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Abstract

Let A be an invertible d X d matrix with integer ele-
ments. Then A determines a self-map T of the d-
dimensional torus T¢ = R%/z%. Given a real number
7> 0, and a sequence {z,} of points in T¢, let W, be
the set of points x € T¢ such that T"(x) € B(z,,,e™"")
for infinitely many n € N. The Hausdorff dimension of
W has previously been studied by Hill-Velani and Li-
Liao-Velani-Zorin. We provide a lower bound on the
Hausdorff dimension of W_ for any expanding matrix.
For hyperbolic matrices, we compute the dimension of
W, only when A is a 2 X 2 matrix. We give counterex-
amples to a natural candidate for a dimension formula
for general dimension d.
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1 | INTRODUCTION

Let T : X — X be a measure-preserving transformation on a metric space X which is equipped
with an ergodic Borel probability measure m. For any fixed subset B C X of positive measure,
Birkhoff’s ergodic theorem implies that

{x € X : T"x € B for infinitely many n € N}

has m-measure 1. Hill and Velani [13] considered this set when B = B(n) is a ball that shrinks
with time n. They called the points in the set the well-approximable points in analogy with the
classical theory of metric Diophantine approximation [6, 22], in particular the Jarnik-Besicovitch
theorem [3, 16], and introduced the so-called shrinking target problems: if at time n, one has a ball
B(n) = B(x,,1,) centred at x,, with radius r,, — 0, then what kind of properties does the set of
points x have, whose images T"(x) are in B(n) for infinitely many n?

There are plenty of related works such as the so-called quantitative recurrence properties [4],
dynamical Borel-Cantelli lemma [7], shrinking target problems [11, 23], uniform Diophantine
approximation [5], recurrence time [1], waiting time [12] and so on. We refer to the survey article
by Wang and Wu [26] for more information.

Let A be a d X d matrix with integral coefficients, let X be the d dimensional torus T¢ = R¢ /74
andlet T: T¢ — T be a transformation of T¢ defined by

T(x) =Ax mod 1.

Given 7 > 0 and a sequence {z, : n € N} of points in the d dimensional torus T¢, we consider
the set

W,.={xe T¢ : T"(x) € B(z,,,e™""") for infinitely many n € N}

=limsup T~ "B(z,,e""").
neN

Let u denote the d-dimensional normalised Lebesgue measure on T¢. In this paper, the radii of
the balls decay exponentially as e~"". Li, Liao, Velani and Zorin [17] also studied other decay rates
and they gave conditions when the Lebesgue measure of the corresponding set is 0 or 1. We will
only study the exponential decay rate, and we note that by the Borel-Cantelli lemma, it follows
immediately that for any 7 > 0, we have u(W,) = 0.

Since u(W,) = 0, it is natural to calculate the Hausdorff dimension of the set W_. This is the
problem that we will deal with in this paper. It has previously been studied by Hill and Velani
[14] and by Li, Liao, Velani and Zorin [17, Theorem 6 and 8]. Our results are similar to some of
those in the mentioned papers, but our assumptions are somewhat different, and we also prove a
large intersection property of the set W_. The main difficulty in the problem of determining the
Hausdorff dimension of W is that W_ is a limsup set of increasingly eccentric ellipsoids.

Li, Liao, Velani and Zorin used mass transference to obtain their results. We use the geometry
of the involved sets to obtain estimates on measures which leads to our results through results on
Riesz energies.

Our results about hyperbolic endomorphisms are only for d = 2, but for expanding endomor-
phism, our results hold for any d > 2. We also point out an error in Theorem 1 of Hill and Velani
[14], see Example 2.6 below.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 3 0f25

2 | RESULTS

Our results will involve the eigenvalues of the matrix A. Throughout this text, we denote by
A, ..., 44 the eigenvalues of A counted with multiplicity and ordered so that

0 < |4 < 14l <. < 44l

Hence, we will always assume that A is invertible. Put [; = log|4;|, j = 1,2, ..., d.
With this notation, we have the following theorems.

Theorem 2.1. Let A be a 2 X 2 integer matrix with eigenvalues 0 < |1,| < 1 < |4,|. Then

2l
> 0<7<—1,
. T+
dimg W =5 = L+l 2
min { = 2, 2 , —lL <.
T+ T+,

Moreover, W_ has large intersection property in the sense that W, € €%, provided s, > 0. (See
Section 3 for the definition of &% ).

We remark that the dimension formula above differs from the one for recurrence in Hu and
Persson [15]. In one-dimensional cases, the dimension formulae are often the same for hitting
and recurrence, see [17, 24].

Remark 2.2. In Theorem 2.1, for the critical case v = —I;, the dimension of W_ is simpler to
describe when | det A| > 1. When | det A| > 1, we have dimHW_l1 = %, and the dimension of
274

W is continuous as a function of . We refer to the proof of Theorem 2.1.
When | det A| = 1 and A is an eigenvalue with |4| > 1, we have by Theorem 2.1 that

2log ||
dimgW, =3 7 +1log|A|’
0, log|1] < 7.

0 <t <logld],

It is interesting (but natural) that the dimension formula above is not continuous as a function of
7. Figure 1 shows the graph of dimy; W as a function of r when A = ( 21 )

The dimension of W, when v = log || depends on the choice of z,,. It is possible to choose z,, so
that W, is a line segment, and hence dimyW, = 1, and it is possible to choose z,, so that W, = §
and dimyW, = 0.

Remark 2.3. With the following adjustments, our results are valid for general non-increasing
sequences {r, },; of positive real numbers instead of {e~"*},. ;. Put

—logr
7 = liminf —=2.
n—co n

With this definition of 7 in mind, Theorems 2.1, 2.4 and 2.5 hold for such sequence {r},,;.
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4 0f 25 HU ET AL.

adimyg W,

FIGURE 1 The graph of 7 > dim, W, for the cat map, thatis, when A = (21).

We now turn to the case of a torus of general dimension d. We prove an upper bound on the
dimension of W_.

Theorem 2.4. If A is an invertible d X d integer matrix, then for any T > 0, we have

kl, + Ej>k l }

T+ lk (1)

dimgW, < rnkin {

where the minimum is over those k for which T + I, > 0, and the minimum of the empty set should
be interpreted as d.

Hill and Velani [14, Theorem 1 and 2] stated that under some assumptions, there is equality
in (1). As we will show in Examples 2.6 and 7.2, those statements are incorrect for hyperbolic
matrices. These examples also show that the lower bound mentioned immediately after Hill’s
and Velani’s Theorem 2 is not always correct. However, the following theorem shows that their
statements hold for expanding toral endomorphisms.

We further state a lower bound on the dimension for expanding endomorphisms. Without the
assumption that all eigenvalues are outside the unit circle, the result may fail, as we will explain
after the theorem.

Theorem 2.5. Let A be a d X d integer matrix. Assume that l; > 0 for 1 < i < d. Then,

kL +Y . L= (=1, —1)
dlmHWf >§T = 111}{1?(1{ >k Uit ° s

T+ lk
and (x), = max{0, x}. Moreover, W, € &*.

Li, Liao, Velani and Zorin [17, Theorem 6 and 8] obtained dimension formulae under some
conditions on the matrix A. They assumed that either A is an integer matrix, diagonalisable over
Z, with all eigenvalues outside the unit circle, or that A is diagonal, not necessarily an integer
matrix, and that all eigenvalues are outside the unit circle. The novelty in Theorem 2.5 is that we
do not need any assumption on diagonalisability over Z, but on the other hand, we only treat

A '€ '520C ‘0SLL69VT

wouy

BSUBD 17 SUOWILLIOD) aAFEa1D 3 (qedljdde ay) Aq peusenoh ae sap1e VO ‘88N JO SajnJ 4oy ARiqiT auljuQ A3]1A UO (SUONIPUOD-PUB-SWLB/WI0D A3 | 1M Ae.q 1 pUIUO//STY) SUORIPUOD PUe SWB | 3y 38S *[G20z/60/TT] uo ARiqiaunuo A|IMm ‘yoeL ¥ 1S JO Aseaun BuoyzenH Aq 2820, SWI/ZTTT OT/I0pAwod A3 1M ARiqipul



ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS | 50f25

integer matrices, and we only obtain estimates on the dimension. Note that for most values of 7,
the lower bound provided by Theorem 2.5 differs from the upper bound provided by Theorem 2.4.

One could possibly expect that the lower bound of Theorem 2.5 holds also without any assump-
tions on the eigenvalues. Although this might be the case in certain cases, it is not always so. To
explain what can go wrong, we define a probability measure u,, supported on E,, = T~"B(z,,,e™""")
by

_ ndt
My = cqe" " Mg,

where c, is a constant that depends only on d. In words, u,, is the normalised restriction of the
Lebesgue measure to the nth inverse image of B(z,,,e™™").

It turns out that when u,, does not converge weakly to the Lebesgue measure, then the lower
bound in Theorem 2.5 can fail. In the proof of Theorem 2.1, we will see (and use) that u, converges
weakly to the Lebesgue measure, unless in the case when dim;;W, = 0. Hence, in the case of
Theorem 2.1, we do not need the assumption that 1, converges weakly to the Lebesgue measure,
but it seems that such an assumption is needed in the general case.

If A has an eigenvalue on the unit circle, then it is sometimes possible to, given any 7 > 0,
choose z, such that W, = §J, and u,, will not converge to the Lebesgue measure. The following
example shows a particular instance of this. In Section 7, there are further examples of things that
can go wrong if the assumptions are not fulfilled. In particular, the examples in Section 7 show
that it is not enough to assume that there are no eigenvalues on the unit circle, in order for the
bound in Theorem 2.5 to hold.

Example 2.6. Assume that b is an integer, and define the 2 X 2 matrix

1 0
A= .
Ifz, = (x,,y,) withx, € Tand y, € T, then

T™"B(z,,e ™) C[x,—e ™, x, +e "] XT.

n

From this, it is clear that we can choose x,, such that

3 —nt
lim sup[x,, —e

neN

X, +e ] =0

We then also have

W, C limsup([x, —e ™", x, +e "] XT) =0.
neN

The dimension formula in [14] is not quite correct in this and similar cases, such as when

1 0
A=
(o 5):
and B is any (d — 1) X (d — 1) integer matrix. In particular, the main result of Hill and Velani [14,
Theorem 1] is not correct as stated, see also Example 7.2.
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6 of 25 | HU ET AL.

The paper is organised as follows. Section 3 is devoted to preliminaries, where we recall the def-
inition of the Hausdorff dimension and give a critical lemma. In this paper, we deal with two kinds
of endomorphisms, hyperbolic ones with both expansion and contraction and purely expand-
ing ones. Theorem 2.1 is for hyperbolic endomorphisms, Theorem 2.4 is for both hyperbolic and
expanding endomorphisms and Theorem 2.5 is for expanding endomorphisms. In Section 4, we
give the proofs of Theorem 2.4 and the upper bound in Theorem 2.5. The strategy of dealing with
the lower bound for these two kinds of endomorphisms is different, so the proofs are divided into
two sections. Section 5 contains the proof of Theorem 2.1, and the proof of Theorem 2.5 is given
in Section 6. In the last section, we give counterexamples to a natural candidate for a dimension
formula for general dimension d.

Our method of proof is the following. We give upper bounds on the Hausdorff dimension by
direct covering arguments. The lower bounds are obtained by estimates of the type u,(B(x,r)) <
CrS, where, as above, y, is the normalised restriction of the Lebesgue measure to the set
T7"(B(z,,e"™)). According to Lemma 3.2 below, such estimates lead to a lower bound on the
Hausdorff dimension, provided that u,, converges weakly to the Lebesgue measure on T¢.

3 | HAUSDORFF MEASURE AND DIMENSION

Limsup sets often possess a large intersection property, see [9, 10, 19]. This means that the set
belongs to a particular class &° of G5 sets that, among other properties, is closed under countable
intersections and consists of sets of Hausdorff dimension at least s.

To get an upper bound on the Hausdorff dimension of a set is frequently easier than obtaining
a lower bound, at least if the set is a limsup set. The mass transference principle [2] is often used
to get a lower bound of the Hausdorff dimension of a set. In this paper, we will use the following
special case of a lemma from Persson and Reeve [21]. See also Persson [19]. It is a slight variation
of alemma in [19].

Let u denote the d-dimensional Lebesgue measure on T¢. We recall that the s-dimensional
Riesz energy of the measure yu is defined as

1w = / 1 = Y1 du()du(y).

Lemma 3.1 ([20, Lemma 2.1]). Let E,, be open sets in T¢ and let u, be probability measures with
U, (T4 \ E,) = 0. If there is a constant C > 1 such that

B B
o < timint “®) ¢ limsup #1B) ¢
n—co  u(B) n—co  M(B)

)
for any ball B, and
/ I =y diy (g, () < C

forall n, thenlimsup,,_, . E,, € &%, and, in particular, we have

dimy (limsupE,) > s.

n—oo
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS | 7 of 25

Sometimes, the assumption that the s-dimensional Riesz energy of y,, is uniformly bounded is
not easy to check. We observe that this assumption can be replaced by a stronger but sometimes
more manageable one as the following lemma shows, which is a slight variation of Lemma 3.1.

Lemma 3.2. Let E, be open sets in T¢ and let u, be probability measures with u, (T \ E,)) = 0.
Suppose that there are constants C and s such that

B B
C~! < liminf Fn(B) < limsup Hn(B) <C
n—o  u(B) n—oo  M(B)

3)

forany ball B and u,(B) < Cr® for all n and any ball B of radius r. Then limsup,,_, , E,, € &°.
Proof. Lett < s. Using the estimate u,,(B) < Cr®, we can write
/ lx —y|"'du,(y) = 1 +/ ,un(B(x,u_l/[))du <1+ 2C/ u=tdu
1 1

—14+20
S—t

Therefore, /| |x — y|~'du,(x)du,(y) < 1+ 2Ct/(s — t), and by Lemma 3.1, we can conclude that
limsup,,_, ., E,, belongs to the intersection class with dimension ¢. Since ¢ can be taken as close to
s as we like, it follows that limsup,,_, , E,, € &°. O

4 | THE UPPER BOUND

We start this section with several elementary observations concerning T-"(B(z,,e™™)).
In the proofs, the singular values of A" will be of importance. The following easy lemma tells
us that the singular values and eigenvalues of A" are comparable.

Lemmad4.1. Leto,; < ..<0u4 be the singular values of A™. For any € > 0, there exists a constant
¢y > 0such that

Ln
-1 - ek
cole sns

forall k and n.

We shall also need the following lemma that we compile from the book by Everest and Ward

[8].

Lemma 4.2 ([8, Lemma 2.2 and 2.3]). If A is an invertible d X d integer matrix with no eigenvalue
being a root of unity, and T(x) = Ax (mod 1), then

#{xeT?: A"x(mod1) =0} = |detA|".

PutL := 2?21 l;, then ™ = | det A|", which is an integer. Let 7 > 0. We let k be the smallest
number such that t + [, > 0. By Lemma 4.2, the set T~"*(B(z,,,e~*")) consists of e™" ellipsoids
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8 of 25 | HU ET AL.

with semi-axesr; >r, > ... 2 ry > 0, where r; = e~ (+on) 1 < < d. It follows from Lemma 4.1
thatforn >1and 1< j <d,

Cale—(lk+1+£)n < rj < Coe_(lk-'—f_g)n.

By the choice of k, we have that ry, ..., r; are exponentially small (in n), whereas r j forj<k-1
are exponentially large. From now on, we shall simplify notation by assuming that ¢, = 1.
We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. To obtain an upper bound on the Hausdorff dimension of W, we look for
covers of the set W_. Recall that

W, =limsup T "B(z,,e”""").
neN

Let € > 0. For all large n, the set T~"B(z,,e™"") consists of el ellipsoids with semi-axes not
more than e~ 479" Fix an integer k such that 1 < k < d, we may cover the set T~"B(z,,e™"")
by balls of radius r = e~(«*7=9" We assume that k is such that [, + 7 — ¢ > 0, and hence also that
the radius goes to zero as n goes to infinity.

To cover each ellipsoid, we need about

e—(lj+r—a)n —(lj+t—e)n

H _ H e _ ((k=Dl=Y i 1)
- = e r——— 4 J<k®J
ik r ik e—(+T—en

such balls. Hence, we need in total not more than about

M I+ (k=Db=2 ;i 1))

balls of radius e~k +7=9" tg cover the set T7"B(z,,e™ ).

If [, + 7 > 0, then the radius e~(«*™" goes to 0 as n — oo and the cover mentioned above can
be used to get an upper bound on the Hausdorff dimension of W_. Hence, by letting ¢ — 0, we get
that

Kl + 2]y

dimyW_ <
HT T = T+lk

provided that  + [, > 0. This proves the upper bound on the Hausdorff dimension of W_. O

5 | THE PROOF OF THEOREM 2.1

First, let us give some notation. We write f,, < g¢,,n € N, if thereis an absolute constant0 < ¢ < oo
such that f,, < cg, forlarge n. If f,, S g, and g,, S f,, then we write f,, < g,.

For the lower bound in our theorems, we use Lemma 3.2. In this section, let u denote the
two-dimensional normalised Lebesgue measure on T2, and we define the probability measure
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 9 of 25

U, supported on E,, = T""B(z,,e™"") by

_ —1,n2t
Mp =7 e ulp .

The following lemma is essential in estimating dim;;W, when A is a hyperbolic 2 X 2 integer
matrix.

Lemma 5.1. Let A be a 2 X 2 integer matrix with an eigenvalue 0 < |1| < 1. Then, both eigenvalues
of A are irrational.

Proof. Suppose D = detA and A = p/q, where p/q is a reduced fraction. Then, the other eigen-
value must be gD /p since the product of the eigenvalues is D. The trace of the matrix is also an
integer and is the sum of the eigenvalues. Hence,

p/q+Dq/p = (p* +Dg*/(pq)

is an integer. Therefore, (p? + Dg?) is divisible by q. But then g divides p? which is impossible,
since p/q is a reduced fraction. O

Let 6 be a real irrational number, and let 6 — [0] = {6} be the fractional part of 6, where [0]
is the greatest integer not greater than 0. The distribution of ({6n}),,, is a crucial ingredient in
showing (u,,),, satisfy inequalities (3).

The set {{On}: 1 < n < N } partitions the interval [0, 1] into N + 1 intervals. The three distance
theorem states that these intervals have at most three distinct lengths, then we denote dg(N) and
dé(N ), respectively, the maximum and minimum lengths. The following theorem describes the
relationships between dg(N) and dé (N).

dp(N)
dy(N)
if and only if 0 is of constant type (defined as irrationals with bounded partial quotients).

Theorem 5.2 (Theorem 2 in [18]). Under the setting given above, the sequence (

)N—, isbounded

5.1 | Proof of theorem 2.1

Without loss of generality, we assume that 7 > 0. Recall that [; = log|4,[, and I, = log |4,], then
I, <0 < I,. The assumptions in Theorem 2.1 imply that A is diagonalisable and we do not need to
use the € in Lemma 4.1 as in the proof of Theorem 2.4 above, and for simplicity, we assume that
¢o = 1in Lemma 4.1. By Lemmata 4.1 and 4.2, the set T~"*(B(z,,, e~™")) consists of /" ellipses with
semi-axes of length about e~(**1)" and e~(*+12)" where L = I, + L, > 0. These ellipses are denoted
by {R 3"

The strategy of the proof is the following. We are going to use Lemma 3.2, and therefore, we
are going to prove that (u, ) | satisfies the inequalities (3) and that there are constants C and s
such that u, (B) < Cr®, with s = s., as defined in Theorem 2.1. In the case s, = 0, there is nothing
to prove and it is therefore enough to consider the case s, > 0.

Lemma 5.3. Assume thats, > 0.Ift # —I, or | det A| > 1, then the measures i, satisfy inequalities

3).
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10 of 25 HU ET AL.

FIGURE 2 Artist’s illustration of the structure of T~"(B(z,,e"™)),forn =0,1,2,3,4and A = ( % i )

Proof. If t < —I;, then T~"(B(z,,,e~™")) consists of one or several disjoint long ellipses that wrap
around the torus, see Figure 2. Because of Lemma 5.1, the longer semi-axis has an irrational
direction, denoted by a and we will show that u, converges weakly to the Lebesgue measure
on the torus.

Since « is a quadratic irrational number, « is of constant type. For N > 1, it follows from

dg(N)
Theorem 5.2 that )

is uniformly bounded, then

d,(N)<d/ (N) <N~

Viewing T as [0, 1)%, each ellipse R; consists of many pieces as in Figure 2. We deduce from the
above estimates that these pieces are separated by = e™(*+1) for large enough n. Let B = B(x, r).
For large n, each ellipse R, can intersect B and because of the separation, at most about r/ en(T+h)
pieces can intersect B. Therefore,

#(B N Ri) =7 e—n(r+lz) — r2e—2nre—n(ll+lz)
n 9

on(t+ly)

and we get that
u,(B) = mte?"* Z u(Bn R;) ="'’ (B n Ril)
i

2nt Lnrz

= 2o —2n7:e—n(l1+lz) =2

e
hold for large enough n.

If T > —I;, then there are two cases, either |detA| =1 or |detA| > 1. If |det A| = 1, then
A7"B(z,,e""")shrinksasn — oo. Itimplies that S, consists of a single point, or it is empty, which
gives the Hausdorff dimension 0. This means that s, = 0, but we assumed that s, > 0, and hence,
there is nothing to prove in this case.

If | det A| > 1, then T~"(B(z,,e~™")) consists of e/ exponentially small ellipses {R;}i. Given
B = B(x,r), note that for large enough n,

p(B)= D aeu(BNRY)
i: BNRL#@

=< e u(ROH#i: BNR,; #+ @}

< e "B AT "z,} < e "D #{A"B 1 7%} (4)
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS | 11 of 25

Now we estimate #{A"B N Z>}. The set A"B is an ellipsoid with centre (x;,x,), and semi-axes
re™i and re2". The direction of the longer semi-axis of A" B is irrational, denoted by 6. If (z,, z,) €

72N A"B, then

1 Ln
zZ; — x| < re2",
1% il 1462
|z, — %, —0(z; — x7)| < V1+ 62rehn.

If (z,2,) € Z? satisfies

1 LLn
z1— x| < re®
1z =%l 4/1+02 ’
2
1z, —x; = 6(z; — x| < %”elln,

then (z,z,) € Z> n A"B.
Notice that |z, — x, — 6(z; — x;)| = {6(z; — x;) + x,}. Therefore,

#{A"B N 7%} < #{(z,,2,) € Z*: (2,,2,) satisfies (5)}

x#{l <k —2_rebn {Gk}eIn},
1+062

)

(6)

(7

where I, is an interval of length 2v/1 + 82reli”. Since 8 is of constant type, then given N > 1, it

dg(N)

follows from Theorem 5.2 that )

is uniformly bounded, which implies that

dg(N) < d[(N) < N~

From what is written above, we see that

1
#1<k< \/#_Velzn c{6ktel,} = %
1+ 92 2 In
d9<mre2
= re"thpebn,

By (7) and (8), we get
#{A"B N 7%} < reireln,
Similarly, we deduce from (6) that
#{A"B N 7%} > re"ireln,
Recalling (4), we conclude that for any ball B,
U, (B) < r?

holds for large enough n.

(8)
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We now consider the case 7 = —I; and | det A| > 1. In this case, T~"(B(z,,, e~"")) consists of e""
disjoint long ellipses transversal in B. Therefore,

pa(B)< e N w(BNRL)
i: BNR.,#@

=" #{i: BN R; + @re MTHh), 9)
Let R(p, q) be a rectangle with the same centre as B, the length in the stable direction is p, and
g in the unstable direction. If Rﬁl intersects B, then the centre of Rﬁl is contained in a rectangle

R :=R(p,q), where p :=2(r +1) and q := 2(r + e"("*12)). Recall that the centres of {R!} are
T7"z,. Then, we obtain

#{i: BNR # @} < #{T "z, NR} S #{Z* n A"R}.

Using a similar argument in estimating #{Z> n A"B}, we get
#HZ? N AR} S {1 <k <2eb": {6k} e},
where I, is a segment with |I,,| = 2e1(r + 1). Then,
#{7% 1 A"R} < ebnehn = gbnent,

On the contrary, if the centre of R; is contained in rectangle R(}—l, ir), then Ril intersects B. Then,
#i: BOR, £ 0} > #{22 0 A'R(L,2r) | 2 elnehn = elne,
Combining this with (9), we have u,(B) x e2"Tre "(T+h)ehne=n7 = y2, O

Lemma 5.4. There is a constant C such that

2
Crr+h ifo<t<—l
,un(B(x7 V)) < min{llHZ 2l }

Cr T+l T+l

ift > -1,
foralln, x andr.

Proof. Pick a point x € T? and r > 0. We want to give an estimate of the u,-measure of the ball
B(x,r) for n > 1. There are three cases to consider: 7 < —I;, —=l; < 7 < lz%ll and % <7
We consider three cases, depending on the size of 7.

* Case7 < —I,.
In this case, we have [; + 7 < 0 < 7 + [,. Then, on the torus, each ellipse in T7"(B(z,,,e~™"))
is very long, and hence wraps around the torus in a complicated way, see Figure 2. To get a
good estimate on u,(B(x, 7)), we need to investigate how the strips are distributed on the torus.
If they are too concentrated, then u, (B(x, r)) can be very large.
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ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 13 of 25

>

<

FIGURE 3 [Illustration of the rectangle which does not overlap itself.

Firstly we estimate the distance between different parts of one ellipse. Consider a line in the
unstable direction going out from the point z, = (z,,;, z,, ;). The equation of this line can be
written as y — z,, , = a(x — z,,;), and by Lemma 5.1, the number « is an algebraic number of
degree 2. This line will wrap around the torus and come close to the point z,,.

Let p be an integer, and consider (x,y) € T withx =g +z,; andy = z,,, + a(x — z,;) =
z,, + aq. Suppose that the point (x, y) is very close to z,,, that is, there is an integer p such that
y=2z,,+pxrwitho<r< 2

Vita?

2. Liouville’s theorem on Diophantine approximation implies that there exists a constantc, > 0

e~ We then have |aq — p| = r, or equivalently |a — §| =

which only depends on A such that |a — §| > ;% and hence g > 2—”2‘. We then get g > ¢, r! >
Cy —V12+“2 e,

This implies that for ¢ < ¢, \/1;7 the rectangle R around B(z,,, e~ ™") with side length 2e=™"
in the stable direction and ce’™ in the unstable direction does not overlap itself. More precisely
if, R is viewed as a subset of R? and (a, b) is a non-zero integer vector, then R n (R + (a, b)) = @.
Therefore, when R is projected to T2, the projection is injective on R, as illustrated in Figure 3.
Hence, any ellipse in T~"B(z,,e~™) does not overlap itself and the ellipse has a side length
ce(™=12)" in the unstable direction, which means that the separation of the strips in such ellipse
is at least ceT~2)"_for some ¢ > 0.

Consider again the rectangle R around B(z,,, e"™") with side lengths 2e~" in the stable direc-
tion and ce™ in the unstable direction. As we have seen above, the rectangle R does not overlap
itself, which means that in R?, any two different translations of R by integer vectors are disjoint.
The pre-image T~"(R) consists of e/ pieces, but they must all be disjoint, since if two of them
intersect, then their images under T", which are R + z; and R + z,, z; # z, € Z?, must inter-
sect. Since two different copies of R in R + Z? do not intersect each other, all pieces in T~"*(R)
are disjoint.

This implies that we have the separation ce(*=22)" between the strips in T~"(B(z,,,e~™")).

Now we estimate u,,(B). There are two cases, depending on how large r is compared to the
size of the ellipses that make up the set T7"*(B(z,,e™™")).

(i) Assume that r < ce"2)", Then B(x,r) intersects at most one strip. Since each ellipse
is long, BN T "B(z,,e™"") is contained in a rectangle with lengths of sides 2r and
2min{r, e"("*2)"}, We therefore have that

pa(B(x,1)) = m2e* u(BN T "B(z,,e "))

< 47 22" min{r, e~ (TH2)ny,
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Ifr < e=(T+hdn then

_ 2
U, (B(x, 1)) S e¥r? < P =yl

Ife=(T+hIn < p < ce(t=lIn then

lun(B(xa }")) S ezmre_(”lz)” = ren(f_lz)

_1-h 2l
<y Tth —Zptth

(ii) Suppose that ce™2)" <r < 1. Then B(x,r) intersects at most ¢ 'ret2=0" strips of
T~ "B(z,,e™"""). The intersection of each strip and B(x, r) is contained in a rectangle with
lengths of sides 2r and 2e~("+12)", Hence,

pn(B(x,r)) = m2e* u(BN T "B(z,,e "))

< lenre(lz—r)nre—(er)n — r2'

2
Taken together, the two estimates imply that there is a constant C such that u,,(B(x, r)) < Cr+2
holds for all n, x and r.
Caset > ﬂ.
In this case, we have 1+, > 7+, > %(l1 +1,) > 0. Since we do not consider the case

7 = —I; in this lemma, we actually have v + [, > 7 +[; > 0 in this case. Note that B(z,,r,)

1
is contained in a ‘rectangle’ R centred at z, and with side lengths cez(l2mhn

1
direction and e21~2)" in the stable direction. From what was written in the previous case, we

conclude that such a rectangle does not intersect itself. The rectangles in the pre-image T™"R

1 1
have a side length ce”2(i*h i the unstable direction and e~ 2"*2)" in the stable direction

and each such rectangle contains one of the ellipses in T~"(B(z,,e~™")). Therefore, the ellipses

1
are separated by at least about ce 2(hitln,

We now bound the measure u,(B(x,r)).
(i) Ifr < e~(T+h)n then as before

in the unstable

21

Hn(B(x,1)) < r7¥.

(i) Ife~(thin <y < e=(t+ln the ball B(x, r) intersects at most one ellipse, but cannot contain
an ellipse. We then have

U, (B(x, 1)) < e re=Hn = pelt=hin,

Since 7 > 12;11 ,we have r + 1 > % > 0. Therefore, I, + I, > 0 implies that7 — [, < 7 +
I; and hence that Z—;Z < 0. Because of this, we can use r < e~(tl" g estimate that
1

A '€ '520C ‘0SLL69VT

wouy

85UBOIT SUOWLLOD 9AER1D) 9 (et |dde au) Aq peuseAob ae sajoie O 9sn Jo SojnJ o) AReuq 17 8U1jUO A3]IAN UO (SUONIPUOD-PUB-SLUBIALIOY A3 | 1M AJe.d 1 Ul UO//SdNY) SUONIPUOD U SWB | 8U) 88S *[GZ02/60/TT] Uo A%iqi7auliuo A1im 'yl » 195 JO AiseAun BuoyzenH Aq 2820/ SW(ZTTT OT/I0p/W0d A m Arigijpul



ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS 15 of 25

-1

12
M (B(x,1)) < re(@hbn — r(e_(“’ll)n) T+

1_h L+l
<r Hy = p Ty |

1
(i) If e (+n <y < e‘iaﬁlz)”, in this case, B(x,r) intersect at most one ellipse, and can
contain an ellipse. Hence,

L+l
‘un(B) < e_”(ll+lz) <ptth

(ll +l)n

(iv) Whene 5 (hi+b)n < r, we have that B(x, r) intersects at most cre2 ellipses. Then,

L 1
H,(B) £ reahthn 2mn p—(wln p,—(w+hn — Lpp=3 (0t _ .2

L+l

log 46, (B(x, L+l 2l L+l
From above, we have -2€4.Br) o min{12, 22 2} = 1+ 2. Hence, u,(B(x,r)) < Cr = .
logr T+l 7 T+,
b=h ll

* Case—l; <7<
Here, we can use the separation e("~2)" between the ellipses in the unstable direction. We
consider three cases.
(i) When r < e~("t)"_the ball B(x, r) intersects at most one ellipse, and we have

2 2l
u(B(x,1)) < r2e2™ < 2y T+T12 = rfﬁz

(ii) When e~ ()" <y < e(r=12)n here it is important to note that 7 —1, < —% <0.
Therefore,

_h _h
e(r—lz)n — (e—(r+lz)n) T Ly T

since — ﬁZ > 0.
+h
The ball B(x, r) intersects at most one ellipse in the unstable direction. Hence,

u(B(x, 1)) < e pe~ T+ = pe(t=bin

=) 21y
, — 1
Lr Tt =ptth,

(iii) When r > e(™=2)"_then the ball B(x,r) intersects at most about r/e("~2)" ellipses in the
unstable direction, and intersects at most one ellipse in the stable direction, then we get

,Lt(B(x, r)<e etn min{r, e—(r+ll)n}e—(r+lz)n < P2,
e(t— lz)n

Combining (i)-(iii) above, we have

. {212 ll+12}
T+l T+

M, (B) < Cr
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By Lemmata 5.3 and 5.4, the assumptions of Lemma 3.2 are satisfied, and therefore, the set W,
has a large intersection property in the sense that W € &5, where

2l
2 0<7<-l
T+,
S. =
) min hth 2, 7> -1
T+l T+, r

This finishes the proof of Theorem 2.1.

6 | PROOF OF THEOREM 2.5

The proof of Theorem 2.5 follows some ideas from Wang and Wu [25]. The following proposition
is a simplification of the corresponding statement in their paper [25, Proposition 3.1].

Proposition 6.1. Let 5, be as in Theorem 2.5. For T > 0, we have

5, = min { Z 1+l< z lj— Z T)}
ellrasi<dt ep oo, P \jego T jeno

. 1
=m1;3{ 2 1+;<Z b= 2 f)}
JEL(HUK, () JEKS(0) JEK(6)

A={l, i +7t:1<i<d}

where

and foreach t € A, the sets IC,(t), K,(t), K5(t) give a partition of {1, 2, ..., d} defined by

Ki=4{j: 1>t}
K@) ={j: [+t <t}\ Ky (0),

]C3(t) = {1’ 2, d} \ (Kl(t) U ]CZ(t))

Proof. The second equality holds due to Proposition 3.1 in [25].
Sincel; <1, € ...< Iy, forany1 < i < d, assume that thereisa0 < k < d —isuchthatl, = ... =
Litr <liirs:- Here,we adopt Iy, = co. Then,

K+ ={j:z2l+7}

KZ(li + T) = {1, 2, ceey i, ,i + k}
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Note that
1
=1l D THL+ D = > T
JER(+T)UK,(li+1) Jjers(+1) JeX,(l;+1)
1
ek (+1) JER (+T)UK;(+1) JER, (li+7)
1 d
=—7 Y GHT=l+E+RL+ )
H\jex (+0) j=itk+1
1 d
ek i+o) J=i+1
The last equality follows from the assumption on k. This finishes the proof. O
Proof of Theorem 2.5. Without loss of generality, we assume that 7 > 0. Recall that L = 23.1:1 L,

and put W, = T™"B(z,,e~™"), and W,, is the union of /" ellipsoids, denoted by {Rﬁ},‘ﬁl. The
ellipsoids in the set W,, have semi-axes e~ (TN 1 < j < d which are all small. The separation of
the ellipsoids is e , 1 < j <dinthe direction of the d semi-axes. Let

K | W ndt
uW,)

where u is the Lebesgue measure. Let B : = B(x,r), where x € T¢ and r > 0, then one has

Hn =

U, (B) =cge™u(BNw,) = cde”dT 2 uBn Rﬁ).
1<k<eln
BnRK£@

Now we show that u, (B(x,r)) < Cr®. We consider three cases, depending on the size of r.

(i) r < e ™rtla),
In this case, a ball of radius r intersects only one ellipsoid of W,,. So,

H(B) < cge™™ Y wu(B)
1<k<eln

BnRK £

dl
ndr,.d - {
Se™rd <y ta =pith,

(ii) r > e,
The ball B intersects at most

H relkn — pdgln

k=1
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18 of 25 | HU ET AL.

ellipsoid of W,,. Thus,

—ndt
e N
(B) <c endr (Rk) < end‘rrdeLn — rd‘
Mn d Mk, Ln
1<k<el” €
BnRK£p

(ili) et < r < ek,

In this case, the ball B intersects many ellipsoids, and each ellipsoid is in the worst case
transversal in B. The ellipsoid in W, are parallel and each ellipsoid has d semi-axes. In each
of these d directions, we will estimate the number of ellipsoid segments which a ball of radius
r intersects, aiming to get the total number of ellipsoid segments intersecting B.

Recall that

A={l,+7:1<i<d}.
Arrange the elements in .4 in non-descending order, and assume that there exists i such that
e Minl L < e,
where ¢;, t;,; are two consecutive and distinct terms in A. For such i, put
N@) :={j: >g={J: e < e},
Ny@) i={j: +r<t={j: et i},
and
N;(0) :=1{1,2,..,d}\ (N, (i) UN,(D)).
Since t;, t;,; are consecutive, we have
N@O={j: >t} (10)
and

Ny@) ={j: tipa > +7} (an

(a) For j € N,(i), by Equation (10), one has e~"li < r. Hence, in each of these directions, the

number of ellipsoids intersecting a ball with radius r is at most

r
—nl;

e

(b) For j € N, (i), we have r < e /", In the direction of this semi-axis, a ball with radius
r intersects at most one ellipse of W,.

A '€ '520C ‘0SLL69VT

wouy

85UBOIT SUOWLLOD 9AER1D) 9 (et |dde au) Aq peuseAob ae sajoie O 9sn Jo SojnJ o) AReuq 17 8U1jUO A3]IAN UO (SUONIPUOD-PUB-SLUBIALIOY A3 | 1M AJe.d 1 Ul UO//SdNY) SUONIPUOD U SWB | 8U) 88S *[GZ02/60/TT] Uo A%iqi7auliuo A1im 'yl » 195 JO AiseAun BuoyzenH Aq 2820/ SW(ZTTT OT/I0p/W0d A m Arigijpul



ON SHRINKING TARGETS FOR TORAL ENDOMORPHISMS | 19 of 25

(c) For j € N;(i), it follows from the definition of N5(i) and Equation (11) that

e—n(lj+r) < e Min1 < g7 < e—nl_,-

5

which implies that

l

e < < e,

In this direction, because of the assumption on r and the separation of the ellipsoids, the
ball intersects at most one ellipsoid.
From above, the ball B intersects at most

H rnz H 1= H —21.

JENI() € T jeNuNs()  jeN) €

ellipsoids, and the intersection of B and each of these ellipsoids are contained in a rectangle
of sides about

L {ze—"<f+lﬂ if j € Ny(i) UN;(0),
J

) 2r if jeN,().
It follows that

fa(B) = cge™™ Y u(RENB)

1<k<eln
BnRK£@
,Se"dT H e—n(1+l}-)L H r H e—n(1+lj)
JEN (D) e jeNy jeN;
= " Cjenyo T~ Zjens o) L) H r. (12)

JEN())UN, (i)

The estimate obtained in case (iii) above will now be discussed in two cases.

" the inequalities (12) will be rewritten as

@) X en,i)T — Zjenymlj > 0, thenusing r < e”
Mn(B) S rSi'ly
where
1
Si,l L= Z ]. - t_ Z T— Z lj .
JEN, ()UN, (i) L\ jeN, () JEN;(D)

Notice that

Kit)=N@Ouij: =1}
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Ky(8;) = Ny (i),

Ki(t) =NsDO\{j: =1}
Hence,

= X 1= Y- ¥oe- ¥ oy- Y

JERDUKL() L= ek jeks@)  Jil=t

D R B Y YA (13)

t:
JEK (LUK, (t;) L\ e, (1) JEK()

This shows that s; ; is a term in

1
1+ - 2 lj— Z T ,
JER (DU, (1) JERS(t) JEK, (1)
teA

as given in Proposition 6.1.
(b) If EjeNz(i) T— ZjeN3(i) l; <0,byr> e~"i+1 and inequalities (12), then

/’Ln(B) S rSi'Zy
where
1

JEN; ()UN, (i) i+1] jeN,(i) JEN; ()
Notice that

Ky (ti41) = N1 (D),

KZ(ti+l) = Nz(l) V] {] . lj = ti+1 },

Ky(tiy) = N3O\ {j 1 =t}
Hence,

JER (ti41)UK, (ti41) Jili=tin

Sio

Ljerst) T~ Ljersun b~ Zjiy=i, b

i1

D Y T (s YA | (14)

. tiql| . . J
JER (t;4 )UK (t41) I jeks () JER;(tiy1)
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Hence, s; , is also a term among those in Proposition 6.1.

Let
s 1
531) = Z 1—; Z T— Z L |
JER (1)UL, (t;) Lljer, () JEKS(t;)
Combining (13) and (14), we get that
Iun(B) S rminlsl<d 5(1)

Note that 5(d) = % < d, together with Cases (i) and (ii) and Proposition 6.1, then we conclude
d
that there is a constant C such that

un(B) < Cr?,

where

1<j<d T+

. {jlj + i i == -1, }
s = min .

Lemma 3.2 now finishes the proof, since y, converges weakly to the Lebesgue measure on the
torus if all eigenvalues are outside the unit circle. [l

7 | EXAMPLES

Recall that by Theorems 2.5 and 2.4,

min
k

T+lk

K+ Y L= (=1, —1)
{ j>k‘j j=1\"J + SdimHWT

) {klk+2j>klj}
<mind ————— = %
k T+lk

where the minimum in the upper bound is over those k for which 7 + I;, > 0, and the lower bound
is only valid if all eigenvalues are outside the unit circle. We expect that the lower bound holds in
more cases than those given by Theorem 2.5, but this is not always the case, which we will show
in several examples.

Here, we will consider tori of several different dimensions and compare the corresponding sets
W . To keep them apart, we will use the notation W_(T'), where T : Td - 19,

Example 7.1. The first example is a transformation T on T# and another related transformation

S on T2. For any m € N, let
m+1 m
A = .
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Then, detA,, = 1and tr A,, = m + 2. The eigenvalues of A,, are

2 2
m m m m

p) _=—+1—\/—+m, A . =—4+1+1/— +m.
m, 2 4 mt ) 4

Take m > 1 and put

A=

S = N

1 O
1 0 |= 0o A )
0 A "

m

Thus, A is an integer matrix with no eigenvalues on the unit circle and detA = 1. The
transformation T : T# — T* defined by

T(x)=Ax mod 1
has four Lyapunov exponents

3-4/5 3+4/5

Ly =logd,,_, L,=1log 5 I, =log 5 l, =logA,, ..

Therefore, |, <1, <0<l <,y +1l,=0and [ + 1, + I; + [, = 0. We will consider W_(T') and
prove that we do not have equality in Theorem 2.4 for W_(T).

Consider the transformation S: T2 — T2 defined by S(x) = A,,x mod 1. The dimension
formula in Theorem 2.1 tells us that

21

ﬁ, T €[0,1y),
dimyW,(S) = h-*i

— =0, € [ly, ).

T+ 7€ [lyy o)

We shall now compare with W_(T). In this case, the upper bound from Theorem 2.4 says
that

_—, € [0,1,/3),
T+l T €[0,1,/3)
3l3+l4:0’ re l_4’l3+l4 ,
. T+ 372
dimpy W (T) <3
- N (S ,lz+l3+l4 N
41 41
L+L+1L+1
i—%:f—i=a te[l+1;+1,,00).

L

In fact, for 7 € ( 13?4 ,1,) and z,, = 0, the set E, = T~""B(0, ") is a thin and long ellipsoid that

is wrapped around the torus. This ellipsoid’s three shortest semi-axes shrink with an exponential
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speed in n and the largest grows. Therefore, we have
W_.(T) = (0,0) X W_.(S).

Thus,

. . 21
dimyW,(T) = dimy W, (S) = ﬁ

for this 7. The upper bound for this 7, however, is

d W_(T) <
11’nH T( ) T+ lz
It is clear that
L+ 21,

unless 7 = [, and hence, the upper bound is not the actual value of the Hausdorff dimension
in general.

When 7 is close to I, then it is clear that the upper and lower bounds from Theorems 2.5 and
2.4 coincide, and hence, the lower bound is not valid in this case.

Note that for the range of 7 considered above, the measure u,, does not converge weakly to the
Lebesgue measure on T4, but it does converge weakly to the Lebesgue measure on (0, 0) x T2.

Example 7.2. The second example is a transformation T on T3. For any integer m > 2, let

m
A=|0
0

= N O
e =)

The eigenvalues are

’

3+4/5 3-4/5
2 7 '

2

Hence,

3—14/5 3+4/5

[, =log T l, =log T I; = logm.

Thus,l; <0<, <landl; +1, +1; =15 =logm.

Take points (a,, b,, ¢,) € T and consider z > I, + log 6. Let z,, be such that z,, = T"(a,,, b, ¢,)).
Since 7 > L,, we have that e™"("*1) < =(T+ln < e=(=b)n then T~"(B(z,,e~™)) is contained in
the set

Tx (b, —e T b 4o (T7Inyx (¢c, — e~ (T ¢ 4 ==,
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It is therefore possible to choose (b, c,) such that W, = . For example, let ¢, = 0 and b,, sat-
isfy by = ™"k, b, =2b, | +e """ n > 2. The sequence {b,}, exists, since Y, e L)1 =
% < 1/5. In particular, for such a choice of (b, ¢,,), we have dimy W, = 0forz > [, + logé6.
In this case, the result of Hill and Velani [14, Theorem 1] is not correct. Note also that this shows
that the lower bound in Theorem 2.5 does not hold in general, since it gives a positive dimension
in this case.

As in the previous example, we note that for ¢ > [,, the measure u,, does not converge weakly
to the Lebesgue measure on T3, but if (b,,, c,,) — (b, ¢), then it converges weakly to the Lebesgue

measure on T X (b, ¢).
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Abstract Let T: T% — T? defined by Tz = Az (mod 1), where A is a d x d integer matrix
with eigenvalues 1 < [A1] < |A2] < -+ < |Ag]. We investigate the Hausdorff dimension of the

recurrence set
R() :={z € T*: T"z € B(x,v(n)) for infinitely many n}

for a > log |[Aa/A1|, where v is a positive decreasing function defined on N and its lower order

at infinity is @ = liminf _l%w("). In the case that A is diagonalizable over Q with integral

n— o0
eigenvalues, we obtain the dimension formula.
Keywords quantitative recurrence properties; Hausdorff dimension; matrix transforma-
tions

MSC2020 37C45; 37B20; 28A80

1 Introduction

Let (X, %,T, 1, p) be a probability measure preserving system with a compatible metric p.
We call (X, %, T, u,p) a metric measure preserving system (m.m.p.s.). If (X, p) is separable,

the Poincaré recurrence theorem shows that p-a.e. € X is recurrent, that is

liminf p(T"z, x) = 0.

n—oo
It shows nothing about the speed at which the orbit returns close to the initial point. One of
the first general quantitative recurrence results was given by Boshernitzan [4].
Theorem 1.1 ([4]) Let (X,%,T,u,p) be a m.m.p.s. Assume that for some 7 > 0, the

7-dimensional Hausdorff measure H” of X is o-finite. Then for p-a.e. x € X,

liminf n7 p(T"z,x) < co.
n—oo
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Futhermore, if H7(X) = 0, then for p-almost every x € X,

lim inf n%p(T"m, x) =0.
n—oo
Later, Barreira and Saussol [3] showed that the exponent 7 in Theorem 1.1 could be replaced
by the lower local dimension of a measure at . This leads us to study the size of recurrence

set when the rate of recurrence is replaced by a general function. Define recurrence sets as
R(yp) ={x € X :T"(z) € B(z,v(n)) for infinitely many n > 1},

where 1: N — RT is a positive decreasing function, and B(z,1(n)) denotes the ball centred at
x with radius ¥(n).

For the measure of R(¢), Chang, Wu and Wu [5] investigated the case when X is a ho-
mogeneous self-similar set satisfying strong separation condition, and obtained results on the
Hausdorff measure of R(1). Similar results were generalised to finite conformal iterated function
systems satisfying the open set condition by Baker and Farmer [2]. Later, Hussain et al. [14]
considered more general conformal dynamical systems. When T is a piecewise expanding map,
under some conditions, He and Liao [10] obtained that the measure of R(1) obeys a full-zero
law. More results about measure of R(¢) can be found in [1, 15, 16]. As for the size of R(1))
in Hausdorff dimension, Tan and Wang [20] calculated the Hausdorff dimension of R(1)) when
T is the f-transformation. Seuret and Wang [19] proved similar results for self-conformal sets.
There are very few results on the Hausdorff dimension when T is the matrix transformation,
and as far as we know, the only results were obtained for diagonal matrix transformations [10],
toral automorphisms on 2-dimensional torus [13] and recently for some special cases [22, 23].

Shrinking target problem concerns the speed at which (IT"x),>1 returns to the neighbor-
hood of a given point zg instead of the initial point x, which has many common features with
the problem of quantitative recurrence. For the shrinking target problem, much more results are
known. Hill and Velani [12] investigated the Hausdorff dimension of shrinking target sets in the
system (X, T), where X a d-dimensional torus, and T a linear map given by an integer matrix.
For a real, non-singular matrix transformation with some conditions, Li et al. [17] proved that
the Lebesgue measure of the shrinking target set obeys a zero-one law. They also determined
the Hausdorff dimension of shrinking target sets when 7T is a diagonal matrix transformation.
One can refer to [6, 9] for more results on the measure, and [11, 18, 21] for the dimension.

Motivated by the aforementioned research, in this paper, we focus on the case where X is
the d-dimensional torus T¢ endowed with the usual quotient distance pg, and T is the integer
matrix transformation with the modulus of eigenvalues are strictly larger than 1. More precisely,
T:T¢ — T? is defined by

Tz = Az (mod 1),

where A is a d x d integer matrix. Let 1): N — R be a positive function satisfying 1(n) — 0
as n — 0o. Throughout, denote the lower order of v at infinity by

« = lim inf M.
n— 00 n

In this paper, dimyg stands for the Hausdorff dimension.

@ Springer
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Theorem 1.2 Let A be a dxd integer matrix with all eigenvalues A1, Aa, -+, A\g. Assume
that |Ag| > -+ > |A1| > 1. Then for a > log|As/A1],

jlog [Aj| + o0 ;41 log [ Al
di R _ . { i=j }
imp R(v) je{qlf-r-l,d} a +log |\l

Remark 1.3 Let A be as in Theorem 1.2. For a > 0, we always have

ilog |\ + 5% log |\
dimg R(¢) < min {J gIA; |+ 22511 log| |}7

T ie{l ) a+log | ;]
here we do not need to assume that o > log|Ag/A1]|. Notice that for o > 0, dimyg R(¢)) <
dlog |Aq| <d
a+log [Ag] '

As an immediate consequence of Theorem 1.2, when the modulus of all eigenvalues of A

are the same, we obtain the formula of the Hausdorff dimension of R(¢) for any a > 0.

Corollary 1.4 Let A be a d x d integer matrix with all eigenvalues A1, Az, -+, Ag.
Assume that the modulus of all eigenvalues are the same, denoted by A, and A > 1. Then for

@zt dlog A
. o}
dimy R(¢) = F{igx
When an integer matrix A is diagonalizable over Z or A is a diagonal real matrix with
eigenvalues Ay > --- > A1 > 1, Yuan and Wang [24] calculated the Hausdorff dimension of
R(v). However they did not consider the case when A\; < —1 for some 1 < i < d. When A
is a diagonal real matrix with |A\g| > --- > |A1] > 1, He and Liao [10] gave the formula of
dimy R(¢). If A is an integer matrix, the diagonal assumption can be relaxed to a weaker

condition as the following theorem shows.

Theorem 1.5 Let A be a d X d integer matrix. Assume that A is diagonalizable over Q
with all eigenvalues A1, Aa,---, Ag € Z. Assume that [\g| > --- > |A1| > 1. Then for o > 0,

.
A = min

G108 || + X ey (@ + log [N = log [\i]) + S0, log [ Ay
{ log |A;| + o }’
where

K(j)={ie{l,---,d}: log|\]| > log|\;| + a}.

Remark 1.6 The dimension formula in Theorem 1.5 is the same as those given by [10, 24].
When a > log [A¢/A1], U; K(j) = @, hence in this case, the formula in Theorem 1.2 coincides
with that given in Theorem 1.5.

For n > 1, write
R,(¢) = {x € T?: (A" — Iz (mod 1) € B(0,(n)) },

where I is the identity matrix. Then R()) = limsup R, (v).

n—oo
The paper is organized as follows. Theorem 1.2 is proved in the following two sections.

Section 2 is devoted to give some preparations on the geometric property of R, (¢), which is
crucial to the proof of Theorem 1.2. In Section 4, we use the preparations to construct a Cantor
subset to establish the lower bound of dimyg R(). By Remark 2.4, we only prove Theorem 1.2
in the case that A is diagonalizable over R with eigenvalues A\; > 1, 1 < ¢ < d. In the last

section, we give the proof of Theorem 1.5.
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Notation 1.7 Suppose f(n) and g(n) are two functions defined on natural numbers.
Write f(n) < g(n) or f(n) = O(g(n)) if and only if there exist constants N > 1 and C > 1
such that f(n) < Cg(n) for all n > N. Write f(n) < g(n) if f(n) < g(n) and g(n) < f(n). The
ceiling function of a real number z is denoted by [z], and the floor function is denoted by |z].
For a matrix A, let det A stand for the determinant of A. We write #FE for the cardinality of
a finite set E.

2 Distribution of periodic points

Throughout this paper, let the eigenvalues of the matrix A be {A1, Ag, -+, Aq} with |A1| <
Aa| <o <Al

Definition 2.1 A point 2 € T¢ is called a periodic point with period n if
(A" — Iz (mod 1) = 0. (2.1)
It is easy to see that (2.1) is equivalent to A"z (mod 1) = z. Put
P, ={z € T? 2z isa periodic point with period n}.

Lemma 2.2 ([7, Lemma 2.3]) Let M be a non-singular integer matrix. If no eigenvalue

of M is a root of unity, the number of periodic points with period n is given by
#{z € T M"z (mod 1) = 2} = |det(M™ — I)|.

Denote |det(A™ — I)| by H,,. It follows from Lemma 2.2 that

d

#Pn = Hy = H |>‘7zI - 1|'

i=1

Rewrite

R,(¢) ={zx €T z c (A" = I)"'B(0,¢(n)) + (A" — 1)z}
= U e eThze (@ =17 BO.vm) + ) 22
yEPx

By (2.2) and Lemma 2.2, R, (1) consists of H,, ellipsoids which are translations of (A" —

I)~'B(0,%(n)), denoted by (R,;)2. Forn>1and j =1,2,--- ,d, put
fog = 20(m)IA2 — 1.

Let €1 > ep2 > -+ > e, 4 be the lengths of semi-axes of the ellipsoid R, ;. If A is diagonal-
izable, for j =1,--- ,d,

€n,; =< fmj.

If A is not diagonalizable, using Jordan decomposition, we have the following lemma.

Lemma 2.3 Let A be a non-singular integer matrix. Assume that the modulus of all

eigenvalues are not 1. Then there are constants C' > 1 and 7 > 0 such that

e
C™in7 "< 2 <Cn”

n,j
holds for all n and 1 < j < d.
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Proof By Lemma 3 in [12], for n > 1, we have (A" —I)~! = A; As, where all eigenvalues
of A; have absolute value 1, the matrix A, is diagonalizable over R with eigenvalues of modulus
A — 1|71, 1 <4 < d, and A; and Ay commute. Applying [12, Lemma 2|, there is 7 > 0
depending only on A such that for any ball B(z,r),

B(z",(0O(n™))"'r) c A1 B(z,r) C B(z',0(n")r)
for some 2/, ” € T? Combining these, we conclude that (A" — I)~!B(z,r) contains an
ellipsoid with lengths of semi-axes (O(n™))~}|A\? —1|71r, 1 <i < d, and also is contained in an
ellipsoid with lengths of semi-axes O(n™)|A? —1|71r, 1 <i < d. O

Remark 2.4 By Lemma 2.3, e, ;/{, ; grows with polynomial speed, which does not
influence the formula of Hausdorff dimension. Hence for simplicity, from now on, we assume
that A is diagonalizable over R with eigenvalues A\; > 1,1 <4 < d, and ¢(n) = e ", n > 1. If

there exists 7 such that \; < —1, then we consider A? instead of A, which will not change the
value of a by [17, Lemma 9].

Recall that pg is the usual quotient distance. For i # k € {1,2,--- , H,}, denote
dn(i, k) = inf {po(x,y): r€Ry;, yE Rn,k},
that is, d,, (i, k) is the distance between R, ; and R,, ;. When i = k, we have d,,(i,k) = 0. Put

dp, = min  d,(i, k).

1<i#k<H,
The following lemma gives some information on d,,, the shortest distance between the ellipsoids.

Lemma 2.5 Let A be a d x d integer matrix. Suppose that A is diagonalizable over R
with all eigenvalues A1, Ao, - - , A\g strictly larger than 1. Then for n large enough,

do 2 (5= 1),
In particular, we have R, ; N Ry, =0 for i # j, 1 <i,k < H,,.
Proof Without loss of generality, we assume that ¢(1) < % For n > 1 and = € P,,, note

that )
B((A” — I)z,w(n)) - B((A” — D, g),

and {B((A™ — I)z,%): x € P,} are disjoint, since {(A" — Iz: x € P,} C Z%. It follows that
{T="B((A" — I)z,%): x € Py,} are also disjoint. Then we conclude that for 1 < i < H,, the
ellipsoid R, ; is contained in an ellipsoid ]TB,” with lengths of semi-axes %()\? -1)"h1<5<d,

and (R, ;); are disjoint. It implies that for any i # k,
1
A . 1 n_ —1}
da(ik) > _min {25 —vm)(y -7,
which implies that d,, > 2(% —(n))(A7 —1)"1 > 0. O
Recall P,, consists of all periodic points with period n. Now we estimate the number of

periodic points with period n in a given ball.
Lemma 2.6 For any B = B(z,r) in T and n > 1, we have
#PnNB:=#{ycB: (A" Iy (mod 1) =0}y < [[ [y =1)rl.
jr (Ar—1)r>1
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If (AT — 1) > 1, then
#P,NB=riH,.

Proof Forn>1,
#P, N B =#{(A" - I)BnZ%}.
Notice that there is a constant ¢; > 1 such that (A™ — I) B may be covered by a rectangle R;
with length 2¢1(A? —1)r, j =1,--- ,d, and contains a rectangle Ry with length %(/\? —1)r,
c1

j=1,---.,d.

(i) A square of length 1/2 contains at most one point in Z¢, and R; can be covered by

H [4c1 (A} — D)r]
ji 20 (AP —1)r>1/2
squares with length 1/2, which implies that
#P.nBS [ T -1r]. (2.3)
3 (AP=1)r>1
(i) Ifr(A? —1) > 1, then 7(A} —=1) > 1,j=1,--- ,d.
Since a square of length 1 contains at least one point in Z¢, it suffices to estimate the

number of squares with length 1 which are contained in R,. Note that Ry contains

N
AT —1 ’I"J
I1 vz ia
=
squares with length 1. Combining with (3.1), we have

d
#Pn 0B =< T[N} —1) = r'H,.
j=1

O

Remark 2.7 For any B(z,l) in T?, given r > 0, if 2(A? — 1)l < r, then (A" — I)B(z,1)
can be covered by only one ball of radius 7. Hence in Lemma 2.6, if (A} — 1)! < 1/4, we have

#{y € B(z,1): (A" — Iy (mod 1) =0} < 1.

The following corollary follows from Lemma 2.6, which is crucial to give the lower bound
on dimg R(¢). Recall that R, () = X" Ry
Corollary 2.8 Forn>1,andi€e {1,---,H,},

#Pr N R, < () H,y H,y !

holds for m > n large enough.

Proof Recall that £, ; = 2¢(n)(\} —1)7', j=1,--- ,d. Forn >1,and i € {1,---, H,},
R, ; contains a rectangle R, ; with length %émj, j=1,---,d, and R, ; contains

disjoint squares with length ﬁﬁn,d.
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Taking m > n large enough such that ﬁfn’d()\}" —1) > 1, by Lemma 2.6, for any ball B
with radius ﬁﬁn,m we have

#Pm N B =2 H,

Therefore

#Pm OV Bni 2.6, HmH )\"—1 ( —1) H)\"—l

j=1
deHAni = ¢(n)*H, H, .

Note that R, ; is contained a rectangle with length ¢, ;, j =1,---,d. It follows that
#Pp N R, S(n)*Hy Hy L

O

In the following, we prove Theorem 1.2. The proof is divided into two parts: Section 3
and Section 4. In Section 3, we use the natural covering to estimate the upper bound on
dimyg R(%), and in Section 4, we will construct a Cantor subset K of R(3)) to give a lower
bound to dimyg R(v).

3 Upper bound on dimyg R(1))

In Remark 2.4, we assume that A is diagonalizable, and hence there is a constant cg > 1
such that the quotient of singular values and eigenvalues of (A™ — I)~! is bounded by ¢y from
above, and ¢y ! from below for n large enough. We may take co = 1 both in Sections 3 and 4.

For m > 1, we have R(¢)) c U,—,, Rn(¥) = U,—,, U " Ry;. The lengths of semi-axes of
R,,i are about £, j = 2¢(n)(\} — 1), j =1,2,--- ,d.

For k € {1,2,--- ,d}, we may use balls with radius ¢, ; to cover R, ;, and the number of
such balls is about

jl:[k Tox )\” - (3.1)
For any 6 > 0,
o) d
SHILLE H SIS N IT ¥
n=m j=k+1

= exp {n(k log A\, + i log \j — s(a + log )\k)> }
j=k+1

klog A+ 9, 14 log ),

Notice that for any s > o At

, H*(R(¢)) < oo, and hence

klog A\ + Z?z,ﬁ_l log \; }
o+ log M\ ’
Remark 3.1 It follows from Lemma 2.5 that for ¢ # j,

dimyg R(y) < mkin{

dist(Ryi, Rnj) 2 (A3 — 1)1
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When a > log(Ag/A1), we have £, 1 < (A% — 1)1, which implies that any ball with radius £, &
intersects only one ellipsoid R, ;. But if Ag/A1 # 1, for @ € (0,log(Ag/A1)], the number of
balls of radius ¢, j covering R, (1) may be less than the number in (3.1), cause a ball of radius
ln < £, can cover many R, ;, that is, there may exist better coverings for R, (1), which

gives another dimension formula such as Theorem 1.5.

4 Lower bound on dimy R(%)).

Recall that R, consists of elliptical discs (R, ;)7 with lengths of semi-axes £, ;, j =
1,2, -+ ,d, whose centres are periodic points satisfying (2.1). We first suppose that log(Ag/A1) <

o < 00.

4.1 Construct a Cantor set

Write A, ={1,2,--- ,H,} . Let (n;);>0 be an increasing sequence of positive integers (to
be determined later).
Put ng = 0, Ky = T?. Let

K,

U Rnl,i7

i€Cq
where C; :={i € A,,: Ry, ; C Ko}. For j > 1, suppose K has been defined, then
Kj"rl == U Rn_7'+1,i7
i€Cry1

where Cj 11 :={i € Ay, : Ry, C K;}. Here choose (n;);>0 such that

Jim B <0 (1
and for j > 1,
Y)Y — 17> (AT 1)L (4.2)

Notice that C; # () is guaranteed by (4.2). Then each K, # () is a union of finite ellipsoids in
{an,i: 1 SZSHnJ} with K1 D Ko D K3---. Let K = ﬂ]K7

4.2 Construct the mass distribution

Now we define a mass distribution supported on K. Given a set E C T¢, for j > 1, denote

the collection of ellipsoids in (R, ), _; which are contained in E by C;(E), that is,
Ci(E):={1<k<H,: Ry CE}

For j =0, u(Kp) =1. For j =1 and i € (4,

1
Rn i) = .
/‘L( 1, ) #Cl
For j =2 and i € Cy, there is a unique m(i) € C; such that R, ; C Ry, (), then let
1

Rng,i = YA 5 Rn1 m(i))-
(B i) #02(Rnhm(i))ﬂ( ;m(i))

Assume that we have defined p on the sets {R,, ;: i € Cx}. Now for j = k+1 and ¢ € C1, since
(Rn.)7 do not intersect each other, there is a unique m(i) € Cj, such that Rpiri C Ry i)
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then let
1

Rnk 1,4) = Rn m(i) ).
/’L( ¢+ ) #Ck—‘,-l(Rnk’ (l))u( k> ())

Note that for j > 1
u(K;) =1.
Then the definition of ; may be extended to all subsets of T? so that y becomes a measure.
The support of u is contained in K.
4.3  Estimation on pu(R,; m)-

For j > 1and m € {1,---, Hy, }, there exists (mk)i;i with my € {1,2,--+ ,Hp, }, 1 <k <
7 — 1 such that
R"jvm C R”j—hmj—l C C Ry

Then

1 1
Ry, m) = ’
/‘( s ) #Cy kl;[l #Ck-‘,—](Rnk,mk)

here #C; = H,,. By Corollary 2.8, there is a constant C; > 1 such that for any & > 1,

Cl_lw(nk)d¢ < #Ck-l-l(Rnkfmk) < Clw(nk)dﬁ'

H,, H,,
It follows that
(R, ) < CI71 2 ﬁ M, :Cj‘lH‘ljl:[lw(n )~ (4.3)
ALt m) = ©g #C, P &(nk)Hy, 1 n; 1l k) - .
Also
j—1
(R ym) > T H T (k)™ (4.4)
k=1

4.4 Estimate the local dimension of u

Lemma 4.1 Let B := B(x,r1) and B := B(y,73). Then for n > 1, the set BN(A"—1)"'B
can be covered by

71 ()\:L — 1)_17’2
I |
. 3 . T3
ir <(AP—1)"1ry 1 >(AP=1)"lra>rg
balls of radius r3 < ry.
Proof Note that (A" — I)~!B is contained in a rectangle R with lengths 2(\ — 1)~ 1ry,
i=1,---,d, and
{1, dy={i:r <207 =D) 7 g} U{iir > 2000 —=1)"trg > gl Ui s rg > 2000 —1) "1y}
=: Il @] IQ U Ig.

Take

2r1 if iely s
Li=
27‘2()\?71)71 if i€ lr,Uls.
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Then (A™ — I)_lé N B can be covered by a rectangle R with length L;, i = 1,--- ,d. It implies
that R may be covered by

H [2L7~;1H1X H (ﬁ} H (M}

. h ) rs . T3
i€l Ul i€ls Gry <(AP—=1)"1ry ry>(AP—=1)"tro>rg

squares with length rj. O

For x € K, x € K for j > 1, and by the construction of K, there is a unique sequence of
ellipsoids containing x, denoted by (E;),;. For r > 0, there is some j such that

Ay =) Mp(ny) < < (A = 1) ep(ny_a), (4.5)
since ¥ (n;)(Ay’ —1)~! is decreasing as j — co. And there are two cases:

(A) 3k > 1 such that
(e = D)7 (ng) < v < (N = D)7 (ny),
(B) (A —1)~'(ny) <7
First we consider Case (A) : (A%, — 1) p(n;) <r < (A7 — 1)1 (ny).
Let B = B(z,r). For j in (4.5), by (4.2) and (4.5), we have diam(Ry,, m) = 2(\""" —
D)7 (nj1) < (A —1)7*(nj) < r, hence up to a set of zero measure,

BC U Ruomc U Ropm

BmRn]._H,m;éw an+1,mC2B
meCjtq meC;t1

Then
u(B) < Z (B i m)-

Rnjiq,mC2B
meC;

Since r < (A}? — 1)714(n;), by Remark 2.7 and a > log(A\g¢/\1), E; is the unique ellipsoid of
degree n; which intersects 2B. Then
#Cj+1(2B) = #C;j11(2B N Ej),
which implies that
pE)
#Cj41(Ej)
Now we estimate #C;1(2B N E;). By Lemma 4.1, 2B N E; can be covered by

i:2r<(A;T —1)=14p(ny) i:2r> (A9 —1) = 1gp(ny) >0

w(B) < (#Cj1(2B N E;) (R, .m) < (#Cj41(2B N Ej))

balls with radius ¢, and by Lemma 2.6, if £ > (A\]?"" —1)~1, then any ball with radius ¢ contains
about (*H,,, , periodic points in P,,,,. Take £ =t (n;)(A’ —1)~!, then

r (A7 = D) p(ny)
i2r<(A 7 —1)"1(ny)  @2r>(A 7 —1)"lep(ny)>L
k d

Y N I r(g’ —1) )
=il a1 Hnj+1};[1 ¥(n;) 1:111 (A —1)
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By Corollary 2.8,

It follows that
k j

#Cj1(E)) S Y(nyg)
Combining the assumption that (n) = e~ it derives from these estimates, (4.3) and (4.4)
that
log ,LL(B) ( #Cj+1(2B N EJ)
— > 1 E;) +log —2—~———~
ogr  Togr (0BA(E:) +los T S )
Jj—1 k k
> log ( —log Hy,; + daizzlni + klogr + i:leog()\i T-1)— izzllog P(n;) + O(j))
1 j—1 d k
=k+ Tog T (daZni — Z log(A;7 — 1) + Zanj + O(j))
i=1 i=k+1 i=1

1 j—1 d
:k+—(da n; — n; log)\i+kan-+0j+1>.
g7 ; J;k;l 06 +1)

Notice that if ka — Z?:,Hl log A; > 0, we have

d j—1

log 1u(B) nj(ka —3 iy, log A;) 1 ]
R v 5 day " ni+0(j +1)).
log lo8((V7 — D10(n) * logr (1 25" HOUHL)

Note that For € > 0, there is some constant j; > 1 such that 7 > j;

nj(ka — Zf:kﬂ log \;) - ka — Z:-l:kﬂ log \; €

log(Ap? — 1)~ %p(ny)) — a + log Ay, 2
and by equation (4.1),

1 1 1

logr

Jj—1
(da;nz + 0@ + 1)) ~ " nj(a+log Ay v

) (daZm +0(j + 1))

increasingly tends to 0, as j — oo, hence there is some constant jo > 1 such that for all j > jo,

1 iy ,
ot (da;ni L O3+ 1)) > —%.

Combining these inequalities, we have

log pu(B) > klog Ay, + Z;i:k-&-l logAi .
logr — a + log Ay,

for all j > max{ji, j2}.
If ka — Zf:kﬂ log \; <0, then for j large enough, we get

log u(B) - 1 (k zd: log A ) €
oemB) - - s — T N _ €
loa log((\y — 1) Ta(my) " 7 2 108~
s ke Xlialoah (bt Dloghen - X ploah
- a +log Ap+1 B a+log Mgyt '

(4.6)

(4.7)
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It follows from inequalities (4.6) and (4.7) that

log u(B) > min { (k+1)log A1 — Z?:kJrQ logA; klog Ay — Zj:kJrl log A; } e
log r a+log A\py1 ’ o+ log A\ '

Now we consider Case (B): (\]? —1)71(n;) <r < (A —1)"1p(nj_1).
Since 2B does not intersect ellipsoids of degree n;_; except E;_;, we have

M(B) < Z N(an,m) < Z /J(an,m) < (#Cj(QB N Ej—l))N(an,M)~

m,ECj ‘anCj
Rnj,mNB#2 Rn;,mC2B

There are three cases to consider.
Case (i) : r> (A7 —1)7!
Applying Lemma 2.6, #C; (QB NE;_1) = rdHnj. By (4.3) and (4.4),
j—1
log H(an,m) = —log Hy, +da an + O(y).
i=1

Therefore

log ju( B 1 = daS "1 ny + 0
og u( )2d+ (dazni+0(j)) > dt aZ_Tn +0(j)
logr logr P log A, " p(nj—1)
da _ dlog g

B a+ log \g T a+log \g B
Case (ii) : (A" —1)7!(n;) <r < (A —1)7L
By Lemma 2.6, #C;(2B N Ej_1) < 1, hence pu(B) < p(E;) which derives that for j large
enough

logp(B) _ 1 -
—= > —log H,,. ; ]
logr logr( 08 fin, +daizz1nz+0(j))
Vi g\’ =) S logh

“log(\7 — 1) (ny))  logh ta
Case (iii) : There exists 1 < k < d — 1 such that
Mg -7 <r< (A =)7L

By Lemma 2.6, #C;(2BN E;j_1) < Hl jr1(Ai? — 1)r, which derives that

d
:u(B) < N(an,m) H ()‘:LJ - 1)T‘
i=k+1
Then
1
log ju(B) s
— > log H, 1 1
ogr > logr( og Hy, +da;nl+0 lzk;rl og(\ +(d—k) ogr)

7j—1
=d— k+7< Zlog "7_1)+da2ni+0(j))
i=1

S (d—k)(a+ 1og/\1) + Zi:l logAi
- a + log \q
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_ Z?Zl log \; + Z?:kﬂ(oz —log(Ai/M1)) . 2?21 log \;

o+ log A\q T a-+log )

)

where the last inequality holds since a > log(Agq/A1).
Combining Case (A) and Case (B), for j large enough, we have

d
), (BN S
logr = & a+log A\ '

Letting € — 0 and applying the mass distribution principle [8, Proposition 2.3], we have
klog A + 3001 A }
a + log Mg '

Now we deal with the case that a = log(Ag/A1). Given 1 > log(Ag/\1), define ¢, : RT —
RT as

dimys R(1) > min { (4.8)

Py x> e
There exists an infinite set N,, C N such that

P(n) > Yy(n) =e ", neN,.

Let
W, = {z € T%: T"z € B(z,v,(n)) im. n € N, }.
Note that . —logi,(n)
liminf ———1—= =7,
ey n
and
Wy C R(Y).

From these and inequality (4.8), we have

klog A\, + Zf:kﬂ /\i}

. > di > m
dimg R(¢)) > dimyg W,, > mkm { 7T Tog Ak

for any 1 > log(Ag/A1). Letting n — o = log(Ag/ A1), we get

klog A + 30 01 A }
o+ log Mg ’

dimyg R(¢) > mkin {

Next we consider the case a = 0o. Given M > 0, define ¥5; : =+ e~ *M. Then for n large

enough, we have
b(n) < par(n) =e "M,
Let
Wiy ={z € T¢: Tz € B(z,¢p(n)) im. n > 1},

Since Wi D R(3)), by Section 3, it follows that

klog A\ + Z?:kﬂ Ai }

< di < di < mi
0 < dimg R(+) < dimg Wiy < m;in{ M + log Ay,

Letting M — oo, we get
dimyg R(¢) = 0.
Then combining these with Section 3, we finish the proof of Theorem 1.2.
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5 The proof of Theorem 1.5

Since A is diagonalizable over Q, there is an invertible matrix P such that
A=P7'DP,

where D = diag{\1, -+, Aa} is a diagonal matrix. The matrix P consists of d? rational numbers.
Denote by 5 the least common multiple of the denominators of elements of P. Write P= BP,
and P is an integer matrix. Then

A=P7IDP.

Define f: T? — T¢ as
f:a— Pz (mod 1).
Then foT =D (mod 1) o f. Since Pis nonsingular, its singular values ey, --- , eq are strictly

larger than 0. Denote

€min = min{er, - €4}, €mar = max{ey, - ,eq}.
Then
eminlt =yl < 1f(@) = FW)| < efazlz —yl- (5.1)
It shows that f is a bi-Lipschitz mapping.
Forn > 1,

R,(¢) = {x € T?: (A" — I)x (mod 1) € B(0,%(n))}
= {z eT¢: P (D" — I)Pz (mod 1) € B(0,4(n))}
= Yy e T: (D" — D)y (mod 1) € f(B(0,4(n)))} =: [~ Ey.

By inequalities (5.1),

B(0, el i, (n) C F(B(0,4(n))) C B(0, et ,10(n)).

Hence dimy (limsup E,,) equals to the Hausdorff dimension of
n— 00

lim sup {y e T¢: (D" - I)y (mod 1) € B(0, aw(n))} =: limsup £,

n—oo n—oo

for any given constant @ > 0. It implies that

dimy (limsup R, (¢)) = dimy (limsup f(R,(¢))) = dimy (limsup E},).

n—o00 n—o00 n—oo
Note that )
lim inf M = a.
n— 00 n

Combining the fact that D is an integer matrix and Theorem 1.7 in [10], we have

{jlog I+ Seri (@ + log [A;] = log [Ai]) + S, log Al }

dimy R(¢) = mi
imyg R(1) = min log I + o

1<j<d

b
where

K(j) :={1<i<d: log|\;)| > log|\;| + a}.

Conflict of Interest The authors declare no conflict of interest.

@ Springer



No.4 Z.N. Hu & B. Li: HAUSDORFF DIMENSION OF RECURRENCE SETS 1673

References
[1] Allen D, Baker S, Bardny B. Recurrence rates for shifts of finite type. Adv Math, 2025, 460: Art 110039
[2] Baker S, Farmer M. Quantitative recurrence properties for self-conformal sets. Proc Amer Math Soc, 2021,
149: 1127-1138
[3] Barreira L, Saussol B. Hausdorff dimension of measures via Poincaré recurrence. Comm Math Phys, 2001,
219: 443-463
[4] Boshernitzan M D. Quantitative recurrence results. Invent Math, 1993, 113(3): 617-631
[5] Chang Y, Wu M, Wu W. Quantitative recurrence properties and homogeneous self-similar sets. Proc Amer
Math Soc, 2019, 147(4): 1453-1465
[6] Chernov N, Kleinbock D. Dynamical Borel-Cantelli lemmas for Gibbs measures. Israel J Math, 2001, 122:
1-27
[7] Everest G, Ward T. Heights of Polynomials and Entropy in Algebraic Dynamics. London: Springer-Verlag,
1999
(8] Falconer K J. Techniques in Fractal Geometry. Chichester: John Wiley and Sons, 1997
[9] Ferndndez J L, Melidn M V, Pestana D. Quantitative mixing results and inner functions. Math Ann, 2007,
337(1): 233-251
[10] He Y, Liao L. Quantitative recurrence properties for piecewise expanding maps on [0, 1
Normale Superiore di Pisa-Classe di Scienze, 2024, 2024: 1-40
[11] Hill R, Velani S. The ergodic theory of shrinking targets. Invent Math, 1995, 119(1): 175-198
[12] Hill R, Velani S. The shrinking target problem for matrix transformations of tori. J London Math Soc,
1999, 60(2): 381-398
[13] Hu Z, Persson T. Hausdorff dimension of recurrence sets. Nonlinearity, 2024, 37: Art 055010
[14] Hussain M, Li B, Simmons D, Wang B. Dynamical Borel-Cantelli lemma for recurrence theory. Ergodic
Theory Dynam Systems, 2022, 42: 1994-2008
[15] Kirsebom M, Kunde P, Persson T. On shrinking targets and self-returning points. Annali della Scuola
Normale Superiore di Pisa-Classe di Scienze, 2023, 24(3): 1499-1535
[16] Kleinbock D, Zheng J. Dynamical Borel-Cantelli lemma for recurrence under Lipschitz twists. Nonlinearity,
2023, 36: 1434-1460
[17] Li B, Liao L, Velani S, Zorin E. The shrinking target problem for matrix transformations of tori: revisiting
the stan