−t dμ(x).

The t-energy of the measure μ is defined as

It (μ) =
∫

X

∫

X

ρ(x, y)−t dμ(x)dμ(y).
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Denote

φt (μ,U, y) =
∫

U

ρ(x, y)−t dμ(x),

It (μ,U) =
∫

U

∫

U

ρ(x, y)−t dμ(x)dμ(y)

for U ∈ B.

The definition of Gλ(X) in Theorem 1.1 is stated in Definition 2.3.

Theorem 1.1 Let (X,B, μ, ρ) be a compact Ahlfors s-regular space (0 < s < ∞), and
{Bn}n≥1 be a sequence of balls in X with diamBn decreasing to 0 as n → ∞. For n ≥ 1,
En is an open subset of Bn and let

λ = sup
{
t ≥ 0 : sup

n≥1

It (μ,En)μ(Bn)

μ(En)2
< ∞

}
.

Then μ
(
lim sup
n→∞

Bn

)
= 1 implies that lim sup

n→∞
En ∈ Gλ(X).

Corollary 1.1 Under the setting in Theorem 1.1, if μ
(
lim sup
n→∞

Bn

)
= 1, then we have

dimH

(
lim sup
n→∞

En

)
≥ λ and dimP

(
lim sup
n→∞

En

)
= s, where dimP denotes the packing

dimension.

In Theorem 1.1 and Corollary 1.1, we consider En are open sets with arbitrary shapes.
In particular, when we consider a special case that {En}n≥1 is a sequence of balls, an impor-
tant tool in determining the Hausdorff dimension of lim sup

n→∞
En is the Mass Transference

Principle, which was established by Beresnevich and Velani [2].

Theorem 1.2 (Mass Transference Principle [2]) Let (X,B, μ, ρ) be a locally compact
Ahlfors s-regular space (0 < s < ∞), Let {Bn}n≥1 be a sequence of balls in X with
diamBn → 0 as n → ∞. Let t > 0 and suppose that

Hs(lim sup
n→∞

Bt
n) = Hs(X).

Then,
Ht (lim sup

n→∞
Bn) = Ht (X).

HereHt (F ) denotes the Hausdorff t-measure of a set F ⊂ X.

For an Ahlfors s-regular space (X,B, μ, ρ), Heinonen [12, Section 8.7] proved that
C′−1Hs ≤ μ ≤ C′Hs , where C′ ≥ 1 is a constant. Then by Theorem 1.2, given t ∈ (0, s],
we can deduce that dimH

(
lim sup
n→∞

Bn

)
≥ t , if μ

(
lim sup
n→∞

Bt
n

)
= 1. Such estimation can be

derived by Corollary 1.1 when X is compact. In addition, as the following corollary shows,
lim sup
n→∞

Bn also has large intersection property.

Corollary 1.2 Let (X,B, μ, ρ) be a compact Ahlfors s-regular space (0 < s < ∞), and
{Bn}n≥1 be a sequence of balls with diamBn decreasing to 0 as n → ∞. For t ∈ (0, s], if
μ

(
lim sup
n→∞

Bt
n

)
= 1, then lim sup

n→∞
Bn ∈ Gt (X).
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Applying Theorem 1.1 and Corollary 1.2, we prove that limsup random fractals, ran-
dom covering sets and limsup sets generated by rectangles have large intersection property
(Theorems 4.1, 4.3 and 4.4).

The rest of this paper is organized as follows. In Section 2 we give a brief review of the
class of sets with large intersection properties. In Section 3, we give the proofs of Theorem
1.1 and Corollary 1.2 which are our main results. In the last section, there are some exam-
ples. We apply our results to the study of the large intersection properties of limsup random
fractals under some conditions and random covering sets lim sup

n→∞
B(ξn, rn), where the cen-

ters {ξn}n≥1 are uniformly distributed and exponentially mixing random variables, are sets
with large intersection properties. We also show limsup sets generated by rectangles have
large intersection property.

2 Preliminaries

In this section, we refer (X, ρ) to general metric space, and μ is a Borel measure on X. We
denote B(x, r) the closure of B(x, r).

2.1 Generalized Dyadic Cubes in Metric Spaces

Definition 2.1 A metric space (X, ρ) has the finite doubling property if every closed ball
B(x, 2r) ⊂ X may be covered by finitely many closed balls of radius r . Furthermore, such
a space is doubling if there exists N ∈ N independent of x and r such that B(x, 2r) can be
covered by at most N balls of radius r .

Letting (X, ρ) be a metric space with the finite doubling property, Käenmäki, Rajala and
Suomala [17] showed that there exists a nesting family of ”cubes” which are similar as the
dyadic cubes of Euclidean spaces.

Theorem 2.1 ([17]) Let (X, ρ) be a metric space with the finite doubling property and let
0 < b < 1

3 be a constant. Then there exists a collection {Qn,i : n ∈ Z, i ∈ Nn ⊂ N} of
Borel sets that have the following properties:

1. X = ⋃
i∈Nn

Qn,i for every n ∈ Z.
2. Qn,i ∩ Qm,j = ∅ or Qn,i ⊂ Qm,j , where n, m ∈ Z, n ≥ m, i ∈ Nn and j ∈ Nm.
3. For every n ∈ Z and i ∈ Nn, there exists a point xn,i ∈ X such that

B(xn,i , c1b
n) ⊂ Qn,i ⊂ B(xn,i , c

′
1b

n), (2.1)

where c1 = 1
2 − b

1−b
, c′

1 = 1
1−b

.
4. There exists a point x0 ∈ X so that for every n ∈ Z, there is an index i ∈ Nn with

B(x0, c1b
n) ⊂ Qn,i .

5. {xn,i : i ∈ Nn} ⊂ {xn+1,i : i ∈ Nn+1} for all n ∈ Z.

Proposition 2.1 Let (X, ρ) be a metric space with an Ahlfors s-regular measure μ.

1. Suppose that μ is a probability measure, then for n ∈ Z, we have

C−1c′−s
1 b−ns ≤ #Nn ≤ Cc−s

1 b−ns .

2. The metric space (X, ρ) has the doubling property.
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Proof (1) From the construction of {Qn,i : n ∈ Z, i ∈ Nn ⊂ N} in [17], we see that for
every n ∈ Z, {Qn,i}i∈Nn

are pairwise disjoint, that is, Qn,i ∩ Qn,j = ∅ for i 
= j ∈ Nn.
Since μ is Ahlfors s-regular, combining (1), (3) in Theorem 2.1 and the inequalities (1.1),
we have

μ(X) =
∑

i∈Nn

μ(Qn,i) ≥
∑

i∈Nn

μ(B(xn,i , c1b
n)) ≥ C−1#Nn(c1b

n)s,

and
μ(X) =

∑

i∈Nn

μ(Qn,i) ≤
∑

i∈Nn

μ(B(xn,i , c
′
1b

n)) ≤ C#Nn(c
′
1b

n)s,

which implies that
C−1c′−s

1 b−ns ≤ #Nn ≤ Cc−s
1 b−ns .

(2) Given x ∈ X and r > 0, let n0 = min{n ≥ 1 : c′
1b

n < r}. Let
I = {i ∈ Nn0 : Qn0,i ∩ B(x, 2r) 
= ∅}.

Then {B(xn0,i , r)}i∈I is a cover of B(x, 2r). Note that
⋃

i∈I Qn0,i ⊂ B(x, 4r) and r ≤
c′
1b

n0−1, then by (2.1), we have

C4srs ≥ μ(B(x, 4r)) ≥ μ
(⋃

i∈I

Qn0,i

)

=
∑

i∈I

μ(Qn0,i ) ≥
∑

i∈I

μ(B(xn0,i , c1b
n0))

≥ C−1cs
1b

n0s#I ≥ C−1(bc1/c
′
1)

srs#I,

which follows that #I ≤ C2
(
4c′

1
bc1

)s

.

Therefore for a compact Ahlfors s-regular space (X,B, μ, ρ), there exists the family
{Qn,i : n ≥ 0, i ∈ Nn} satisfying the properties in Theorem 2.1, which are called “gener-
alized dyadic cubes”. For convenience, we write Q0 = {X} and Qn = {Qn,i : i ∈ Nn} for
n ≥ 1, andQ = ⋃

n≥0Qn.

2.2 Large Intersection Properties in Metric Spaces

Definition 2.2 Let (X, ρ) be a metric space. A Borel measure μ on X is said to be doubling
if it is finite and positive in every ball and there exists a constant 1 ≤ c2 < ∞ such that for
all x ∈ X and r > 0,

0 < μ
(
B(x, 2r)

)
≤ c2μ

(
B(x, r)

)
< ∞.

Let (X, ρ) be a metric space endowed with doubling measure μ. Denote τ = dimH X,
and τ is finite, since τ ≤ dimA X < ∞, and see [11, Sections 4, 13] for more details about
Assouad dimension dimA. In [21], Negreira and Sequeira gave the definition of the classes
of Gδ sets with large intersection property. Recall that a Gδ set is a countable intersection
of open sets.

Definition 2.3 Let 0 < t ≤ τ . Given F ⊂ X, define the net content

M t∞(F ) = inf
{∑

i≥1

μ(Qi)
t/τ : F ⊂

⋃

i≥1

Qi where Qi ∈ Q
}
.
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We denote Gt (X) the class of all Gδ sets F ⊂ X such that for every t ′ < t ,

M t ′∞(F ∩ Q) = M t ′∞(Q)

holds for all Q ∈ Q.

Remark 2.1 (1) Negreira and Sequeira [21] showed that the net contents given by different
dyadic decomposition are equivalent, and pointed out that the net content is defined by
μ(Q)t/τ instead of (diamQ)t , since the function Q �→ (diamQ)t is not sub-additive if
t > 1 which is important in the study of M t∞ and large intersection property.

(2) Notice that the class Gt (X) given in Definition 2.3 depends on μ. Since Ahlfors
s-regular measures on X are equivalent, therefore the classes Gt (X) defined by different
Ahlfors s-regular measures are same. In this paper we only consider such measures, hence
we use the notation Gt (X) instead of Gt

μ(X).

There are several equivalent definitions of Gt (X), see [21]. In this paper, we will use the
following equivalent definition.

Theorem 2.2 ([21]) Let (X, ρ) be a metric space enowed with doubling measure μ, and
τ = dimH X. Take a Gδ subset F ⊂ X and 0 < t ≤ τ . Then the following statements are
equivalent:

1. For all generalized dyadic cubes Q ∈ Q, we have

M t ′∞(F ∩ Q) = M t ′∞(Q) (∀t ′ < t).

2. There exists a constant 0 < c ≤ 1 such that for all generalized dyadic cubes Q ∈ Q,
we have

M t ′∞(F ∩ Q) ≥ cM t ′∞(Q) (∀t ′ < t). (2.2)

Remark 2.2 Note that, given 0 < t ≤ τ , M t∞(Q) = μ(Q)t/τ holds for all generalized
dyadic cubes Q ∈ Q by the subadditivity in Remark 2.1(1). Then (2.2) can be rewritten as

M t ′∞(F ∩ Q) ≥ cμ(Q)t
′/τ (∀t ′ < t). (2.3)

The following are some properties of the class Gt (X).

Proposition 2.2 ([21]) Let (X, ρ) be a metric space endowed with doubling measure μ,
and τ = dimH X and take 0 < t ≤ τ .

1. If 0 < t1 ≤ t , then Gt (X) ⊂ Gt1(X).
2. If F ⊂ E ⊂ X, where E, F are Gδ sets, and F ∈ Gt (X), then E ∈ Gt (X).
3. If (X, ρ) is complete, then Gt (X) is closed under countable intersections.
4. When μ is Ahlfors τ -regular, then F ∈ Gt (X) implies that dimH F ≥ t .

Remark 2.3 Let (X, ρ) be a metric space endowed with doubling measure μ, and τ =
dimH X. Take 0 < t ≤ τ , then from the definition of Gt (X), we have

Gt (X) =
⋂

t ′<t

Gt ′(X).
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3 Proofs of Theorem 1.1 and Corollary 1.2

In 2019, Persson [22] used potentials and energies of measures to prove that some sets
have large intersection property, which is a new and useful method in the study of large
intersection property. Later, Persson [23] applied this idea to show that the limsup sets,
generated by sequences of open sets, belong to Gγ (Td) for some γ > 0. In this paper, we
borrowed some ideas from [23] to prove Theorem 1.1. Before that, we give some related
lemmas.

In this section, we always assume that (X,B, μ, ρ) is a probability space where the
metric space (X, ρ) is compact and μ is an Ahlfors s-regular Borel measure (0 < s <

∞). Let Q = ⋃
k≥0Qk be the collection of generalized dyadic cubes in (X, ρ) given in

Section 2.1.

Lemma 3.1 For 0 ≤ t < s and U ∈ B with diamU > 0, we have

(diamU)−tμ(U)2 ≤ It (μ,U) ≤ C1(diamU)s−tμ(U),

where C1 > 0 is a constant which only depends on s and t .

Proof Write l = diamU , lj = 2−j l. For t < s and y ∈ U , we have

φt (μ,U, y) =
∫

U

ρ(x, y)−t dμ(x) ≤
∫

B(y,l)

ρ(x, y)−t dμ(x)

=
∑

j≥0

∫

B(y,lj )\B(y,lj+1)

ρ(x, y)−t dμ(x)

≤
∑

j≥0

l−t
j+1μ

(
B(y, lj ) \ B(y, lj+1)

)

=
∑

j≥0

l−t
j+1

(
μ(B(y, lj )) − μ(B(y, lj+1))

)

≤
∑

j≥0

l−t
j+1

(
Clsj − C−1lsj+1

)

= ls−t
∑

j≥0

2(1+j)(t−s)(C2s − C−1)

= C1(diamU)s−t ,

where C1 > 0 is a constant. Then

It (μ,U) =
∫

U

φt (μ,U, y)dμ(y) ≤ C1(diamU)s−tμ(U).

Also

It (μ,U) =
∫

U

∫

U

ρ(x, y)−t dμ(x)dμ(y)

≥
∫

U

∫

U

(diamU)−t dμ(x)dμ(y) = (diamU)−tμ(U)2.
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Remark 3.1 For 0 ≤ t < s, since (X, ρ) is compact, we have It (μ) ≤
C1 max{1, (diamX)s} < ∞.

The following two lemmas play important roles in the proof of Theorem 1.1, which are
inspired by [23, Lemmas 2.1 and 5.1], but more general than those in [23] since here we
consider compact metric spaces and generalized dyadic cubes.

Lemma 3.2 Let {μn}n≥1 be a sequence of Borel measures on X . Suppose there exists a
constant M > 0 such that for every ball B ⊂ X,

M−1 ≤ lim inf
n→∞

μn(B)

μ(B)
≤ lim sup

n→∞
μn(B)

μ(B)
≤ M, (3.1)

and supn≥1 Iγ (μn) < M for some γ ∈ (0, s]. Then for t < γ , there exists a constant
M1 > 0 such that

M−1
1 ≤ lim inf

n→∞
It (μn, Q)

It (μ,Q)
≤ lim sup

n→∞
It (μn, Q)

It (μ,Q)
≤ M1

holds for all Q ∈ Q.

Proof Fix Q ∈ Q. For every α > 0, given y ∈ Q, let Qα(y) = {x ∈ Q : ρ(x, y) < α−1/γ }.
Then

φt (μn, Q, y) =
∫

Qα(y)

ρ(x, y)−t dμn(x) +
∫

Q\Qα(y)

ρ(x, y)−t dμn(x).

Since Iγ (μn) < M , we have

M >

∫∫
ρ(x, y)−γ dμn(x)dμn(y)

≥
∫

Q

( ∫

Qα(y)

ρ(x, y)−γ dμn(x)
)
dμn(y)

> α

∫

Q

μn(Qα(y))dμn(y),

and it follows that
∫

Q

dμn(y)

∫

Qα(y)

ρ(x, y)−t dμn(x) =
∫

Q

dμn(y)

∫

Qα(y)

dμn(x)

∫ ρ(x,y)−t

0
du

=
∫

Q

dμn(y)

∫

Qα(y)

dμn(x)

∫ αt/γ

0
du +

∫

Q

dμn(y)

∫

Qα(y)

dμn(x)

∫ ρ(x,y)−t

αt/γ

du

= αt/γ

∫

Q

μn(Qα(y))dμn(y) +
∫ ∞

αt/γ

du

∫

Q

dμn(y)

∫

Q
uγ/t (y)

dμn(x)

≤ Mαt/γ−1 + M

∫ ∞

αt/γ

u−γ /t du

= Mαt/γ−1 + Mt

(γ − t)
αt/γ−1 = Mγ

(γ − t)
αt/γ−1,
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where we apply Fubini’s theorem to derive the third equality. For ε > 0, for α large enough,∫
Q

dμn(y)
∫
Qα(y)

ρ(x, y)−t dμn(x) < ε. Observe that
∫

Q

dμn(y)

∫

Q\Qα(y)

ρ(x, y)−t dμn(x) ≤
∫

Q

∫

Q

min{ρ(x, y)−t , αt/γ }dμn(x)dμn(y).

Denote f (x, y) = min{ρ(x, y)−t , αt/γ }. Note that f (x, y) is continuous on Q × Q.
Let {Qk,i ∈ Qk : 1 ≤ i ≤ N(k)} be a partition of Q by Borel sets satisfying
max1≤i≤N(k) diam(Qk,i) → 0, k → ∞, and take (xi, yj ) ∈ Qk,i × Qk,j , then for all
(x, y) ∈ Q × Q we have

N(k)∑

i,j

f (xi, yj )χ{Qk,i×Qk,j }(x, y) → f (x, y), as k → ∞.

Since f (x, y) ≤ αt/γ , using Dominated Convergence Theorem, we obtain

∫

Q

∫

Q

f (x, y)dμn(x)dμn(y)= lim
k→∞

∫

Q

∫

Q

N(k)∑

i,j

f (xi, yj )χ{Qk,i×Qk,j }(x, y)dμn(x)dμn(y)

= lim
k→∞

N(k)∑

i,j

f (xi, yj )μn(Qk,i)μn(Qk,j )

≤ lim
k→∞

N(k)∑

i,j

f (xi, yj )μn(Bk,i)μn(Bk,j ),

where χ denotes the indicator function, and Bk,i = B(xk,i , c
′
1b

k). Recall that B(xk,i , c1b
k)

⊂ Qk,i ⊂ Bk,i , there exists a constant C2 > 0 such that μ(Bk,i) ≤ C2μ(Qk,i). We derive
from (3.1) that

lim sup
n→∞

μn(B)

μ(B)
≤ C2M .

Then for θ > 0, for n large enough, we have

lim
k→∞

N(k)∑

i,j

f (xi, yj )μn(Bk,i)μn(Bk,j )≤ (C2M + θ)2 lim
k→∞

N(k)∑

i,j

f (xi, yj )μ(Bk,i)μ(Bk,j )

≤ (C2M+θ)2C2
2 lim

k→∞

N(k)∑

i,j

f (xi, yj )μ(Qk,i)μ(Qk,j )

= (C2M + θ)2C2
2

∫

Q

∫

Q

f (x, y)dμ(x)dμ(y)

≤ (C2M + θ)2C2
2

∫

Q

∫

Q

ρ(x, y)−t dμ(x)dμ(y).

Since ε > 0 and θ > 0 are arbitrary, we prove that

lim sup
n→∞

It (μn,Q)

It (μ,Q)
≤ C4M2C2

2 .

Notice that
It (μn, Q) ≥ (diamQ)−tμn(Q)2
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and
μn(Q) > C−12−s−1M−1(c1/c

′
1)

s(diamQ)s,

then combining these with Lemma 3.1, there exists a constant C3 > 0 which only depends
on s, t such that

It (μn,Q)

It (μ,Q)
≥ C3.

Let M1 = max{C−1
3 , C4M2C2

2 }, then we proved this lemma.

Remark 3.2 In Lemma 3.2, the condition supn≥1 Iγ (μn) < M can be weaken to
supn≥N0

Iγ (μn) < M for some N0 ∈ N.

Lemma 3.3 Under the same conditions as Lemma 3.2, let {An}n≥1 be a sequence of open
sets in X satisfying μn(X \ An) = 0, n ≥ 1. Then lim sup

n→∞
An ∈ Gγ (X).

Proof Let Q ∈ Q and t < γ . By (3.1), μn(Q) > 0 for n large enough. Define

νn(F ) =
∫

F∩Q

(φt (μn, Q, y))−1dμn(y)

for every F ∈ B. Since μn(X \ An) = 0, νn(Q) = νn(Q ∩ An). Given ε > 0, combining
Jensen’s inequality [20] and Lemma 3.2, for n large enough, we have

νn(F ) = μn(F ∩ Q)

∫

F∩Q

( ∫

Q

ρ(x, y)−t dμn(x)
)−1 1

μn(F ∩ Q)
dμn(y)

≥ μn(F ∩ Q)
( ∫

F∩Q

( ∫

Q

ρ(x, y)−t dμn(x)
) 1

μn(F ∩ Q)
dμn(y)

)−1

≥ (μn(F ∩ Q))2
( ∫

Q

∫

Q

ρ(x, y)−t dμn(y)dμn(x)
)−1

> (μn(F ∩ Q))2(M1 + ε)−1
(
It (μ,Q)

)−1
. (3.2)

Hence νn is a nonzero measure and absolutely continuous with respect to μn. By Lemma
3.1 and (3.2), for n large enough, we obtain

νn(Q) ≥ (M1+ε)−1 (μn(Q))2

It (μ,Q)
≥ C−1

1 (M1+ε)−1 (μn(Q))2

(diamQ)s−tμ(Q)
≥ c3μ(Q)t/s, (3.3)

where the constant c3 > 0 depends on s, t and is independent from Q and n. By Jensen’s
inequality,

φ−1
t (μn,Q, y) = 1

μn(Q)

( ∫

Q

ρ(x, y)−t

μn(Q)
dμn(x)

)−1 ≤ 1

(μn(Q))2

∫

Q

ρ(x, y)tdμn(x).

Then for every J ∈ Q and J ⊂ Q, we get that

νn(J ) =
∫

J

(φt (μn, Q, y))−1dμn(y) ≤
∫

J

(φt (μn, Q, y))−1dμn(y)

≤ 1

(μn(J ))2

∫

J

∫

J

ρ(x, y)tdμn(x)dμn(y)

≤ (diam J )t ≤ c4μ(J )t/s (3.4)

for n large enough. The constant c4 > 0 depends on s, t , and is independent of J and n.
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Let {Qk}k≥1 be a cover of Q∩An, where Qk ∈ Q. Without loss of generality, we assume
Qk ∩ Qj = ∅ for k 
= j and Qk ⊂ Q. For n large enough, we derive from (3.3) and (3.4)
that

∑

k

μ(Qk)
t/s ≥ c−1

4

∑

k

νn(Qk) ≥ c−1
4 νn(Q ∩ An) = c−1

4 νn(Q) ≥ c3c
−1
4 μ(Q)t/s .

It follows that
lim inf
n→∞ M t∞(Q ∩ An) ≥ c3c

−1
4 μ(Q)t/s

for n large enough. Therefore, for every m ≥ 1 and generalized dyadic cube Q,

M t∞
( ⋃

n≥m

An ∩ Q
)

≥ sup
n≥m

M t∞(An ∩ Q) ≥ c3c
−1
4 μ(Q)t/s . (∀t < γ )

So
⋃

n≥m An ∈ Gγ (X) by (2.3). Thus from (3) in Proposition 2.2, we prove that

lim sup
n→∞

An =
⋂

m≥1

⋃

n≥m

An ∈ Gγ (X).

Recall the 5r-covering theorem in metric space.

Lemma 3.4 ([19]) Let (X, ρ) be a separable metric space and A be a family either of
closed balls or open balls such that

sup{diamB : B ∈ A} < ∞.

Then there is a finite or countable sequence {Bi}i∈I of pairwise disjoint balls such that
⋃

B∈A
B ⊂

⋃

i∈I

5Bi .

Now we prove Theorem 1.1.

Proof of Theorem 1.1 Since μ
(
lim sup
n→∞

Bn

)
= 1, for n ≥ 1, there is some Nn such that

μ
( Nn⋃

m=n

Bm

)
> 1 − 1

2n
.

Denote An = ⋃Nn
m=n Bm. By Lemma 3.4, there is In ⊂ {n, n + 1, . . . Nn} such that
Bi ∩ Bj = ∅, for i 
= j ∈ In and An ⊂

⋃

m∈In

5Bm.

(i) Construct measures
Let A′

n = ⋃
m∈In

Bm. Since

μ(A′
n) =

∑

m∈In

μ(Bm) ≥ C−25−s
∑

m∈In

μ(5Bm) > C−25−s(1 − 1

2n
) > 0, (3.5)

and μ(A′
n) < 1, we define

ηn(F ) = 1

μ(A′
n)

μ(F ∩ A′
n)
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for every F ∈ B. Then ηn is a probability measure supported on A′
n satisfying ηn(A

′
n) =

ηn(X) = 1.
Let Fn = ⋃

m∈In
Em. Define

μn(F ) =
∑

m∈In

ηn(Bm)
μ(Em ∩ F)

μ(Em)

for F ∈ B. Then μn is a probability measure supported on Fn satisfying μn(Fn) =
μn(X) = 1.

Let B ⊂ X be a ball. Firstly we will show the following inequality

lim sup
n→∞

ηn(B)

μ(B)
≤ C45s . (3.6)

Denote B = B(xB, rB). Denote the radius of Bn by rn. Since rn decreases to 0 as n → ∞,
for θ > 0, there is some N > 0 such that for n ≥ N , m ∈ In, we have rm < rBθ/2. Note
that

⋃

m∈In
B∩Bm 
=∅

Bm ⊂ (1 + θ)B,

hence

ηn(B) = 1

μ(A′
n)

μ(B ∩ A′
n) ≤ 1

μ(A′
n)

μ
( ⋃

m∈In
B∩Bm 
=∅

Bm

)

≤ μ((1 + θ)B)

μ(A′
n)

<
C2(1 + θ)sμ(B)

C−25−s(1 − 1/2n)
,

which implies

lim sup
n→∞

ηn(B)

μ(B)
≤ C45s .

Secondly we will prove that

C−45−s ≤ lim inf
n→∞

μn(B)

μ(B)
≤ lim sup

n→∞
μn(B)

μ(B)
≤ C65s

hold for every ball B. Given θ > 0, since
⋃

m∈In
Bm∩B 
=∅

Bm ⊂ (1 + θ)B holds for n large

enough, we obtain

μn(B) =
∑

m∈In

ηn(Bm)
μ(Em ∩ B)

μ(Em)
=

∑

m∈In
Bm∩B 
=∅

ηn(Bm)
μ(Em ∩ B)

μ(Em)

≤
∑

m∈In
Bm∩B 
=∅

ηn(Bm) ≤ ηn((1 + θ)B) ≤ (C45s + θ)(1 + θ)sC2μ(B).

The last inequality follows from (3.6). So lim sup
n→∞

μn(B)
μ(B)

≤ C65s .
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Let In(B) = {m ∈ In : Bm ⊂ B}, then we have

lim inf
n→∞

μn(B)

μ(B)
= lim inf

n→∞
1

μ(B)

∑

m∈In

ηn(Bm)
μ(Em ∩ B)

μ(Em)

≥ lim inf
n→∞

1

μ(B)

∑

m∈In(B)

ηn(Bm)

≥ lim inf
n→∞

1

μ(B)

∑

m∈In(B)

μ(Bm)

μ(A′
n)

≥ lim inf
n→∞

1

μ(B)

∑

m∈In(B)

μ(Bm). (3.7)

We claim that

lim inf
n→∞

∑

m∈In(B)

μ(Bm) ≥ C−45−sμ(B). (3.8)

Then combining (3.7) and (3.8), we have

lim inf
n→∞

μn(B)

μ(B)
≥ lim inf

n→∞
1

μ(B)

∑

m∈In(B)

μ(Bm) ≥ C−45−s .

Now we obtain the claim. For 0 < ε < 1/2, take n large enough such that rm <

εrB/10, m ∈ In. Then if m ∈ In \In(B), that is, Bc ∩Bm 
= ∅, we have 5Bm ∩(1−ε)B =
∅. Therefore

μ
(
(1 − ε)B ∩ An

)
≤ μ

( ⋃

m∈In(B)

5Bm

)
+ μ

( ⋃

m∈In\In(B)

5Bm ∩ (1 − ε)B
)

= μ
( ⋃

m∈In(B)

5Bm

)
≤

∑

m∈In(B)

μ(5Bm)

≤ C25sμ
( ⋃

m∈In(B)

Bm

)
.

We also note that

μ
(
(1 − ε)B ∩ An

)
≥ μ

(
(1 − ε)B

)
− 1

2n
≥ C−2(1 − ε)sμ(B) − 1

2n
.

Combining the inequalities above, we prove the claim.
(ii) Show that supn≥N It (μn) < ∞ for some N ≥ 1
Note that

It (μn) =
∫

X

∫

X

ρ(x, y)−t dμn(x)dμn(y) =
∫

Fn

∫

Fn

ρ(x, y)−t dμn(x)dμn(y)

=
∑

m∈In

∑

i∈In

∫

Em

∫

Ei

ρ(x, y)−t dμn(x)dμn(y).
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When i = m, since μn |Em= ηn(Bm)
μ(Em)

μ |Em and ηn = 1
μ(A′

n)
μ |A′

n
, by (3.5) we have

∫

Em

∫

Em

ρ(x, y)−t dμn(x)dμn(y) =
(ηn(Bm)

μ(Em)

)2 ∫

Em

∫

Em

ρ(x, y)−t dμ(x)dμ(y)

=
(ηn(Bm)

μ(Em)

)2
It (μ,Em) =

( μ(Bm)

μ(A′
n)μ(Em)

)2
It (μ,Em)

≤ C452s
( 2n

2n − 1

)2(μ(Bm)

μ(Em)

)2
It (μ,Em)

for n ≥ 1. Due to t < λ, there is some absolute constant M3 > 0 depending t such that

sup
n≥1

It (μ,En)μ(Bn)

μ(En)2
< M3.

Hence
∫

Em

∫

Em

ρ(x, y)−t dμn(x)dμn(y) ≤ C452s
( 2n

2n − 1

)2(μ(Bm)

μ(Em)

)2
It (μ,Em)

≤ C452s
( 2n

2n − 1

)2
M3μ(Bm).

For i 
= m, we suppose that there exists 0 < c < 1 such that Em ⊂ cBm for every m ≥ 1,
which is assumed for technical reasons, and can be referred to [23]. Otherwise, we consider
c−1Bm instead of Bm from the beginning of this proof. For x ∈ Em, y ∈ Ei , we get

ρ(x, y) ≥ ρ(xi, xm) − c(rm + ri) ≥ (1 − c)ρ(xi, xm).

Then
∫

Em

∫

Ei

ρ(x, y)−t dμn(x)dμn(y) ≤
∫

Em

∫

Ei

((1 − c)ρ(xi, xm))−t dμn(x)dμn(y)

= ((1 − c)ρ(xi, xm))−tμn(Em)μn(Ei) = ((1 − c)ρ(xi, xm))−t ηn(Bm)ηn(Bi)

= ((1 − c)ρ(xi, xm))−t μ(Bm)μ(Bi)

(μ(A′
n))

2
≤ (1 − c)−t C452s

(1 − 1
2n )2

ρ(xi, xm)−tμ(Bm)μ(Bi)

≤ (1 − c)−t C452s

(1 − 1
2n )2

2t

∫

Bm

∫

Bi

ρ(x, y)−t dμ(x)dμ(y).

The last inequality follows from ρ(x, y) ≤ ρ(xi, xm) + ri + rm ≤ 2ρ(xi, xm) for x ∈
Bm, y ∈ Bi .

Therefore by Remark 3.1 and the fact that {Bm}m∈In are disjoint balls, for n large enough,
we obtain

It (μn) ≤ C452s
( 2n

2n − 1

)2 ∑

m∈In

(μ(Bm)

μ(Em)

)2
It (μ,Em)

+ 2t

(1 − c)t
C452s

( 2n

2n − 1

)2 ∑

m∈In

∑

i∈In
i 
=m

∫

Bm

∫

Bi

ρ(x, y)−t dμ(x)dμ(y)

≤ 2C452sM3

∑

m∈In

μ(Bm) + (1 − c)−t2C452s2t It (μ)

≤ 2C452sM3 + (1 − c)−t2C452s2tC1 max{1, (diamX)s} < ∞.
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By Lemma 3.3, lim sup
n→∞

Fn ∈ Gt (X) for all t < λ, hence lim sup
n→∞

Fn ∈ Gλ(X). Applying

Proposition 2.2 (2), we have lim sup
n→∞

En ∈ Gλ(X). �

Proof of Corollary 1.2 Without loss of generality, we assume that diamBn < 1. Given

t ∈ (0, s], write Fn = Bt
n, then μ

(
lim sup
n→∞

Fn

)
= 1. For β ≥ 0, by Lemma 3.1, we have

C−12−βrt−β
n ≤ Iβ(μ,Bn)μ(Fn)

μ(Bn)2
≤ C2C12

s−βrt−β
n .

Notice that if β ≤ t , we have supn≥1
Iβ (μ,Bn)μ(Fn)

μ(Bn)2
< ∞, and if β > t , then

lim sup
n→∞

Iβ (μ,Bn)μ(Fn)

μ(Bn)2
= ∞, since rn decreases to 0 as n → ∞. Hence

t = sup
{
β ≥ 0 : sup

n≥1

Iβ(μ,Bn)μ(Fn)

μ(Bn)2
< ∞

}
,

and by Theorem 1.1, we conclude that lim sup
n→∞

Bn ∈ Gt (X). �

4 Applications

Let (X, ρ) be a compact metric space endowed with an Ahlfors s-regular probability mea-
sure μ. In this section we investigate the large intersection property of limsup random
fractals, random covering sets, and limsup sets generated by rectangles.

4.1 Limsup Random Fractals

Given 0 < b < 1/3, there is a family of generalized dyadic cubes ofX defined in Subsection
2.1. In this subsection, we consider a model of limsup random fractals which is constructed
by using generalized dyadic cubesQ = ⋃

n≥0Qn.

For n ≥ 1, let
{
Zn(Q),Q ∈ Qn

}
be a sequence of random variables, each taking values

in {0, 1}. Let
A(n) =

⋃

Q∈Qn,
Zn(Q)=1

Qo,

where Qo is the interior of Q. The random set

A = lim sup
n→∞

A(n)

is called a limsup random fractal associated to
{
Zn(Q),Q ∈ Qn, n ≥ 1

}
.

For n ≥ 1, and Q ∈ Qn, denote the probability Pn(Q) := P(Zn(Q) = 1), and

γ1 : = − lim sup
n→∞

maxQ∈Qn logb−1 Pn(Q)

n
, (4.1)

γ2 : = − lim sup
n→∞

minQ∈Qn logb−1 Pn(Q)

n
. (4.2)

We refer to γ1 and γ2 as the indices of the limsup random fratcal A.
We assume the following condition, which is similar as the condition (H2) in [16].
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Correlation Condition Suppose that there is a constant δ ≥ 0 such that for all ε > 0,

lim sup
n→∞

1

n
logb−1 f (n, ε) ≤ δ, (4.3)

where

f (n, ε) = max
Q∈Qn

#{Q′ ∈ Qn : Cov(Zn(Q),Zn(Q
′)) ≥ εPn(Q)Pn(Q

′)}.

Theorem 4.1 Let (X,B, μ, ρ) be a compact Ahlfors s-regular space (0 < s < ∞). Let
A = lim sup

n→∞
A(n) be a limsup random set with indices γ1, γ2 and satisfy the Correlation

Condition. If γ2 + δ < s, then A ∈ Gs−γ2−δ(X) a.s.

Corollary 4.1 Under the setting in Theorem 4.1, we have

max{0, s − γ2 − δ} ≤ dimH A ≤ max{0, s − γ1} a.s.

Remark 4.1 We can also use the hitting probability of limsup random fractals to get the
estimation on Hausdorff dimension in Corollary 4.1. For instance, let A be a limsup random
fratcal in T with γ1 = γ2 < 1, δ = 0, and if for every n ≥ 1, there exists a constant
pn ∈ [0, 1] such that Pn(Q) = pn for every Q ∈ Qn, Khoshnevisan, Peres and Xiao [18]
showed that dimH A = 1 − γ1 a.s. For more related research, see [14, 16].

Before proving Theorem 4.1, we give some lemmas.

Lemma 4.1 Let C and c′
1 be the constants in (1.1) and (2.1) respectively. Let B = B(xB, r)

be a ball with r > 0 and
Qn(B) = {Q ∈ Qn : Q ⊂ B}.

Then there exists some N ≥ 1 such that for all n ≥ N , we have

#Qn(B) ≥ C−2(rc′−1
1 b−n − 2)s .

Proof For Q ∈ Qn(B), by (2.1),there exists xQ ∈ Q such that

Q ⊂ B(xQ, c′
1b

n).

For r > 0, there exists some N ≥ 1 such that for all n ≥ N , we have r > 2c′
1b

n. Then for
Q ∈ Qn, observe that if Q /∈ Qn(B), then Q ∩ B(xB, r − 2c′

1b
n) = ∅, and we deduce that

B(xB, r − 2c′
1b

n) ⊂
⋃

Q∈Qn(B)

Q ∪
⋃

Q/∈Qn(B)
Q∩B 
=∅

Q =
⋃

Q∈Qn(B)

Q.

Hence

C−1(r − 2c′
1b

n)s ≤ μ
(
B(xB, r − 2c′

1b
n)

) ≤ μ
( ⋃

Q∈Qn(B)

Q
)

≤ μ
( ⋃

Q∈Qn(B)

B(xQ, c′
1b

n)
)

≤ #Qn(B)C(c′
1b

n)s,

which derives that

#Qn(B) ≥ (r − 2c′
1b

n)s

C2(c′
1b

n)s
(∀n ≥ N).
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Recall the notation Bt(x, r) = B(x, rt/s).

Lemma 4.2 Suppose that γ2 + δ < s. For t > 0 with t < s − γ2 − δ, let

Bt(n) =
⋃

Q∈Qn
Zn(Q)=1

Bt
Q,

where BQ = B(xQ, c1b
n) ⊂ Q. Given x ∈ X, let Jn,x be the unique dyadic cube in Qn

containing x. Then for k ≥ 1, we have

P

( ⋃

n≥k

{Jn,x ⊂ Bt(n)}
)

= 1.

Proof Given x ∈ X, there is a x′ ∈ Jn,x such that

B(x′, c1bn) ⊂ Jn,x .

Let

Bn(x) = {
J ∈ Qn : J ⊂ B

(
x′, 1

3
(c1b

n)t/s
)}
.

By Lemma 4.1, for n large enough, we have

#Bn(x) ≥ 1

C2

(c
t/s

1

3c′
1
bn(t/s−1) − 2

)s

. (4.4)

Now we show that for n large enough, we have
{
Jn,x ⊂ Bt(n)

} ⊃ {
Zn(J ) = 1 for some J ∈ Bn(x)

}
.

If Zn(J ) = 1 for some J ∈ Bn(x), we have dist(x′, xJ ) ≤ 1
3 (c1b

n)t/s − c1b
n, which

follows thatB(x′, c′
1b

n) ⊂ B(xJ , 1
3 (c1b

n)t/s −c1b
n+c′

1b
n). Notice thatB(xJ , 1

3 (c1b
n)t/s−

c1b
n + c′

1b
n) ⊂ B(xJ , (c1b

n)t/s) holds for n large enough and Jn,x ⊂ B(x′, c′
1b

n), then
we conclude that Jn,x ⊂ B(xJ , (c1b

n)t/s) for some J ∈ Qn with Zn(J ) = 1, that is
Jn,x ⊂ Bt(n).

Define Mn(x) = ∑
J∈Bn(x) Zn(J ), and note that

{
Zn(J ) = 1 for some J ∈ Bn(x)

} = {
Mn(x) > 0

}
.

From Chebyshev’s inequality, we obtain

P(Mn(x) = 0) ≤ Var(Mn(x))

(E(Mn(x)))2
.

Since Cov(Zn(J ), Zn(J
′)) ≤ E(Zn(J )Zn(J

′)) ≤ Pn(J ), we have

Var(Mn(x)) =
∑

J∈Bn(x)

∑

J ′∈Bn(x)

Cov(Zn(J ), Zn(J
′))

=
∑

J∈Bn(x)

( ∑

J ′∈Gn(J )

Cov(Zn(J ), Zn(J
′)) +

∑

J ′∈Tn(J )

Cov(Zn(J ), Zn(J
′))

)

≤
∑

J∈Bn(x)

( ∑

J ′∈Gn(J )

εPn(J )Pn(J
′) +

∑

J ′∈Tn(J )

Pn(J )
)

≤ ε
( ∑

J∈Bn(x)

Pn(J )
)( ∑

J ′∈Gn(J )

Pn(J
′)
)

+ max
J∈Bn(x)

#Tn(J )
( ∑

J∈Bn(x)

Pn(J )
)
,
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where

Gn(J ) = {J ′ ∈ Bn(x) : Cov(Zn(J ), Zn(J
′)) < εPn(J )Pn(J

′)},
Tn(J ) = Bn(x) \ Gn(J ).

Recalling the notation of the Correlation Condition, we obtain

Var(Mn(x)) ≤ ε
( ∑

J∈Bn(x)

Pn(J )
)2 + f (n, ε)

( ∑

J∈Bn(x)

Pn(J )
)
.

Note that E(Mn(x)) = ∑
J∈Bn(x) Pn(J ) ≥ #Bn(x)

(
minQ∈Qn Pn(Q)

)
, we derive that

P(Mn(x) = 0) ≤ ε(E(Mn(x)))2 + f (n, ε)(E(Mn(x)))

(E(Mn(x)))2

= ε + f (n, ε)

E(Mn(x))

≤ ε + f (n, ε)

#Bn(x)
(
minQ∈Qn Pn(Q)

) .

From (4.3) and (4.4), for θ > 0 with 2θ < s − δ − γ2 − t , we get

f (n, ε) ≤ b−n(δ+θ) and #Bn(x) ≥ c5b
n(t−s)

for n large enough, where c5 > 0 is an absolute constant, and from (4.2), we have

min
Q∈Qn

Pn(Q) ≥ bn(γ2+θ)

for infinitely many n, denoted byN . Then

lim sup
n∈N
n→∞

f (n, ε)

#Bn(x)minQ∈Qn Pn(Q)
≤ lim sup

n∈N
n→∞

c−1
5 b−n(2θ+δ+γ2−s+t) = 0,

which implies lim sup
n∈N
n→∞

P(Mn(x) = 0) = 0. Therefore

lim sup
n∈N
n→∞

P(Mn(x) > 0) = 1.

So we show that

lim sup
n→∞

P
(
Jn,x ⊂ Bt(n)

) = 1.

Hence for k ≥ 1,

P

( ∞⋃

n=k

{Jn,x ⊂ Bt(n)}
)

≥ lim sup
n→∞

P
(
Jn,x ⊂ Bt(n)

) = 1.

Proof of Theorem 4.1 Let x ∈ X and t > 0 with t < s − γ2 − δ. By Lemma 4.2, we have

P

( ⋃∞
n=k{Jn,x ⊂ Bt(n)}

)
= 1 for k ≥ 1. Note that

{
x ∈

∞⋃

n=k

Bt (n)
}

⊃ {∃ n ≥ k such that Jn,x ⊂ Bt(n)
}
.
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This yields that P
{
x ∈ ⋃∞

n=k Bt (n)
} = 1. Write the set Fk = ⋃∞

n=k Bt (n), then
∫

dμ(x)

∫
χ{x∈Fk}dP(ω) = 1.

Using Fubini’s Theorem, we obtain
∫

dP(ω)

∫
χFk

(x)dμ(x) = 1,

implying that μ(Fk) = 1 a.s. for any k ≥ 1. Hence μ
(
lim sup
n→∞

Bt(n)
)

= 1 a.s.

By Corollary 1.2, for t > 0 with t < s − γ2 − δ, we have lim sup
n→∞

B(n) ∈ Gt (X) a.s.,

which implies lim sup
n→∞

B(n) ∈ Gs−γ2−δ(X) a.s. Hence by Proposition 2.2 (2), lim sup
n→∞

A(n) ∈
Gs−γ2−δ(X) a.s. �

Proof of Corollary 4.1 If s ≥ γ1, let t > s − γ1. For δ ∈ (0, 2c′
1), there exists k0 ≥ 1 such

that 2c′
1b

k0 ≤ δ < 2c′
1b

k0−1. Since

A ⊂
∞⋃

n=k

⋃

Q∈Qn
Zn(Q)=1

Qo

for all k ≥ 1, we have

Ht
δ(A) ≤

∑

n≥k0

∑

Q∈Qn

(diamQ)tZn(Q).

Then

E(Ht
δ(A)) ≤

∑

n≥k0

∑

Q∈Qn

(diamQ)tPn(Q).

Considering θ > 0 with γ1 > θ > s − t , by (4.1), for n large enough,

max
Q∈Qn

Pn(Q) ≤ bnθ ,

which implies that

E(Ht
δ(A)) ≤ ∑

n≥k0
#Qn(2c′

1b
n)tbnθ ≤ Cc−s

1 (2c′
1)

t
∑

n≥k0
bn(t−s+θ) < ∞, (4.5)

giving dimH A ≤ s−γ1 a.s. If γ1 > s, taking t > 0 and θ = s in (4.5), we have E(Ht
δ(A)) ≤

Cc−s
1 (2c′

1)
t
∑

n≥k0
bnt < ∞ a.s., which implies dimH A ≤ 0 a.s.

When s > γ2 + δ, from Theorem 4.1, we have A ∈ Gs−γ2−δ(X) a.s. Then we obtain
from Proposition 2.2 (4) that dimH A ≥ s − γ2 − δ a.s. �

4.2 Random Covering Sets

Durand [8] showed that random covering sets in the one-dimensional torus T, defined as
limsup sets of a sequence of balls whose centers are independent and uniformly distributed
random variables, have large intersection property. In this subsection, we consider random
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covering sets in (X,B, μ, ρ) with weak dependence condition. Let {ξn}n≥1 be a stationary
process on a probability space (�,B,P) having μ as probability law.

Definition 4.1 We say that {ξn}n≥1 is exponentially mixing if for every n ≥ 1, there exist
two constants c > 0 and 0 < γ < 1 such that

| P(ξ1 ∈ A | D) − P(ξ1 ∈ A) |≤ cγ n

holds for every ball A ⊂ X and D ∈ Bn+1, where Bn+1 is the sub-σ -field generated by
{ξn+i}i≥1.

Let {rn}n≥1 be a sequence of positive real numbers decreasing to zero. The random

covering set is defined as

E : = lim sup
n→∞

B(ξn, rn) = {y ∈ X : y ∈ B(ξn, rn) for infinitely many n ≥ 1}.
The set E consists of the points which are covered by {B(ξn, rn)}n≥1 infinitely often.

Theorem 4.2 ([15]) Let {ξn}n≥1 be exponentially mixing and the probability law μ be
Ahlfors s-regular. Then we have

μ
(
E

) =
{
0 if

∑∞
n=1 rs

n < ∞
1 if

∑∞
n=1 rs

n = ∞ a.s.

Theorem 4.3 Let (X,B, μ, ρ) be a compact Ahlfors s-regular space (0 < s < ∞). Let
{ξn}n≥1 be exponentially mixing and the probability law μ be Ahlfors s-regular. Then the
random covering set E ∈ Gs0(X) a.s., where s0 = inf{t ≥ 0 : ∑∞

n=1 rt
n < ∞}.

Proof For t < s0, by Theorem 4.2, we have

μ(lim sup
n→∞

B(ξn, r
t/s
n )) = 1 a.s.,

since
∑∞

n=1(r
t/s
n )s = ∞. Applying Corollary 1.2, we finish the proof.

4.3 Limsup Sets Generated by Rectangles

The mass transference principle from balls to limsup sets generated by rectangles was estab-
lished by [24] in 2015. In 2021, Ding [4] extended the result to product compact metric
spaces, and proved that such sets have large intersection property. In this subsection, we
use a different method to show the large intersection property of limsup sets generated by
rectangles.

For 1 ≤ i ≤ d, let (Xi, ρi) be a compact metric spaces equipped with a Borel probability
measure μi which is Ahlfors si-regular, that is, there exists a constant δi > 1 such that
δ−1
i rsi ≤ μi(Bi(x, r)) ≤ δir

si , here Bi(x, r) is the open ball in Xi . We consider the metric

space (
∏d

i=1 Xi, ρ) with the measure μ, where

ρ(x, y) = max
1≤i≤d

{ρi(xi, yi)}
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for x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ ∏d
i=1 Xi and μ satisfies that

μ(
∏d

i=1 Ai) = ∏d
i=1 μi(Ai) for Ai is a Borel set in Xi . The metric space (

∏d
i=1 Xi, ρ) is

compact.

Theorem 4.4 For 1 ≤ i ≤ d, let {Bi(xn,i , rn)}n≥1 be a sequence of balls in Xi with
rn → 0 as n → ∞. Let {ai}1≤i≤d be a sequence of positive numbers with 1 ≤ a1 ≤
· · · ≤ ad . Assume that μ(lim sup

n→∞
∏d

i=1 Bi(xn,i , rn)) = 1. Then lim sup
n→∞

∏d
i=1 Bi(xn,i , r

ai
n ) ∈

Gs(
∏d

i=1 Xi), where

s = min
1≤i≤d

{∑d
j=1 sj + ai

∑i
j=1 sj − ∑i

j=1 aj sj

ai

}
.

Proof We assume that rn < 1, for n ≥ 1. Denote Bn = ∏d
i=1 Bi(xn,i , rn) and Rn =∏d

i=1 Bi(xn,i , r
ai
n ). Let x = (x1, . . . , xd) and y = (y1, . . . , yd). For t < s and y ∈ Rn, we

have

φt (μ,Rn, y) =
∫

Rn

ρ(x, y)−t dμ(x) ≤
∫

∏d
i=1 Bi(yi ,2r

ai
n )

ρ(x, y)−t dμ(x).

Let j be the integer with
∑j−1

i=1 si < t ≤ ∑j

i=1 si . Denote

F1,j =
{
x ∈

d∏

i=1

Bi(yi, 2r
ai
n ) : max

1≤i≤j
ρi(xi, yi) < 4r

aj
n

}
,

F2,j =
{
x ∈

d∏

i=1

Bi(yi, 2r
ai
n ) : max

1≤i≤j−1
ρi(xi, yi) ≥ r

aj
n

}
.

Note that Rn ⊂ F1,j ∪ F2,j . Write f = ( max
1≤i≤j−1

ρi(xi, yi))
−t . Using Fubini’s theorem, we

derive that

φt (μ,Rn, y) ≤
∫

F1,j

ρ(x, y)−t dμ(x) +
∫

F2,j

ρ(x, y)−t dμ(x)

≤
∫

F1,j

( max
1≤i≤j

ρi(xi, yi))
−t dμ1(x1) . . . dμd(xd) +

∫

F2,j

f dμ1(x1) . . . dμd(xd)

≤ β1

d∏

i=j+1

rai si
n

∫
∏j

i=1 Bi(yi ,4r
aj
n )

( max
1≤i≤j

ρi(xi, yi))
−t dμ1(x1) . . . dμj (xj )

+β1

d∏

i=j

rai si
n

∫
∏j−1

i=1 Bi(yi ,2r
ai
n )\∏j−1

i=1 Bi(yi ,r
aj
n )

f dμ1(x1) . . . dμj−1(xj−1)

≤ β ′
1

( d∏

i=j+1

rai si
n r

−aj t
n

j∏

i=1

r
aj si
n +

d∏

i=j

rai si
n I2

)
, (4.6)
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where β1, β ′
1 are absolute constants, β1 depends on {δi}j≤i≤d and {si}j≤i≤d , and β ′

1
depends on t , {δi}j≤i≤d and {si}j≤i≤d . Then we have

I2 =
∫

∏j−1
i=1 Bi(yi ,2r

ai
n )\∏j−1

i=1 Bi(yi ,r
aj
n )

(∫ f

0
du

)
dμ1(x1) . . . dμj−1(xj−1)

=
∫

∏j−1
i=1 Bi(yi ,2r

ai
n )\∏j−1

i=1 Bi(yi ,r
aj
n )

r
−aj t
n dμ1(x1) . . . dμj−1(xj−1)

−
∫

∏j−1
i=1 Bi(yi ,2r

ai
n )\∏j−1

i=1 Bi(yi ,r
aj
n )

( ∫ r
−aj t

n

f

du
)
dμ1(x1) . . . dμj−1(xj−1)

≤ r
−aj t
n

( j−1∏

i=1

μi(Bi(yi, 2r
ai
n )) −

j−1∏

i=1

μi(Bi(yi, r
aj
n ))

)

−
∫ r

−aj t

n

0
du

∫
∏j−1

i=1 Bi(yi ,2r
ai
n )\∏j−1

i=1 Bi(yi ,u
−1/t )

dμ1(x1) . . . dμj−1(xj−1)

= −r
−aj t
n

j−1∏

i=1

μi(Bi(yi, r
aj
n )) +

∫ r
−aj t

n

0

j−1∏

i=1

μi(Bi(yi, u
−1/t ))du

≤ −r
−aj t
n

j−1∏

i=1

δ−1
i r

aj si
n +

j−1∏

i=1

δi

∫ r
−aj t

n

0
u− ∑j−1

i=1 si/t du ≤ αr
−aj t
n

j−1∏

i=1

r
aj si
n , (4.7)

where α > 0 is an absolute constant which depends on t , {δi}1≤i≤j−1 and {si}1≤i≤j−1.
Therefore by (4.6) and (4.7),

φt (μ,Rn, y) ≤ β ′
1(1 + α)

d∏

i=j+1

rai si
n r

−aj t
n

j∏

i=1

r
aj si
n .

Hence there exists an absolute constant β2 > 0 which depends on t , {δi}1≤i≤d and
{si}1≤i≤d such that

It (μ,Rn)μ(Bn)

μ(Rn)2
≤ β2r

−aj t+aj

∑j
i=1 si+∑d

i=1 si−∑j
i=1 ai si

n ≤ β2. (4.8)

From the proof of Theorem 1.1, for every t such that supn≥1
It (μ,Rn)μ(Bn)

μ(Rn)2
< ∞, we

have lim sup
n→∞

Rn ∈ Gt (
∏d

i=1 Xi). Note that (4.8) holds for any t < s, then lim sup
n→∞

Rn ∈
Gs(

∏d
i=1 Xi).

Remark 4.2 In [4], Ding also showed that lim sup
n→∞

∏d
i=1 Bi(xn,i , r

ai
n ) has large intersection

property by showing the set satisfies (2.2) directly. Ding defined a new measure supported
on lim sup

n→∞
∏d

i=1 Bi(xn,i , r
ai
n ). Then by applying the relationships between the measure of

balls and their diameters and the version of Theorem 2.2 in
∏d

i=1 Xi , Ding proved the same
conclusion as Theorem 4.4.
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Abstract
Let A be a limsup random fractal with indices γ1, γ2 and δ on [0, 1]d. We determine the hit-
ting probability P(A ∩ G) for any analytic set G with the condition (�) : dimH(G) > γ2 + δ,
where dimH denotes the Hausdorff dimension. This extends the correspondence of Khoshnevisan
et al.1 by relaxing the condition that the probability Pn of choosing each dyadic hyper-cube
is homogeneous and limn→∞

log2 Pn

n exists. We also present some counterexamples to show the
Hausdorff dimension in condition (�) cannot be replaced by the packing dimension.
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1. INTRODUCTION

A limsup random fractal is a type of limsup set
induced by a random model defined on the unit
cube [0, 1]d of Euclidean space. Let Qn denote the
collection of d-dimensional dyadic hyper-cubes in
[0, 1]d for n ≥ 0, that is,

Qn = {[k12−n, (k1 + 1)2−n] × · · · × [kd2−n,

(kd + 1)2−n] : 0 ≤ ki ≤ 2n − 1, 1 ≤ i ≤ d}.
Let Q =

⋃
n≥0 Qn. For n ≥ 1, let {Zn(Q), Q ∈

Qn} be a collection of random variables defined on
a probability space (Ω,B, P), each taking values in
{0, 1}. We say that Q ∈ Qn is chosen if Zn(Q) = 1.
Let

A(n) =
⋃

Q∈Qn,
Zn(Q)=1

Q.

That is, the union of chosen dyadic cubes of order
n. The random set

A = lim sup
n→∞

A(n)

is called a limsup random fractal associated to
{Zn(Q), n ≥ 1, Q ∈ Qn}. For n ≥ 1 and Q ∈ Qn,
denote Pn(Q) = P(Zn(Q) = 1), and write

γ1 := − lim sup
n→∞

log2(maxQ∈Qn Pn(Q))
n

, (1.1)

γ2 := − lim sup
n→∞

log2(minQ∈Qn Pn(Q))
n

. (1.2)

We adopt the convention that log2 0 = −∞.
We assume the following condition, which is a

slight modification of Condition 5 in Ref. 1.

Correlation Condition: There is a constant δ ≥ 0
such that for all ε > 0,

lim sup
n→∞

1
n

log2 f(n, ε) ≤ δ, (1.3)

where

f(n, ε) = max
Q∈Qn

#{Q′ ∈ Qn : Cov(Zn(Q),

Zn(Q′)) ≥ εPn(Q)Pn(Q′)}
and Cov(X,Y ) is the covariance of random vari-
ables X and Y . We refer to γ1, γ2 and δ as the
indices of the limsup random fractal A.

In 2000, Dembo et al.2 established a lower bound
for the Hausdorff dimension of limsup random
fractals. Khoshnevisan et al.1 studied the hitting
probability of limsup random fractals with the con-
ditions that the probability Pn(Q) does not depend

on Q, denoted by Pn and limn→∞
log2 Pn

n exists, and
they obtained an estimate of Hausdorff dimension of
the intersection of the limsup random fractal and an
analytic set. In 2013, Zhang3 determined the Haus-
dorff dimension of limsup random fractals under the
independence of {Zn(Q), n ≥ 1, Q ∈ Qn}. Hu et al.4

extended the results in Ref. 1 on limsup random
fractals to metric spaces. They proved that under
a Correlation Condition, if the limits in (1.1) and
(1.2) exist, that is,

γ1 = − lim
n→∞

log2(maxQ∈Qn Pn(Q))
n

,

γ2 = − lim
n→∞

log2(minQ∈Qn Pn(Q))
n

,

(1.4)

then for an analytic set G,

P(A ∩ G �= ∅) = 0 if dimP(G) < γ1, (1.5)

P(A ∩ G �= ∅) = 1 if dimP(G) > γ2 + δ, (1.6)

where dimP denotes the packing dimension.
There are many random sets which are also

closely related to limsup random fractals, such as
the fast points of Brownian motion,5 thick points of
Brownian motion,2 random covering sets,6 dynami-
cal covering sets,7 shrinking target sets8 and so on.
Li et al.9 investigated the hitting probability of ran-
dom covering sets in which the use of limsup ran-
dom fractals is essential. Later Li and Suomala10

studied the same problem under conditions different
from those in Ref. 9. Wang et al.11 considered the
dynamical covering problems on the middle-third
Cantor set. Hu et al.4 applied the methods of lim-
sup random fractals to investigate the intersection
property of dynamical covering sets. Lyons12 stud-
ied the percolation on trees, and gave the Hausdorff
dimension of limsup random fractals. Fan13 studied
the sets of limsup deviation paths on trees similar
to limsup random fractals, and gave their Hausdorff
dimensions. For further results concerning stochas-
tic process on trees, see Refs. 14 and 15.

In this paper, we are interested in whether both
(1.5) and (1.6) hold if the limits in (1.4) do not exist.
Our answer for this question is that (1.5) holds, but
(1.6) does not. Hence if we replace dimP(G) > γ2+δ
by the stronger condition dimH(G) > γ2 + δ, then
(1.6) will hold, as is shown by the following theorem,
which is the main theorem of this paper.

Throughout the paper, dimH and dimB denote
the Hausdorff dimension and upper box dimension,
respectively.
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Theorem 1.1. Let A = lim supn→∞ A(n) be a lim-
sup random fractal with indices γ1, γ2, and satisfy-
ing the Correlation Condition with δ ≥ 0. Then for
any analytic set G ⊂ [0, 1]d,

P(A ∩ G �= ∅) =

{
0 if dimP(G) < γ1,

1 if dimH(G) > γ2 + δ.

Remark 1.1. If γ2 + δ < d, by Theorem 1.1, we
see that with probability one, for any hyper cube
Q ∈ Q, A ∩ Q �= ∅ almost surely (a.s. for short).
It implies that A is dense in [0, 1]d a.s. Hence under
the condition γ2 + δ < d, dimP(A) = d a.s.

Hu et al.4 provided an estimate for the Hausdorff
dimension of A ∩ G requiring the existence of the
limits in (1.4), and the following corollary of Theo-
rem 1.1 indicates the existence of the limits can be
relaxed.

Corollary 1.1. Under the same conditions as The-
orem 1.1, suppose δ = 0. Then we have

P(A ∩ G �= ∅) =

{
0 if dimP(G) < γ1,

1 if dimH(G) > γ2

and

max{0,dimH(G) − γ2}
≤ dimH(A ∩ G) ≤ max{0,dimP(G) − γ1} a.s.

(1.7)

In particular, if γ1 = γ2, then dimH(A) = max{0,
d − γ1} a.s.

In Theorem 1.1, the condition for probability one
is that dimH(G) > γ2 + δ, which can be weakened,
by (1.6), to dimP(G) > γ2 + δ if (1.4) holds. A
natural question is whether dimH(G) in Theorem
1.1 can be replaced by dimP(G) or not. The answer
is negative.

Proposition 1.1. There exists a closed set G ⊂
[0, 1] with dimP(G) = 1 and a limsup random fractal
A with γ1 = γ2 = δ = 0 such that P(A∩G �= ∅) = 0.

Corollary 1.1 provides estimates for dimH(A∩G).
But both inequalities in (1.7) can be strict.

Proposition 1.2. For γ0, t ∈ [0, 1], there exists
a closed set G ⊂ [0, 1] with dimH(G) = t and
dimP(G) = 1, and a limsup random fractal A with
γ1 = γ2 = γ0, δ = 0 such that dimH(A ∩ G) =
min{t, 1 − γ0} a.s.

Remark 1.2. We notice that the condition
dimP(G) < γ1 for zero probability in Theorem 1.1
cannot be replaced by dimH(G) < γ1. Indeed given
γ0 ∈ (0, 1) and t ∈ (0, γ0), by Proposition 1.2, there
is a limsup random fractal A with indices γ1 = γ0

and a set G with dimH(G) = t < γ1 such that
dimH(A ∩ G) > 0 a.s., implying A ∩ G �= ∅ a.s.

2. PROOFS OF MAIN RESULTS

Before proving the results,we first fix some notation.
Write fn � gn, n ∈ I, if there is an absolute con-
stant 0 < c < ∞ such that for all n ∈ I, fn ≤ cgn.
If fn � gn and gn � fn for n ∈ I, then we denote
fn 	 gn. χ is the indicator function. Let Q′

n =
{[k12−n, (k1+1)2−n)×. . .×[kd2−n, (kd+1)2−n) : 0 ≤
ki ≤ 2n − 1, 1 ≤ i ≤ d} and Q′ =

⋃
n≥1 Q′

n.
We demonstrate Theorem 1.1 by using the fol-

lowing lemmas. For any r > 0, let Cr(G) be a col-
lection of the smallest number of closed balls with
radius r covering G and Nr(G) = #Cr(G). From
Ref. 16, the upper box dimension of G is defined as
dimB(G) = lim supr→0

log Nr(G)
− log r .

The following lemma is a slight modification of
Lemma 3.2 in Ref. 4.

Lemma 2.1 (Ref. 4). Let G ⊂ [0, 1]d be an ana-
lytic set. If dimH(G) > t, there is a nonempty Borel
subset G� ⊂ G such that

dimH(G� ∩ V ) > t

for all dyadic hyper-cubes V ∈ Q′ with G�∩V �= ∅.

Proof. Since G is analytic, from Ref. 17, there is
a closed set K ⊂ G with 0 < Ht(K) < ∞ for some
t > s. Let

U =
⋃

V ∈Q
dimH(V ∩K)≤s

V.

Let G� = K \U which is a Borel set and dimH(V ∩
G�) > s for all V ∈ Q′ intersecting G�. Moreover

Ht(K) = Ht(K ∩ U ∪ K \ U))

≤
∑

V ∈Q′
dimH(V ∩K)≤s

Ht(K ∩ V ) + Ht(G�)

= Ht(G�).

Hence Ht(G�) = Ht(K) > 0, implying G� �= ∅.

Lemma 2.2 (Ref. 10). For G with dimH(G) > t,
there is N ≥ 1 such that for n ≥ N, there are at
least 2nt elements in Q′

n intersecting G, that is,

#
{
Q ∈ Q′

n : Q ∩ G �= ∅
} ≥ 2nt.
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Proof of Theorem 1.1. (i) The proof of the zero
probability is known (see Ref. 4) and is presented
for the sake of completeness. It suffices to show that
dimB(G) < γ1 implies A ∩ G = ∅ a.s. Indeed for
dimP(G) < γ1, by

dimP(G) = inf

{
sup

n
dimB(Gn) : G ⊂

∞⋃
n=1

Gn

}

(2.1)

(see Ref. 16), there is a covering {Gn} with
dimB(Gn) < γ1 for n ≥ 1. Hence P(A ∩ G �= ∅) ≤∑

n P(A ∩ Gn �= ∅) = 0.
When γ1 < ∞, fix ε > 0 with dimB(G) < γ1 − ε

and θ ∈ (dimB(G), γ1 − ε), then for n large enough,
we have

max
Q∈Qn

Pn(Q) ≤ 2−n(γ1−ε), N√
d2−n−1(G) � 2nθ,

#Γn(B) = #
{
Q ∈ Qn : Q ∩ B �= ∅

} ≤ M

(∀B ∈ C√d2−n−1(G)),

where M > 0 is an absolute constant, and these
inequalities are immediate from their definitions.
Hence for n large enough, we have

P(G ∩ A(n) �= ∅)

≤ P

⎛
⎝ ⋃

B∈C√
d2−n−1 (G)

⋃
Q∈Γn(B)

Q ∩ A(n) �= ∅

⎞
⎠

� 2−n(γ1−ε−θ).

The Borel–Cantelli lemma implies A ∩ G = ∅ a.s.
When γ1 = ∞, fix b > 0 with dimB(G) < b. For

θ ∈ (dimB(G), b), we have N√
d2−n−1(G) � 2nθ and

maxQ∈Qn Pn(Q) ≤ 2−nb for n large enough, where
the second inequality follows from (1.1). Similarly,
we get A ∩ G = ∅ a.s.

(ii) In the following, we will show P(A∩G �= ∅) =
1 provided that dimH(G) > γ2 + δ. By Lemma 2.1,
there exists a Borel subset G� and a closed subset
K satisfying G� ⊂ K ⊂ G such that for all V ∈ Q′,
whenever G� ∩ V �= ∅, dimH(G� ∩ V ) > γ2 + δ. Fix
an open set V such that V ∩ G� �= ∅. Denote

An = An(V ∩ G�) =
{
Q ∈ Q′

n : Q ∩ V ∩ G� �= ∅
}

and Nn = #An. Then by Lemma 2.2, we have that
for any η ∈ (γ2 +δ,dimH(G�∩V )), there is n(η) ≥ 1
such that

Nn ≥ 2nη (∀n ≥ n(η)).

Define

Sn =
∑

Q∈An

Zn(Q),

where Q is the closure of Q and Q ∈ Q. We need
only show that P(Sn > 0 i.o.) = 1, where i.o. stands
for infinitely often. First, we estimate

Var(Sn) =
∑

Q∈An

∑
Q′∈An

Cov(Zn(Q), Zn(Q′)).

Fix ε > 0 and for each Q ∈ An, let Gn(Q) denote
the collection of all Q′ ∈ An such that

Cov(Zn(Q), Zn(Q′)) ≤ εPn(Q)Pn(Q′) (2.2)

and we define Bn(Q) = An \ Gn(Q).
From the fact that Cov(Zn(Q), Zn(Q′)) ≤

E(Zn(Q)) = Pn(Q), we get

Var(Sn) =
∑

Q∈An

⎛
⎝ ∑

Q′∈Gn(Q)

Cov
(
Zn(Q), Zn(Q′)

)

+
∑

Q′∈Bn(Q)

Cov
(
Zn(Q), Zn(Q′)

)⎞⎠

≤
∑

Q∈An

⎛
⎝ ∑

Q′∈Gn(Q)

εPn(Q)Pn(Q′)

+
∑

Q′∈Bn(Q)

Pn(Q)

⎞
⎠

=
∑

Q∈An

∑
Q′∈Gn(Q)

εPn(Q)Pn(Q′)

+
∑

Q∈An

(
#Bn(Q)

)
Pn(Q)

≤ ε

⎛
⎝ ∑

Q∈An

Pn(Q)

⎞
⎠

⎛
⎝ ∑

Q′∈An

Pn(Q′)

⎞
⎠

+
(

max
Q∈An

#Bn(Q)
) ⎛

⎝ ∑
Q∈An

Pn(Q)

⎞
⎠ .

Recalling the notation of the Correlation Condition,
we have

Var(Sn) ≤ ε

⎛
⎝ ∑

Q∈An

Pn(Q)

⎞
⎠

2

+ f(n, ε)
∑

Q∈An

Pn(Q)

= ε
(
E(Sn)

)2 + f(n, ε)E(Sn). (2.3)
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Combining (2.3) and the Paley–Zygmund inequal-
ity,18 we obtain

P(Sn > 0) ≥ (E(Sn))2

E(S2
n)

=
(E(Sn))2

(E(Sn))2 + Var(Sn)

≥ E(Sn)
(1 + ε)E(Sn) + f(n, ε)

.

That is,

P(Sn > 0) ≥ 1

1 + ε + f(n,ε)
E(Sn)

. (2.4)

Since E(Sn) =
∑

Q∈An
Pn(Q) ≥ Nn(minQ∈Qn

Pn(Q)), recalling that Nn = #An, we have

f(n, ε)
E(Sn)

≤ f(n, ε)
Nn(minQ∈Qn

Pn(Q))
. (2.5)

By the Correlation Condition, for any θ > 0 with
2θ < η − δ − γ2, we have

f(n, ε) ≤ 2(δ+θ)n

for n large enough, and from (1.2), we have

min
Q∈Qn

Pn(Q) ≥ 2−(γ2+θ)n

for infinitely many n, denoted by N . From these
inequalities and the arbitrariness of θ, we have

lim sup
n∈N
n→∞

f(n, ε)
Nn(minQ∈Qn

Pn(Q))

≤ lim sup
n∈N
n→∞

2n(2θ+δ+γ2−η) = 0. (2.6)

Then combining inequalities (2.4)–(2.6), by Fatou’s
lemma and arbitrariness of ε, we conclude that

P(Sn > 0 i.o.) ≥ lim sup
n∈N
n→∞

P(Sn > 0) = 1.

It follows that

P

⎛
⎝ ∞⋃

n=k

⋃
Q∈An

{Zn(Q) = 1},∀ k ≥ 1,∀V ∈ Q′

⎞
⎠ = 1.

Then given ω in the above event, for Q0 = [0, 1)d,
there is some k1 ≥ 1 such that

∃Q1 ∈ Q′
k1

, Q1 ∩ G� ∩ Q0 �= ∅ and

Zk1(Q1)(ω) = 1.

Since Q1 ⊂ Q0 and G� ∩ Q1 �= ∅, there is some
k2 ≥ k1 such that

∃Q2 ∈ Q′
k2

Q2 ∩ G� ∩ Q1 �= ∅ and

Zk2(Q2)(ω) = 1.

We continue inductively, then get a sequence {Qi}
such that for all i ≥ 1,

Qi ∈ Q′
ki

, Qi ∩ G� ∩ Qi−1 �= ∅ and

Zki
(Qi)(ω) = 1.

Notice that {Qi} are decreasing hyper cubes. Recall
that K ⊃ G� is closed. Hence ∅ �= ⋂∞

i=1 Qi ⊂ K ∩
A(ω). Thus, A ∩ G �= ∅ a.s.

We use the following lemma to prove Corol-
lary 1.1.

Lemma 2.3 (Ref. 1). Suppose A = A(ω) is a
random set in [0, 1]d (i.e. χA(ω)(x) is jointly mea-
surable) such that for any compact set E ⊂ [0, 1]d

with dimH(E) > γ, we have P(A∩E) = 1. Then for
any analytic set E ⊂ [0, 1]d,

dimH(E) − γ ≤ dimH(A ∩ E) a.s.

Proof of Corollary 1.1. The proof of the upper
bound is similar to that in Ref. 1, and is included for
completeness. Since dimP(G) < γ1 implies A∩G =
∅ a.s., we consider the case of dimP(G) ≥ γ1. By
(2.1), it suffices to prove dimH(A∩G) ≤ dimB(G)−
γ1. Recall the notation in Theorem 1.1 and the start
of Sec. 2, and define

Hn =
∑

B∈C√
d2−n−1 (G)

∑
Q∈Γn(B)

Zn(Q).

For η = dimB(G) − γ1 and any ε > 0, for large
enough n we have

E(Hn) =
∑

B∈C√
d2−n−1 (G)

∑
Q∈Γn(B)

Pn(Q) � 2n(η+2ε).

Due to the arbitrariness of ε, for any θ > η, we have
E(

∑∞
n=1 Hn2−nθ) < ∞. Therefore,

Hθ(A ∩ G) ≤ lim inf
m→∞

∞∑
n=m

Hn2−nθ = 0 a.s.,

giving dimH(A ∩ G) ≤ dimB(G) − γ1 a.s.
The left-hand inequality in Corollary 1.1 follows

from Lemma 2.3 and Theorem 1.1.

Proof of Proposition 1.1. Let (tk)k≥1 be
an increasing sequence with tk ∈ (0, 1) and
limk→∞ tk = 1. Let (nk)k≥1 and (mk)k≥1 be increas-
ing sequences of positive integers with mk < nk (to
be determined later). We first construct a homo-
geneous Cantor set G as follows. We divide [0, 1]
into N1 := 2m1 closed intervals, and inside each
interval, choose a closed subinterval with length
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l1 := 2−n1 . Denote this collection of intervals by G1.
Let I1

1 , I2
1 , . . . , IN1

1 be the intervals in G1, arranged
from left to right, such that I1

1 has the same left
endpoint as [0, 1] and IN1

1 has the same right end-
point as [0, 1].

Suppose Gk has been chosen, which is comprised
of some closed intervals, each with length lk. For
any I ∈ Gk, we divide I into 2mk+1 intervals of
length 2−mk+1 |I|. Then, inside of each subinter-
val of length 2−mk lk, we choose one closed inter-
val of length lk+1 := 2−nk+1lk such that the first
subinterval has the same left endpoint as I, and
the last subinterval has the same right endpoint as
I. Denote these Nk+1 = 2mk+1Nk intervals with
length lk+1 by Gk+1. Let Gk =

⋃
I∈Gk

I and G =⋂
k≥1 Gk. Choosing mk+1 large enough (depending

on the choices of (ni)1≤i≤k and (mi)1≤i≤k) such that
2mk+1(1−tk)Nkl

tk
k ≥ 1, from Ref. 19, we have

dimP(G) = lim sup
k→∞

log Nk+1

− log(lk) + log(Nk+1/Nk)

= lim sup
k→∞

log(2mk+1Nk)
log(l−1

k 2mk+1)

≥ lim sup
k→∞

tk = 1.

Before constructing a limsup random fractal, we
fix some notation. Let (ξm)m≥1 be a sequence of
independent random variables on (Ω,B, P) which
are uniformly distributed on [0, 1]. Let Mk =∑k

i=1 ni and bn = 2Mktk if n ∈ [Mk,Mk+1). Define
the set B = {∃m ∈ [bn−1, bn) such that ξm ∈ Q}
and set Zn(Q) = χB. Let A(n) =

⋃
Q∈Qn

Zn(Q)=1

Q, and

A = lim supn→∞ A(n).
For every Q ∈ Qn, it follows from our assumption

of (ξm)m≥1 and the definition of Qn that P(Zn(Q) =
1) does not depend on Q, denoted by Pn. Therefore,

Pn = P

⎛
⎝ bn−1⋃

m=bn−1

ξm ∈ Q

⎞
⎠ ≤

bn−1∑
m=bn−1

P(ξm ∈ Q)

= 2−n(bn − bn−1) (2.7)

and

Pn ≥
bn−1∑

m=bn−1

P(ξm ∈ Q)

−
bn−1∑

m=bn−1

bn−1∑
m′=bn−1

m′ �=m

P(ξm ∈ Q, ξm′ ∈ Q)

=
bn−1∑

m=bn−1

P(ξm ∈ Q)

⎛
⎜⎜⎝1 −

bn−1∑
m′=bn−1

m′ �=m

P(ξm ∈ Q)

⎞
⎟⎟⎠

= 2−n(bn − bn−1)(1 − 2−n(bn − bn−1)). (2.8)

Write xn = 2−n(bn − bn−1). Note that for k ≥
1, if Mk < n < Mk+1, xn = 0 and xMk

=
2Mktk−2Mk−1tk−1

2Mk
. From this and inequalities (2.7)

and (2.8), we have

lim sup
n→∞

log2 Pn

n
= 0. (2.9)

Next we prove that A satisfies the Correla-
tion Condition with δ = 0. First we estimate
Cov(Zn(Q), Zn(Q′)) for Q,Q′ ∈ Qn with the dis-
tance dist(Q,Q′) ≥ 2−n,

Cov(Zn(Q), Zn(Q′))

= E(Zn(Q)Zn(Q′)) − E(Zn(Q))E(Zn(Q′))

≤ P(Zn(Q) = 1, Zn(Q′) = 1) − P 2
n

≤
bn−1∑

m=bn−1

P(ξm ∈ Q)
bn−1∑

m′=bn−1

m′ �=m

P(ξm ∈ Q) − P 2
n

≤ 2

⎛
⎝ bn−1∑

m=bn−1

P(ξm ∈ Q)

⎞
⎠

×
bn−1∑

m=bn−1

bn−1∑
m′=bn−1

m′ �=m

P(ξm ∈ Q, ξm′ ∈ Q′)

� 2−n+1(bn − bn−1)E(Zn(Q))E(Zn(Q′)).
(2.10)

From (2.9), for ε > 0, there is n(ε) such that for any
n ≥ n(ε), 2−n+1(bn−bn−1) < ε. It implies that for n
large enough, we have f(n, ε) ≤ 3, hence A satisfies
the Correlation Condition with δ = 0.

Denote Ak =
⋃Mk

n=Mk−1+1 A(n), then

P(Ak ∩ Gk �= ∅)

≤
∑
I∈Gk

P(I ∩ Ak �= ∅)

≤ Nknk max
Mk−1+1≤n≤Mk

P(I ∩ A(n) �= ∅)

≤ 2Nknk max
Mk−1+1≤n≤Mk

Pn � Nknk2−Mk2Mktk

= nkNklk2Mktk (2.11)
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and by choosing nk large enough (depending on
tk, the choice of (ni)1≤i<k and (mi)1≤i≤k), we have
nkNklk2Mktk ≤ 2−k. It then follows from the Borel–
Cantelli lemma that

P(Ak ∩ Gk �= ∅ i.o.) = 0.

This means that there is some N ≥ 1 such that for
any k ≥ N , Ak ∩Gk = ∅ a.s. Since G ⊂ Gk, k ≥ 1,
it yields that G ∩ A(k) �= ∅ for only finitely many
k. Therefore, P(A ∩ G �= ∅) = 0.

To show Proposition 1.2, we make use of the fol-
lowing lemma. Here we suppose that (ξm)m≥1 is a
sequence of independent and uniformly distributed
random variables on [0, 1], which are defined on
(Ω,B, P).

Lemma 2.4. Let 0 ≤ γ0 < 1 and an =
2n(1−γ0). For any Q ∈ Qn, write B = {∃m ∈
[an−1, an) s.t. ξm ∈ Q} and set Zn(Q) = χB. For
0 < β < 1 − γ0, let

Aβ(n) =
⋃

Q∈Qn

Zn(Q)=1

Qβ,

where Qβ is the interval with length |Q|β concentric
with Q. Then

lim
n→∞P(Aβ(n) = [0, 1]) = 1.

Proof. For n ≥ 1, Q ∈ Qn, write

Qn(Q) =
{
Q′ ∈ Qn : dist(Q,Q′)

≤ 2−(n+1)(2(1−β)n − 3)
}
,

hence #Qn(Q) = �2(1−β)n�. Note that

{Q � Aβ(n)} ⊂ {Zn(Q′) = 0 for all Q′ ∈ Qn(Q)}.
Then for n large enough, we have

P(Q � Aβ(n)) ≤ P(Zn(Q′) = 0 for all Q′ ∈ Qn(Q))

≤
an∏

m=an−1

P

⎛
⎝ξm /∈

⋃
Q′∈Qn(Q)

Q′

⎞
⎠

= (1 − �2(1−β)n�2−n)2
n(1−γ0)

≤ (1 − 2−nβ−1)2
n(1−γ0)

. (2.12)

Note that {[0, 1] � Aβ(n)} = {∃Q ∈ Qn such
that Q � Aβ(n)}, and hence

P([0, 1] � Aβ(n))

= P(∃Q ∈ Qn such that Q � Aβ(n))

≤
∑

Q∈Qn

P(Q � Aβ(n))

≤
∑

Q∈Qn

P(Zn(Q′) = 0 for all Q′ ∈ Qn(Q))

≤
∑

Q∈Qn

an∏
m=an−1

P

⎛
⎝ξm /∈

⋃
Q′∈Qn(Q)

Q′

⎞
⎠

≤ 2n(1 − 2−nβ−1)2
n(1−γ0)

, (2.13)

which tends to 0 as n → ∞.

Proof of Proposition 1.2. Let (nk)k≥1 be an
increasing sequence of positive integers (to be deter-
mined later). We divide [0, 1] into N1 := �2n1t�
closed intervals, and inside each interval, choose a
closed subinterval with length l1 := 2−n1 , with the
first subinterval on the left having the same left end-
point as [0, 1], and the right endpoint of the last
subinterval on the right having the same as that of
[0, 1]. We denote this collection of intervals by G1.

Suppose that Gk, consisting of some closed inter-
vals with length lk, has been chosen. Then for any
I ∈ Gk, we divide I into �2nk+1t� closed intervals of
length 2−�nk+1t
lk and inside each of these, choose
one closed interval of length lk+1 := 2−nk+1 lk, such
that the left endpoint of the first subinterval is the
same as that of I, and the right endpoint of the last
subinterval is the same as that of I. Denote these
Nk+1 = �2nk+1t�Nk intervals with length lk+1 by
Gk+1. Let Gk =

⋃
I∈Gk

I and G =
⋂

k≥1 Gk. G is
then a homogeneous Cantor set. From Ref. 19, we
have

dimH(G) = lim inf
k→∞

log Nk+1

− log lk

= lim inf
k→∞

log
∏k

i=1�2nit�
log

∏k
i=1 2ni

≤ t

and for k large enough we also have

log
∏k

i=1�2nit�
log

∏k
i=1 2ni

≥ log
∏k

i=1(2
nit − 1)

log
∏k

i=1 2ni

= t +
log

∏k
i=1(1 − 2−nit)∑k

i=1 ni

.

Since
∑∞

i=1 2−nit < ∞, it follows that
∏∞

i=1(1 −
2−nit) > 0, implying log

Qk
i=1(1−2−nit)
Pk

i=1 ni
→ 0 as k →

∞. Therefore, dimH(G) = t. From the proof of
Proposition 1.1, we choose an appropriate (nk)k≥1

such that dimP(G) = 1.
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Using the same notation as Lemma 2.4, let
A(n) =

⋃
Q∈Q

Zn(Q)=1

Q and A = lim supn→∞ A(n). We

assume that γ0 > 0, since we can replace 1 − γ0

by an increasing sequence of positive real numbers
with limit 1 − γ0 if γ0 = 0. For every Q ∈ Qn, the
probability P(Zn(Q) = 1), denoted by Pn, does not
depend on Q. Then

Pn = P

⎛
⎝ an−1⋃

m=an−1

ξm ∈ Q

⎞
⎠ ≤

an−1∑
m=an−1

P(ξm ∈ Q)

= 2−n(an − an−1) 	 2−nγ0 (2.14)

and

Pn ≥
an−1∑

m=an−1

P(ξm ∈ Q)

−
an−1∑

m=an−1

an−1∑
m′=an−1

m′ �=m

P(ξm ∈ Q, ξm′ ∈ Q)

=
an−1∑

m=an−1

P(ξm ∈ Q)

⎛
⎜⎜⎝1 −

an−1∑
m′=an−1

m′ �=m

P(ξm ∈ Q)

⎞
⎟⎟⎠

	 2−nγ0 . (2.15)

We can conclude from (2.14) and (2.15) that

lim
n→∞

log2 Pn

n
= −γ0.

For Q,Q′ ∈ Qn with the distance dist(Q,Q′) ≥ 2−n,
since

Cov(Zn(Q), Zn(Q′))

= E(Zn(Q)Zn(Q′)) − E(Zn(Q))E(Zn(Q′))

≤ P(Zn(Q) = 1, Zn(Q′) = 1) − P 2
n

≤
an−1∑

m=an−1

P(ξm ∈ Q)
an−1∑

m′=an−1

m′ �=m

P(ξm ∈ Q) − P 2
n

≤ 2

⎛
⎝ an−1∑

m=an−1

P(ξm ∈ Q)

⎞
⎠

×
an−1∑

m=an−1

an−1∑
m′=an−1

m′ �=m

P(ξm ∈ Q, ξm′ ∈ Q′)

	 2−nγ0E(Zn(Q))E(Zn(Q′)) (2.16)

for ε > 0, we have f(n, ε) ≤ 3 for n large enough.
Then we have proved that A satisfies the Correla-
tion Condition with δ = 0.

If γ0 = 1, then dimH(A) = 0, which implies that
dimH(A ∩ G) = 0. We therefore consider the case
γ0 < 1. Since dimH(F ∩ A) ≤ min{t, 1 − γ0}, we
prove that dimH(F ∩ A) ≥ min{t, 1 − γ0} a.s. Let
(εn)n≥1 be a sequence with εn > 0 for all n and such
that

∑∞
n=1 εn < 1, and let (tn)n≥1 be an increas-

ing sequence with limn→∞ tn = 1 − γ0. By Lemma
2.4, there is C ≥ 1 such that for all n ≥ C, we
have

P(T = Atn(n)) > 1 − εn,

then using the independence of (ξm)n≥1, we derive

P(T = Atn(n) for all n ≥ C)

=
∞∏

n=C

P(T = Atn(n)) > 1 −
∞∑

n=C

εn > 0.

Fix ω ∈ {T = Atn(n) for all n}, and without los-
ing generality, we suppose n1 ≥ C. Let (mk)k≥1 be
an increasing sequence of positive integers satisfy-
ing mk >

∑k
i=1 ni for k ≥ 1(to be determined later).

Let G′
1 = G1. For each I ∈ G′

1, by Lemma 2.4, we can
choose a subfamily A1(I) := {Q ∈ Qm1 : Qtm1 ⊂ I}
such that #A1(I) = � l1

2−m1tm1
� − 2; here we can

choose m1 > n1+1
tm1

such that A1(I) exists. Let
F1 = {A1(I) : I ∈ G′

1}, then we have
⋃

Q∈G1
Q ⊂

A(m1)(ω) and #F1 = #G′
1(� l1

2−m1tm1
� − 2).

For Q ∈ F1, choose �2−m1 �2n2t

l1

� − 2 elements in
G2 which are contained in Q. We denote the chosen
elements by G′

2, that is G′
2 = {J ∈ G2 : J ⊂ Q, Q ∈

F1} and #G′
2 = (�2−m1 �2n2t


l1
�− 2)#F1. For J ∈ G′

2,
choose a subfamily A2(J) := {Q ∈ Qm2 : Qtm2 ⊂
J} such that #A2(J) = � l2

2−m2tm2
�− 2, here we can

select m2 > n1+n2+1
tm2

to guarantee it. Write F2 =

{A2(J) : J ∈ G′
2}, then #F2 = #G′

2(� l2
2−m2tm2

�− 2).
Continuing inductively, we have families G′

k and
Fk with

#Fk =
(⌊

lk
2−mktmk

⌋
− 2

)
#F ′

k

= N1

k∏
i=1

(⌊
li

2−mitmi

⌋
− 2

)

×
k−1∏
i=1

(⌊
2−mi�2ni+1t�

li

⌋
− 2

)
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and

#G′
k+1 =

(⌊
2−mk�2nk+1t�

lk

⌋
− 2

)
#Gk

= N1

k∏
i=1

(⌊
li

2−mitmi

⌋
− 2

)

×
(⌊

2−mi�2ni+1t�
li

⌋
− 2

)
.

We choose mk and nk+1 large enough such that

#Fk 	 2(1−t)(
Pk

i=1 ni)

2(
Pk

i=1 mi(1−tmi ))−mk

and

lim
k→∞

log #Fk

− log 2−mk
= 1 − γ0 (2.17)

and

#G′
k+1 	 2t(

Pk+1
i=1 ni)

2
Pk

i=1 mi(1−tmi )
and

lim
k→∞

log #G′
k

− log lk
= t. (2.18)

Let F =
⋂

k≥1

⋃
Q∈Fk

Q =
⋂

k≥1

⋃
I∈G′

k
I. Then F ⊂

G ∩ A(ω).
By (2.17), (2.18) and Lemma 2 in Ref. 19, we

conclude that

dimH(F ) = min{1 − γ0, t}.
Hence dimH(G ∩ A) ≥ min{t, 1 − γ0} with positive
probability. Since dimH(G ∩ A) ≥ min{t, 1 − γ0} is
a tail event, by the Kolmogorov zero-one law, we
have dimH(G ∩ A) = min{t, 1 − γ0} a.s.
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Abstract
Let (X ,B, μ, T , d) be a measure-preserving dynamical system with exponentially mixing
property, and let μ be an Ahlfors s-regular probability measure. The dynamical covering
problem concerns the set E(x) of points which are covered by the orbits of x ∈ X infinitely
many times. We prove that the Hausdorff dimension of the intersection of E(x) and any
regular fractal G with dimH G > s −α equals dimH G +α−s, where α = dimH E(x) μ–a.e.
Moreover, we obtain the packing dimension of E(x)∩G and an estimate for dimH(E(x)∩G)

for any analytic set G.

Keywords Dynamical covering sets · Exponentially mixing · Hausdorff dimension
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1 Introduction

Let (X , d) be a compact metric space and let (X ,B, T , μ, d) be a metric measure preserving
system (m.m.p.s. for short). The distribution of the orbit of a point in X is an important topic in
ergodic theory and has been studied by many authors. See, for example [1,3,5,10,11,13,18].
The well-known Poincaré recurrence theorem shows that μ-a.e. x ∈ X is recurrent, that is

lim inf
n→∞ d(T n x, x) = 0.
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Boshernitzan [3] proved that if there is some τ > 0 such that the τ -dimensional Hausdorff
measure Hτ of X is σ -finite, then for μ-a.e. x ∈ X ,

lim inf
n→∞ n

1
τ d(T n x, x) < ∞.

If μ is ergodic, then for every fixed point y ∈ X , we have, for μ-a.e. x ∈ X ,

lim inf
n→∞ d(T n x, y) = 0.

For an exponentially mixing metric measure preserving system, Fan, Langlet and Li [10]
proved that if t < 1/αmax , then for μ-a.e. x ∈ X , we have lim inf

n→∞ nt d(T n x, y) = 0 for

uniformly for all y ∈ X , where αmax is the maximal local dimension of μ.
Hill and Velani [15] introduced the shrinking targets theory, which concerns the following

set of points whose orbits are close to a given point, that is for any given y ∈ X ,

S(y) = {x ∈ X : T n x ∈ B(y, �n) i.o.}, (1.1)

where {�n}n≥1 is a sequence of positive real numbers tending to 0 and i.o. stands for infinitely
often. Li, Wang, Wu and Xu [28] studied the shrinking target problem in the case when T is
the Gauss map and determined the Hausdorff dimension of the set S(y) in (1.1) for certain
choices of {�n}. Bugeaud and Wang [5] studied the problem for the case when T is the
β-transformation. Aspenberg and Persson [1] extended their results to piecewise expanding
maps.

Motivated by the Diophantine approximation, Fan, Schmeling and Troubetzkoy [11] pro-
posed the dynamical covering set defined by

E(x) = {y ∈ X : T n x ∈ B(y, �n) i.o.}, (1.2)

which is the set of points y that are well approximated by the orbit of x . Among other
interesting results, they considered the case when X is the unit interval and T : x �→ 2x
(mod 1) and computed dimH E(x), where dimH denotes the Hausdorff dimension. In [29],
Liao and Seuret determined dimH E(x)when T is an expandingMarkov map. Later, Persson
and Rams [34] considered more general piecewise expanding maps than the Markov maps.

In 2017, Wang, Wu and Xu [40] considered the case when X is the middle-third Cantor
set, T x = 3x (mod 1), and μ is the standard Cantor measure. They gave a complete charac-
terization of the size E(x) for μ-almost all x . In [17], Hu and Li investigated the dynamical
covering sets in (X ,B, T , μ, d) with exponentially mixing property, where μ is an Ahlfors
s-regular Borel probability measure. They showed that the measure μ(E(x)) is 0 or 1 for
μ-a.e. x according to the convergence or divergence of the series

∑∞
n=1 �s

n , and for μ-a.e. x ,

dimH E(x) = α,

where α is the upper Besicovitch–Taylor index of {�n}n≥1 defined by

α := inf

{

t ≤ s :
∞∑

n=1

�t
n < ∞

}

= sup

{

t ≤ s :
∞∑

n=1

�t
n = ∞

}

. (1.3)

In particular, these results hold when X is the middle-third Cantor set andμ is the standard
Cantor measure.

Motivated by the aforementioned research,we are interested in following natural questions
for the dynamical covering set.
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On the intersection of dynamical covering sets with fractals 487

Question 1.1 For a given set G ⊂ X, are there points in G which can be well approximated
by the orbit of x ∈ X? Equivalently, when is E(x) ∩ G 
= ∅ for x ∈ X?

Question 1.2 If E(x) ∩ G 
= ∅, then how large is the intersection?

Question 1.1 is also closely related to Mahler’s question [31] which is concerned with
approximating the numbers in themiddle-third Cantor setC1/3 by rational numbers and bears
some analogy with the dynamical covering set. Several authors have investigated Mahler’s
question by measuring the size of the intersection setWA(ψ) ∩ C1/3, where A is an infinite
subset of N and

WA(ψ) =
{

x ∈ R :
∣
∣
∣x − p

q

∣
∣
∣ ≤ ψ(q) for infinitely many (p, q) ∈ Z × A

}

,

and ψ is the approximation speed. For example, whenA := {3n : n = 0, 1, 2 . . . }, Levesley,
Slap and Velani [25] studied the f -Hausdorff measureH f of the setWA(ψ)∩C1/3, where f
is a measure function, and provided a criterion forH f (WA(ψ)∩C1/3) to be 0 orH f (C1/3).
As for the case when A = N, the problem is still open. Levesley, Salp and Velani [25]
conjectured that if ψ(q) = q−τ with τ ≥ 2 then

dimH(WN(q−τ ) ∩ C1/3) = 2

τ
dimH C1/3. (1.4)

However, Bugeaud and Durand [4] disagreed with (1.4) and proposed another conjecture:

dimH(WN(q−τ )∩C1/3) = max

{

dimH(WN(q−τ ))+dimH C1/3−1,
1

τ
dimH C1/3

}

. (1.5)

Bugeaud and Durand [4] provided some results to support their conjecture. In particular, they
showed that (1.5) holds for a natural probabilistic model which is a random covering set on
the unit circle T generated by intervals whose centers are uniformly distributed independent
random variables in T (see [4, Section 2]). Recently, Yu [41] proved that the conjecture (1.5)
holds for the middle-pth Cantor set when p > 107 is odd and τ ∈ (1, 1+c) for some number
c > 0. Here, for each odd integer p > 2, the middle-pth Cantor set is the set of numbers
whose base p expansions do not have digit (p − 1)/2.

Before stating the main results of this paper, we recall some definitions that will be used
throughout this paper.

Definition 1 A Borel measure μ on (X ,B) is called Ahlfors s-regular (0 < s < ∞) if there
exists a constant 1 ≤ c1 < ∞ such that

c1
−1rs ≤ μ

(
B(x, r)

) ≤ c1 rs (1.6)

for all x ∈ X and 0 < r ≤ diam X , where B(x, r) is the closed ball in metric d whose center
is x with radius r and diam X is the diameter of X .

Definition 2 Am.m.p.s. (X ,B, μ, T , d) is exponentially mixing if there exist two constants
C > 0 and 0 < ρ < 1 such that

|μ(E |T −n F) − μ(E)| ≤ Cρn

for all n ≥ 1, balls E ⊆ X , and measurable sets F ∈ B with μ(F) > 0. Here μ(A|B)

denotes the conditional measure μ(A∩B)
μ(B)

. Sometimes we say μ is exponentially mixing.
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Throughout we denote packing dimension and upper box dimension in the metric space
(X , d) by dimP and dimB, respectively.We adopt the convention that theHausdorff dimension
and packing dimension of empty sets are equal to −∞ as in [4] to distinguish the empty set
from a non-empty set with dimension 0.

Theorem 1 provides a criterion for Question 1.1. The condition (C) in Theorem 1 is stated
in the Sect. 2.

Theorem 1 Let (X ,B, μ, T , d) be an exponentially mixing m.m.p.s. and the measure μ be
Ahlfors s-regular with 0 < s < ∞. Let {�n}n≥1 be a sequence of positive numbers tending
to 0 with the upper Besicovitch–Taylor index α < s and, for any x ∈ X, let E(x) be the
dynamical covering set defined in (1.2). Then for any analytic set G ⊂ X we have, for
μ-almost every x ∈ X

E(x) ∩ G

{ = ∅ if dimP(G) < s − α,


= ∅ if dimH(G) > s − α.

If, in addition, the condition (C) holds, then

E(x) ∩ G 
= ∅ if dimP(G) > s − α.

Remark 1 Theorem 1 does not provide complete answers in the critical case of dimP(G) ≥
s − α ≥ dimH(G). Even if the condition (C) holds, it is not clear for the case of dimP(G) =
s − α.

Our Theorem 2 is concerned with Question 1.2 and measures the size of E(x) ∩ G.

Theorem 2 Let E(x) be the dynamical covering set as in Theorem 1. For any analytic set
G ⊂ X we have, for μ-almost every x ∈ X

dimH(E(x) ∩ G)

⎧
⎨

⎩

≤ dimP(G) + α − s if dimP(G) ≥ s − α,

= −∞ if dimP(G) < s − α,

≥ dimH(G) + α − s if dimH(G) > s − α.

Moreover, if dimP(G) > s − α and the condition (C) holds, then

dimP(E(x) ∩ G) = dimP(G), a.e.

Remark 2 When dimP(G) > s − α ≥ dimH(G), the Hausdorff dimension E(x) ∩ G is not
explicit. When dimP(G) = s −α, E(x)∩G is an empty set or a set with Hausdorff dimension
0.

As an immediate consequence of Theorem 2, we have

Corollary 1 For any regular analytic set G ⊂ X in the sense that dimH(G) = dimP(G), we
have for μ-almost every x ∈ X

dimH(E(x) ∩ G) =
{
dimP(G) + α − s if dimP(G) > s − α,

−∞ if dimP(G) < s − α.

The rest of this article is organized as follows. In Sect. 2, we describe a more general
probabilistic setting and prove results on the hitting probabilities of the random covering set.
Then Theorems 1–2 follow fromTheorems 3–5. This probabilistic setting is closely related to
the classical Dvoretzky covering problem concerning the set lim supn→∞ B(xn, �n), where
the centers {xn} are independent and uniformly distributed. Järvenpää et al. [20] studied the
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On the intersection of dynamical covering sets with fractals 489

hitting probability of the Dvoretzky covering set in a general metric space. We extend their
results from the independence setting to a stationary process which is exponentially mixing,
and also the uniform distribution is generalized to Ahlfors regular distribution. These results
will give the lower and upper bounds for dimH(E(x) ∩ G) in Theorem 4. In Sect. 4, we
derive Theorem 5 by extending the general method of Khoshnevisan, Peres, and Xiao [24]
to limsup random fractals in metric spaces. Moreover, we obtain the packing dimension of
E(x)∩ G in Theorem 5. The proofs of our main results in Sect. 2 are given in Sects. 3 and 5,
respectively. Finally, in Sect. 6, we provide some examples of dynamical systems that satisfy
our assumptions so that the main theorems in the paper are applicable to them.

2 General results for stationary processes

In this section, we investigate Questions 1.1 and 1.2 in a general probabilistic setting, which
extends the results in [4] and [20].

Let {ξn}n≥1 be a stationary process defined on a probability space (
,A , P) and take
values in a compact metric space (X , d). Let μ be the the distribution of ξ1 which is the
probability measure defined by

μ(A) = P(ξ1 ∈ A) (2.1)

for all Borel sets A ⊂ X .

Definition 3 Wesay that {ξn}n≥1 is exponentially mixing if there exist two constantsC > 0
and 0 < ρ < 1 such that

∣
∣P(ξ1 ∈ A|D) − P(ξ1 ∈ A)

∣
∣ ≤ Cρn

for all n ≥ 1, balls A ⊂ X and D ∈ A n+1, where A n+1 is the sub-σ -field generated by
{ξn+i }i≥1.

Remark 3 If (X ,B, μ, T , d) is an exponentially mixing m.m.p.s., define ξn := T n−1x for
every x ∈ X , then the process {ξn}n≥1 is an exponentially mixing process on probability
space (X ,B, μ). Hence the probabilistic model described above covers the dynamical case.

Let {�n}n≥1 be a sequence of positive numbers decreasing to zero. For every n ≥ 1, denote
In := B(ξn, �n). Define

E := lim sup
n→∞

In = {y ∈ X : y ∈ In i.o.}.

The set E is a random covering set and consists of the points which are covered by {In}n≥1

infinitely often.
The following theorem is concerned with the hitting probabilities of the random covering

set E .

Theorem 3 Let {ξn}n≥1 be an exponentially mixing stationary process taking values in X
with probability distribution μ. We assume that μ is Ahlfors s-regular with 0 < s < ∞. Let
α be the upper Besicovitch–Taylor index of {�n}n≥1 with α < s. Then for every analytic set
G ⊂ X, we have

P(E ∩ G 
= ∅) =
{
0 if dimP(G) < s − α,

1 if dimH(G) > s − α.

123



490 Z. Hu et al.

The theorem below provides an estimate on the Hausdorff dimension of the intersection
E ∩ G.

Theorem 4 Under the setting of Theorem 3, for every analytic set G ⊂ X, with probability
one we have

dimH(E ∩ G)

⎧
⎨

⎩

≤ dimP(G) + α − s if dimP(G) ≥ s − α,

= −∞ if dimP(G) < s − α,

≥ dimH(G) + α − s if dimH(G) > s − α.

The following corollary is an immediate consequence of Theorem 4.

Corollary 2 Under the setting of Theorem 3, for any analytic set G ⊂ X with dimH(G) =
dimP(G) = γ we have, with probability one

dimH(E ∩ G) =
{

γ + α − s if γ > s − α,

−∞ if γ < s − α.

In general, in Theorem 3, P(E ∩G 
= ∅) = 1 may not hold if dimH G > s −α is replaced
by the weaker condition dimP G > s − α. A counter-example was given by Li and Suomala
[27] when {ξn} is a sequence of independent and uniformly distributed random variables on
the circle. Therefore in the result below, we will make use of the following condition on the
sequence {�n}:

(C) Let b ∈ (0, 1
3 ) be a constant. There exists an increasing sequence of positive integers{ki } such that ki → ∞ as i → ∞,

lim
i→∞

ki+1

ki
= 1 (2.2)

and

lim
i→∞

logb−1 nki

ki
= α, (2.3)

where

nk = #{n ≥ 1 : �n ∈ [bk−1, bk−2)}.

Remark 4 By Li, Shieh and Xiao [26], the upper Besicovitch–Taylor index α of {�n}n≥1 can
be expressed as

α = lim sup
k→∞

logb−1 nk

k
. (2.4)

Under Condition (C), we are able to improve Theorem 3 by showing that the hitting
probability of the random covering set E with an arbitrary analytic set G ⊆ X is determined
by the packing dimension of G.

Theorem 5 Under the setting of Theorem 3, if the condition (C) holds, then for every analytic
set G ⊂ X with dimP(G) > s − α, we have

P(E ∩ G 
= ∅) = 1.

Moreover, if dimP(G) > s − α, then dimP(E ∩ G) = dimP(G) a.s.
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We end this section with some remarks about studies of random covering sets. The random
covering problem goes back to 1897 when Borel investigated questions related to random
placement of circular arcs in the unit circle [2]. Let ξ = {ξn} be a sequence of independent
and uniformly distributed random variables on the circleT and {�n} be a sequence of positive
numbers decreasing to 0, define the random covering set

E(ξ) = lim sup
n→∞

B(ξn, �n).

In 1956, Dvoretzky [8] called the attention on the study of E(ξ). He asked the question
when E(ξ) = T a.s. or not. In 1971, Shepp [38] gave a sufficient and necessary condition:
E(ξ) = T a.s. if and only if

∑∞
n=1

1
n2

exp(�1 + · · · + �n) = ∞. For the high dimensional
case, the Dvoretzky covering problem for balls is still open (more details see [23])

TheHausdorff dimensions of randomcovering setswere firstly investigated byFan andWu
[9]. Järvenpää et al. [19] introduced the self-affine covering sets and obtained the dimension
formula in terms of the singular value function, which was generalized to any Lebesgue
measurable set covering by Feng et al. [12].

The random covering problem is related to many other fields such as number theory. For
example, in 2017, Haynes and Koivusalo [14] used a covering argument in Dvoretzky [8] to
prove the randomized version of the Littlewood Conjecture.

3 Proofs of Theorem 3 and Theorem 4

3.1 A nesting family in ametric space

We start this section by recalling Theorem 2.1 of Käenmäki, Rajala and Suomala [22], which
provides a nesting family of “cubes" in a metric space with the finite doubling property [i.e.,
every ball B(x, 2r) ⊂ X may be covered by finitely many balls of radius r .] This family
shares most of the good properties of dyadic cubes of Euclidean spaces.

Theorem 6 [22] Let (X , d) be a metric space with the finite doubling property and let 0 <

b < 1
3 be a constant. Then there exists a collection {Qk,i : k ∈ Z, i ∈ Nk ⊂ N} of Borel sets

that have the following properties:

1. X = ⋃
i∈Nk

Qk,i for every k ∈ Z.
2. Qk,i ∩ Qm, j = ∅ or Qk,i ⊂ Qm, j , where k, m ∈ Z, k ≥ m, i ∈ Nk and j ∈ Nm.
3. For every k ∈ Z and i ∈ Nk , there exists a point xk,i ∈ X such that

U (xk,i , c2bk) ⊂ Qk,i ⊂ B(xk,i , c′
2bk), (3.1)

where c2 = 1
2 − b

1−b , c′
2 = 1

1−b and U (xk,i , c2bk) is the open ball with center xk,i and

radius c2bk.
4. There exists a point x0 ∈ X so that for every k ∈ Z, there is an index i ∈ Nk with

U (x0, c2bk) ⊂ Qk,i .
5. {xk,i : i ∈ Nk} ⊂ {xk+1,i : i ∈ Nk+1} for all k ∈ Z.

Remark 5 From the construction of {Qk,i : k ∈ Z, i ∈ Nk ⊂ N} in [22] we see that for any
k ∈ Z, Qk,i ∩ Qk, j = ∅ for i 
= j ∈ Nk . When μ is Ahlfors s-regular, then by (1) and (3)
in Theorem 6 and the equalities (1.6), we have

c−1
1 c′−s

2 b−ks ≤ #Nk = #{Qk,i : i ∈ Nk} ≤ c1c−s
2 b−ks . (3.2)

We will use this fact in our proofs of Theorems 3, 5 and 7 below.
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If (X , d) is a compact metric space endowed with an Ahlfors s-regular measure μ, then
it can be verified that X has the finite doubling property. Let b ∈ (0, 1

3 ) be the constant in
the condition (C) and let {Qk,i : k ∈ Z, i ∈ Nk} be the nesting family as in Theorem 6
which we call “generalized dyadic cubes" of (X , d). For convenience, we write Q0 = {X}
andQk = {Qk,i : i ∈ Nk} for k ≥ 1, and Bk = {B(xk,i , c′

2bk) : i ∈ Nk}, where xk,i (i ∈ Nk)

are the points in Part (3) of Theorem 6.

Lemma 1 Let (X , d) be a compact metric space endowed with an Ahlfors s-regular measure
μ, where 0 < s < ∞ is a constant. Then, for any constants a0 > 0 and k ≥ 1, a ball B

of radius a0bk may intersect at most
c21(2c′

2+a0)s

cs
2

elements in Qk , where c1, c2 and c′
2 are the

constants given in (1.6) and Theorem 6, respectively.

Proof Write B = B(xB , a0bk) and

A =
{

Qk,i ∈ Qk : Qk,i ∩ B 
= ∅, i ∈ Nk

}
.

For Qk,i ∈ A, from Theorem 6 (3), there exists one point xk,i ∈ Qk,i so that (3.1) holds. We
denote the collection of such points by ϒ , and so #A = #ϒ . Notice that

B ⊂
⋃

Qk,i ∈A
Qk,i ⊂ B(xB , (2c′

2 + a0)b
k),

and
⋃

xk,i ∈ϒ

U (xk,i , c2bk) ⊂
⋃

Qk,i ∈A
Qk,i .

Therefore
∑

xk,i ∈ϒ

μ
(

U (xk,i , c2bk)
)

≤ μ
( ⋃

Qk,i ∈A
Qk,i

)
leμ

(
B(xB , (2c′

2 + a0)b
k)

)
.

Since μ is Ahlfors s-regular, we have
∑

xk,i ∈ϒ

μ(U (xk,i , c2bk)) ≥ (#A)(c2bk)sc−1
1 ,

and

μ(B(xB , (2c′
2 + a0)b

k)) ≤ c1(2c′
2 + a0)

sbks .

Hence #A ≤ c21(2c′
2+a0)s

cs
2

. This proves Lemma 1. 
�

3.2 Proofs of Theorem 3 and Theorem 4

For k ≥ 1, denote by Ik = { j ≥ 1 : � j ∈ [bk−1, bk−2)} and nk = #Ik . Given a constant
c > s−α

logb ρ
, where ρ is the constant in Definition 3, let I′

k be a maximal collection of Ik

having mutual distances at least ck. One important property of I′
k is that any pair of integers

n, m ∈ I′
k are at least of distance ck from each other. We will use this fact to prove Theorems

3 and 5. See Remark 6 below for more details.
Write mk = #I′

k . Since the sequence {�n}n≥1 is decreasing, the elements in Ik are con-
secutive to each other. Then mk = �(ck)−1nk�, where �·� stands for the ceiling function.
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Lemma 2 Let (X , d) be a compact metric space, and G ⊂ X be an analytic set.

(1) If dimH G > t , there is a nonempty compact subset G
 ⊂ G such that

dimH(G
 ∩ V ) > t

for all open sets V ⊂ X with G
 ∩ V 
= ∅.
(2) If dimP G > t , there is a nonempty compact subset G
 ⊂ G such that

dimP(G
 ∩ V ) > t

for all open sets V ⊂ X with G
 ∩ V 
= ∅.

The conclusions in Lemma 2 are known. We include a proof for completeness.

Proof Since G is analytic, from [16], there exists a compact set K ⊂ G with 0 < Ht ′(K ) <

∞ for some t ′ > t . Let {Vi }i≥1 be a countable basis of X . Denote

V = {i : dimH(K ∩ Vi ) ≤ t}, (3.3)

Then
⋃

i∈V Vi is relatively open in K , and hence G
 = K\⋃
i∈V Vi is compact. Note that

Ht ′(K ) = Ht ′
(

K ∩
⋃

i∈V
Vi

)

+ Ht ′
(

K\
⋃

i∈V
Vi

)

≤ Ht ′
(

K ∩
⋃

i∈V
Vi

)

+ Ht ′(G
)

≤
∑

i∈V
Ht ′(K ∩ Vi ) + Ht ′(G
).

From (3.3) and t ′ > t , we get Ht ′(K ∩ Vi ) = 0. Therefore

Ht ′(G
) = Ht ′(K ) > 0.

In particular, G
 
= ∅. Since {Vi } is a basis of X , for any open set V ⊂ X with V ∩ G
 
= ∅,
we have dimH(G
 ∩ V ) > t .

The statement (2) can be obtained similarly with (1) by applying Corollary 1 of Joyce and
Preiss [21]. We omit the details. 
�

The following lemma is directly derived from the definitions of Hausdorff dimension and
Hausdorff measure.

Lemma 3 If G ⊂ X with dimH(G) > t , then there is k0 ≥ 1 such that for k ≥ k0, there are
at least b−kt elements in Qk intersecting G, that is

#{Q ∈ Qk : Q ∩ G 
= ∅} ≥ b−kt .

For k ≥ 1, and Q ∈ Qk , denote by BQ(∈ Bk) the closed ball containing Q given in
Sect. 3.1. Write X Q for the indicator function of the event {ξn ∈ BQ for some n ∈ I′

k}. Then

E(X Q) = P

( ⋃

n∈I′
k

{ξn ∈ BQ}
)

.

123



494 Z. Hu et al.

Remark 6 In the lemma below, we estimate Cov(X Q, X Q′) for some Q′, Q ∈ Qk . Here we
use I′

k instead of Ik . Hence for any pair n, m ∈ I′
k , we have dist(n, m) ≥ ck so that we can

apply the exponential mixing property of {ξn} to derive that
∑

n∈I′
k

∑

m∈I′
k

n>m

ρn−m
P(ξn ∈ BQ)

( ∑
n∈I′

k
P(ξn ∈ BQ)

)2 → 0,

as k → ∞, which is crucial in our proofs.

Lemma 4 Suppose α < s and ε > 0. There exists a constant k0 ≥ 1 such that for k ≥ k0,
the following statements hold.

(1) If BQ ∩ BQ′ = ∅, where Q, Q′ ∈ Qk , then

Cov(X Q, X Q′) < εE(X Q)E(X Q′).

(2) There is a constant 0 < M0 < ∞ such that

max
Q∈Qk

#{Q′ ∈ Qk : BQ ∩ BQ′ 
= ∅} ≤ M0.

Proof Let Q, Q′ ∈ Qk such that BQ ∩ BQ′ = ∅. Then

Cov(X Q, X Q′) = E(X Q X Q′) − E(X Q)E(X Q′)

= P

( ⋃

n∈I′
k

⋃

m∈I′
k

{ξn ∈ BQ, ξm ∈ BQ′ }
)

− P

( ⋃

n∈I′
k

{ξn ∈ BQ}
)

P

( ⋃

m∈I′
k

{ξm ∈ BQ′ }
)

.

(3.4)
Observe that

P

( ⋃

n∈I′
k

⋃

m∈I′
k

{ξn ∈ BQ, ξm ∈ BQ′ }
)

= P

( ⋃

n∈I′
k

{ξn ∈ BQ ∩ BQ′ } ∪
⋃

n∈I′
k

⋃

m∈I′
k

m 
=n

{ξn ∈ BQ, ξm ∈ BQ′ }
)

= P

( ⋃

n∈I′
k

⋃

m∈I′
k

m 
=n

{ξn ∈ BQ, ξm ∈ BQ′ }
)

,

(3.5)

where the last equality follows from the fact that BQ ∩ BQ′ = ∅.
Since {ξ j } j≥1 is an exponentially mixing stationary process, if n > m, we obtain

P(ξn ∈ BQ, ξm ∈ BQ′) ≤ P(ξn ∈ BQ)P(ξm ∈ BQ′) + Cρn−m
P(ξn ∈ BQ).

Whence we get an upper bound for (3.5):

P

( ⋃

n∈I′
k

⋃

m∈I′
k

m 
=n

{ξn ∈ BQ, ξm ∈ BQ′ }
)

≤
( ∑

n∈I′
k

P(ξn ∈ BQ)

)( ∑

m∈I′
k

P(ξm ∈ BQ′)

)

+ Cρck

1 − ρck

∑

n∈I′
k

P(ξn ∈ BQ),

(3.6)
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and a lower bound for

P

( ⋃

n∈I′
k

{ξn ∈ BQ}
)

≥
∑

n∈I′
k

P(ξn ∈ BQ) −
∑

n∈I′
k

∑

n′∈I′
k

n′ 
=n

P(ξn ∈ BQ, ξn′ ∈ BQ)

≥
( ∑

n∈I′
k

P(ξn ∈ BQ)

)(

1 −
∑

n′∈I′
k

P(ξn′ ∈ BQ) − Cρck

1 − ρck

)

.

(3.7)

Since α < s, we can pick q ∈ (α, s). It follows from equality (2.4) that there exists k1 ≥ 1
such that nk ≤ b−kq for all k ≥ k1. Hence for k ≥ k1,

∑

n∈I′
k

P(ξn ∈ BQ) ≤ c1c′
2

sbksmk ≤ c1c′s
2

(
bks + (ck)−1bk(s−q)

)
,

which yields
∑

n∈I′
k
P(ξn ∈ BQ) → 0 as k → ∞. From (3.7), there is a k2 ≥ 1 such that

for k ≥ k2,
E(X Q) ≥ M1

∑

n∈I′
k

P(ξn ∈ BQ), (3.8)

where 0 < M1 < 1 is a constant. By combining (3.4)–(3.8), we see that

Cov(X Q, X Q′) ≤
( ∑

n∈I′
k

P(ξn ∈ BQ)

)( ∑

m∈I′
k

P(ξm ∈ BQ′)

)( ∑

n∈I′
k

n 
=m

P(ξn ∈ BQ)

+
∑

m∈I′
k

m 
=n

P(ξm ∈ BQ′) + 4Cρck

1 − ρck

)

+ 2Cρck

1 − ρck

( ∑

n∈I′
k

P(ξn ∈ BQ)

)

≤
( ∑

n∈I′
k

P(ξn ∈ BQ)

)( ∑

m∈I′
k

P(ξm ∈ BQ′)

){ ∑

n∈I′
k

P(ξn ∈ BQ)

+
∑

m∈I′
k

P(ξm ∈ BQ′) + 2Cρck

1 − ρck

(

2 +
( ∑

m∈I′
k

P(ξm ∈ BQ′)
)−1

)}

.

The inequality above together with (3.8) implies that for k ≥ k2, we have

Cov(X Q, X Q′)

E(X Q)E(X Q′)
≤ 1

M2
1

{ ∑

n∈I′
k

P(ξn ∈ BQ) +
∑

m∈I′
k

P(ξm ∈ BQ′)

+ 2Cρck

1 − ρck

(

2 +
( ∑

m∈I′
k

P(ξm ∈ BQ′)
)−1

)}

.

(3.9)

Since c > s−α
logb ρ

, we derive that the right-hand side of (3.9) tends to 0 as k → ∞.

Thereby for any ε > 0, there is a k0 ≥ 1 satisfying for all k ≥ k0, if Q, Q′ ∈ Qk with
BQ ∩ BQ′ = ∅, we always have

Cov(X Q, X Q′) < εE(X Q)E(X Q′).
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Notice that if the distance dist(Q, Q′) ≥ 2(c′
2 −c2)bk for Q, Q′ ∈ Qk , we have BQ ∩ BQ′ =

∅. Then for Q ∈ Qk ,

#{Q′ : BQ ∩ BQ′ 
= ∅} ≤ #{Q′ : dist(Q, Q′) ≤ 2(c′
2 − c2)b

k}.
From Lemma 1, there exists a constant 0 < M0 < ∞ independent of k such that

max
Q∈Qk

#{Q′ : BQ ∩ BQ′ 
= ∅} ≤ M0

holds for k ≥ k0. 
�
Now we are ready to prove Theorems 3 and 4.

Proof of Theorem 3 Firstly we show that dimP(G) < s − α implies P(E ∩ G 
= ∅) = 0. By
Tricot [39], it suffices to show that whenever dimB(G) < s − α, then E ∩ G = ∅ a.s.

We denote by C�n = C�n (G) a collection of the smallest number of the closed balls with
radius �n that cover the set G. Let N�n (G) = #C�n . Fixing an arbitrary η > 0 such that
η ∈ (dimB(G), s − α), we have

lim sup
n→∞

log N�n (G)

− log(�n)
≤ dimB(G) < η,

so there exists an integer n0 ∈ N such that

N�n (G) < �−η
n (3.10)

for all n ≥ n0. For any ball B in X with radius �n , since {ξn}n≥1 is a stationary process, we
have

P{In ∩ B 
= ∅} = P(ξn ∈ B(xB , 2�n)) = μ(B(xB , 2�n)) ≤ c12
s�s

n,

where In = B(ξn, �n) and xB is the center of B. Note that the event

{In ∩ G 
= ∅} ⊂
⋃

B∈C�n

{In ∩ B 
= ∅}.

We derive from this and (3.10) that

P{In ∩ G 
= ∅} ≤
∑

B∈C�n

P{In ∩ B 
= ∅} ≤ N�n (G)c12
s�s

n < c12
s�s−η

n

for all n ≥ n0. Hence the series
∑∞

n=1 P{In ∩ G 
= ∅} converges by the definition of α and
η < s − α. By the Borel–Cantelli Lemma, we have

P{In ∩ G 
= ∅ i.o.} = 0.

That is, E ∩ G = ∅ a.s.
Now we prove that if dimH(G) > s −α, then P(E ∩ G 
= ∅) = 1. By Lemma 2, we may

assume that G is compact and satisfies dimH(G ∩V ) > s −α whenever V ⊂ X is an open set
with G ∩ V 
= ∅. We choose constants β and t such that dimH(G ∩ V ) > t > s −β > s −α.

Denote by U (ξn, �n) the open ball with center ξn and radius �n . It suffices to show that

P

{
U (ξn, �n) ∩ G ∩ V 
= ∅ i.o.

} = 1. (3.11)

Letting V run over a countable basis of X , we have G ∩ ⋃∞
n=k B(ξn, �n) is dense a.s. and

relatively open in G for any k ≥ 1. Then from Baire’s category theorem we derive G ∩
lim supn→∞ U (ξn, �n) 
= ∅ a.s., which implies that E ∩ G 
= ∅ a.s.
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Now we prove that the equality (3.11) holds. By (2.4) we have

α = lim sup
k→∞

logb−1 nk

k
> β,

then there are infinitely many k such that nk ≥ b−kβ . This implies that the set defined as

N = {k ≥ 1 : nk ≥ b−kβ}
satisfies #N = ∞.

Fix an open set V with G ∩ V 
= ∅. Define

Zk = {Q ∈ Qk : Q ∩ G ∩ V 
= ∅}.
From Lemma 3, we have Nk = #Zk ≥ b−tk for all k large enough. For Q ∈ Qk , there exists
B(xQ, c′

2bk) ∈ Bk , denoted by BQ . For k ∈ N , define

Sk = #{Q ∈ Zk : ξn ∈ BQ for some n ∈ I′
k},

that is Sk = ∑
Q∈Zk

X Q . For ε > 0 and Q ∈ Zk , write

Dk(Q) = {
Q′ ∈ Zk : Cov(X Q, X Q′) ≥ εE(X Q)E(X Q′)

}
,

then from Lemma 4, there is a constant 0 < M ′
0 < ∞ such that maxQ∈Zk #Dk(Q) ≤ M ′

0 for
k large enough. Since

Var(Sk) =
∑

Q∈Zk

∑

Q′∈Zk

Cov(X Q, X Q′),

and

Cov(X Q, X Q′) = E(X Q X Q′) − E(X Q)E(X Q′) ≤ E(X Q),

it follows that

Var(Sk) ≤
∑

Q∈Zk

( ∑

Q′∈Zk\Dk (Q)

εE(X Q)E(X Q′) + M ′
0E(X Q)

)

≤ ε

( ∑

Q∈Zk

E(X Q)

)2

+ M ′
0

∑

Q∈Zk

E(X Q).

From (3.7), we have

E(Sk) =
∑

Q∈Zk

E(X Q) ≥
∑

Q∈Zk

( ∑

n∈I′
k

P(ξn ∈ BQ)

) (

1 −
∑

n∈I′
k

P(ξn ∈ BQ) − 2Cρck

1 − ρck

)

.

It yields that there is a constant 0 < M2 < ∞ such that for all k ∈ N large enough, we have

E(Sk) ≥ M2Nkmkbks ≥ M2(ck)−1bk(s−t−β).

Recall t + β > s, if k ∈ N and k → ∞, we get E(Sk) → ∞.
Combining these and Chebyshev’s inequality, we obtain

P(Sk = 0) ≤ Var(Sk)

E2(Sk)
≤ ε + M ′

0

E(Sk)
.
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Therefore

lim sup
k∈N
k→∞

P(Sk = 0) = 0.

We observe that
{U (ξn, �n) ∩ G ∩ V 
= ∅ i.o.} ⊃ {Sk > 0 i.o.}.

Finally this together with Fatou’s lemma implies that

P(U (ξn, �n) ∩ G ∩ V 
= ∅ i.o.) ≥ lim sup
k→∞

P(Sk > 0) = 1.

This finishes the proof of Theorem 3. 
�
For proving Theorem 4, we will make use of the following lemma, which is an analogue

of Lemma 3.4 in [24], where X = [0, 1]N was considered. Here (X , d) is an Ahlfors regular
metric space.

Lemma 5 Equip X with the Borel σ -algebra. Suppose that A = A(ω) is a random set in
X (i.e., the indicator function χA(ω)(x) is jointly measurable) such that for any analytic set
G ⊂ X with dimH G > γ , we have

P(A ∩ G 
= ∅) = 1.

Then

dimH(A ∩ G) ≥ dimH G − γ, a.s.

if dimH G > γ .

We postpone the proof of Lemma 5 to the end of this section. Let us first prove Theorem 4.

Proof of Theorem 4 Firstly we prove that dimH(E ∩G) ≤ dimP G+α−s a.s. when dimP G+
α − s ≥ 0. It suffices to show that

dimH(E ∩ G) ≤ dimBG + α − s a.s.

Let C�n be a collection of the closed balls with radius �n whose union covers G such that
N�n (G) = #C�n is the smallest. Let ξ := dimBG + α − s, then for any ε > 0, we have

ξ + s − α + ε > dimBG ≥ lim sup
n→∞

logN�n (G)

− log(�n)
,

which implies that
N�n (G) < �α−s−ξ−ε

n (3.12)

for all n large enough. For any δ > 0, we choose N ≥ 1 such that for all n ≥ N , we have
�n < δ and inequality (3.12) holds.

Let

An = {B ∈ C�n : B ∩ In 
= ∅}.
Notice that

E(#An) ≤
∑

B∈An

P(In ∩ B 
= ∅) ≤ c12
s�α−ξ−ε

n ,
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and

E ∩ G ⊂
∞⋃

n=N

In ∩ G ⊂
∞⋃

n=N

⋃

B∈An

B.

Hence for any θ > ξ , by choosing ε > 0 with 2ε < θ − ξ , we have

E

(Hθ
δ (E ∩ G)

) ≤
∞∑

n=n1

E(#An)(2�n)θ ≤
∞∑

n=n1

c12
θ+s�α+s

n .

By the definition of α, we obtain that

E

(Hθ
δ (E ∩ G)

)
< ∞.

ThereforeHθ (E ∩G) < ∞ a.s. which implies dimH(E ∩G) ≤ θ a.s. Hence dimH(G ∩ E) ≤
dimP G + α − s a.s.

WhendimP G+α−s < 0, byTheorem3,P(E∩G = ∅) = 1.Hence dimH(E∩G) = −∞
a.s.

The lower bound of dimH(E ∩ G) in Theorem 4 follows from Lemma 5. This finishes the
proof of Theorem 4. 
�

It remains to prove Lemma 5. The fractal percolation Γt used in Lemma 5 can be con-
structed as follows.

Let 0 < p < 1. For each Q ∈ Q, let Z(Q) be a random variable taking value 1 with
probability p and value 0 with probability 1− p. We assume that these random variables are
independent for different Q ∈ Q. We define the random fractal percolation set as

Γ (p) =
⋂

n∈N

⋃

Q∈Qn
Z(Q)=1

Q,

where Q is the closure of the set Q. When p = 2−t < 1, for convenience, we denote
Γt = Γ (2−t ).

Notice that there is a nature tree structure behind the definition of Q, which we describe
now.

Label each Q ∈ Q with a vertex vQ and let T be a graph with vertex set {vQ}Q∈Q.
There exists an edge between vertices vQn,i and vQm, j if and only if |n − m| = 1 and
Qn,i ∩ Qm, j 
= ∅. Then T is a tree with vX as its root. The boundary of the tree ∂T
consists of all infinite paths (v0,i0v1,i1v2,i2 . . . ), where vm,im = vQm,im

for Qm,im ∈ Qm and
Qm,im ⊂ Qn,in , if m ≥ n. We call these infinite paths rays. Then we can define a projection
Π : ∂T → X as

Π : (v0,i0v1,i1v2,i2 . . . ) �→
∞⋂

n=0

Qn,in . (3.13)

Note that Π(∂T ) = X . For v = (v0,i0v1,i1v2,i2 . . . ), u = (u0,i0u1,i1u2,i2 . . . ) ∈ ∂T , we
define

κ(v, u) =
{
0 if u = v,

bmin{ j : v j,i j 
=u j,i j } if u 
= v.

Then (∂T , κ) is a metric space. We claim that for every G ⊂ X , we have

dimH G = dimκ
H(Π−1G), (3.14)

123



500 Z. Hu et al.

where dimκ
H is the Hausdorff dimension in the metric space (∂T , κ).

Now we prove this claim. For any x, y ∈ X , let n be the maximal integer with x, y ∈
Qn ∈ Qn . By Theorem 6, we have diam (Qn) ≤ 2c′

2bn . Then we get

d(x, y) ≤ diam (Qn) ≤ 2c′
2bn = 2c′

2b−1κ(Π−1x,Π−1y),

which derives dimH G ≤ dimκ
H(Π−1G).

Further, let t > dimH G. For ε > 0, there exists a δ-covering {Ui }i≥1 of G which satisfies∑
i≥1(diamUi )

t < ε. For i ≥ 1, let n(i) be the integer with

2c′
2bn(i) ≤ diam (Ui ) < 2c′

2bn(i)−1. (3.15)

Write

A(Ui ) = {Q ∈ Qn(i) : Q ∩ Ui 
= ∅}.
Then using (3.15), there is a constant 0 < M3 < ∞ such that for all i ≥ 1, #A(Ui ) ≤ M3.
Note that

Π−1G ⊂ Π−1
( ⋃

i≥1

Ui

)
⊂ Π−1

( ⋃

i≥1

⋃

Q∈A(Ui )

Q
)
.

Hence

Ht
δ(Π

−1G) ≤
∑

i≥1

∑

Q∈A(Ui )

κ
(
(Π−1(Q)

)t ≤ M3bt

(2c′
2)

t

∑

i≥1

(diamUi )
t < ε. (3.16)

The second inequality in (3.16) holds due to (3.15). Then we have Ht (Π−1G) = 0 which
derives that t ≥ dimκ

H(Π−1G). Therefore dimH G ≥ dimκ
H(Π−1G). This proves (3.14).

For 0 < p < 1, let T be the tree defined above. Percolation at level p on T is obtained
by removing each edge of T with probability 1− p and retaining it with probability p, with
mutual independence among edges. The random graph connecting the root which is left will
be denoted by Γ̃ (p). Then the law of Γ (p) given by P is the same as that of Π(Γ̃ (p)). By
combining this with (3.14), we obtain the following analogue of the result of [30, p. 957] in
our metric space setting. See also Lemma 5.1 in [33] for the case of X = [0, 1]N .

Lemma 6 [30] Let p = 2−t < 1. For any analytic set G ⊂ X, the following statements hold.

1. If dimH(G) < t , then Γt ∩ G = ∅ almost surely.
2. If dimH(G) > t , then Γt ∩ G 
= ∅ with positive probability.
3. If dimH(G) > t , then ‖ dimH(G ∩ Γt )‖∞ = dimH G − t , where the L∞ norm is the

essential supremum in the underlying probability space.

We end this section with a proof of Lemma 5, by extending the method in [24] to the
Ahlfors regular metric spaces.

Proof of Lemma 5 For t < dimH(G) − γ , let Γt be a fractal percolation at level 2−t in
X [30,33], which is independent of A, and dimH(Γt ) = s − t a.s. By Lemma 6, we have
P(Γt ∩G 
= ∅) > 0 whenever dimH(G) > t , whereas P(Γt ∩G 
= ∅) = 0 with dimH(G) <

t , and

‖ dimH(G ∩ Γt )‖∞ = dimH(G) − t .
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Let Γ̂t be a union of countably many independent and identically distributed copies of Γt .
The Borel-Cantelli lemma implies that

P(Γ̂t ∩ G 
= ∅) =
{
0 if dimH(G) < t,

1 if dimH(G) > t .
(3.17)

Also we have

dimH(Γ̂t ∩ G) = dimH(G) − t > γ, a.s.

By the condition given in the lemma, we have A ∩ G ∩ Γ̂t 
= ∅ a.s. in the product space.
Using (3.17), we get dimH(A ∩ G) ≥ t a.s. Letting t tend to dimH G − γ along rational
numbers, we complete our proof. 
�

4 Limsup random fractals in metric space

In order to prove Theorem 5, we first extend the results on hitting probabilities of limsup
random fractals in [24] to metric spaces.

LetQ = {Qn}n≥0 be the collection of generalized dyadic cubes in (X , d) given in Sect. 3.1.
To make sure the boundaries of sets in Qn are covered, we will use 2Q, Q ∈ Qn instead
of generalized dyadic cubes in this section. However, we still denote them by Q and Qn

respectively for simplicity of notation. For each n ≥ 1, let {Zn(Q), Q ∈ Qn} be a collection
of random variables, each taking values in {0, 1}.

Let

A(n) =
⋃

Q∈Qn ,
Zn(Q)=1

Qo,

where Qo is the interior of Q. The random set

A = lim sup
n→∞

A(n)

is called a limsup random fractal associated to {Zn(Q), n ≥ 1, Q ∈ Qn}.
We assume the following conditions (H1)–(H2), where (H1) is more general than Condi-

tion 4 in [24]. We allow the probability Pn(Q) to depend not only on the level n, but also on
the cubes Q ∈ Qn .

(H1) Suppose that for every n ≥ 1, and Q ∈ Qn the probability Pn(Q) := P(Zn(Q) = 1)
satisfies

lim
n→∞

minQ∈Qn logb−1 Pn(Q)

n
= −γ1,

and

lim
n→∞

maxQ∈Qn logb−1 Pn(Q)

n
= −γ2,

where γ1, γ2 > 0 are constants.

Remark 7 From the proofs of Theorems 7, 8 and Corollary 3, we see that they still hold if
the condition (H1) is replaced by the weaker condition (H1′):
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(H1′) For some constants γ1, γ2 > 0,

lim sup
n→∞

minQ∈Qn logb−1 Pn(Q)

n
= −γ1,

lim sup
n→∞

maxQ∈Qn logb−1 Pn(Q)

n
= −γ2,

and there exists an increasing sequence of positive integers {ni } with limi→∞ ni+1
ni

= 1 such
that

lim
i→∞

minQ∈Qni
logb−1 Pni (Q)

ni
= −γ1,

and

lim
i→∞

maxQ∈Qni
logb−1 Pni (Q)

ni
= −γ2.

The next condition is concerned with the strength of dependence among the random
variables {Zn(Q), n ≥ 1, Q ∈ Qn}. It is a slight modification of Condition 5 in [24].

(H2) A bound on correlation length: for any ε > 0, define

f (n, ε) = max
Q∈Qn

#{Q′ ∈ Qn : Cov(Zn(Q), Zn(Q′)) ≥ εPn(Q)Pn(Q′)}.

Suppose that there is a constant δ ≥ 0 such that for all ε > 0,

lim sup
n→∞

1

n
logb−1 f (n, ε) ≤ δ. (∗)

The following theorem characterizes the hitting probability of the limsup random set A.
It extends Theorem 3.1 in [24].

Theorem 7 Assume that A = lim sup
n→∞

A(n) is a limsup random set that satisfies the conditions

(H1) and (H2). Then for any analytic set G ⊂ X,

P(A ∩ G 
= ∅) =
{
0 if dimP(G) < γ2,

1 if dimP(G) > γ1 + δ.

For proving Theorem 7, we will use the following lemma on upper box dimension. From
[32], for any r > 0 and any bounded set G ⊂ X , let Nr (G) be the smallest number of closed
balls with radius r covering G. Then

dimB(G) = lim sup
r→0

log Nr (G)

− log r
.

From it, we have the following lemma whose proof is standard and thus omitted.

Lemma 7 Let {ki }i≥1 be an increasing sequence of positive integers satisfying (2.2). Then
for any bounded set G ⊂ X,

dimB(G) = lim sup
i→∞

log Na1rki (G)

− log(a1rki )
, (4.1)

where a1 > 0 is a constant.
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Remark 8 For any bounded set G ⊂ X , consider A′ = {Q ∈ Qn : Q ∩ G 
= ∅}, then
#A′ ≥ N2c′

2bn (G) which derives from

G ⊂
⋃

Q∈A′
Q ⊂

⋃

xQ∈Q∈A′
B(xQ, 2c′

2bn),

where xQ ∈ Q.

Proof of Theorem 7 The proof is a modification of that of Theorem 3.1 in [24]. We include it
for the sake of completeness. Firstly, we show that dimP(G) < γ2 implies that A ∩ G = ∅,
a.s. It suffices to show that whenever dimBG < γ2, then A ∩ G = ∅ a.s. Fix an arbitrary but
small η > 0 so that dimB(G) < γ2 − η.

We denote by Cbn = Cbn (G) a collection of the smallest number of the closed balls with
radius bn that cover the set G. Let Nbn (G) = #Cbn . For any θ ∈ (dimB(G), γ2 − η), by
Lemma 7, we have

lim sup
n→∞

log Nbn (G)

− log(bn)
= dimB(G) < θ,

then there exists an integer n(θ) ≥ 1 such that

Nbn (G) < b−nθ (4.2)

for all n ≥ n(θ). For any W ∈ Cbn , denote

A(W ) = {Q ∈ Qn : Q ∩ W 
= ∅}.
Then we have

G ⊂
⋃

W∈Cbn

⋃

Q∈A(W )

Q.

In the meanwhile, by Lemma 1, there is a constant 0 < M < ∞, which does not depend on
n, such that for all W ∈ Cbn , we have #A(W ) ≤ M .

On the other hand, by condition (H1), for any η > 0, there exists n(η) such that for all
n ≥ n(η),

max
Q∈Qn

Pn(Q) ≤ bn(γ2−η). (4.3)

It follows from (4.2) and (4.3) that for any n ≥ max{n(θ), n(η)},

P

(
G ∩ A(n) 
= ∅

) ≤ P

( ⋃

W∈Cbn

⋃

Q∈A(W )

Q ∩ A(n) 
= ∅

)

≤ Mb−nθ max
Q∈Qn

P

(
Q ∩ A(n) 
= ∅

)

= Mb−nθ max
Q∈Qn

Pn(Q) ≤ Mbn(γ2−η−θ).

Since θ < γ2 −η, then the series
∑

n≥1 P

(
G ∩ A(n) 
= ∅

)
is convergent. The Borel-Cantelli

lemma implies that G ∩ A(n) = ∅ a.s. for all n large enough. This shows that A ∩ G = ∅

a.s.
In the following, we prove that if dimP G > γ1 + δ, then P(A ∩ G 
= ∅) = 1. From

Lemma 2 (2), we can find a compact subset G
 ⊂ G such that for all open sets V , whenever
G
 ∩ V 
= ∅, then dimB(G
 ∩ V ) > γ1 + δ.
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Fix an open set V such that V ∩ G
 
= ∅. Denote

Ãn = {Q ∈ Qn : Qo ∩ V ∩ G
 
= ∅}.
Let Nn be the total number of Ãn . Then

G
 ∩ V ⊂
⋃

Q∈Ãn

Q ⊂
⋃

Q∈Ãn

B
(
xQ, 2c′

2bn)
,

where xQ ∈ Q. Using Lemma 7, we have

lim sup
n→∞

log N2c′
2bn (V ∩ G
)

− log(2c′
2bn)

= dimB(V ∩ G
) > γ1 + δ.

For any η ∈ (γ1 + δ, dimB(V ∩ G
)), we derive that

N2c′
2bn (V ∩ G
) ≥ (2c′

2)
−ηb−nη

holds for infinitely many n. Hence Nn ≥ (2c′
2)

−ηb−nη for infinitely many n. This implies
the set

N := {i ≥ 1 : Nni ≥ (2c′
2)

−ηb−ni η} (4.4)

satisfies #N = ∞.We define

Si :=
∑

Q∈Ãni

Zni (Q),

where Si is the total number of sets Q ∈ Qni with Q ∩ V ∩ G
 ∩ A(ni ) 
= ∅. Observe that

{A(n) ∩ G
 ∩ V 
= ∅ i.o.} ⊃ {Si > 0 i.o.}.
We need only show that P(Si > 0 i.o.) = 1. Firstly, we estimate

Var(Si ) =
∑

Q∈Ãni

∑

Q′∈Ãni

Cov(Zni (Q), Zni (Q′)).

Fix ε > 0 and for each Q ∈ Qni , let Gni (Q) denote the collection of all Q′ ∈ Qni such that

1. Q′ ∩ V ∩ G
 
= ∅;
2. Cov(Zni (Q), Zni (Q′)) ≤ εPni (Q)Pni (Q′).
That is

Gni (Q) = {Q′ ∈ Ãni : Cov(Zni (Q), Zni (Q′)) ≤ εPni (Q)Pni (Q′)}.
If Q′ ∈ Qni satisfies (1) but not (2), then we say Bni (Q),

Bni (Q) = {Q′ ∈ Ãni : Cov(Zni (Q), Zni (Q′)) > εPni (Q)Pni (Q′)}.
Then

Var(Si ) ≤ ε

( ∑

Q∈Ãni

Pni (Q)

)2

+
(

max
Q∈Qni

#Bni (Q)

)( ∑

Q∈Ãni

Pni (Q)

)

. (4.5)

The last term follows from the fact that Cov(Zn(Q), Zn(Q′)) ≤ E(Zn(Q)) = Pn(Q).
Recalling the notation of (H2), we have

Var(Si ) ≤ ε

( ∑

Q∈Ãni

Pni (Q)

)2

+ f (ni , ε)

( ∑

Q∈Ãni

Pni (Q)

)

.
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Combining this with the Paley–Zygmund inequality, we obtain

P(Si > 0) ≥
(
E(Si )

)2

E(S2
i )

= 1

1 + Var(Si )

(E(Si ))
2

≥ 1

1 + ε + f (ni ,ε)∑
Q∈Ãni

Pni (Q)

,

(4.6)

since E(Si ) = ∑
Q∈Ãni

Pni (Q). By the conditions (H1) and (H2), for any θ > 0 with
2θ < η − δ − γ1, there exists N such that for all n ≥ N , we have

f (n, ε) ≤ b−(δ+θ)n and min
Q∈Qn

Pn(Q) ≥ b(γ1+θ)n .

Thus from (4.4) and arbitrariness of θ , we have

lim sup
i ∈ N

i → ∞

f (ni , ε)
∑

Q∈Ãni
Pni (Q)

≤ lim sup
i ∈ N

i → ∞

(2c′
2)

−ηb−ni (2θ+δ+γ1−η) = 0. (4.7)

By inequalities (4.6), (4.7), and Fatou’s lemma, we derive that

P(Si > 0 i.o.) ≥ lim sup
i∈N

i→∞
P(Si > 0) = 1.

Define the open set B(n) := ⋃∞
k=n A(k) for n ≥ 1. It follows that

P(B(n) ∩ G
 ∩ V 
= ∅, ∀n ≥ 1) = 1

for every open set V with G
 ∩ V 
= ∅. Since compact metric spaces are separated, then
there exists a countable basis for open sets of (X , d). Letting V run over the countable basis,
we obtain that for all n ≥ 1, the set B(n) ∩ G
 is a.s. dense in G
. Since G
 is a complete
metric space, by Baire’s category theorem, we have ∩∞

n=1B(n) ∩ G
 is a.s. dense in G
. In
particular, A ∩ G
 
= ∅ with probability one. 
�

For n ≥ 1, let Bn = {B(xn,i , 2c′
2bn) : i ∈ Nn} where xn,i , c′

2 are given in Sect. 3.1, and
B = {Bn}n≥0. For each n ≥ 1, let {Zn(B), B ∈ Bn} be a collection of random variables,
each taking values in {0, 1}. Let

F(n) =
⋃

B∈Bn ,
Zn(B)=1

Bo.

Define the random set

F = lim sup
n→∞

F(n).

Theorem 8 Assume that F satisfies the corresponding conditions (H1) and (H2). Then for
any analytic set G ⊂ X, if dimP(G) > γ1 + δ, we have

P(F ∩ G 
= ∅) = 1.

Proof By replacing the generalized dyadic cubes Q by balls in B, we obtain the theorem
directly from the proof of Theorem 7. 
�
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Corollary 3 Suppose A is a discrete limsup random fractal satisfying conditions (H1) and
(H2) with δ = 0. Then for any analytic set G ⊂ X, with probability one,

dimH(A ∩ G)

⎧
⎨

⎩

≤ dimP(G) − γ2 if dimP(G) ≥ γ2,

= −∞ if dimP(G) < γ2,

≥ dimH(G) − γ1 if dimH(G) > γ1.

In particular, if γ1 = γ2 < s, then dimH(A) = s − γ1, a.s.

Proof It suffices to prove dimH(A ∩ G) ≤ dimBG − γ2 a.s., if dimP(G) ≥ γ2. Let Cbn and
A(W ), W ∈ Cbn be the same as described in the proof of Theorem 7. Define

Sn =
∑

W∈Cbn

∑

Q∈A(W )

Zn(Q).

Let ξ = dimBG − γ2, then for n large enough, we have

E(Sn) =
∑

W∈Cbn

∑

Q∈A(W )

Pn(Q) ≤ Mb−n(ξ+2ε),

where 0 < M < ∞ is a constant independent of n. Hence from the arbitrariness of ε, it
follows that for any θ > ξ , E(

∑
n Snbθn) < ∞.

Hence

Hθ (A ∩ G) ≤
∞∑

n=m

Snbnθ < ∞ a.s.

which derives that dimH(A ∩ G) ≤ dimP G − γ2 a.s.
Finally, the the lower boundof dimH(A∩G) follows fromLemma5.The proof is complete.


�

5 Proof of Theorem 5

Proof of Theorem 5 The proof is divided into three parts. In order to show that dimP(G) >

s − α implies P(E ∩ G 
= ∅) = 1, we will use the hitting probability of limsup random
fractals in Sect. 4. This is done in Parts (i) and (ii). Part (iii) determines the packing dimension
of E ∩ G.

(i) Construction of a limsup random fractal E
 ⊂ E .
Firstly, we recall some notations from Sect. 4. For any k ≥ 2, Bk = {B(xk,i , 2c′

2bk) :
i ∈ Nk ⊂ N}, Ik = {n ≥ 1 : �n ∈ [bk−1, bk−2)}, nk = #Ik and I′

k is a maximal collection of
points in Ik having mutual distances at least ck, where c is a given constant with c > α−s

logb−1 ρ
,

andρ appears inDefinition 3. In thisway, any pair of integers n, m ∈ I′
k are at least of distance

ck from each other. Also, recall that mk = #I′
k = �(ck)−1nk�.

For every J ∈ Bk , define

Zk(J ) =
{
1 if ∃ n ∈ I′

k such that J ⊂ In = B(ξn, �n),

0 otherwise.

Let A(k) be the union of the interiors of sets in Bk that are contained in some In in I′
k

with length �n ∈ [bk−1, bk−2), that is

A(k) =
⋃

J∈Bk
Zk (J )=1

J o.
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We observe that

A(k) ⊂
⋃

n∈I′
k

In .

Define E
 := lim sup
k→∞

A(k). From the above, we have E
 ⊂ E .

(ii) Hitting probability of E
.
Now let G ⊂ X be an analytic set such that dimP(G) > s − α. We show P(E
 ∩ G 
=

∅) = 1.
For every J ∈ Bk , the probability

P(Zk(J ) = 1) = P{∃ n ∈ I′
k such that J ⊂ In}.

Denote the above probability by Pk(J ).
Write J = B(xJ , 2c′

2bk). By using the stationarity on {ξn}, we derive that,
Pk(J ) ≤

∑

n∈I′
k

P(J ⊂ In) =
∑

n∈I′
k

P(ξn ∈ B(xJ , �n − 2c′
2bk))

≤ c1
∑

n∈I′
k

(�n − 2c′
2bk)s ≤ c3mkbks,

(5.1)

where c3 = c1(
1
b2

− 2c′
2)

s is a constant.
On the other hand,

Pk(J ) ≥
∑

n∈I′
k

P(J ⊂ In) −
∑

n∈I′
k

∑

m∈I′
k

m 
=n

P(J ⊂ In, J ⊂ Im).
(5.2)

Since {ξn}n≥1 is stationary and exponentially mixing, if n > m, we have

P(J ⊂ In, J ⊂ Im) ≤ P(J ⊂ Im)P(J ⊂ In) + Cρn−m
P(J ⊂ In),

where C, ρ are constants. We notice that n, m ∈ I′
k derives n − m ≥ ck, then

∑

n∈I′
k

∑

m∈I′
k

m 
=n

P(J ⊂ In, J ⊂ Im)

≤
( ∑

n∈I′
k

P(J ⊂ In)

)( ∑

m∈I′
k

m 
=n

P(J ⊂ Im)

)

+ 2C
∑

n∈I′
k

∑

m∈I′
k

m<n

ρn−m
P(J ⊂ In)

≤
( ∑

n∈I′
k

P(J ⊂ In)

)( ∑

m∈I′
k

m 
=n

P(J ⊂ Im)

)

+ 2Cρck

1 − ρck

( ∑

n∈I′
k

P(J ⊂ In)

)

.

(5.3)

It follows from (5.2) and (5.3) that

Pk(J ) ≥
( ∑

n∈I′
k

P(J ⊂ In)

)(

1 −
∑

m∈I′
k

m 
=n

P(J ⊂ Im) − 2Cρck

1 − ρck

)

≥ c4mkbks
(
1 − c3mkbks − 2Cρck

1 − ρck

)
,

(5.4)
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where c4 = c−1
1 ( 1b − 2c′

2)
s is a constant. Combining (5.1) and (5.4), together with the

condition (C), we derive that

lim sup
k→∞

maxJ∈Qk logb−1 Pk(J )

k
= lim sup

k→∞
minJ∈Qk logb−1 Pk(J )

k
= α − s, (5.5)

and there is an increasing sequence of integers {ki } that satisfies (2.2) such that

lim
i→∞

maxJ∈Qki
logb−1 Pki (J )

ki
= lim

i→∞
minJ∈Qki

logb−1 Pki (J )

ki
= α − s. (5.6)

Next we verify that there is a bound on correlation length.
First we estimate Cov(Zk(J1)Zk(J2)), where J1, J2 ∈ Bk with d(J1, J2) ≥ bk−3. From

(5.3), we have

E(Zk(J1)Zk(J2)) = P(Zk(J1) = 1, Zk(J2) = 1)

= P{∃ m, n ∈ I′
k such that J1 ⊂ In and J2 ⊂ Im}

≤
∑

n∈I′
k

∑

m∈I′
k

m 
=n

P(J1 ⊂ In, J2 ⊂ Im)

≤
∑

n∈I′
k

P(J1 ⊂ In)
∑

m∈I′
k

m 
=n

P(J2 ⊂ Im) + 2Cρck

1 − ρck

∑

n∈I′
k

P(J1 ⊂ In).

(5.7)

Since

Cov(Zk(J1), Zk(J2)) = E(Zk(J1)Zk(J2)) − E(Zk(J1))E(Zk(J2))

= E(Zk(J1)Zk(J2)) − Pk(J1)Pk(J2),
(5.8)

from the first inequality in (5.4) and (5.7), we get

Cov(Zk(J1), Zk(J2))

≤
( ∑

n∈I′
k

P(J1 ⊂ In)

)( ∑

m∈I′
k

P(J2 ⊂ Im)

)( ∑

n∈I′
k

n 
=m

P(J1 ⊂ In) +
∑

m∈I′
k

m 
=n

P(J2 ⊂ Im) + 4Cρck

1 − ρck

)

+ 2Cρck

1 − ρck

( ∑

n∈I′
k

P(J1 ⊂ In)

)

≤
( ∑

n∈I′
k

P(J1 ⊂ In)

)( ∑

m∈I′
k

P(J2 ⊂ Im)

)( ∑

n∈I′
k

n 
=m

P(J1 ⊂ In) +
∑

m∈I′
k

m 
=n

P(J2 ⊂ Im) + 4Cρck

1 − ρck

+ 2Cρck

(1 − ρck)
∑

m∈I′
k
P(J2 ⊂ Im)

)

.

(5.9)
We notice that from (5.4) there exists a constant 0 < M4 < ∞ such that

E(Zk(J )) = Pk(J ) ≥ M4

∑

n∈I′
k

P(J ⊂ In)
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holds for all J ∈ Bk and all large enough k. Then the inequality (5.9) reads as follows

Cov(Zk(J1), Zk(J2))

≤ 1

M2
4

E(Zk(J1))E(Zk(J2))

(

2c3mkbks + 4Cρck

1 − ρck
+ 2Cρck

c4(1 − ρck)mkbks

)

.

Here choosing ki in (5.6), then lim
i→∞ mki b

ki s = 0, and

lim
i→∞

ρcki

mki b
ki s

≤ lim
i→∞

ckiρ
cki

nki b
ski

= lim
i→∞

ckiρ
cki

b(s−α)ki
= 0,

due to ρc < bs−α . We derive from the equalities above that for any ε > 0,

Cov
(

Zki (J1), Zki (J2)
)

< εE(Zki (J1))E(Zki (J2))

holds for i large enough. From Lemma 1, this implies that there is a constant 0 < M5 < ∞
independent of ki such that f (ki , ε) ≤ M5, and recall

f (k, ε) = max
J2∈Bk

#
{

J1 ∈ Bk : Cov
(

Zk(J1), Zk(J2)
)

≥ εE(Zk(J1))E(Zk(J2))
}
.

In particular,

lim
i→∞

logb−1 f (ki , ε)

ki
= 0.

Thus we have shown that the condition (H2) in Sect. 4 is satisfied with δ = 0.
Now that we have verified that E
 satisfies the conditions (H1′) and (H2) in Sect. 4, we

apply Theorem 8 to conclude E
 ∩ G 
= ∅ a.s., which yields P(E ∩ G 
= ∅) = 1.
(iii) The packing dimension of E ∩ G.
On the same probability space, let E ′ be a random covering set that is independent of

E and is associated with {ξ ′
n} and {�′

n}, where {ξ ′
n} is an exponentially mixing stationary

process, and {�′
n} satisfies the condition (C) with the Besicovitch–Taylor index α′ < s.

Let the compact set G
 and the open sets A(k) be as described in the proofs of Theorems
7 and 5, respectively. Let {A′(k)} be the sequence of open sets corresponding to E ′. If
dimP G > s − min{α, α′}, by the first part of Theorem 5, we have

P

(( ∞⋃

k=n

A(k)
)

∩ V ∩ G
 
= ∅,∀n ≥ 1

)

= P

(( ∞⋃

k=n

A′(k)
)

∩ V ∩ G
 
= ∅,∀n ≥ 1

)

= 1

for all open set V satisfying V ∩ G
 
= ∅. By independence, we have

P

(( ∞⋃

k=n

A(k)
)

∩ V ∩ G
 
= ∅,
( ∞⋃

k=n

A′(k)
)

∩ V ∩ G
 
= ∅, ∀n ≥ 1

)

= 1.

Let V run over a countable basis of X , then
{ ⋃∞

k=n A(k)∩G


}
n≥1∪{ ⋃∞

k=n A′(k)∩G


}
n≥1

is a countable collection of open, dense subsets of the complete metric space G
. Baire’s
category theorem implies that

P(E ∩ E ′ ∩ G
 is dense in G
) = 1.

In particular, E ∩ E ′ ∩ G
 
= ∅ a.s. Hence P(E ∩ E ′ ∩ G 
= ∅) = 1.
Now we consider the random covering set E ′, and regard E ∩ G as the target set. By

Theorem 3, we must have dimP(E ∩G) ≥ s −α′ a.s. Hence we have proved that dimP(G) >
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s −min{α, α′} implies dimP(E ∩ G) ≥ s − α′ a.s. Consequently, if dimP(G) > s − α, then
for α′ ∈ (s − dimP G, α) we have dimP(E ∩ G) ≥ s − α′ a.s. Letting α′ tend to s − dimP G
along rational numbers, we get

dimP(G ∩ E) ≥ dimP G, a.s.

Hence dimP(G ∩ E) = dimP G a.s. This finishes the proof of Theorem 5. 
�

6 Applications

In this section we present some dynamical systems which satisfy all conditions of our results.

6.1 Continued fraction dynamical system

Let TG be the Gauss map on (0, 1]. The Gauss measure μ on (0, 1] are given by

dμ = 1

log 2

dx

(1 + x)
.

From [37], TG preserves the Gauss measure μ which is equivalent to the Lebesgue measure
L. By Philipp [35], the system ((0, 1], TG) is exponentially mixing with respect to the Gauss
measure μ. Hence our results are applicable to the continued fraction dynamical system. For
a given point x ∈ (0, 1], let

EG(x) = {y ∈ (0, 1] : y ∈ B(T n
G x, �n) i.o.}.

Theorem 9 Let μ be the Gauss measure. For any analytic set G ⊂ (0, 1] we have, for μ-a.e.
x ∈ (0, 1]

EG(x) ∩ G = ∅ if dimP(G) < 1 − α,

EG(x) ∩ G 
= ∅ if dimH(G) > 1 − α.

Furthermore under the condition (C), if dimP(G) > 1 − α,

EG(x) ∩ G 
= ∅ a.e.

Theorem 10 For any analytic set G ⊂ (0, 1] we have a.e.

dimH(EG(x) ∩ G)

⎧
⎨

⎩

≤ dimP(G) + α − 1 if dimP(G) ≥ 1 − α,

= −∞ if dimP(G) < 1 − α,

≥ dimH(G) + α − 1 if dimH(G) > 1 − α.

Moreover, if dimP(G) > 1− α and the condition (C) is satisfied, then dimP(EG(x) ∩ G) =
dimP(G) a.e.

6.2 Theˇ-dynamical system

For a real number β > 1, define the transformation Tβ : [0, 1] → [0, 1] by
Tβ : x �→ βx mod 1.
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Let μ be the Parry measure with the density

h(x) =
(∫ 1

0

∑

n:T n1<x

1

βn
dx

)−1
∑

n:T n1<x

1

βn
.

It was shown by [36] that the Parry measure μ is invariant under Tβ and equivalent to the
Lebesgue measure L. Hence μ is Ahlfors regular. From Philipp [35], Tβ is exponentially
mixing. Combining these, we obtain that the β-dynamical system ([0, 1], Tβ) satisfies all the
conditions stated in our results. For a given x ∈ [0, 1], define the dynamical covering set

Eβ(x) = {y ∈ [0, 1] : y ∈ B(T n
β x, �n) i.o.}.

Theorem 11 Let ([0, 1], Tβ) be the β-dynamical system endowed with the Parry measure μ.
Then for any analytic set G ⊂ [0, 1] we have

Eβ(x) ∩ G = ∅ if dimP(G) < 1 − α,

Eβ(x) ∩ G 
= ∅ if dimH(G) > 1 − α

for μ-a.e. x ∈ [0, 1]. Under the corresponding condition (C), if dimP(G) > 1 − α,

Eβ(x) ∩ G 
= ∅ a.e.

Theorem 12 Let ([0, 1], Tβ) be the β-dynamical system endowed with the Parry measure μ.
For any analytic set G ⊂ [0, 1] we have a.e.

dimH(Eβ(x) ∩ G)

⎧
⎨

⎩

≤ dimP(G) + α − 1 if dimP(G) ≥ 1 − α,

= −∞ if dimP(G) < 1 − α,

≥ dimH(G) + α − 1 if dimH(G) > 1 − α.

Moreover, if dimP(G) > 1 − α and the condition (C) is satisfied, then dimP(Eβ(x) ∩ G) =
dimP(G) a.e.

6.3 Themiddle-third Cantor set

Our results are applicable to the middle-third Cantor set C1/3. In fact, the results also hold
for a range of homogeneous self-similar sets satisfying the open set condition.

Let T3x = 3x (mod)1 be the natural map on C1/3, and μ be the standard Cantor measure.
Let γ = log3 2 be the Hausdorff dimension of C1/3. From Lemma 3.2 in [40], μ is exponen-
tially mixing. Also μ is Ahlfors γ -regular. Then all the conditions are fulfilled for Theorem
1.1 and 1.2. Define the dynamical covering set

E3(x) = {y ∈ C1/3 : y ∈ B(T n
3 x, �n) i.o.},

where x ∈ C1/3 is a given point.

Theorem 13 Let μ be the standard Cantor measure. Then for any analytic set G ⊂ C1/3, we
have

E3(x) ∩ G = ∅ if dimP(G) < γ − α,

E3(x) ∩ G 
= ∅ if dimH(G) > γ − α

for μ-a.e. x ∈ C1/3. Under the corresponding condition (C), if dimP(G) > γ − α, E3(x) ∩
G 
= ∅ holds for μ-a.e. x ∈ C1/3.
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Theorem 14 For any analytic set G ⊂ C1/3 we have a.e.

dimH(E3(x) ∩ G)

⎧
⎨

⎩

≤ dimP(G) + α − γ if dimP(G) ≥ γ − α,

= −∞ if dimP(G) < γ − α,

≥ dimH(G) + α − γ if dimH(G) > γ − α.

Moreover, if dimP(G) > γ − α and the condition (C) is satisfied, then dimP(E3(x) ∩ G) =
dimP(G) a.e.
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Abstract
In this paper, we construct the Darboux transformation (DT) for the reverse-time integrable
nonlocal nonlinear Schrödinger equation by loop group method. Then we utilize the DT to
derive soliton solutions with zero seed. We investigate the dynamical properties for those
solutions and present a sufficient condition for the non-singularity of multi-soliton solutions.
Furthermore, the asymptotic analysis of bounded multi-solutions has also been established by the
determinant formula.

Keywords: nonlocal nonlinear Schrödinger equation, multi-soliton solution, singularity,
asymptotic analysis

(Some figures may appear in colour only in the online journal)

1. Introduction

Integrable nonlocal nonlinear Schrödinger equations (nNLSE)
play a vital role in mathematical physics [1–8] and have been
studied extensively [9–15]. This type of equation is sym-
metric because it is invariant under the joint transformation
x→−x, t→−t and complex conjugation. For a AKNS
spectral problem, the reduction s s= = *r x t q x t, , 1( ) ( )
was thought to be the only interesting one until 2013. How-
ever, Ablowitz and Musslimani [9] discovered that there
existed another interesting reduction s= -r x t q x t, ,*( ) ( )
which results in a new form of integrable nNLSE:

s= - -q x t q x t q x t q x ti , , 2 , , .t xx
2 *( ) ( ) ( ) ( )

It was not long before they found two more reductions of the
AKNS scattering problem: s= - -r x t q x t, ,( ) ( ) and =r x t,( )
s -q x t,( ), which gave rise to the so-called reverse-space–time
NLS and reverse-time NLS equations, respectively reported by
[16]

s
s

= - - -

= - -

q x t q x t q x t q x t

q x t q x t q x t q x t

i , , 2 , , ,

i , , 2 , , .
t xx

t xx

2

2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

In this paper, we focus on a nonlocal reverse-time NLS
equation [16, 17]

s= + -p x t p x t p x t p x ti , , 2 , , , 1t xx
2( ) ( ) ( ) ( ) ( )

which was generalized by Ma [18] to a multi-component one.
Yang [17] has derived general multi-solitons in three types of
nNLSE, including the reverse-time, reverse-space and reverse-
space–time nNLSE, and also presented a unified Riemann–
Hilbert framework for them. Ma utilized inverse scattering
transformation to construct N-soliton solutions to multi-comp-
onent nNLS equations under the framework of Riemann–Hil-
bert problem [18]. There are also many other scholars who have
made their own contributions to the study of reverse-time
nNLSE. Lou [19] have established some new types of methods
to solve nonlinear systems, as the full reversal invariant method
and so on. Very recently, Ye and Zhang [20] constructed the
general soliton solutions with zero and non-zero background to
a reverse-time nNLSE via a matrix version of binary Darboux
transformation (DT). They derived the formula of multi-soliton
and high order solitons in a determinant form. It is seen that the
single-soliton could exponentially blow up or decay. The
asymptotic analysis has been established on two-soliton
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solutions for the nonlocal complex coupled dispersionless
equation [21].

In fact, the soliton solutions of the integrable equation
can be constructed by many methods, such as the inverse
scattering method [22–26], the Hirota bilinear method
[27–29], the DT [30–32] and so on. As we know that, for a
physical system it is more interesting to find the bounded non-
singular multi-soliton solutions. For a nonlocal integrable
model, there will be problems such as singularity and
boundedness in the process of searching for soliton solutions,
and there are few studies in this area [33, 34]. In this work, we
would like to explore a sufficient condition for the bounded
multi-soliton solution for the nonlocal time-reversal NLS
equation. What is more, the asymptotic analysis of bounded
multi-soliton solutions to the reverse-time nNLSE can be
established.

In this paper we use the DT method to construct the
multi-soliton solutions for nNLSE (1) with the aid of loop
group method [35]. By the construction of loop group
method, the soliton solutions admit the compact determinant
representation, which is beneficial to analyze the singularity
of soliton solutions. Then we present a sufficient condition for
a symmetric bounded multi-soliton solution. Furthermore, the
asymptotic analysis for the multi-soliton solution is performed
by the determinant technique, in which the modulus of multi-
soliton solutions can be approximately decomposed into the
sum of single-soliton solutions. The multi-soliton solutions
exhibit the similar structure as the classical NLS equation, but
they can not be decomposed directly since the phase term has
the indefinite limitation. But we find the modulus of the multi-
soliton solutions can be decomposed as  ¥t . Our pro-
posed method provides a way to implement the singularity
and asymptotic analysis for the time-reversal nonlocal
integrable system, and it can be extended to other nonlocal
NLS equation and vector nonlocal NLS equation [36–38].

The rest of the paper is organized as follows. In section 2,
we will develop the N-fold DT for equation (1) by the loop
group method. In section 3, the soliton solutions for
equation (1) will be constructed through DT with zero seed.
Besides, we will analyze the singularity and asymptoticity of
the solutions that we have obtained. In the final section, we
will give a few discussions and conclusions.

2. DT for the time-reversal nonlocal nonlinear
Schödinger equation

As the nNLSE (1) can be regarded as a special reduction of
the AKNS system, we firstly consider the AKNS system
without reduction in order to obtain the DT for nNLSE (1)
later. The AKNS system that we are going to explore is as
follows:

s
s

s

l l
l l l

Y Y
Y Y

= º +
= º + +

= -

U U Q Q

V V Q Q V

V Q Q Q

, ; i ,

, ; i ,
1

2
i , 2

x

t

x

3

2
3 0

0 3
2

( ) ( )
( ) ( )

( ) ( ) ( )

where

s
s

=
-

=
-

Q
p x t

p x t
0 ,
, 0

, 1 0
0 1

.3
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣

⎤
⎦

( )
( )

Meanwhile, note that the reverse-time character implies the
following symmetric relationship between U and V matrices
[18, 39]:

l l
l l

- - =-
- - =

 

 
U CU C
V CV C

x t x t

x t x t

, ; , ; ,

, ; , ; , 3

( ) ( )
( ) ( ) ( )

where

s
=

-
C 1 0

0
.⎡

⎣
⎤
⎦

Based on the symmetric relation (3) and the existence and
uniqueness of ordinary differential equation, we have

l lY Y- - =- C Cx t x t, ; , ; 41( ) ( ) ( )

with the condition lY = 0, 0; .( ) Moreover, if the column
vector solution y lx t, ;1 1( ) is the solution of Lax pair (2) at
l l= 1, then the row vector solution y l- Cx t, ;1 1( ) satisfies
the following adjoint Lax pair:

F F F F- = - =U V, 5x t ( )

at l l= - 1.
Combining the loop group method [35] and the above

symmetric relationship (3), it follows that the DT for system
(2) can be represented as

y y
y y

l
l

l l
l l

l l

= -
+

=
-

-





T P

P
C

C

x t x t

x t
x t x t

x t x t

; ,
2

, ,

,
, ; , ;

, ; , ;
, 6

1
1

1
1

1
1 1 1 1

1 1 1 1

( ) ( )

( )
( ) ( )
( ) ( )

( )

where they lx t, ;1 1( ) in DT is a special solution to system (2)

at l l= 1. As y lx t, ;1 1( ) can be written as
y

y

l

l

x t

x t

, ;

, ;
1
1

1

1
2

1

⎛

⎝
⎜

⎞

⎠
⎟

( )

( )

( )

( ) ,

the corresponding Bäcklund transformation between old
potential function and new one is given by

s
y y
y y

l

l
l l

l l

= +

= +
-

-

Q Q P

C

p x t

p x t
x t x t

x t x t

2 , , i.e. ,

, 2
, ; , ;

, ; , ;
. 7

1
1 1 3

1

1
1
2

1 1
1

1

1 1 1 1

[ ] ( )

( )
( ) ( )
( ) ( )

( )

[ ] [ ]

( ) ( )

In what follows, we verify the validity of above DT (6) and
the corresponding Bäcklund transformation (7). Then, we can
establish the following theorem:

Theorem 1. The DT (6) converts Lax pair (2) into a new one

l lY Y Y Y= =U Q V Q; , ; ,x t
1 1 1 1 1 1( ) ( )[ ] [ ] [ ] [ ] [ ] [ ]

where l l lY Y= Tx t x t x t, ; , ; , ;1
1( ) ( ) ( )[ ] , and Q 1[ ] is given

by equation (7).

2
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Proof 1. The proof of this theorem is equivalent to verify the
following two equations:

l l

l l

+ =

+ =

- -

- -

T T T U Q T U Q

T T T V Q T V Q

; ; ,

; ; ,

x

t

1, 1
1

1 1
1 1

1, 1
1

1 1
1 1

( ) ( )
( ) ( )

[ ]

[ ]

and the symmetric relationship (3). Defining

l lº + -- -F T T T UT U Qx t, ; ; ,x1, 1
1

1 1
1 1( ) ( )[ ]

through direct calculation, we have

l
l l

l
l l

l
l l

l
l

l l

=-
+

+
-

= -
+

+
-

-

-



 

T T P P

T UT P U Q P

2 2
,

2
;

2
.

x x1, 1
1 1

1
1,

1

1
1

1 1
1 1

1
1

1

1
1

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )

Based on above equations, we can obtain the residue for
function lF x t, ;( ) as

l l l l

l l

l

l

= - + -

=- - -

+ - -

- -

=

l l

l

l l

l

l l

=

- -

- -













F P P P P U Q

CP

CP P P U Q

x t

x t

x t

Res , ; 2 2 ;

2 , ;

, ;

;

0.

C

C

x

x t

x t x t x

x t

x t x t x

1 1, 1 1 1 1

1
, ;

, ; , ; 1, 1 1

, ;

, ; , ; 1 1

1 1 1

1

1 1

1 1 1 1

1 1

1 1 1

⎡
⎣

⎤
⎦

( )
ψ

ψ

( ) ( ) ( )

( )

( )

( ) ( )

ψ
ψ ψ

ψ
ψ ψ

( )
( ) ( )

( )
( ) ( )

Similarly, we have l =
l l=-

F x tRes , ; 0
1

( ) . Thus the function

lF x t, ;( ) is an analytic function in the whole complex plane.
Due to the Bäcklund transformation (7), the function

lF x t, ;( ) will vanish as l  ¥, which implies the function
l =F x t, ; 0( ) by the Liouville theorem.

Defining

s

l

l l

º + -

= + +

- -G T T T VT V

V Q V

x t, ; ,

i ,

t1, 1
1

1 1
1 1

1 2
3

1
0
1

( )

( )

[ ]

[ ] [ ] [ ]



 

where l lº + - = -V V SQ Q S S Pi i , 20
1

0
1

1 1 1
[ ] [ ] , and tak-

ing the similar procedure as above x-part, we can prove that

l =G x t, ; 0.( )
Furthermore, with direct calculation, we can verify that

=V V Q .0
1

0
1( )[ ] [ ]

Now we proceed to prove the symmetric properties of
U 1[ ] and V 1[ ]. Since l lY Y- - = C Cx t x t, ; , ;( ) ( )† , then

l l- - = CT CTx t x t, ; , ; .( ) ( )†

From l l- - = - U CU Cx t x t, ; , ;( ) ( )† and l =U x t, ;1 ( )[ ]

+- -T T T UTx1, 1
1

1 1
1, it follows that

l l l
l l l
l

- - = - - - -
+ - - - - - -
=

U T T

T U T

CU C

x t x t x t

x t x t x t

x t

, ; , ; , ;

, ; , ; , ;

, ; .

x
1

1 1

1 1
1

( ) ( ( ) ( ))
( ( ) ( ) ( ))

( )

[ ] † †

†

[ ]

and through l l- - = V CV Cx t x t, ; , ;( ) ( )† , we have

l l- - = V CV Cx t x t, ; , ; .1 1( ) ( )[ ] † [ ]

This completes the proof.

The above elementary DT can be iterated one by one to
yield the N-fold DT. With the knowledge of linear algebra
and complex variables functions, the iterated N-fold DT can
be represented in a compact form. Then the multi-soliton
solution can be constructed through the formula of corresp-
onding Bäcklund transformation. In general, we can establish
the following N-fold DT for nNLSE (1) as

Theorem 2. If we have N different solutions to system
(2):y y yl l l¼x t x t x t, ; , , ; , , , ;N N1 1 2 2( ) ( ) ( ) with l l= ,i
= ¼i N1, 2, , , l l¹i j ¹i j( ), l ¹ 0i , then the N-fold DT

can be represented as

l = - - -T YM D ZCx t, ; ,1 1( )

where

l l l l l l

l l

= + + ¼ +
= ñ ñ ¼ ñ

=

á
á

á

=
á ñ

+
 

D
Y y y y

Z

y

y

y

M
y C y

x t

diag , , , ,

, , , , ,

, ,

N

N

N

i j

j i i j N

1 2

1 2

1

2

1 ,

⎜ ⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎛
⎝

⎞
⎠

( )
( ) [∣ ∣ ∣ ]

∣
∣

∣

∣ ∣



yá º - y x t,j j∣ ( ) , yñ ºy x t,i i∣ ( ). And the corresponding Bäck-
lund transformation between old and new potential functions
is given by

= - -Y M Zp p 2 . 8N
2

1
1 ( )[ ]

Proof 2. The recursive DTs between matrix functions are
given as

s
l l l

l
Y Y= =

+ = ¼

- -T Q Q
P

x t x t x t
k N

, ; , ; , ; ,
2 , , 1, , ,

k
k

k k k

k

1 1

1 3

( ) ( ) ( )
[ ]

[ ] [ ] [ ] [ ]

where

y y
y y

y y

y y

y y

y y

l
l l

l l

l l
l

l l
l l

l l

l
l l

l l

l l

= -
+

=
-

-

= -
+

=
-

-

= -
+

=
-

-

- -

- -



















T P

P
C

C

T P

P
C

C

T P

P
C

C

x t x t

x t x t

x t x t

x t x t

x t x t

x t x t

2
,

, ; , ;

, ; , ;
,

2
,

, ; , ;

, ; , ;
,

2
,

, ; , ;

, ; , ;
, 9

i
i

i
i

i
i
i

i i
i

i

i
i

i i
i

i

1
1

1
1

1
1 1 1 1

1 1 1 1

2
2

2
2

2
2
1

2 2
1

2

2
1

2 2
1

2

1 1

1 1

( ) ( )
( ) ( )

( )( ( ))
( ( )) ( )

( )( ( ))
( ( )) ( )

( )

[ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]


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and

y yl l=
=

l l
-

- - =T T Tx t x t

i N

, ; ... , ; ,

1 ,... .
i
i

i i i i i
1

1 2 1 i( ) ( )∣ ( )[ ]

Defining

l l l l= -T T T Tx t x t x t x t, ; , ; , ; ... , ; 10N N 1 1( ) ( ) ( ) ( ) ( )

which represents the N-fold DT, and analyzing the form of
equation (10), it immediately comes out that lT x t, ;( ) is a
meromorphic function and ¥ is not the essential singularity,
so it is a rational function with respect to λ. Then the N-fold
DT lT x t, ;( ) can be expressed in the form of

ål
l l

= -
+=

T
A

x t
x t

, ;
,

, 11
i

N
i

i1

( ) ( ) ( )

where A x t,i ( ) is a matrix. By calculating residues on both
sides of equation (11), an expression of A x t,i ( ) is obtained:

l

l

=-

=-
l l

l l l l

=-

+ =- - =-

A T

T T P T T

x t x t, Res , ;

... 2 ... .

i

N i i i i1 1 1

i

i i

( ) ( )

( )∣ ( )∣

From equation (9) we know that =Prank 1i( ) , thus
=A x trank , 1i( ( )) . According to the knowledge of linear

algebra, A x t,i ( ) could be rewritten as

= ñáA x y Cx t, ,i i i( ) ∣ ∣

where ñxi∣ is a column vector, and áyi ∣ is a row vector. For
simplicity, we denote that

l l l l l l

= ñ ñ ñ

= + + ¼ +

=

á
á

á

R x x x

D

Z

y

y

y

, , ... ,

diag , , , ,

.

N

N

N

1 2

1 2

1

2

⎡⎣ ⎤⎦

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

∣ ∣ ∣
( )
∣
∣

∣


Then lT x t, ;( ) can be rewritten in matrix form as

l = - -T RD Zx t, ; . 121( ) ( )

Besides, after observation and inspection, we obtain that
yl l=T x t x tker , ; , ;i i i( ( )) ( ), i.e.

å y
l l

l-
ñá

+
=

=


x y C

x t, ; 0, 13
j

N
j j

i j
i i

1

⎛

⎝
⎜

⎞

⎠
⎟

∣ ∣
( ) ( )

which implies that

åy
y

l l
=

á

+
ñ

=

y C
x .i

j

N
j i

i j
j

1

∣
∣

Thus

y y y

y y y

y y y

y y y

l l l l l l

l l l l l l

l l l l l l

=

á
+

á
+

á
+

á
+

á
+

á
+

á
+

á
+

á
+

R

y C y C y C

y C y C y C

y C y C y C

, , ...

...

...

...

. 14

N

N

N

N

N

N

N

N

N

N N

N N

1 2

1 1

1 1

1 2

1 2

1

1

2 1

2 1

2 2

2 2

2

2

1

1

2

2

⎡⎣ ⎤⎦

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

∣ ∣ ∣

∣ ∣ ∣

∣ ∣ ∣

( )
   

Furthermore, it is readily verified that

l l- - = T CT Cx t x t, ; , ; ,( ) ( )

i.e.

å ål l l l
-

ñá
+

+
ñá
-

=
= =

  
x y C

C
C y x

C . 15
i

N
i i

i i

N
i i

i1 1

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

∣ ∣ ∣ ∣
( )

Calculating residues on both sides of equation (15), then we
obtain that

å l l
-

ñá

+
ñá =

=


x y C

y x 0. 16
j

n
j j

i j
i i

1

⎛

⎝
⎜

⎞

⎠
⎟

∣ ∣
∣ ∣ ( )

Because á ¹x 0i∣ , comparing equations (13) and (16), we find
that

y lñ =y x t, ; . 17i i i∣ ( ) ( )

Denote

l l
= ñ ñ ¼ ñ =

á ñ

+
 

Y y y y M
y C y

, , , , ,N
i j

j i i j N

1 2

1 ,

⎜ ⎟
⎛
⎝

⎞
⎠

[∣ ∣ ∣ ]
∣ ∣

then equation (14) can be rewritten as

=Y RM,

thus

= -R YM . 181 ( )
Finally, by substituting equations (18) into (12), we obtain
that

= - - -T YM D Z.1 1

The Bäcklund transformation (8) can be obtained through the
formula

+ =T TU U T 19x
N ( )[ ]

by expanding with respect to λ at the neighborhood of ¥.

So far we have constructed the N-fold DT, and in the next
section it will be utilized to derive the N-soliton solution,
based on which the singularity and asymptoticity analysis on
these solutions will have been done.
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3. Bounded multi-solitons solutions and their
asymptotic analysis

In this section, some exact solutions with zero seed solution
will be derived. It is worth noting that the parameter σ in
nNLSE represents different optical meanings, that is, σ takes
±1 to correspond to focusing case and defocusing case
respectively. As mentioned before, Ye and Zhang [20] have
studied a reverse-time nNLSE with s = 1, so we mainly
discuss the situation when s = -1 here, because this situation
has never been studied before. When discussing the asymp-
toticity of the solution, we quote two lemmas proposed by
Zhang et al [40] to illustrate the properties of the modulus of
the soliton solution. What is more, we utilize a kind of
method proposed by Ling et al [15] to calculate the limit form
of M-matrix. Also, another method proposed by Faddeev and
Takhtajan [41] has been used to determine the exponential
decay term of the remainder.

3.1. The dynamics for the single-soliton solution

Taking l = +a bi ,1 1 1 Î a b,1 1 and the seed solution
=p x t, 0( ) , then the vector solution of Lax pair (2) can be

solved with the form:

y =
h

h-c
e
e

,
x t

x t1

,

1
,

1

1

⎡
⎣⎢

⎤
⎦⎥

( )

( )

where h l l= +x t x t, i1 1 1( ) ( ), and c1 is a complex constant.
Then, by the formula (7), we derive the following single-
soliton solution:

s
=

+
-

+ -

- - -
p x t

a b c

c
,

4 i e

e e
. 20

a b b a t

a b x a b x
1 1 1 1

4 2i

2 i
1
2 2 i

1 1 1
2

1
2

1 1 1 1
( ) ( ) ( )[ ]

[ ( )]

( ) ( )

Now we analyze the dynamics for the single-soliton.

3.1.1. Singularity. If s l Î cln i1
2

1( ) ( ) , the above solution
will appear the singularity. For the other case, there is no
singularity for the single-soliton solutions. For instance, by

setting =c i1 , then we can obtain a non-singular single-
soliton solution.

3.1.2. Boundedness. When =a 01 , s = -1, we can obtain
the bounded single-soliton solution with ¹c 01( )R :

=
+

+
p x t

b c

c
,

4i e

e 1
.

b x b t

b x
1 1 1

2 i

4
1
2

1 1

1
( )[ ]

( )

After calculation, we can deduce that the extreme point of the
soliton solution is

= -x
c

b

ln

2
,1

1

(∣ ∣)

and its amplitude is

b c

c

4
. 211

2
1

2

1
2

∣ ∣
( ( ))

( )
R

Similarly, we can consider the boundedness of solution for
the case s = 1. It is seen that the boundedness of solutions is
valid for the stationary one.

3.1.3. Oscillation effect. It is seen that the oscillation effect
will appear in the solution as a1 large enough, which had
never been pointed out in the previous studies. After
calculation, we obtain the bottom envelope of the
oscillation (see the figure 1(b)), the expression of which is
as follows

=
+

+ +-
b x

c a b

c c

16

e e 2
. 22

bx bx

2 2 2

4 4 4 2
( ) ( ) ( )

( ) ( )
( )R

R R

In principle, the expression of an envelope at the top can also
be calculated, but the top envelope here is singular and has
lost its practical significance, so it is not shown. In order to
better represent the oscillation effect of soliton solution, we
define its width.

Definition 1 The width of the soliton solution oscillation.
The distance between the two abscissa corresponding to 1/2
of the maximum of the lower envelope is defined as the width
of the soliton solution oscillation.

Figure 1. (a) By choosing the parameters =a 101 , =b1
1
2
, c=1, s = -1, we obtain an unbounded non-singular single-soliton solution. (b)

The corresponding sectional view of the single-soliton solution in (a) and its lower envelope. (c) By setting =a 01 , =b 11 , = +c 1 i,
s = -1, we obtain a bounded non-singular single-soliton solution.

5
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By equation (22) we obtain the expression of the width

= - =

+ +  + +

+ - d x x x
b

c c c c

c

,
1

4
ln

1 1 1
.

23

4 2 2 4

4

∣ ∣

( ( ) ( ) ) ( ( ) ) ( )
( )

( )

R R R R

R

And it is readily proved that the period of oscillation is

p
=T

a2
, 24( )

so combining equation (22) with equation (24), we can
deduce that the number of times that soliton solution
oscillates is

=N
d

T
, 25⎡

⎣
⎤
⎦

( )

where [] represents the ceil function. The single-soliton
solution with oscillation effect and the sectional view of
soliton solution and lower envelope are shown in figure 1.

Different from the single-soliton of classic NLSE, the
amplitude of single-soliton solution of which is determined by
the fixed spectral parameter l1. From equation (21) we know
that for the nNLSE (1) studied in this paper, the amplitude of
the soliton solution is jointly determined by the spectral
parameter l1 and the solution parameter c1. What is more, its
amplitude can tend to ¥. Two examples of single-soliton
solution are shown in figure 1.

Example 1. Choosing the parameters appropriately we have
drawn graphs of unbounded single-soliton solutions and
bounded single-soliton solutions. And from figure 1(a), we
can see the single-soliton emerging the effect of periodic
oscillation. Also, we provide the sectional view of the single-
soliton solution and the lower envelope.

In fact, it is not easy-to find the singularity conditions of
the soliton solution, as the conditions are already very
complicated only in the case of a single-soliton. In physics,
we always pay much attention on non-singular and bounded
soliton solutions. We have discussed these two features in the
case of single-soliton. Fortunately, we have not only found
the non-singular conditions and bounded conditions of single-
soliton solutions, we have also found those for the multi-
soliton solution.

3.2. The non-singular symmetric multi-soliton solution

For the convenience of discussion, we will take the solution
parameter ci of each matrix function y x t,i ( ) as p s+

e i2
1

2 below,
then the matrix function of multi-soliton can be expressed as
follows:

y =
h

h-p s+x t,
e

e e
, 26i

x t

x t

,

i ,

i

i2
1

2

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )
( )

( )

where

h l l= + =x t x t i n, i , 1 ... .i i i( ) ( )

By the formula (8), we can construct the multi-soliton
solution with the setting of y x t,i ( ) (26):

= -- Y M Yp x t x t x t x t, , , , , 27N
2

1
1( ) ( ) ( ) ( ) ( )[ ]

where

l l

=

=

=
+
+

h h h

h h h

h h h h

- - -

- + - - -

Y

Y

M

x t

x t

x t

, e , e , ... e ,

, e , e , ... e ,

,
e e

2
.

x t x t x t

x t x t x t

x t x t x t x t

j i

1
, , ,

2
, , ,

, , , ,

n

n

i j i j

1 2

1 2

⎜ ⎟
⎛
⎝

⎞
⎠

( )
( )

( )

( )

( )
( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

With the aim of better illustrating the properties of the
soliton solutions, we first invoke two lemmas about the
relations among the solution, the reverse-time solution and the
M-matrix.

Lemma 1. [40]

=- -
- =-

p x t p x t

p x t p x t p x t

, , ,

, , , .

N N

N N N 2

*( ( )) ( )
( ) ( ) ∣ ( )∣

[ ] [ ]

[ ] [ ] [ ]

Proof 3. From equation (27), we can deduce that

- - =- - -

= -
=

-

-





Y M Y

Y M Y

p x t x t x t x t

x t x t x t

p x t

, , , ,

, , ,

, .

N

N

2
1

1

2
1

1 *

*

( ) ( ) ( ) ( )
( ( ) ( ) ( ))
( ( ))

[ ]

[ ]

Then, naturally we have that

- =-
=-

p x t p x t p x t p x t

p x t

, , , ,

, .

N N N N

N 2

*( ) ( ) ( )( ( ))
∣ ( )∣

[ ] [ ] [ ] [ ]

[ ]

Following the method in [40], the following lemma can
be established:

Lemma 2. [40]

- = -¶ Mp x t p x t, , lnN N
x
2( ) ( ) (∣ ∣)[ ] [ ]

Proof 4. From theorem 2 we can perform the N-fold Darboux
matrix as follows:

ål
l l

= +
+=

T
K

x t, ; .
j

N
j

j1

( )

That Darboux matrix converts the system (2) into the
invariant form

y y s

y y

s

l l

l l

= +

=

+ -

U U Q

V V U

Q Q

x t

x t

, , ; i ,

, , ;

1

2
i

x
N N

N
N N

t
N N

N
N N

x
N N

3

3
2

⎧

⎨

⎪

⎩
⎪

( ) ≔ ( )

( ) ≔

( ( ) )

[ ] [ ]
[ ]

[ ] [ ]

[ ] [ ]
[ ]

[ ] [ ]

[ ] [ ]

6

Commun. Theor. Phys. 73 (2021) 105001 W-J Tang et al



with

s
=

-
Q

p x t

p x t

0 ,

, 0
.N

N

N
⎡
⎣⎢

⎤
⎦⎥

( )
( )

[ ]
[ ]

[ ]

By l+ =T TU U Tx
bg N( ) [ ] and matching the term l- 1( ),

one yields

å = å

-å

= =

=

K Q K

K Q

i

.

j
N

j
x

N
j
N

j

j
N

j
bg

1 1

1

( ) (

)

[ ]

By l+ =T TV V Tt
bg N( ) [ ] and matching the term 1( ), one

yields

s= + - + å

- å

=

=

Q Q Q Q Q K

K Q

i 2

.

N bg bg N
x

N
j
N

j

j
N

j
bg

2
3 1

1

( ) ( ) (

)

[ ] [ ] [ ]

Combining the above two equations, one deduces

ås= + - -
=

Q Q Q Q Ki 2i .N bg bg N
x

j

N

j

x

2
3

1

⎛

⎝
⎜

⎞

⎠
⎟( ) ( )[ ] [ ]

Then we derive

å= -
¶
¶ =

Kp
x

2i .N

j

N

j
2

2

1

⎛

⎝
⎜

⎞

⎠
⎟∣ ∣[ ]

Note that

å = - = -
=

-K YM Z Y Z Cx t, , .
j

N

j
1

1 ( )†

Then one obtains

=
¶
¶

Mp
x

ln ,N 2
2

2
∣ ∣ (∣ ∣)[ ]

i.e.

- = -
¶
¶

Mp x t p x t
x

, , ln .N N
2

2
( ) ( ) (∣ ∣)[ ] [ ]

Then we provide a sufficient condition for a non-singular
n2 -soliton solution.

Proposition 1. For a 2n-soliton solution, if the parameters
satisfy

l l l l= - ¼ = - = ¼- i n, , , 1, , ,i i2 1 2 2 1* *

then the solutions constructed by theorem 2 are non-singular.

Note that throughout the paper we use * to denote
complex conjugation.

Proof 5. Firstly, we verify that M is non-degenerate. By
theorem 2, M can be written as =  M mij i j n1 , 2( ) , where

y y

l l

l l

=
-

+

=
+
+

h h h h- + - - -

 C
m

x t x t, ,

2

e e

2
.

ij
i j

j i

x t x t x t x t

j i

, , , ,i j i j

( ) ( )
( )

( )

( ) ( ) ( ) ( )

So the matrix M can also be expressed in matrix form as

= +M M UM M UM ,1 2 3 4

where

l l

= ¼
= ¼
= ¼
= ¼

=
+

h h

h h

h h

h h

- -

- - - -

- -

 

M

M

M

M

U

diag e , , e ,

diag e , , e ,

diag e , , e ,

diag e , , e ,

1

2
,

x t x t

x t x t

x t x t

x t x t

j i i j n

1
, ,

2
, ,

3
, ,

4
, ,

1 , 2

n

n

n

n

1 2

1 2

1 2

1 2

⎜ ⎟
⎛
⎝

⎞
⎠

( )
( )
( )
( )

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

among which obviously U is a Cauchy matrix. Moreover, we
readily come up with the following parameter relations:

h h

h h

= -

= - = ¼
-

-

x t x t

x t x t k n

, , ,

, , , 1, , . 28
k k

k k

2 1 2

2 2 1

*

*

( ) ( )
( ) ( ) ( )

Besides, by equation (28) we can deduce that

= ¼

= ¼

h h h h

h h

h h h h

h h

- - - -

- -

-

-

M

M

diag e , e , e , e , ,

e , e ,

diag e , e , e , e , ,

e , e . 29

x t x t x t x t

x t x t

x t x t x t x t

x t x t

1
, , , ,

, ,

3
, , , ,

, ,

n n

n n

2 1 4 3

2 2 1

2 1 4 3

2 2 1

* * * *

* *

* * * *

* *

(
)

(
) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

In order to make the proof clearer, we define a block matrix

=N

N
N

N

0 0
0 0

0 0

...

...

...

,

n

1

2

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟   

where

= = = =N N N... 0 1
1 0

.n1 2 ( )
Furthermore, equation (29) implies that

= ¼

= ¼

h h h h

h h

h h h h

h h

-

- - - - -

- -

-

-

NM N

NM N

diag e , e , e , e , ,

e , e ,

diag e , e , e , e , ,

e , e .

30

x t x t x t x t

x t x t

x t x t x t x t

x t x t

1
1 , , , ,

, ,

3
1 , , , ,

, ,

n n

n n

1 2 3 4

2 1 2

1 2 3 4

2 1 2

* * * *

* *

* * * *

* *

(
)
(

)
( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

For simplicity, we denote that

= = =- -M NM N M NM N M NU, , ,1 1
1

3 3
1˜ ˜ ˆ

and it is readily verified that =M Mˆ ˆ† , i.e. M is a Hermitian
matrix. We ulteriorly derive that

= +

= +

NM N M UM M UM

M MM M MM . 31
1 2 3 4

1 2 3 4

( )
˜ ˆ ˜ ˆ ( )

By setting that H equals to equation (31), H can be written as
=  H hij i j n1 , 2( ) , where

l l
=

+
+

h h h h+ - -
h

e e

2
.ij

x t x t x t x t

i j

, , , ,i j i j* *

⎜ ⎟
⎛
⎝

⎞
⎠( )

( ) ( ) ( ) ( )
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And because for any x x,i j,

å å

å

ò

ò

x x x

x

=

+ >

h

h

=

¥ +¥

=

¥

-¥
-

h ds

ds

e

e 0

i j

n n

ij i j
j

j x
s t

j
j

x s t

,

2 ,2

1

,

2

1

,

2

j

j

* ( )

( )

thus H is a positive definite matrix, which implies that M is a
non-degenerate matrix.

By theorem 2, a solution can be constructed in the form
of

= =-X M X
X MX

M
p x t,

det
, 32N

2
1

1
2
adj

1( )
( )

( )[ ]

where X1, X2 are matrices obtained by the transformation of
system matrix function. Because M is non-degenerate, i.e.

¹Mdet 0( ) , under the circumstances p x t,N ( )[ ] must be a
non-singular soliton solution.

Remark 1. In the above proposition, we give a sufficient
condition for the n2 -soliton solution with pair parameters.
Actually, for the case l Î ii , we can also obtain the similar
result in a similar way. In this case, what we obtain are also
the bounded non-singular soliton solutions.

3.3. Asymptotic analysis for the multi-soliton solution

In what follows, we will illustrate the asymptoticity of multi-
soliton solution under s = -1. For the case s = 1, it can be
analyzed similarly. In section 3.3, we set ci=1 for con-
venience. We take that l l= + = - +a b a bi , i1 1 1 2 1 1,
because other forms of parameter selection result in that the
derivation result in any direction equals to 0 in the
limiting case. The corresponding matrix functions are as
follows:

y y= =
h

h

h

h- -x t x t,
e
e

, ,
e
e

,
x t

x t

x t

x t1

,

, 2

,

,

1

1

2

2
⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )
( )

( )

( )

( )

where h l l= +x t x t, ii i i( ) ( ), i=1, 2. And then, throughout
the theorem 2 we can derive the 2nd order M2 matrix:

y yl l

l l
=

-

+



 

M
Cx t x t, ; , ;

.i i j j

j i
i j

2

1 , 2

⎛

⎝
⎜

⎞

⎠
⎟

( ) ( )

For simplicity of expression, we denote that

y y =
X
X

x t x t
x t
x t

, , ,
,
,

.1 2
1

2

⎡
⎣

⎤
⎦

[ ( ) ( )] ( )
( )

Then the solution could be written as:

l l l l= -- X M Xp x t x t x t, , ; , , ; , . 331
2 1 2

1
1 1 2( ) ( ) ( ) ( )[ ]

Due to the symmetry of the solution with respect to the
time variable t, here we only prove the case that  +¥t . If
we fix the direction as q+ =x a t2 1 1, thus

M M ,2 21∣ ∣ ˜

where

=
l l l l

l l l l

+ - +

+
- - -

h

h h h+
M .21

e

2

1

2

e 1

2

e

2

x t

x t x t x t

2 1 ,

1 1 1 1

2 1 , 1 ,

1 1

2 1 ,

1 1

*

* * *

* *
˜ ( ) ( )

( ) ( )

( )

( ( ) ( )) ( )

Similarly, we can obtain that if the direction is fixed as
q- =x a t2 1 2,

 = l l l l

l l l l

+
+

- +

- - -

h h- + -

M M .22

1

2

e 1

2

1

2

1

2

x t x t

1 1

2 1 , 1 ,

1 1

1 1 1 1

*

* * *

*

∣ ∣ ∣ ˜ ∣ ( ) ( )

( ) ( )

( ( ) ( ))

If we fix the direction to any other value, then we have

¶ Mln 0.x
2 (∣ ∣)

Therefore, from lemmas 2 and 3, we can derive that

å= +
=

-p b
w

4 sech
2

e ,
i

i c t2 2
1
2

1

2
2 ⎛

⎝
⎞
⎠

∣ ∣ ˜ ( )[ ] ∣ ∣

where

q

q

=

=- +
+

=- +
+

c a b

w b
a

a b

w b
a b

a

4 ,

4 ln ,

4 ln .

1 1

1 1 1
1
2

1
2

1
2

2 1 2
1
2

1
2

1
2

˜

˜

So far, the asymptotic form of two-soliton solution has been
obtained.

Example 2. Choosing the parameters as = =a b1, 1,1 1

s = -1, we construct the asymptotic form of the two-soliton
solution. Due to the symmetry of the solution with respect to
the time variable t, here we only show the sectional view
when  +¥t . The results are shown in figure 2.

Note that the asymptotic analysis merely works for the multi-
soliton with different velocity. Next, on the premise of the suf-
ficient condition for non-singular n2 -soliton solution mentioned
above, we give the asymptotic analysis of n2 -soliton solutions.

Theorem 3. For a n2 -soliton solution p n2[ ], if the selected
parameters satisfy the following conditions

l l= - = ¼- i n, 1, ,i i2 2 1*

then

å= +

+  ¥
=

-

-

p b
w w

t

4 sech
2

sech
2

e ,

n

i

n

i
i i

ct

2 2

1

2 2 2 1 2 2⎡
⎣

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦

∣ ∣ ˜ ˜

( )

[ ]

∣ ∣

where l=bi i( )I , and -w i2 1˜ , w i2˜ , c∣ ∣ are given by
equations (37), (39), (41) respectively. In other words, when
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 ¥t , the square of the modulus of a 2n-soliton solution
can be written as the sum of solutions of 2n single-soliton.

Proof 6. We regard two adjacent matrix functions as a pair,
and the expression of any pair is given as follows

y

y

=

=

= ¼

h

h

h

h

- -

-

-

-
x t

x t

k n

, e
e

,

, e
e

,

1, , . 34

k

x t

x t

k

x t

x t

2 1

,

,

2

,

,

k

k

k

k

2 1

2 1

2

2

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )

( )

( )

( )

( )

( )

( )

From proposition 2 we know that if the parameters satisfy

l l= - - ,k k2 2 1*

then there is the following symmetric relationship between
h x t,( )

h h h h= - = -- -x t x t x t x t, , , , , ,k k k k2 1 2 2 2 1* *( ) ( ) ( ) ( )

which yields that

y y= --x t x t, , . 35k k2 2 1
*( ) ( ) ( )

Choosing the n2 parameters as follows

l l l l¼ ¼, , , , , ,n n1 1* *

then the corresponding matrix functions could be listed out as
follows

y y y y¼ - ¼ -x t x t x t x t, , , , , , , , , .n n1 1
* *( ) ( ) ( ) ( )

For each parameter l = + Î a b a bi ,k k k k k( ) we assume
that < < < < < ¹-a a a a k... 0 1k k 1 2 1 ( ), and <b 0k . The
two directions corresponding to any pair of matrix function,
which is shown in equation (34), are

q q+ = - =-x a t x a t2 , 2 .k k k k2 1 2

From lemma 3 we know that the square of the modulus of the
soliton solution is symmetric about t, so below we only prove
the situation when  +¥t .

When  +¥t , fixed the direction as q+ = -x a t2 i i2 1,
we can deduce that

 -M M ,i2 1∣ ∣ ∣ ˜ ∣

where

Figure 2. = =a b1, 11 1 (a) The red solid lines represent the sectional view of p 2 2∣ ∣[ ] when t=3. The green dotted lines represent the
sectional view of the sum of the two decomposed single-soliton solutions with t=3. It is shown that the sum matches p 2 2∣ ∣[ ] very well.
(b) two-soliton solution: s= = = -a b2, 1, 11 1 .

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l

l l l l l l

=

+ + + - + - +

- - - - - - -

- - - - - - -

- - -

- - -

h

h

h h h h h h
-

-

- - - - - -

-

+

+ + + +

+

M
1

2

1
...

1 e
0 ... 0

1
...

1

1
...

1 e
0 ... 0

1
...

1

e
...

e e
0 ... 0

e
...

e

0 ... 0
1 1

...
1

0 ... 0

0 ... 0
1 1

...
1

0 ... 0

.i n

i

x t

i n

i i i

x t

i i i n i

x t

i

x t

i i

x t x t

i i

x t

i

x t

n i

i i i i n i

i n i n n n

2 1 2

1 1 1 1

2 ,

1 1 1 1

1 1 1 1

2 ,

1 1 1 1

2 ,

1

2 ,

1

2 , , 2 ,

1

2 ,

1 1 1 1

1

i

i

i i i i i i

* *

* * * * * * *

* * * * * * *

* * *

* * *

* * * * *
∣ ˜ ∣

( )

( )

( ) ( ) ( ( ) ( )) ( ) ( )

      

      
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We can transform this determinant into the following easy-to-
solve form [15]

where

l l l l l l

l l l l l l

l l l l l l l l l l

l l l l

l l l l

l l l l

l l l l

l l l l l l l l l l

l l l l l l

l l l l l l

l l
g g

=

- - -

- - -

- - - - - -

+ - +

- - -

+

- -

- -

- - - - - -

+ + - +

- - - -

= +

=
-

+

h h

h h h h

h

h

h h

h h

-

+ + + +

+

+

- -

+ + +

+

+

+

- - -

+

- -
+

M

C C C C

C C

1

2
...

1

2

1

2
0 ... 0

1

2
...

1

2

1

2
0 ... 0

1

2
...

1

2

1

2

e

2
...

e

2

0 ... 0 0
1

2
...

1

2

0 ... 0 0
1

2
...

1

2

1

2
...

1

2
0 0 ... 0

1

2
...

1

2
0 0 ... 0

1

2
...

1

2

e

2

e

2
...

e

2

0 ... 0
e

2

1

2
...

1

2

0 ... 0
e

2

1

2
...

1

2

1

2
e

1

2

1
e ,

i

i i n i i i

i n n n i n

i i n i i i

x t

i

x t

n i

n

i n i

i i n i

i n n n

i i n i

x t x t

i i

x t

i

x t

n i
x t

i n

x t

i i i n i

n
x t x t

n
i i

i i
x t x t

2 1

1 1 1 1

1

1

,

1

,

1 1 1

1 1 1

1 1 1

1

1

2 , , ,

1

,

2 ,

1 1 1 1

2 ,

1 1 1 1

2 1 2 3 4
2 , ,

2 2 3 2 1,1 2 1,2
2 , ,

i i

i i i i

i

i

i i

i i

* * *

* * *

* * * * * *

*

* * *

* *

* *

* * * * * *

*

* * * *

*

* *

* * *

*

*⎡
⎣⎢

⎤
⎦⎥

∣ ˜ ∣

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

[ ]

( )

( ) ( )

( ( ) ( )) ( ) ( )

( )

( )

( ( ) ( ))

( ( ) ( ))

    

    

    

    

l l l l

l l

l l l l

l l

l l l l l l l l l l l l

l l l l

l l l l l l l l l l l l

l l l l

=
 - - +

 -

=
 - - +

 -

=
 - - +  - + -  + +

 + - -

=
 - - +  - + -  + +

 + - -

<

+ <

+

< - <

< <

-

-

 

 

 

 

   

   

 
 

 
 

 
 

 
 

C

C

C

C

,

,

,

,

i m k n m k m k

i i j n m k

i m k n m k m k

i m k n m k

m k i m k m k m k n m k m k m k m k

m k m k

m k i m k m k m k n m k m k m k m k

m k m k

1
,

3
1

1 ,

2
1 1 1

4
1 1

m i
k n

m i
k n

m i
k n

m i
k n

1 1
1

1 1
1

1
1

1
1

* *

*

* *

*

* * * * * *

* *

* * * * * *

* *

( )( )
( )

( )( )
( )

( )( ) ( )( ) ( )( )

( )( )

( )( ) ( )( ) ( )( )

( )( )
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and

g
l l
l l

g

l l
l l

l l
l l

= 
-

-
= 

-
-


+

+

- = + - =
-

=

,

.

i j i
n i j

j i
i i

i

i i

i i
j
n j i

j i

2 1,1 1

2

2 1,2 1
1

2

1

2

*

*

*

We can calculate that

¶ =-
-M b

w
ln 4 sech

2
, 36x i i

i2
2 1

2 2 2 1(∣ ˜ ∣) ( ˜ ) ( )

where

q
g
g

= - +- -
-

-
w b4 ln . 37i i i

i

i
2 1 2 1

2 1,2

2 1,1
˜ ( ) ( )

Similarly, if the direction is fixed as q- =x a t2 i i2 , then we
can derive that

¶ =M b
w

ln 4 sech
2

, 38x i i
i2

2
2 2 2(∣ ˜ ∣) ( ˜ ) ( )

where

q
g
g

= - + -

-
w b4 ln . 39i i i

i

i
2 2

2 1,1

2 1,2
˜ ( ) ( )

It must be noted that if the speed direction is fixed to any
value other than the direction between any pair of matrix
function, then we have

¶ Mln 0. 40x
2 (∣ ∣) ( )

Combining the Lemma 3 and the results of equations (36),
(38) and (40), we can finally infer that

å=

+ +

=

-

-

p b
w

w

4 sech
2

sech
2

e ,

n

i

n

i
i

i ct

2 2

1

2 2 2 1

2 2

⎡
⎣

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦

∣ ∣ ˜

˜ ( )

[ ]

∣ ∣

where

= -
= ¼ ¹

= ¼

c b a amin 2 min . 41
j n

j
i k

i k n

i k
1, ,

, 1, , 2

∣ ∣ { ∣ ∣} {∣ ∣} ( )

Example 3. Choosing the parameters as = =a b2, 1,1 1

s= = = -a b3, 1, 12 2 , we construct the asymptotic form
of a four-soliton solution to test the result of theorem 3. Due
to the symmetry of the solution with respect to the time
variable t, here we only show the sectional view when
 +¥t . Then results are shown in figure 3, which verifies

the asymptotic analysis by numeric graphs.

Remark 2. For a +n2 1( )-soliton solution, if the added
parameter l +n2 1 satisfies l =+ 0n2 1( )R , then the result still
holds.

For the s = 1, by setting the solution parameter ci of
each matrix function y x t,i ( ) as i, we can not only ensure the
non-singularity of the soliton solution, but also obtain the
same M matrix as in the case of s = -1. So it can be
similarly verified that

å=

+ +

=

-

-

p b
w

w

4 sech
2

sech
2

e ,

n

i

n

i
i

i ct

2 2

1

2 2 2 1

2 2

⎡
⎣

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦

∣ ∣ ˜

˜ ( )

[ ]

∣ ∣

where

= -
= ¼ ¹

= ¼

c b a amin 2 min .
j n

j
i k

i k n

i k
1, ,

, 1, , 2

∣ ∣ { ∣ ∣} {∣ ∣}

Remark 3. Compared to the classical NLSE, the asymptotic
decomposition of the multi-soliton solutions of the nNLS
equation under study is only applicable to the symmetric
soliton solutions. In addition, the classical NLSE has not only

Figure 3. = = = =a b a b1, 1, 3, 11 1 2 2 (a) The red solid lines represent the sectional view of p 4 2∣ ∣[ ] when t=3. The green dotted lines
represent the sectional view of the sum of the four decomposed single-soliton solutions with t=3. It is shown that the sum matches p 4 2∣ ∣[ ]

very well. (b) four-soliton solution: s= = = = = -a b a b2, 1, 3, 1, 11 1 2 2 .
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the asymptotic expression of the square of the modulus of the
solution, but also other forms of asymptotic expressions of the
solution. What is more, there is no phase shift character in our
asymptotic analysis, but in general it does exist in
classical NLSE.

4. Discussions and conclusions

In this work, we obtain and analyze the bounded multi-soliton
solution for the focusing and defocusing nNLSE (1) in a
uniform frame by the method of DT. Throughout the studies
in this work, we find that the feature of soliton for the nNLSE
is different from the classic NLSE in the following aspects.
The amplitude of the soliton solution to the nNLSE is jointly
determined by the spectral parameter and the solution para-
meter, but for the solitons of NLSE the amplitude of soliton is
uniquely determined by the spectral parameter. The expo-
nentially blow up and decay solution can admit the oscillating
effect. And some special parameter setting will result in the
singularity for the solutions, which can not appear for the
solitons of classic NLSE. The bounded multi-soliton solutions
also have the elastic interaction. These interesting dynamics
would enrich the dynamics for the field of nonlinear physics.

We construct the N-fold DT for the nNLSE (1) by the
loop group method. Then we use the DT to the determinant
representation of multi-soliton solutions by zero seed solu-
tion. Afterwards, the singular and asymptotic analysis on
multi-soliton solutions are performed by the formula of
determinant. Actually, we propose a way to analyze the sin-
gularity and asymptotic analysis for the nonlocal type of NLS
equation. This method can be readily extended to the multi-
component equation [26], two-place and four-place nonlocal
integrable equation, multi-place nonlocal KP equation and
so on.

As a matter of fact, there are lots of work to be per-
formed. When constructing the solitonic solution, we only
consider the zero seed solution. We can construct the solitonic
solution by the plane wave solution or elliptic function seed
solution. Meanwhile, the high order or the multi-pole solitons
with large order are also deserved to study for these models.
In addition, besides singularity and asymptotics, soliton
solutions have many other noteworthy properties to be further
explored. The above mentioned problems will be studied in
the near future.
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Let {B(ξn, rn)}n≥1 be a sequence of random balls whose centers {ξn}n≥1 is a stationary
process, and {rn}n≥1 is a sequence of positive numbers decreasing to 0. Our object is
the random covering set E = lim sup

n→∞

B(ξn, rn), that is, the points covered by B(ξn, rn)

infinitely often. The sizes of E are investigated from the viewpoint of measure, dimension
and topology.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Let (X, d) be a complete metric space. Given a sequence of points {xn}n≥1 in X , let {rn}n≥1 be a sequence of positive
numbers decreasing to 0. A general covering problem concerns the sets

lim sup
n→∞

B(xn, rn) =

∞⋂
k=1

∞⋃
n=k

B(xn, rn),

where B(xn, rn) denotes the ball centered at xn of radius rn. Many authors have investigated the size and structure of these
limsup sets.

One of classical models is to let {xn}n≥1 be a sequence of random variables on (Ω,B,P). The limsup set E =⋂
∞

k=1
⋃

∞

n=k B(xn, rn) is usually called random covering set, since it consists of the points covered by random balls {B(xn, rn)}
infinitely many times. The study of random covering sets has a long and convoluted history (Durand, 2010; Ekström, 2019;
Ekström et al., 2018; Fan, 2002; Li et al., 2013; Li and Suomala, 2014; Persson, 2015).

In 1956, Dvoretzky (1956) called the attention on the study of such random covering sets in the circle T with
{xn}n≥1 being independent and uniformly distributed. He asked the question when E = T a.s. or not. There was a
series of contributions. In 1971, Shepp (1972) gave a sufficient and necessary condition: E = T a.s. if and only if∑

∞

n=1(1/n
2) exp(r1 +· · ·+ rn) = ∞. Kahane (1985) proved that E is a.s. dense on T and moreover of second category. The

applications of the Borel–Cantelli lemma and Fubini’s theorem give that the Lebesgue measure of E is 0 or 1 a.s. according
to the convergence or divergence of the series

∑
∞

n=1 rn. Many authors have studied the Hausdorff dimension and other
fractal properties of random covering set E. Fan and Wu (2004) considered the special case rn = a/nα with a > 0 and
α > 1. They proved that dimH(E) = 1/α a.s., where dimH denotes Hausdorff dimension. Durand (2010) considered a

∗ Corresponding author.
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general sequence {rn}n≥1 and proved dimH E = inf{s > 0:
∑

∞

n=1 r
s
n < ∞} and dimP E = 1 a.s., where dimP denotes

packing dimension.
Many variations of the random covering problems have been addressed by many mathematicians. For example,

Järvenpää et al. (2014) covered the torus by self-affine sets instead of balls. Feng et al. (2018) extended it to any open
sets. The covering model in Ahlfors regular metric space has been studied in Järvenpää et al. (2017).

Instead of a sequence of random variables, many authors considered the case that {xn}n≥1 is the orbit of a dynamical
system (X, T ). Define the dynamical covering set E(x, rn) =

⋂
∞

k=1
⋃

∞

n=k B(T
n−1x, rn). Fan et al. (2013) computed the

Hausdorff dimension of E(x, rn) when X is the unit interval and T : x ↦→ 2x (mod1). In 2013, Liao and Seuret (2013)
successfully enlarged the setting to finite expanding Markov map with Gibbs measure m. They proved that if rn = n−α ,
then dimH E(x, rn) = 1/α a.e. provided that 1/α is not larger than the dimension of the measure m. Persson and Rams
(2017) considered more general piecewise expanding maps than Markov maps. In 2017, Wang et al. (2017) considered
the dynamical covering problem on the triadic cantor set.

In this paper, we consider the covering set with {ξn}n≥1 which is a sequence of points in a compact metric space (X, d),
chosen randomly. And independence of {ξn}n≥1 is not necessary. The purpose of this article is to study some properties of
random covering set in general probabilistic setting, including measure, density, fractal dimensions and so on. Next we
will state the main results and provide some discussions. Section 2 is devoted to the proof of the results. In Section 3, we
will give an application to the dynamical covering problem.

Let {ξn}n≥1 be a stationary process on a probability space (Ω,B,P) and take values in a compact metric space (X, d).
Let µ be the probability measure defined by

µ(A) = P(ξ1 ∈ A) (1.1)

for any Borel set A ⊂ X . Assume that X is the support of µ.
We say that {ξn}n≥1 is exponentially mixing if for any n ≥ 1, there exist two constants c > 0 and 0 < γ < 1 such that⏐⏐P(ξ1 ∈ A|D) − P(ξ1 ∈ A)

⏐⏐ ≤ cγ n

holds for any ball A ⊂ X and D ∈ Bn+1, where Bn+1 is the sub-σ -field generated by {ξn+i}i≥1.
Recall that a Borel measure µ is Ahlfors s-regular (0 < s < ∞) if there exists a constant 0 < C < ∞ such that

C−1r s ≤ µ
(
B(x, r)

)
≤ Cr s (1.2)

holds for all x ∈ X and 0 < r ≤ diam X , where diam X is the diameter of X.
A metric space X is said to be Ahlfors s-regular if there exists a Borel measure on X satisfying formula (1.2).
Let {rn}n≥1 be a sequence of positive real numbers decreasing to zero. For every n ≥ 1, denote Bn := B(ξn, rn). Define

E := lim sup
n→∞

Bn = {y ∈ X: y ∈ Bn for infinitely many n ≥ 1}.

The set E is a random covering set and consists of the points which are covered by {Bn}n≥1 infinitely often (i.o. for short).

Theorem 1.1. Let {ξn}n≥1 be exponentially mixing and the probability measure µ defined in (1.1) be Ahlfors s-regular. Then
we have

µ
(
E
)

=

{
0 if

∑
∞

n=1 r
s
n < ∞

1 if
∑

∞

n=1 r
s
n = ∞

a.s.

A dimension function f :R+
→ R+ is a continuous and non-decreasing function such that f (r) → 0 as r → 0. If there

exists a constant η > 1 such that for r > 0, f (2r) ≤ ηf (r), then we say that function f is doubling .

Theorem 1.2. Let {ξn}n≥1 be exponentially mixing and the probability measure µ defined in (1.1) be Ahlfors s-regular. Suppose
that f is a doubling dimension function with f (r)/r s being nondecreasing as r → 0. Then, with probability one, for any ball B
of X,

Hf (E ∩ B) =

{
0 if

∑
∞

n=1 f (rn) < ∞

Hf (B) if
∑

∞

n=1 f (rn) = ∞.

Furthermore,

dimH E = α a.s.,

where α = inf{t ≤ s:
∑

∞

n=1 r
t
n < ∞}.

Theorem 1.3. Let {ξn}n≥1 be exponentially mixing and the probability measure µ be Ahlfors s-regular. Then random covering
set E is dense in X almost surely.

Corollary 1.4. Assume that the conditions of Theorem 1.2 hold. We have dimB E = s almost surely, where dimB denotes box
dimension.
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Recall that a set is called residual if the complement of the set is a first category set.

Theorem 1.5. Let {ξn}n≥1 be exponentially mixing and the probability measure µ be Ahlfors s-regular. Then random covering
set E is a residual set almost surely. And E is also a set of second category almost surely. In particular dimP E = s almost surely.

Remark 1.1.

(i) Heinonen (2001) proved that, if X is a metric space admitting a Borel measure µ which is Ahlfors s-regular
(0 < s < ∞), then X has Hausdorff dimension precisely s.

(ii) From the proof of Corollary 1.4, we see that the box dimension of the space we considered is s.
(iii) By Cutler (1995, Theorem 3.16), we derive that the packing dimension of the space we considered is s.

2. Proofs of the main results

In this section we proved Theorems 1.1–1.5 and Corollary 1.4.

Lemma 2.1. Suppose that {ξn}n≥1 is an exponentially mixing stationary process. Let {hn}n≥1 be a decreasing sequence. For
any point y ∈ X, if the series

∑
∞

n=1 h
s
n diverges, we have P(ξn ∈ B(y, hn) i.o.) = 1.

Proof. Let y ∈ X and denote J̃n = {ω ∈ Ω: ξn(ω) ∈ B(y, hn)}. Let N ≥ 1 and SN =
∑N

n=1 χ̃Jn , where χ is the indicator
function. Then

E(SN ) =

N∑
n=1

P(̃Jn) =

N∑
n=1

µ
(
B(y, hn)

)
.

Since µ is Ahlfors s-regular, by (1.2), we have

E(SN ) ≥ C−1
N∑

n=1

hs
n → ∞, as N → ∞.

Thus
∑

∞

n=1 P(̃Jn) = limN→∞ E(SN ) = ∞.
By the Paley–Zygmund inequality, for all 0 < λ < 1, we have

P (SN ≥ λE(SN )) ≥ (1 − λ)2
E2(SN )
E(S2N )

= (1 − λ)2

(∑N
n=1 P(̃Jn)

)2
E(S2N )

.

(2.1)

Now we estimate E(S2N ),

E(S2N ) = E

(
N∑

n=1

χ̃Jn

)2

= E
( N∑
n=1

χ̃Jn +

N∑
n=1

N∑
m=1
m̸=n

χ̃Jn∩̃Jm

)

=

N∑
n=1

P(̃Jn) + 2
N∑

n=1

n−1∑
m=1

P(̃Jn ∩ J̃m).

(2.2)

Using the stationarity and the exponentially mixing property of the process {ξn}, we get

P(̃Jn ∩ J̃m) = P{ξn ∈ B(y, hn), ξm ∈ B(y, hm)} = P{ξ1 ∈ B(y, hm), ξn−m+1 ∈ B(y, hn)}
≤ P

(
ξ1 ∈ B(y, hm)

)
P
(
ξn−m+1 ∈ B(y, hn)

)
+ cγ n−mP

(
ξn−m+1 ∈ B(y, hn)

)
= P(̃Jn)P(̃Jm) + cγ n−mP(̃Jn).
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Hence the equality (2.2) reads as follows

E(S2N ) ≤

N∑
n=1

P(̃Jn) + 2
N∑

n=1

n−1∑
m=1

(
P(̃Jn)P(̃Jm) + cγ n−mP(̃Jn)

)
≤

N∑
n=1

P(̃Jn) +

(
N∑

n=1

P(̃Jn)

)2

+
2cγ
1 − γ

N∑
n=1

P(̃Jn)

≤ c ′

N∑
n=1

P(̃Jn) +

(
N∑

n=1

P(̃Jn)

)2

,

(2.3)

where c ′ is a constant. Combining (2.1) and (2.3), we derive that

P (SN ≥ λE(SN )) ≥ (1 − λ)2

(∑N
n=1 P(̃Jn)

)2
c ′
∑N

n=1 P(̃Jn) +

(∑N
n=1 P(̃Jn)

)2 → 1, (2.4)

as N → ∞ and λ → 0 due to the divergence of the series
∑

∞

n=1 P(̃Jn). We notice that

{ω ∈ J̃n i.o.} = { lim
N→∞

SN = ∞} ⊃ {SN ≥ λE(SN )}.

By (2.4) we have

P(̃J i.o.) ≥ lim
N→∞

P
(
SN ≥ λE(SN )

)
= 1,

which derives P(̃J i.o.) = 1. □

Proof of Theorem 1.1. First we show that µ
(
E
)

= 0 for any ω ∈ Ω if
∑

∞

n=1 r
s
n < ∞.

Since µ is Ahlfors s-regular, by (1.2), we have
∑

∞

n=1 µ(Bn) ≤ C
∑

∞

n=1 r
s
n < ∞. By the Borel–Cantelli lemma,

µ(lim supn→∞ Bn) = 0, that is µ
(
E
)

= 0.
Now we consider the divergence case. Let y ∈ X and

F (y) = {ω ∈ Ω: ξn(ω) ∈ B(y, rn) i.o.}.

By Lemma 2.1, we have P
(
F (y)

)
= 1. Since y ∈ E ⇔ ω ∈ F (y), applying Fubini’s theorem gives

P (µ(E)) =

∫ ∫
1E(y)dµ(y)dP(ω) =

∫ ∫
1F (y)(ω)dP(ω)dµ(y)

=

∫
P
(
F (y)

)
dµ(y) = 1.

Hence, for P-almost all ω, µ
(
E
)

= 1. □

We recall a general case of the mass transference principle (Beresnevich and Velani, 2006, Theorem 3), suitable for the
proof of our Theorem 1.2.

Let (Y , ρ) be a locally compact metric space. Let g be a doubling dimension function and suppose there exist constants
0 < c1 < 1 < c2 < ∞ and r0 > 0 such that

c1g
(
r(B)

)
≤ Hg (B) ≤ c2g

(
r(B)

)
,

for any ball B = B(x, r) with x ∈ Y and r ≤ r0. Next, given a dimension function f and a ball B = B(x, r) we define
Bf

:= B
(
x, g−1f (r)

)
.

Theorem 2.2 (Beresnevich–Velani). Let (Y , ρ) and g be as above and let {Bi}i∈N be a sequence of balls in Y with r(Bi) → 0 as
i → ∞. Let f be a dimension function such that f (r)/g(r) is monotonic and suppose that for any ball B in Y

Hg (B ∩ lim sup
i→∞

Bf
i ) = Hg (B).

Then, for any ball B in Y

Hf (B ∩ lim sup
i→∞

Bg
i ) = Hf (B).
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Proof of Theorem 1.2. For any δ > 0, there is an integer n0 ≥ 1 such that 0 < 2rn < δ for any n ≥ n0. Since f (r)/r s is
increasing as r → 0 and E ⊂

⋃
∞

n=n0
Bn, we have

Hf
δ(E) ≤

∞∑
n=n0

f (2rn) ≤ 2s
∞∑

n=n0

f (rn).

If the series
∑

∞

n=1 f (rn) converges, then
∑

∞

n=n0
f (rn) → 0 as δ → 0 since it deduces that n0 → ∞. Therefore

Hf (E) = limδ→0 H
f
δ(E) = 0 for any ω ∈ Ω .

For the divergence part, denote Bf
n = B

(
ξn, (f (rn))1/s

)
. By Theorem 1.1, we obtain

µ
(
lim sup
n→∞

Bf
n

)
= 1 a.s.,

since
∞∑
n=1

(
(f (rn))1/s

)s
=

∞∑
n=1

f (rn) = ∞.

By Theorem 2.2, we have

Hf (E ∩ B) = Hf (B) a.s. □

For proving Theorems 1.3, 1.5 and Corollary 1.4 we will use the following elementary lemma, whose proof can be
found in Munkres (2000).

Lemma 2.3. If the metric space (X, d) is compact, then X is bounded, separated and complete.

Proof of Theorem 1.3. The compact metric space (X, d) is separated, hence there exists a countable dense subset denoted
by A. Letting A = {B(a, 1/k)|a ∈ A, k ≥ 1}, now we prove that A is a countable base of (X, d).

For any open subset U in X and x ∈ U , we can find a ϵx > 0 such that B(x, ϵx) ⊂ U . There exists kx ≥ 1 with 2/kx < ϵx.
Since A is dense in X , we can choose ax ∈ A satisfying d(x, ax) < 1/kx. Hence x ∈ B(ax, 1/kx) ⊂ B(x, ϵx) ⊂ U . It yields that
U =

⋃
x∈U {x} ⊂

⋃
x∈U B(ax, 1/kx) ⊂ U , that is U =

⋃
x∈U B(ax, 1/kx), where B(ax, 1/kx) ∈ A. Therefore A is a countable

base of (X, d), since {B(ax, 1/kx)|x ∈ U} is at most countable.
For any B = B(a, r) ∈ A, we will show P(E ∩ B ̸= ∅) = 1.
Denote Ãn = {ω ∈ Ω: Bn(ω) ∩ B ̸= ∅}. We notice that Ãn = {ξn ∈ B(a, r + rn)}. Then we have

N∑
n=1

(r + rn)s ≥

N∑
n=1

r s → ∞, as N → ∞.

Thus the series
∑

∞

n=1(r + rn)s diverges. Hence P(E ∩ B ̸= ∅) = P(̃An i.o.) = 1 due to Lemma 2.1.
For convenience, we denote A = {Bi

}i≥1. For any Bi
∈ A, let Ai = {ω|Bi

∩ E = ∅}, then P(Ai) = 0. Thus

P{ω|E ∩ Bi
= ∅ for some i ≥ 1} = P

(⋃
i≥1

Ai
)

≤

∑
i≥1

P(Ai) = 0.

So there exists a null probability event outside which for all balls Bi in A, we have E ∩ Bi
̸= ∅. For any x ∈ X and open

set U ∋ x, there exist {Bin}n≥1 ⊂ A with U =
⋃

n≥1 B
in . Hence

P{E ∩ U ̸= ∅} ≥ P{ω|E ∩ Bi
̸= ∅ for any i ≥ 1} = 1.

Therefore E is dense in X a.s. □

Proof of Corollary 1.4. Since X is bounded, let {yk}nk=1 be a maximal r-separated set of X (r > 0). Then the balls
B(k) = B(yk, r/3) are disjoint, that is B(k) ∩ B(j) = ∅ for any k ̸= j. Thus, by (1.2)

C−13−snr s ≤ µ
(
B(1)

)
+ · · · + µ

(
B(n)

)
≤ 1.

On the other hand, the balls {3B(k)}nk=1 cover X where 3B(k) = B(yk, r), so

1 ≤ µ
(
3B(1)

)
+ · · · + µ

(
3B(n)

)
≤ Cnr s.

Combining these estimates, it follows that dimB X = s. From Theorem 1.2, we have dimB E = dimB X = s a.s. □

Proof of Theorem 1.5. First we show that E is a residual set a.s.
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Now we check if EC
=
⋃

∞

N=1
⋂

∞

n=N BC
n is a first category set almost surely. Denote EC

N =
⋂

∞

n=N BC
n . We suppose that

there exists N1 ≥ 1 such that EC
N1

is not sparse. That means there is a ball B(y, r) with r > 0 satisfying

B(y, r) ⊂ EC
N1

= EC
N1

= X\

∞⋃
n=N1

Bn.

Hence B(y, r) ∩
⋃

∞

n=N1
Bn = ∅. However

⋃
∞

n=N1
Bn is dense in X a.s., since E ⊂

⋃
∞

n=N1
Bn is dense in X a.s., which implies

B(y, r) ∩
⋃

∞

n=N1
Bn ̸= ∅. Contradiction. Hence EC is a set of first category almost surely. It derives that E is a residual set

a.s.
From Lemma 2.3, we know the space X is complete. Then by Baire’s category theorem, X is a set of second category.

We have shown that EC is a first category set a.s. Thus E is second category a.s. It follows that dimP E = dimP X = s a.s. □

3. Dynamical covering problem

Our results can be applied to the dynamical covering problem as follows.
We say that a metric measure preserving system (m.m.p.s. for short) (X,B, µ, T , d) is exponentially mixing if there exist

two constants c > 0 and 0 < γ < 1 such that

|µ(E|T−nF ) − µ(E)| ≤ cγ n (n ≥ 1)

holds for any ball E and any measurable set F ∈ B with µ(F ) > 0. Here µ(A|B) denotes µ(A∩B)
µ(B) . Sometimes we say µ is

exponentially mixing.
We assume that (X, d) is compact, endowed with a Borel probability measure µ which is Ahlfors s-regular (0 < s < ∞).

Define the dynamical covering set as

E(x, ln) =
{
y ∈ X: d(T nx, y) < ln for infinitely many n ≥ 0

}
,

where x ∈ X and {ln}n≥0 is a sequence of positive real numbers which is decreasing to zero. The dynamical covering set
E(x, ln) =

⋂
∞

k=0
⋃

∞

n=k B(T
nx, ln). We study the size of E(x, ln) from the viewpoint of measure, dimension and topology.

Theorem 3.1. Let (X,B, µ, T , d) be an exponentially mixing m.m.p.s. and the measure µ be Ahlfors s-regular. For µ-almost
all x ∈ X, we have

µ
(
E(x, ln)

)
=

{
0 if

∑
∞

n=0 l
s
n < ∞

1 if
∑

∞

n=0 l
s
n = ∞.

Theorem 3.2. Let (X,B, µ, T , d) be an exponentially mixing m.m.p.s. and the measure µ be Ahlfors s-regular. Assume that f
is a doubling dimension function with f (r)/r s being nondecreasing as r → 0. Then for any ball B of X,

Hf (E(x, ln) ∩ B) =

{
0 if

∑
∞

n=0 f (ln) < ∞

Hf (B) if
∑

∞

n=0 f (ln) = ∞

holds for µ-almost all x ∈ X. Furthermore

dimH E(x, ln) = α a.e.,

where α = inf{t ≤ s:
∑

∞

n=0 l
t
n < ∞}.

Theorem 3.3. Let (X,B, µ, T , d) be an exponentially mixing m.m.p.s. and µ be Ahlfors s-regular. Then the dynamical covering
set E(x, ln) is dense in X a.e..

Corollary 3.4. Let (X,B, µ, T , d) be an exponentially mixing m.m.p.s. and µ be Ahlfors s-regular. For µ-almost all x ∈ X, we
have dimB E(x, ln) = s.

Theorem 3.5. Let (X,B, µ, T , d) be an exponentially mixing m.m.p.s. and µ be Ahlfors s-regular. Therefore E(x, ln) is a residual
set and moreover of second category for µ-almost all x ∈ X. In particular, dimP E(x, ln) = s a.e.

Remark 3.1. Now we give some systems which are exponentially mixing.

(i) For the doubling map Tx = 2x (mod 1) on the interval [0, 1), Gibbs measure µ associated to Hölder potentials is
exponentially mixing.

(ii) For the β-shift Tβx = βx (mod 1) on the interval [0, 1), the Parry measure is exponentially mixing.
(iii) For the Gauss map Sx = {

1
x } (mod 1) on the interval [0, 1), the Gauss measure is exponentially mixing.
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