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We propose a novel method to determine the structure of symbols for any family of polylogarithmic Feynman integrals. Using
the d log-bases and simple formulas for the leading order and next-to-leading contributions to the intersection numbers, we give a
streamlined procedure to compute the entries in the coefficient matrices of canonical differential equations, including the symbol
letters and the rational coefficients. We also provide a selection rule to decide whether a given matrix element must be zero. The
symbol letters are deeply related to the poles of the integrands and also have interesting connections to the geometry of Newton
polytopes. Our method can be applied to many cutting-edge multi-loop calculations. The simplicity of our results also hints at
the possible underlying structure in perturbative quantum field theories.
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1 Introduction

Perturbative quantum field theories (pQFTs) play a piv-
otal role in high-precision phenomenology of high energy
physics. In many perturbative calculations, one encounters
a class of analytic functions called multiple polylogarithms
(MPLs) [1,2]. They can be mapped to symbols [3,4], which
are sequences of d log W;, where the W;’s are algebraic func-
tions of kinematic variables known as symbol letters. For
a given scattering process, the complete set of symbol let-
ters is called the “alphabet”. The knowledge of the alphabet
can be used to bootstrap multi-loop integrals and amplitudes
[5-29]. This has stimulated extensive research on the con-
struction of symbol alphabets [14,27,30-40]. In particular,

*Corresponding authors (Jiagi Chen, email: jiagichen@csrc.ac.cn; Bo Feng, email:
fengbo@csre.ac.cn; Lilin Yang, email: yanglilin@zju.edu.cn)

© Science China Press 2024

the symbol letters of one-loop integrals have been fully un-
derstood [41-46]. However, beyond one-loop, there are no
general results available. On the other hand, from experi-
ences in multi-loop calculations, the expressions of the sym-
bol letters usually turn out to be much simpler than those in
the intermediate steps of the calculations. Hence, in addition
to the phenomenological motivations, it is also theoretically
interesting to investigate the source of such simplicity and
to ask whether it implies the existence of simpler rules for
symbology.

The symbols in a polylogarithmic integral family are
deeply related to the method of canonical differential equa-
tions (CDEs) [47-51]. This method has become the most
streamlined approach to obtain analytic expressions of Feyn-
man integrals.  One chooses a canonical basis of master
integrals with uniform transcendentality (UT) [51], and de-
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https://doi.org/10.1007/s11433-023-2239-8 
phys.scichina.com
link.springer.com
https://doi.org/10.1007/s11433-023-2239-8 
mailto:{jiaqichen@csrc.ac.cn}
mailto:{fengbo@csrc.ac.cn}
mailto:{yanglilin@zju.edu.cn}

J. Chen, et al.

rives their differential equations with the help of integration-
by-parts (IBP) reduction [52]. These differential equations
are e-factorized (where d = 4 — 2¢ in dimensional regu-
larization) and are dubbed “canonical”. The entries of the
coefficient matrix, if can be written as total derivatives, di-
rectly give the symbol letters. The symbols of the solutions
to the CDEs can then be iteratively obtained order-by-order
in e. However, converting the coefficient matrix elements
to total derivatives can be rather challenging in multivariate
situations. Moreover, the procedure of performing the IBP
reduction and deriving the CDEs offers little insight into the
origin of the symbol letters.

The method of intersection theory [53-56] provides an al-
ternative way to reduce the Feynman integrals to master in-
tegrals. It is also useful in the construction of UT bases with
dlog-form integrands [51,57-63] in the Baikov representa-
tion [64]. In both the computation of intersection numbers
and the construction of UT bases, information of poles in the
integrands plays a crucial role. In this paper, we show that the
information of poles also determines the symbol letters to a
certain extent. We employ the method of computing intersec-
tion numbers from higher-order partial differential equations
[56], and apply it to the differential equations of the UT bases
of refs. [58,59]. We find that with the universal formulas
of the leading order (LO) and next-to-leading order (NLO)
contributions to intersection numbers, the symbol letters can
be generated by localizing the d log-integrands to the multi-
variate poles. We provide a streamlined procedure to derive
all symbol letters in an integral family, that involves the fac-
torization of degenerate poles, followed by simple algebraic
operations. This can be applied to many cutting-edge multi-
loop calculations in pQFTs.

2 Symbols from intersection theory

The Feynman integrals in the Baikov representation are hy-
pergeometric functions of the form:

I[u,sO]Efucp, (H
where

U= l_[[Pi(Z)]ﬁi , ¢z¢(z)/\dzj= Q(Z)_ /\de. 2)
i J

The sequence of Baikov variables is denoted by z =
(z1,.-.,2n). The polynomials P;(z) include the Baikov vari-
ables themselves, and the Gram determinants G(q) = det(g; -
gq;) of loop and external momenta. The exponents take the
general form §8; = n; + m;€ + [;0;, where n;, m;, [; are rational
numbers, € is the dimensional regulator, and ¢; is an optional
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extra regulator. One usually needs to introduce §; into the
computation if m; = 0, n; is integer and P; appears in the
denominator, e.g., when P; is an inverse propagator. The nu-
merator (z) is an arbitrary polynomial of z. All integrals
with the same u form an integral family, within which one
can define IBP-equivalence classes of cocycles [53-56]:

prl=gr~eu+ Y Vi&, Vi=dgAa@,+o), )

where w = }; ©;dz; with &; = 9, log(u). The dual space
consists of equivalence classes |) of integrals I[u~", ¢]. The
intersection number between (g;| and |pg) is given by

(Prlpr) = ) Rese—p (1dr), @)
14

where ¢ is a function satisfying V,, - - - V¢, = ¢;. The sum-
mation goes over all n-variable poles p determined by the
zeros of the polynomial factors P; in u [65]. One complica-
tion is that some of these poles can be non-factorized, such
that the residue can not be computed variable-by-variable in
terms of z;. A non-factorized pole can also be degenerate,
roughly meaning that more than n factors vanish at the pole.
A simple example is u = z’f 'zgz (z1 + 22)%, for which the pole
p = (0,0) is non-factorized and degenerate.

To compute the multivariate residues in the presence of
non-factorized poles, one can carry out a factorization proce-
dure [56]. The idea is similar in spirit to the method of sector
decomposition [66-72]. This involves a change of variables
(labelled by (@)) from z to x?), such that the pole at z = p
corresponds to x(® = p@, and in the vicinity of the pole

u(x(a))

@
— | | (@) (@)%
@5 p@ = u(y(p(a)) [xi(l _pi(l] , (5)
i

where ii,(p'®) is non-vanishing. This expression defines the
u-powers yl@ for the variable change (@). Note that for each
degenerate pole p, one usually needs to sum over several
different factorization to correctly reproduce the multivariate
residue. To unify the notation, we also give a label () for al-
ready factorized poles. Hence the summation in eq. (4) is re-
placed by a summation over a with the residue at x@ = p@,
For the simple example u = zf ! zgz(zl + 20)%, one possible
variable change is z; = x1,z2 = x1(xp — 1). This leads to
u = x’f‘wﬁmxg} (xy — 1)®. We will discuss more about the
factorization of degenerate poles later.

With above discussions, we now study the CDE satisfied
by a dlog basis {{¢;|} constructed using the method of refs.
[58,59]. For later convenience, we choose to keep only the
dimensional regulator € and the regulators ¢; for propagators
in B; of eq. (2), and absorb all other powers into a; in ¢. There
are two types of building blocks (which will be called the
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“rational-type” and the “sqrt-type” in the following):

d
dlog(z - ¢) = ——,
Z—c

(c—ci)(c—c)dz 6
C-OVG- G- ) ©
Ve—ciVz—c_+ \Je—c_z—-cs
Ve—ciNi—c_— Ne—c_\z—-c;

where ¢ and c.. are independent of z. The CDE is

(@1 = (dgs + prdlogul = (dQ),; (¢l , @)

where d denotes the total derivative with respect to external
parameters, such as masses and scalar products (to distin-
guish, d is used for integration variables z). The matrix dQ
contains all information about the symbol letters, and can be
computed by intersection numbers:

(aQ)IK ={@1ler) (77_1)11( > (8)

where 17! is the inverse of the matrix 7 with elements n;; =
(@1l@s). Apparently, (dQ) ;x can be nonzero only if there exist
at least one J such that the two factors in the above formula
are both nonzero. Note that the dQ matrix is independent
of the choice of the ket-basis. Here, we choose the ket-basis

dlog(t(z, c;cs]) =

T(z,c;c4] =

with the same representatives as the bra-basis. This choice
is convenient for computing intersection numbers, and also
helps to reveal the selection rule to be discussed later.

We now consider the contributions from the factorized
pole x@ = p@ to the intersection number {¢; |pg). Around
the pole, an n-form ¢ can be Laurent-expanded and organized
by the powers b = (by,...,b,). Such a term can be written

as:
b;
o =0 N[5 =] dx?. ©)
i

In the computation of the intersection number, we know that
the contributing terms must have by ; + bg; < -2 for all i. A
key point is that a d log-form ¢; or ¢; exhibits only multivari-
ate simple poles, i.e., b; > —1. The action of d may generate

terms with one b; = —2. Hence, we only need to consider
two kinds of contributions. The LO contribution [55] has all
by + bri = =2, and can be written as:
C(LbL)C;?bR)
@ @’ (10)
')/1 e ')/n
where 5/1@ = yl@ — bg; — 1. The NLO contribution has one
by + br; = =3 and the other by ; + br; = —2, and can be
written as:
= (@)

coc®o 80 log (7a(p™))
T L@ L@ (@) an

Yy Ve 7j -1
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Here and in the following, we treat each component of p(®
as an independent external variable. They will be set to the
actual expressions in the symbol letters. The detailed deriva-
tion of the above results are given in Appendix Al.

From the above discussion, one finds that (¢;|¢,) can re-
ceive nonzero contributions from the pole @) = p® only if
b; and b, satisfy either of the following two conditions. The
first condition is that one component by + by = —1, while
all other b;; = b;; = —1. We say that ¢; and ¢, share the
(n — 1)-variable simple pole ((n — 1)-SP) for x;}”), where the
subscript k means that the kth variable is removed from the
sequence. The derivative 8/)2") ind generates LO contribu-
tions to (¢;lgs). Since C;b’) and C(Jb’) may also depend on
pf(”), we need to perform an integration to get a total deriva-
tive. The contribution can then be written as:

(@)
Vi A by) (b)) A

where y@ = 7(1“) -y Note that here y; = ¥, for

i # k. In many cases, the product C;b’)C(Jb’) is proportional
to (p,({“) —¢)7!, and the integral simply gives rise to the letter
log(pff') — ¢). The more complicated situations will be dis-
cussed in the next section, where we will show that the let-
ters can always be obtained via purely algebraic operations
without performing any integration.

The second condition for a nonzero contribution to {(¢;|¢;)
is b; = b; = -1, i.e., ¢; and ¢, share the n-variable simple
pole (n-SP) for x@. The derivative d now generates NLO
contributions. Using eq. (11), the sum of the NLO contribu-
tions are

(=1) ~(-1)

C’y(—f)’ dlog (@ (p®)). (13)

Note that it, (p'®) still contains powers S;. After taking the
alog, they become coefficients in front, and the remaining
arguments of the logarithms are the symbol letters. We also
note that if u has any z-independent constant factors such as
Pg", it is automatically included in i,.

We now turn to the matrix element 1;; = {¢/l¢s), which
receives LO contributions (10) if and only if ¢; and ¢, share
an n-SP for at least one factorization («) (hence, 7, is al-
ways nonzero). To understand when does (177!);; # 0, we
introduce the concept of n-SP chains. If ¢; and ¢; share an
n-SP, we say that they are n-SP related (denoted as ¢; ~ ¢;).
If ; ~ px and ¢; ~ ¢y, the three n-forms belong to an n-SP
chain. This concept straightforwardly generates to more than
three n-forms. One can see that if ¢; and ¢; do not belong to
an n-SP chain, then (p~");; =0 V.

1) (577" is proportional to the IJ-minor of . If ¢; and ¢; do not belong to an n-SP chain, all terms in the minor vanish.
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Combining the condition for nonzero (~');; and that for
nonzero {(¢;|p,;), we arrive at the selection rule for nonzero
entries in dQ: (dQ);; can be nonzero only if there exists at
least one ¢k belonging to an n-SP chain with ¢;, and sharing
at least one n-SP or (n — 1)-SP with ¢;. This selection rule,
together with the expressions (12) and (13) of the symbol let-
ters, serves as the most important results of this paper.

Before closing this section, we show from our results that
the differential equation of the d log-basis is indeed canoni-
cal. Let us assign a transcendental weight of —1 to 5; (con-
tains € and ¢;) in eq. (2). Then, all 71@ in eq. (5) have weight-
(=1). Since n;; has the form of eq. (10) (with )71(,”) = yﬁ”)),
the 7! has weight —n. Egs. (12) and (13) have the form of
a weight-(n — 1) coefficient times a weight-1 dlog. Using
eq. (8), one can see that (ag), ; 1s a weight-(—1) coefficient
times a d log. Hence, we have proved that dQ is proportional
to € when the regulators §; are taken to zero.

3 Structure of symbol letters

We now consider the computations of {(¢;|¢,) leading to
egs. (12) and (13) from a different perspective. The expan-
sion of ¢; and ¢, in the form of eq. (9) helps to take the
n-variable residue at once. However, we can always choose

to take the (n — 1)-variable residue of x;}”) first using eq. (10),

and leave the dependence on xf{o‘) un-expanded. The leftover

1-form of xf{”) is a univariate d log-form. This operation ap-
plies to both (n — 1)-SP contributions (where k is fixed) and
the n-SP contributions (where one can freely choose any k).
Hence, the problem with the single variable z = x\*’ lies in all
contributions to the symbol letters. In this section, we work
out this univariate problem generically, and reveal the sur-
prisingly simple structure of symbol letters in the meantime.
Details of the derivation are given in Appendix A2.

To warm up, we first consider the case where ¢; = p,(:’)
is the pole in a rational-type dlog. In general, there can be
further factors involving z after taking the (n — 1)-variable
residues. Without loss of generality, we take

u= Pgo(z—CI)BI(Z—Cz)ﬁZ(Z—03)[))3 ) (14

and more factors can be easily added. The poles ¢, do not
necessarily correspond to the poles in the original multivari-
ate problem. Nevertheless, we can use the formulas from the
previous section to solve this univariate problem. The poles
and the corresponding u-powers are

3
Ca € lc1,02,03,00), ¥ e {,31,,32,,33,—2,31'}, (15)

i=1

with @ = 1,2, 3,4. The space has dimension 2, and the d log
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basis can be constructed as:

<p1€{ dz dz } (16)

Z—C1’ —C

Each ¢, involves two poles, ¢; and ¢4 = oo. The rele-
vant intersection numbers can be immediately obtained from
egs. (10), (12) and (13):

Yo .
(piler) = § —dlog(cr — co) + nuPo dlog Py,
()
g (17)

(@iles) = —dlog(cs — ¢;) + niyBo dlog Po,

and
n= . (18)

It is interesting to see that, after taking the (n — 1)-variable
residues, each symbol letter is either the difference between
two univariate poles, or the constant factor Py in u.

We now turn to the case where pia) appears in a sqrt-type
dlog. We take (here we drop the constant factor P for sim-
plicity)

u=@-cf'@-ef@-cfe-cy. (19)
The poles and their corresponding u-powers are

ca € {Cl, cZa o, c+7 C—}7

ym%hchmmﬁ}

The d log basis {¢;} can be constructed as:

(20)

dlog [z, ci;c.], dlogTlz, ¢2; ¢, ], dlogt[z, 005 c.]. 21

Each ¢; has only one pole at ¢;. However, for intersection
numbers, the poles at c.. can also contribute. We have

1 4 ~
(Prler) = v dlog(it;(c)) — dlog(cs — co)

+ dlog(c; — ;) + dlog(c; — o), (22)
(@ilesy = (@lpry = —dlog Tler, ep5 4l

Again, it is interesting to note that the symbol letters (includ-
ing those in #;) in eq. (22) takes the form of the difference
between two univariate poles, except the last one. However,
for the univariate problem, it is always possible to perform
a rationalization to get rid of the square-roots in the context
of polylogarithmic Feynman integrals. The last letter in eq.
(22) then becomes one of those in eq. (17). In this sense,



J. Chen, et al.

we arrive at a surprisingly simple structure of symbol let-
ters: all symbol letters (except the constant factors in u) are
the difference between two univariate poles after taking the
(n — 1)-variable residues. Combining eqs. (17) and (22) with
the (n — 1)-variable residue already obtained, we have com-
pleted the derivation of symbol letters.

4 Factorization of degenerate poles and Newton
polytopes

As is evident, the first and the most important step of our
method is the factorization of degenerate poles. While this
can be done algorithmically following sector decomposition,
it is instructive to use an example to get some feeling about
the procedure. Let us consider the kite topology defined by

n=l-pF-m’ z==0-h)>

z5 = - p),

21 = l% - m29
(23)

2 2
24 =15, p-=s.

We impose cut on z1, 22, 3, and hence the u function is given
by u = 2522 [G(z4,25)] ¢, with

G =4G(, 1, p)

21=22=23=0
= 2m® + m*(s+z4 + 25)

+m*(2z4zs — 524 — 525) + 2425(s — 24 — 25) . (24)
From u, we can determine the set of poles for (z4, 25):
P € {(0,0), (m%,m?). (0,0), (0, ). (0, )} . (25)

Here we focus on the three-fold degenerate pole (co, 0). The
complete results for this family are given in Appendix A3.
For convenience, we first introduce the variable change z4 =
1/t4, and rewrite u = tﬁﬁs‘ zgz G5, Here

Goo0 = 13 G(1/14,25) = talri(ts) — z5][z5 — r-(ta)], (26)

where the last equal sign defines the two roots 7.(#4) of Geoo
with respect to zs. Noting that

25— r-(ty) = z5 — m*(m* — s)ts + O(13) 27

we find 3 factors in u vanishing when (#4,25) = (0,0): 4, 25
and z5 — r_(t4). There are 3 different factorizations, corre-
sponding to 3 ways to organize the 3 factors into 2 groups:

x@ () Azs, 25 — r_(t))),
¥ 1 ({ty, 25 — r_(t)} {z5)), (28)

X9 ({25 = r- ()} {12, 25)).
As an example, for x> we have the variable change

Iy = x(ls) , 5= x(ls)x(s) S (29)
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which leads to (see eq. (5))
is(p®) = [m*(m* = 917, ¥ € fe -6 + 62,62}, (30)

where p(s) =(0,0).

The integral family has four master integrals and exhibits
a symmetry under z4 <> zs and 0; < 0. The dlog basis can
be constructed as:

dzsdzs V(s — 4m?)
= ——, @2= ————dzdzs,
2435 g (31)
2 2
u—-m 5 —m
g3 = =2 dzgdzs, 4= = dzadzs.

With the variable change to x® and the expansion around
o, the leading terms of ¢; and ¢ are

) 1,05
11y _ dx1 d)c2
#1 ST .6
XX )
dx(5)dx(5) (3 )
10 = 1 9% o9 =0
3 -5 5 ? 2 T
x(l ) [p(z) + m2(m? - s)]

Apparently, they share the (n — 1)-SP for x(;). We can then
immediately obtain the letter in (@1 |¢3) from eq. (12), or from
eq. (17) as the difference between two univariate poles:

mz(m2 - 5). (33)

We now make an interesting observation: the letter in
eq. (33) is just the ratio between the coefficient of 74 and that
of zs in eq. (27) (as well as in G.p). These two terms are the
leading ones in the limit 4 — 0 and z; — 0. Newton poly-
topes provide a geometric view to study limits of multivariate
polynomials. A Newton polytope is the convex hull of the
exponent-vectors of a polynomial. This geometric view has
been used to study singularities of Feynman integrands. See,
e.g., ref. [73] for ultraviolet and infrared divergences, ref.
[74] for the method of regions [75], and ref. [76] for sector
decomposition [66-72]. These motivate us to understand the
symbol letters from Newton polytopes. The Newton poly-
tope of Guyo is shown in Figure 1. It has five facets. Since
the components of the outer normal vector of facet @ are all
negative, this facet is degenerate and the corresponding poly-
nomial is exactly eq. (27). The letter (33) is essentially the
ratio of the two coefficients at the vertices of the degenerate
facet. The other (n — 1)-SP contributions of the form ¢; — ¢,
to (¢yle,) follow a similar pattern.

Similar observations can also be made for the n-SP con-
tributions. There are two possibilities here. The first case is
when there is a degenerate facet, and then the coefficient at
one of its vertices gives the letter. For example, the contri-
bution from p® to (¢;|¢;) is given by the vertex (0, 1), and
the letter is dlog(—1) = 0; while the contribution from p® is
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Figure 1  (Color online) The Newton polytope of Goo. Horizontal and
vertical axes are the power of 74 and zs.

given by the vertex (1,0), and the letter is the same as
eq. (33). The second possibility is when there is no degener-
ate facet. In this case, the origin (0, 0) must be a vertex of the
polytope, and its coefficient gives a letter. For example, the
contributions from p = (0,0) to {(¢;|p;) are related to vertex
(0,0) of the polytope corresponding to G(z4,25). Hence, the
letter is given by the constant term of eq. (24):

G(0,0) = m*(s = 2m?). (34)

We have checked that the other contributions do not give
rise to new letters, and eqgs. (33) and (34) are already the full
set of letters in this simple example.

The example discussed above is simple with only two
integration variables and only involving rational letters de-
pending on two kinematic variables. We emphasize that our
method can be applied to problems with more variables and
with irrational letters as well. In particular, we have tested
our method in multivariate one-loop examples with irrational
letters, and find agreement with existing results. Applications
in more complicated multi-loop examples are in progress and
will be presented in a forthcoming article.

S Summary and outlooks

In this paper, we propose a novel method to determine the
structure of symbols for any family of polylogarithmic Feyn-
man integrals using intersection theory. The procedure is
purely algebraic, involving factorization of degenerate poles
and computation of residues at simple poles. The compu-
tation of intersection numbers also gives the rational coeffi-
cients in the CDEs, and hence completely determines the lat-
ter. In particular, we have found a selection rule for nonzero
entries in the CDE:s.

Our results also reveal some interesting structures under-
lying the symbol letters. We find that all symbol letters are
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either the constant factors in the u-function, or the differ-
ences between univariate poles after taking the residues for
the other variables. We also take a first glance at the possi-
ble relationship between the symbol letters and the Newton
polytopes associated with the polynomial factors in the u-
function. We hope that these algebraic and geometric struc-
tures can be used to further simplify the calculation of symbol
letters, and provide insights about the mathematical structure
of QFT.

In recent years, there have been enormous efforts to extend
the concept of pure functions to Feynman integrals beyond
the polylogarithmic cases (see, e.g., refs. [77,78]). It is inter-
esting to see whether our method can be generalized to those
cases as well. Moreover, since differential equations can be
regarded as iterative reduction relations [79], our result also
serves as a development towards simplifying the reduction
procedure, and shows the connection between the analytic
and algebraic structures of Feynman integrals.
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Appendix

Al Intersection numbers from factorized poles

In this Appendix, we review the calculation of intersection
numbers that leads to the leading-order (LO) and next-to-
leading order (NLO) contributions (10) and (11). For the
moment we will suppress the superscript (@) labeling the fac-
torization transformations, and assume x = p is already a fac-
torized pole. Around this pole, the u function can be written

as:

u(x) = (x) ]_[ [xi—pi]" s
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where ii(x) can be Taylor-expanded as:

0
ii(x) = i(p) + Z(xi - pi) [Eﬁ(x)]

x=p

1 *
+3 Z(xi —pi)(xj = pj) [mu(«\”) B oo
1,j =p
(a2)
The n-form ¢;, can be similarly decomposed as:
— p) dx;, (a3)

oL = Z o = Z c /\ (x;
b, i

where by = (bp1,...,br,) denotes a vector of powers. The
covariant derivative V; with respect to x; is defined as:

V,=dx; A (6Xl. +w;), (ad)
where
w; = 8y, log(u) = —L— + 9, log(@). (a5)

We now need to look for a function y; which satisfies
V,---Viyp = ¢p around the pole. The above equation is

linear in ¢, and ¢;. Hence we can decompose the solution
as:

YL = Z w(bL) ,

We can write the Ansatz for z//(bL)

v l!/(bL) _ ‘p(LbL) ) (a6)

b
p =CP A0 + 3 AL @ - p))
7

1
(2) i
+3 ]§ AL = p ) = pi) + - |i|(x,»—p,->”L-”.

(a7)

Plugging the above into eq. (a6), the covariant derivatives
give rise to

1

i
= C(LbL) [n(xi —p)’e

AOT [+ brs+ 1)+ > = pp [AV Gy + brj+2)
i J

+A09, f(p)] 1—[(7,- b+ D)+ (a8)
i)
Hence, we find that the coeflicients are given by
©0) i
A© = : A0 = A0 J08ERD) )

[Tiyi+bi+1)7 Yi+brj+2
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It is now straightforward to compute the intersection num-
bers. Supposing that ¢y is given by

Z (p(bk) Z C(bk) /\ (xi — pi ) vi dx; |

the contribution from the factorized pole x = p to the inter-
section number between go(bL) br) i given by

(al0)

and ¢,

b b b b bpit+britl
Res,-, (lﬁi L)‘)O(R R)) = Res,—, C;‘ L)C;e ) l—l(xi — py)PLitbrit
i

x |49+ 3 AP (s )+
J
@all)

When b; + bg = =2, the AQ term gives rise to the so-called
LO contribution (eq. (10)):

B0 o> C(bL)CgebR)
Res,—, (U} Vo) = ——L— | (al2)
N ( LR ) [T: %
where ¥; = y; —bg; — 1. When all by ; + bg; = —2 except one
b j+bgj=-3,the A;l) term gives rise to the so-called NLO

contribution (eq. (11)):

b1) (b _
- CCY 8, log(i(p))

(yi+brj+DILivi

At this point, it is worth noting that the contributions
in egs. (al2) and (al3) are invariant under a simultaneous

rescaling of u, <p(bL) and gog”‘). In terms of the powers y;, by ;
and bg, this rescaling amounts to the shifts:

Res,-, (lp(bl) (bk)) — (al3)

Yi—=>vité&, bri—bri—&, bri—bri+&. (ald)

The shifts do not change the values of by ; + bg;, ¥; + br; and

— bg, and hence the expressions for the LO and NLO con-
tributions are manifestly invariant. In the case b, + bg = -2,
we can employ this freedom to make b; — —1and by — -1,
i.e., both go(bL) and go(bR) have only simple poles. The inter-
section numbers in this situation are well-understood in ref.
[55], and agree with eq. (al2).

As a special case of the above general formulas, we con-
sider the intersection numbers {(¢;|¢,), where both ¢; and ¢,
are d log-forms. We again expand ¢; as:

o = Z‘p(m) = Z C;bl) /\ (x; _pi)b,,,- dx;,

and similarly for ¢;. For each b; and pj, there is a term in ¢;
given by

~(j+ b1 dp; € N\ (i - p

(al5)

P00 dx; (al6)

Hence, setting by; = b;; — ¢;; and bg; = b;;, we can read-
ily use egs. (al2) and (al3) to compute the residues. If
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by, = bz = —1 (which means b;; = 0, i.e., (n — 1)-SP),

the term gives rise to a LO contribution

__Yi
[Tivi

On the other hand, if b; = by

leads to a NLO contribution

e dp; . (al7)

= -1 (i.e., n-SP), the term

C(—l) C(—l)

T 0y, log(u(p)) dp; .

(al8)

A2 Reduction to univariate problems

In the previous section, we’ve seen that in the computation
of (¢;les) for dlog-forms ¢; and ¢, the contributing terms
gb’) and <p(b’) share at least (n — 1)-variable simple poles.
Without loss of generality, we denote these (n — 1) variables
as x; = (x2,...,X,), and denote the remaining variable as
z = x1. In the computation of intersection numbers, one may
take the (n — 1)-variable residues at x; = p; first, and deal
with the single variable z in the last step.
To see how that works, we assume that both ¢; and ¢g
have simple poles at x; = p;. They can then be written as:

or = fi(z,xq)dz /\ (x; —p) " dx;,

o (a19)
wr = fr(z,x7)dz /\ (x; —p)Ndx,

i=2

where f; and fr are regular at x; = pj. The u(x) function
can also be written as:

u(x) = iz, xp) [ | b= o - (a20)
i=2

To compute (@r|pr), we need to find a ¥, satisfying

V.- Viyr = ¢ in the vicinity of the pole. Due to the sim-

ple pole structure, it is straightforward to perform the inver-

sion of V; fori = 2, ..., n. This leads to

Vi = -, (a21)

fL(Zp]) z + O((x;
Y2

n

where the higher-power terms do not contribute since g has
simple poles. Hence, the computation of the n-variable in-
tersection number is equivalent to a univariate problem with

Sz, pi)dz

PLE ———
Y2

5 vr = fr(z,py)dz.

(a22)

u(z) = iz, py),

Now, we may collect all contributions to (¢;l¢;) from the
(n — 1)-variable simple pole at x; = p; and an additional
pole (not necessarily simple) for the variable z = x;. This

Sci. China-Phys. Mech. Astron.

February (2024) Vol. 67 No. 2 221011-9
allows us to study the symbol letters using only univariate
dlog-constructions and intersection numbers.

We first look at the case of rational-type d log-forms. The
u-function can be factorized into

v+1

u@) = P | |Gz

a=1

(a23)

There are v + 2 different poles for z:

p(a)e{cls'-'5cv+l9oo}s ')’(Q)e{ﬁl,~-~

v+l
,ﬁv+1 s T Zﬁl)’} .
a=1
(a24)

For this u-function, there are v independent integrands. They
can be chosen as ¢; = dz/(z—c¢y) for I = 1,...,v. We need
to consider two kinds of intersection numbers: {¢;|¢;) and
(@rlpsy with I # J. For the first kind, we take {(@1|¢1) as
an example. For that we need to consider d,m¢1, 0, ¢ for
a # 1, and the symbol letters contained in Py. Here with an
abuse of the notation, d,¢ actually denotes d,(u ¢)/u. Using
the formulas for LO and NLO contributions to intersection
numbers, we have

C[U=Bodz| dz \ 1 )
<601901|901>_< (2—01)2 Z_C1>_ﬁ1 6(‘1 log (it (c1)),
B Bedz dz
Gegr|en) = <(z— c)ca—2) 1 2—cy >
ﬁ”a log(c c)—ia log (11 (cy))
ﬁ Co g(C1 — Cq) = ﬁl Co g 1\c1)),
(a25)
where
v+1
i (z) = (a26)

P | @ - cor
a=2

From the above results, one may easily reconstruct {@1|¢;)
in the form of alogs, which coincides with eq. (13) and the
first line of eq. (17). For {¢/l¢,), we only need to consider
the contributions from d.,¢; and d.,¢;, as well as from Py.
Using the formula for LO intersection numbers, we have

dz £>
z-cp)?*lz—cy

= _ac‘/ log(CI - CJ) s

(Bc,pr|@sy =1 —ﬂ1)<

d d (a27)
z z
0 =
( 1901|¢J> ,31<(Z_Cl)(z_cj) Z_Cj>
= —Bcj IOg(CI - Cj) .
These agree with the results in eq. (12) and the second line

of eq. (17)
We now move to sqrt-type d log-forms. The u-function is
given by

!
u@ = P -l - f | |- col (a28)
a=1
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There are again v + 2 different poles for z:

' € fci, ..

<5 Cy—1,00,Cy, C*} B

y—1
-,ﬂv-h—Zﬁa—m—ﬁ—,ﬁ+,ﬁ-}- (a29)
a=1

The two poles c.. are singled out to remind us that there is al-

ways a factor of v/(z — c;)(z — c-) in the integrands accord-
ing to the second equation in eq. (6), which we reproduce
here:

Ve—civVz—co+ e—co\z—cy
Ve—ciz—co—e—coz—cs
_ emae-a)d
-0 Vz-c)lz—c)
At this point, we note that the square root of a linear function

is related to that of a quadratic function via a variable change.
For example, setting z = 1/f + ¢, we have

dlog(t[z, c;c.]) = dlog

(a30)

dz _ dr
VZ—cz—c) t\NI+t(cs—c)

Hence, we do not have to consider the linear function case
separately.

Foreach I = 1,...,v — 1, there is an independent inte-
grand ¢; = dlog(r;) = dlog7[z, ¢;; c.]. The vth independent
integrand is associated with the pole p") = oo, and is given
by

(a31)

¢, = dlog(t,) = dlog 7[z, 00; c.]
Og VZ_C_+ Z—Cq _ dZ
Vi—ec—Vi—cr Nz-cz-c)

The intersection numbers {(¢;|p,) can now be computed as
usual. Taking (¢;|¢;) as an example. We need to consider the

=dl

(a32)

derivatives with respect to ¢y, c. and ¢, fora =2,...,v - 1.
We have
1- 1 1 1
011 = '812+'ﬁ +
(z—c1) 2 |lcr—cy cr—c_|z—c
+0((Z_(,’1)0),
1 1 1 1
= - = + +0(z-c))),
A 2[61—C+ cr—co (=) @33
1/2 -B.
6th1=—ﬁ‘¢>1,
T—Cx
Oc, 01 = — @1-
Z=Co

There are two terms in d., ¢, leading to both LO and NLO
contributions from the pole ¢, to the intersection number:

1
(0,1 |901> = ,3_1601 log ity (c1)
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+ 0, log(c; — 1) + 0, log(c; —c). (a34)

The intersection number (9., ¢1l¢;) receive LO contributions
from the pole c; as well as c., which are given by

L= 1/2

(De.01|@1) = 'B_ﬂ—l 0., log(cr —c4)

— 0., log(cy —cz) + 0., log(c1 —c).  (a35)
Finally, the intersection number (0., ¢ilp;) fora=2,...,v-1
receive LO contributions only from the c¢; pole:

_ Ba 1l
(Oc,1lp1) = =0, log(ct — ¢o) = —0,,it1(c1) . (a36)
Bi Bi

Combining the above results, we can reproduce the first equa-
tion in eq. (22). Similarly, d,,, (95],, and 0., give the same
contribution as shown in the second equation in eq. (22).

Alternatively, one may perform a variable change to ratio-
nalize the square root, and compute the intersection numbers
in the same way as the rational case. The relevant variable
change is simply

ci(ty + D2 —c_(1, — 1)?

= , 37
. 4T, @37)

where the variable 7, is defined in eq. (a32). The poles for
the new variable 7, can be written in terms of a set of new
constants:

Ver—cy + Aep—c-

Ver—ci — \/cl—c_'

The d log integrands can then be rewritten as d log(t,) and

(a38)

fy =71lo0,cp56:] =

dlog(tr;) = dlog(t, — #;) —dlog (‘rv - tl) . (a39)
1

As promised, all integrands are of the rational-type, and the
symbol letters can be read off using the existing results.

A3 Details of the kite topology

In this Appendix, we show the details of the kite topology

discussed in sect. 4. The relevant polynomials are given by

(withz; =25 =23 =0)

G(z4.25) = 4G(l1. b, p) = =2m® + m*(s + 24 + 25)
+m*(2zzs — 524 — 525) + 2425(s — 24 — 25), (a40)

Gi(z5) = —4G(l1, p) = (z5s = )" +m* = 2m’(z5 + 3),

and the u-function is

(z4,25) = 2 22 [Glza, 25)]° . (a41)
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To reveal the singularities at co, we employ the variable
changes z4 = 1/t4 and z5 = 1/t5. The resulting polynomi-
als are
Goowo = 1162 G (114, 1/15) = (=2m° + m*s)6363
+ (m4 - mzs)t4t§ + (m4 - m2s)tit5 + 2m2t4t5
+ Stats — 14 — 15,
Geo = 12 G(1/1g,25) = —2m°23 + m* st + m*1y (a42)
+ m4t§Z5 - m2st4 — mzstfzs + 2m2t4Z5 + S1425
- t4z§ — s,
Gow = 12 G (24, 1/15) = Geoots = 15,25 = 24).

The four master integrals can be expressed as d log-forms
@1 = dlog(z4) A dlog(zs),

p2 = leg(T[Z4,m2; r.:]) A dlog (ﬂ) )
Z

5 — I's—
r5+) (a43)

@3 = —dlog(t[za, 005 r1.5]) A leg(Zs_—
5 —Is—

4 — T
@4 = —dlog(t[zs, 005 1.2 ]) A dlog(u),

24 — F4—

where the various roots of quadratic polynomials are given
by

= rulGrizs),  ras(zs) = relGs 2l
rsim)sri[g;zﬂ, rs+(00) = 00 (ad4)
rs-(00) =0, rsu(m®) =m’.

Note that ¢3 and ¢4 are related by an exchange symmetry
under z4 <> 75, that we will employ later.

The poles and the relevant variables after factorization are
given as:

(mz,mz) : x(2‘3), (00,0) : x40
(10,11,12)

0,0) : x1,
(0, 0) 1 x5,

o0 x ’ (a45)

The factorization transformations are related to the following
grouping of the 3 factors in the u-function:

x? 1 (zg —mP, 25 — 5y}, {25 — 15-)),
x: (zg —mPzs — rs_), {zs — rse))s
x® 1 ({14}, {25, 25 — 7-[Geo0 251D),

{
{
{ }
x (14,25 — r_[Geo3 251} {25)),
92 ({zs — r-[Gwo; 251, {1, 25)),

D({tsh {24 24 = 7-[Gowos al)), (a46)
x® 1 ({ts, 24 — 7_[Goos 4]}, {z4)),
1 ({24 = 7-[Gooos 241}, {24, 15)),

{

C({tah 15, 14 — 74 [Goooos 141}),
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M (g, ts = 14 [Goocos 121, {15)),
X1 ({ty = 14 [Goooos tal)s {14, 15)).

The explicit transformations for the pole (m?, m?) are

24— x<12> 22 4 662 D) xP), s o (22>’ .
oo D GO,z
For the pole (o0, 0):

t > x(14)x(24), s — x(24),

ty — x(1 ) , 5 — x(ls)x(zs) s (a48)
ty — x(f)x(zé) +ry [gwo(x(é) gﬁ)) x(6)] 5 — x(2 ).

The factorization transformations of the pole (0, o) is sim-
ilar as the above due to the z4 < zs symmetry, and we do
not show them explicitly. Finally, for the pole (co, ), we
have

T E S B MNP S (a49)

ty — x(lm , 15— x(lll) (I s (a50)

1y — x(112) 42 4 r+[Qoom(x(12),x(lz));x(lz)], s — x(212).
(as1)

Note that in all the above transformations, we have shifted
the pole to p'® = (0,0). Namely, the u-function can be writ-
ten as:

(@) (@)
u(x @) = g (x) ()" ()" (a52)

The corresponding u-powers are given by (recall that @ =

y(]a)y;a )
yV =66, ¥*=(-2e)(-e),
yIE = 20 Y = (€= 61 +62)Q2e~61),

510,

Y19 = 3e -6, - 62) 2e - 6)), (a53)

7O = (-8 +0)(-e), 7P =(Be-6-6)(-e.

The residues C;_l) of ¢y at each p'® are given by

¢ :{1,0,0,-1,1,0,-1,1,0,1,-1,0},
‘102 { _1’09090’050’09030,0},
(a54)
¢3:{0,0,0,1,0,-1,0,0,0,-1,0, 1},
¢4 :{0,0,0,0,0,0,1,0,-1,0, 1, —1}.

The zero entries mean that the corresponding integrands are
not singular at those poles.
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The elements of the p-matrix, n;; = {(p;l¢s) can be easily
obtained using eq. (10). The inverse matrix is given by

-1

! =
00(H01=0td o s 26165
(6) €2 0 0
~26,5, 0 —2e@r+6) —e@B+6,+6)|
—-28102 0 —€(0;+6,+€) —2€(d) +¢€)
(a55)

For the symbol letters contained in (AdQ)13 = (@1les) U 130
we need to compute (@1|¢1), (¢1les) and {(¢1]p4). Due to the
exchange symmetry, (¢1|¢4) can be obtained from (¢ |p3) by
0 1 € 52.

According to eq. (a54), the term (¢, |¢; ) receives n-SP con-
tributions from the poles p!>®. Note that p*71%11 gives
dlog C = 0 and does not contribute to the symbol letters. In
the contributing poles, p® are apparently related to p by
the exchange symmetry. Therefore, the genuinely indepen-
dent contributions to (¢ |¢; ) are that from p(V:

€

5.6, (a56)

(2 log(m?) + log(s — 2m2)>,
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and that from, e.g., p(s):

(log(m?) + log(s — m?)). (a57)

€

(E -0 + 62)62
The term (@|p3) receives (n — 1)-SP contributions from
P38 - Again, the only independent non-zero contribution
comes from, e.g., p®, and can be written as:

(log(m?) + log(s — m?)). (a58)

€e—0; +00

Combining {(¢;|¢;) and (") ;3> We are ready to obtain the
result for (dQ);3. For simplicity we take 6; = 0, = 6. In this
case (@3] = (¢4] and we have only 3 master integrals. The
result reads

(dQ)13 = 4e(2log(s — 2m?) - 3log(s — m?) + log(m?)).
(a59)

It is interesting to note that the result does not depend on ¢.
We have checked this result by comparing it to the differ-
ential equations obtained from the traditional IBP, and find
agreement. All other elements in (dQ) can be easily read out
since the integrands are O-form or 1-form after maximal cut.
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1 Introduction

The increasing precision of high-energy physics experiments necessitates correspondingly
accurate theoretical predictions. Perturbative quantum field theory provides the primary
framework for achieving these high-precision predictions in particle physics. A fundamental,
yet challenging, aspect of perturbative calculations lies in evaluating Feynman integrals arising
from scattering amplitudes. To address this, numerous systematic methods for computing
Feynman integrals have been developed.

Among these methods, Integration-By-Parts (IBP) identities [2-4] and the differential
equation method [5—8] derived from them have been proven particularly effective. IBP
relations establish linear dependencies among Feynman integrals, enabling the reduction of a
large number of integrals to a linear combination of a finite set, known as master integrals.
These master integrals, in turn, satisfy a system of first-order linear differential equations,
forming the basis of the differential equation method.

For analytic computations, the canonical differential equation (CDE) approach [9, 10],
building upon IBP and the differential equation method, represents the most powerful
technique currently available. By judiciously selecting master integrals, the differential
equations can be transformed into a dlog-form proportional to e. When this transformation



is fully rationalizable, it facilitates an iterative solution for the analytic expressions of the
master integrals at each order in e, typically expressed in terms of multiple polylogarithm
(MPL) functions. In cases where full rationalization is unattainable, alternative approaches for
obtaining analytic results have been recently developed [11, 12]. Consequently, obtaining the
canonical form of the differential equations often signifies, or at least significantly facilitates,
the derivation of analytic solutions for the master integrals. However, extending this method
beyond MPL functions — for instance, to cases involving elliptic integrals — remains an
active area of research.

For numerical computations, the generalized power series expansion method [13, 14], based
on IBP and the differential equation approach, offers a systematic and efficient framework for
numerically solving differential equations, with convenient packages such as Diff EXP [14] and
SeaSyde [15, 16]. This method, when combined with dlog-form differential equations, has
also recently demonstrated success in deriving analytic solutions for tree-level cosmological
correlators in curved spacetime [17]. Solving differential equations also need the boundary
conditions as import. For the determination of boundary conditions, one can choose Monte
Carlo-based sector decomposition [18, 19], or numerical differential equations-based methods
including the AMFlow method [20] and its associated package [21], as well as an alternative
approach developed in [22] and implemented in the AmpRed package [23]. Furthermore,
alternative methods exist for the computation of Feynman integrals, as demonstrated in
one-loop calculations [43, 44] and extended to multi-loop scenarios [24, 25].

At first glance, numerical methods based on differential equations appear to offer a
systematic approach for computing Feynman integrals. However, for cutting-edge physical
processes demanding extremely high precision, these computations are becoming increasingly
complex and resource-intensive. In many cases, the IBP reduction process for higher loops
becomes the primary bottleneck due to its excessive computational demands, rendering it
impractical for these applications. Therefore, the development of novel and efficient methods
for computing Feynman integrals remains an urgent and crucial challenge.

Recently, a new approach proposed in [1, 26] has demonstrated significant potential
for accelerating the computation of arbitrary two-loop and higher loop diagrams. In [1],
leveraging either Feynman parameterization or the Lee-Pomeransky (LP) representation, the
authors introduced a novel parameterized representation of Feynman integrals, which we
refer to as the Huang-Huang-Ma (HHM) representation. Within this framework, integrals
at any loop order can be reformulated into a structure comprising a one-loop-like integral
kernel (it is called fixed-branch integrals in [1, 26] and the precise nature of this analogy
will be discussed subsequently) and a series of additional integrals.

It has long been recognized that one-loop integrals exhibit significantly greater simplicity
compared to their higher-loop counterparts. This inherent simplicity has been extensively stud-
ied in the context of symbol alphabets, canonical master integrals, and canonical differential
equations for arbitrary one-loop integrals, employing various approaches [9, 27-38].

In the HHM representation at two loops, beyond the one-loop-like integral kernel, only
two additional integrals remain. This observation suggests that if the one-loop-like integrals
can be efficiently computed or directly expressed analytically, the entire two-loop integral
problem can be reduced to a double integral. In [1], the authors implemented a computational



scheme based on this concept, demonstrating remarkable efficiency. They introduced an
exceptionally effective reduction scheme for the one-loop-like integrals and employed a
relatively straightforward numerical differential equation method.

Motivated by this progress, in this paper we will investigate the properties of this one-
loop-like integrals further: not only to enhance the computational efficiency of this approach
but also to advance the understanding of the mathematical structures underlying higher-loop
integrals. Consistent with the findings of [27], we observe that the one-loop-like integrals
in the HHM representation exhibit properties under IBP and differential equations that
closely resemble those of genuine one-loop integrals. Specifically, all of its canonical master
integrals, as demonstrated in [27, 35], can be expressed using two remarkably simple formulas,
applicable separately to cases with an odd or even number of propagators.

Moreover, similar to the results in [27], we identify a comparable canonical differential
equation structure and symbol alphabet. In non-degenerate cases, we find that a given
sector contains only a single master integral and that the corresponding canonical differential
equations depend on subsectors with at most two propagators less. This suggests that, in the
future, one might attempt to directly derive analytic expressions for arbitrary one-loop-like
integrals or employ them for efficient numerical computations.

Although the canonical differential equations we present involve square roots, a simple
diagonal transformation can be performed, if necessary, to obtain rational differential equations
with respect to any chosen variable. This rational form enhances the efficiency of direct
numerical differential equation methods. Additionally, we introduce an alternative reduction
scheme for the one-loop-like integrals, which is expected to yield results comparable to those
presented in [1], albeit with slight variations.

The arrangement of the paper is as follows. In section 2, we recall the Feynman
parameterization of general loop integrals and how the one-loop-like integrals appear according
to the proposal made in [1]. In section 3, we study the IBP reduction of these one-loop-like
integrals. In section 4, we construct the canonical master integrals and their corresponding
canonical differential equations. In section 5, some examples of degenerate bases have been
discussed. Finally, a conclusion is given in section 6. A further technical point is clarified in
appendix A. Appendix B provides a validation of our method at the one-loop level.

2 The Feynman parameterization

In this section, we review the Feynman parameterization form of general loop integrals. The
purpose is to set up the framework of one-loop-like integrals of our focus on this paper. We
will follow the line presented in [1].

The L-loop Feynman integral (FI) is

L n
I:/H-QJHID”J" (2.1)

r=1 1T

where D denotes the spacetime dimension, D; represents the propagators, n is the total
number of propagators, and v; are positive exponents. Using Feynman parameterization



to combine the denominators, we have

-1
1 I'(v / " jay’
- = d"a §(1 —_ (2.2)
;'L=1 D;] H] 1F Z:: g 1aJDj)U
where a = (ay,...,ay) is the list of the Feynman parameters, and v = v1 + ... 4+ v,. Since
the inverse propagators are D; = —q] + m , where ¢; is a linear combination of loop and

external momenta, the denominator can then be expressed as

> a;D; ZZZ Kl +Z2l v+ J, (2.3)
j=1

r=1s=1

where K is an L x L matrix, v is an L x 1 column matrix, and J is a scalar. Using (2.3),
the Symanzik polynomials U and F define as

U=det(K)=|K|, F=|K|J+v K v). (2.4)

After integrating over the loop momentum, the FI can be written as

= le(Vj)/d o(1 ]Zl ])(jl_[1 i) [f(a)]"_% (2.5)

For general integrals with numerator N’ (l)

T NO

one can carry the similar procedure to arrive the similar form as (2.5) with ([T}, a 1)
replaced by more general polynomial of a and the change of powers of U and F. 1

In this paper, we will focus on the 2-loop integrals although our discussions can be
straightforwardly generalized to higher loops. For general 2-loop Feynman diagrams, the
topology is just the shape of sunset and propagators can be divided into 3 branches. Following

the strategy of [1] we label them with different parameters. For propagators of the form
1

—(lhi—pri)?+m3,’

propagators of the form

we denote the corresponding Feynman parameters as (z1,...,z,,). For

1

——————, we denote the corresponding Feynman parameters
. AT ponding Fey p

1

S (Yng+1>- -+ Yng+n,). Finally for propagators of the form T Ve denote
the corresponding Feynman parameters as (zn,+tn,+1, - - - Zng+n,+n.)- By introducing three
d-functions, 6(X — >, zi), (Y — >, i), and 8(Z — >, zi), into (2.5), we get a new expression

I'lv—-D —
I:T(LVF()/dXdeZd(l—X—Y—Z)/dnag, (2.7)
T Vi
where
dra = d"a §(X — in)é(Y - Zyz-)d(Z - ZZZ) ,
ﬁ ity U(a)) 7 28)
- [f (a)] =P~ '

"More details of derivations can be found in [1, 39, 40].



The explicit expressions for & and F are

X+7Z Z
K = U=|K|=XY+XZ+YZ 2.9
( ; Y+Z>, K| = XY + X7+ (29)

and

Ny Ny Nz
JF= U(Z zi(mi; — pl;) + Z yj(m%%j - P%ﬁj) + Z z(min — pin))
i=1 =1 =1

+(Y+2)> aipii+(Y+2Z) > wixj(2pLi-prj)
=1

1<i<j<nx

Ny
+(X+2)Y vk +(X+2) > yii(2pri - pry)

j=1 1<i<j<ny

Nz
(X +Y)D) i+ (X+Y) D ziz(20mi - puj)
=1 1<i<j<n,

Ng Nz Ny ng

+ (Y =2)> > wizmlpri-pan) + (X = 2) > yia(pr; - pan)
i=1 =1 j=11=1

ng My

+(=22)> > xiy;(pLi - prj) (2.10)

i=1j=1

In this paper, we will not use the explicit expression (2.10), but only the character that F is
a polynomial of Feynman parameters (z,y, z) up to degree two. Since U does not depend
on z,y,z we can write I in (2.7) as

F(”_D)/dXdeZ S1-X-Y - Z)u"/% Pla,y,2)F, (211
?:1 I'(v;)

I =
where P is polynomial and 7, v are general powers for general integrals with numerators. We
will call the part [d"a P(x,y,z)F" as the one-loop-like integrals, which will be the focus
of the paper. We want to remark that the one-loop-like integrals is called fixed-branch
integrals in [1, 26].

For latter convenience, we write

F=Cy+ ZCiai + Zci’jaia]‘

ij
1oy (260 CT (1) _ 1,/ o 1
—2(1a)<c A><a>:2(1a)M<a) (2.12)
where
Ci = CZ', A,L'jj = 2Ci7j . (2.13)

It is worth to notice that A is a symmetric matrix, i.e., C;; = C;j;. When we consider the
differential equation of master integrals over C, we need to take care of this point.



3 Complete reduction of one-loop-like integrals

In this section, we will discuss the IBP reduction for one-loop-like integrals. First we discuss
how to construct the IBP relations for integrands having the delta-functions. Secondly, we
write down some useful IBP relations.

3.1 IBP in the parameterization

In this part, we will discuss the reduction of [ d”a P(z,y, z)F” in (2.11) for general polynomial.
To deal with the presence of delta-function, we will take a slightly different approach compared
to the one in [1]. First using the three delta-functions, we can solve one of z, for example,
Ty = X — 32k, ¥ and similarly yp, =Y — 375 y; and zg, = Z — 30,4, 2. After that,
the fc% part in (2.11) can be written as

I = [da ([T e HiF@p = [dac, (3.)

J#k1,k2,ks

where F(k) is obtained from F by substituting xy,, yk,, and zx,. We will denote it
1 29 CT\ (1
F(k)=co+ zi:ciai + Zz;ci,jaiaj = B (1 a/k\T> (C A ) (G/,;)

= % (1 CL;;T> M (alA> , (3.2)

k

where the k denotes the removal of the ki-th, ko-th, and k3-th rows and columns. Different
choices of k will end up different F'(k) from the same (2.12).
Now let us consider the IBP relation of z; (i # ki)

T = /O d"a 0, (5(X = Y w))6(Y = S 4)8(Z ~ 3" 2)G). (3.3)
J J J
On the one hand, we have
T— /d?ﬂ,, Cloreoe — /d?ﬂ,, oo (3.4)

The presence of the delta function makes the boundary term at z; = oo vanish, leaving

T— —/d"*la Clasco = —/d?a 5(2:)G . (3.5)

On the other hand, we have

T:/d"a (axia(x—%jxj))aaf—;yj)a(z—zzj)mr/% 0.G.  (3.6)

J

Combining these results, we obtain
—/d?a 5(2:)G :/d”a (000X = Y 2))o (v = Y u)o(Z ~ 3 )G
J J J

+/dn“21 es (3.7)



Next, we consider the IBP relation of xj,. Following similar computations, we obtain
—/d% 5(w )G = /d”a (02,0(X = 2) )0V = Y u)s(Z - X 5)G,  (38)
J J J

where we have used the property 8% G = 0 since zy, has been integrated out. Now coming
to the key observation

8%(5()(—2.%']) :83%15()(—23?]'). (3.9)
J -

J

By subtraction we get
/c% 0,,G = /% G(S(an,) — 6(z1)) .- (3.10)

For simplicity, we can express the IBP relations as the following algebraic identities, with
the understanding that these identities hold only when they are substituted back into the
integration context:

05, G = [6(zp,) — 6(2:)] G (3.11)

For later convenience, we will define aJI- to be the corresponding a, which appears in the same
delta-function and has been integrated out. For example, xj, in (3.11) will be denoted as

I

x;. Using this notation, we can rewrite (3.11) as

04,G = 0(a;)G,  6(a;) = 6(al) — 6(ay) (3.12)

Noticing that although originally there are n Feynman parameters, there are only (n — 3)
IBP relations in the form (3.12).

3.2 Iterative IBP reduction relations

In this part, we will consider the IBP relation of the form

> W =2 0(ai) P(a)QF” (3.13)

i

on the left-hand side of (3.12), where F' is given in (3.2), P(a) are polynomials of a and
QW) =1]a. (3.14)

With some nice choices of P;(a), we will get several useful IBP relations. Using these relations,
we can find the master integrals and obtain reduction coefficients of any integrals to these
master integrals. Using these results, we can derive the differential equations of master
integrals in the next section.



3.2.1 The first type of choices

Now let us consider the first type of choice. Fixing an index iy, we take
Py =F, Pjt,=0 (3.15)

Putting it back to (3.13), it gives

Lo QFT + (y+ 1)

aiy Bar QO = 3(ai) Q)™ (3.16)

Let us define following useful action?

O o) ="0Q@), Q) = Q@) (3.17)

Oa; @i,

iy Q(V) =
Using them, (3.16) can be written as

ig Q)T + (v + 1) (cip + 2 ¢ijd QD) FY = 8(ai)Q(7) F1* (3.18)
i

The relation (3.18) contains different powers of F, so it is like the relation connecting different
dimensions. It will be useful when we consider the differential equation for master integrals.
To see its usefulness, let us consider several applications of the formula:

(a) When taking Q(7) = 1 and ig = 1, ..., 7 (for simplicity, we have written m = n—3), (3.18)
can be written in the matrix form

A-aF' = -CF" + (Jlrl)éFV“ (3.19)
gl

where A, C are given in (3.2) (especially, 4;; = 2¢;;) and a, § are row vectors

<T
CLT:<CL17_,,7aﬁ); 0

= (8(aq),...,0(am)) (3.20)

If the matrix A is non-degenerate, we can reduce the rank one integrals® to the scalar
basis and subsectors

1
(v+1)

If matrix A is degenerate, (3.19) means the scalar basis F'7 is not a basis anymore and

aF" =A"1. {—CF"Y + 5F’Y+1} (3.21)

can be reduced to subsectors. One way to see it is that now there is an eigenvector of
A with eigenvalue zero, i.e., a- A = 0. Multiplying at both sides we get*

s S oot (3.22)
(y+1a-CT
2It is important to notice that ¢* act only on Q(#), not on F.
*Here we define the rank of the integrals Q(7)F"*" to the [v| = >, vi. Also, we call §(a;)F” to be the
subsector of F”7 since the number of Feynman parameters is reduced by one.
4There may be more than one eigenvector with eigenvalue zero; different choices of a will lead to extra

—T
relations between 8 FYT1, which means subsectors are not all independent, i.e., some subsectors will not be

master integrals anymore.



(b) For the Q(#) with rank one, we can write Q(7) = a’ as a row vector. Using i~ -a’ =

Iixm, (3.18) becomes the matrix form
LisaFP 4+ (v 4+ 1)(C+A-a)-a’F' =5 -a F7! (3.23)
If we take the trace at the both side, we will get
AT 4 (v + 1)(2F = CT - a — 2¢0)F7 = {8(z3,) X + 6(yp,)Y + 8(2p,) 2} F7 1
where we have used the result
/&ﬁa Te(3 - a’) = /dnAEL 5" a= /%Z(a(a{) — 5(ay))as
i

— [ @Y s(ahai = [ da{3,)X + 5(p)Y + 6(21,)2}

(3.24)
Rearranging it we can write
@+ 20y + 1) F7™ = (v +1)(C - a” + 2¢0) F7 + 6xyzF7 ! (3.25)
where for simplification, we have defined
Oxvz = 0(xp,) X + 0(yr,)Y + 0(2k4)Z (3.26)

If the matrix A is non-degenerate, we can use (3.21) to simplify (3.25) further as

@+ 20y + )P = {2(v 4+ Deo — (v + 1)CT - A7 -C} P
+ {CT AL+ 5XYZ} ke (3.27)

Now we can consider the reduction of rank two tensor using (3.23). Rewritting it as

A-a-a’F'=-C-a"F" +

—Liym F7H 48 T P 3.28

we can solve

1

a-a'F'=—-A"1.C.aTF" +
(v+1)

AL {—ImﬁFVH 13- a,TFVH} (3.29)

when the matrix A is non-degenerate. The FYT! at the right-hand side can be simplified
further using (3.27). If A is degenerate and there is zero eigenvector such that o’ -C # 0,
we can solve

1

T
- -
@ (v + Dal - C*

L ARE i o (3.30)

which reduces the rank one tensor integrals.



3.2.2 The second type of choices

For this one, we take

F F
Prtan(@) = ;) (@) = a5y 2 L aey 1Y g, (3:31)
(9&2‘0 aai -

0 J

Putting it to (3.13) and doing some algebraic simplifications, we can get

{<2cO + 203 Nig + v+ 14D G ) e 423 %Jo‘*)} Q)E"

J J J

— {5XYZ(% +2 Z Ciojd ") +0(aiy) (20 + Z cjj+)} Q(P)F7 (3.32)

J j
Defining vg = >_; v; for Q(¥) and rewriting (3.32) to matrix form, we have
2y+7n+14+vg+1)A-aQ(V)F”?
= —(2y+ 7+ 14+vg)CQW)FY — (2c0 + CT - a)(i")Q(V)F
+{0xv2(C+ A-a)+ 820+ CT - a)} Q) F? (3.33)

A good point comparing to (3.18) is that the power of F'is the same in (3.33). When |A| # 0,
we can use this formula to reduce the higher rank tensor integrals on the left-hand side to the
lower rank tensor integrals as well as the subsectors on the right-hand side. When |A| = 0,
we can also use it to reduce some higher rank tensor integrals. To add extra relations to
do the reduction, we can use the following strategy. Taking the zero eigenvector «a; of A,
we multiply it at the both side and rewrite Q(7) — aQ(V) to get

2y +7a+1+vg+1al - CaQ(P#)F" + (2co + CT -a)al - (i7)aQ (V) F?
= af {oxyz(C + A-a)+ 320+ C" - a)} aQ(#) I (3.34)

Taking all a; we get the wanted extra relations to give the full reduction when combining
with (3.33).
Now we present some simple applications of (3.33):

a) When Q(7) = 1, we get
(a) Q) g
(2v+n+2)A-aF" =—-(2y+n+1)CF”
+{0xrz(C+ A-a)+ (200 + CT - @)} I (3.35)

It is similar to (3.19). When combining them together, we can have extra relations to
reduce 6 7+,

(b) When Q(7) = a, we get
(2y+7n+3)A-(a-al)F"?
=—(2y+71+2)C-a’FY — (2¢0 + CT - a) s F?
+{0xyz(C + A-a)+ (200 + CT - )3} - a” F" (3.36)

which can reduce the rank two tensor integrals.

,10,



3.2.3 The third type of choices

For this one, we take
Pi(a) = a;. (3.37)

The IBP relation is

(Z itiT e+ 27) QUANFT = (20 + 3 55 )Q) F7 !

? J

Using the result (3.24), it becomes

<Z it +m+ 2’Y> Q) FY —(2c0 + Z I NRQWNF" = bxyzQ()F (3.39)

? J

Again, we see a few examples:
(a) When Q(7) = 1, we have
@+ 27) FY —~4(2co + CT - a)F' 1 =65y, F7 (3.40)
It is nothing, but the one (3.25).
(b) When Q(7) = a, we get

(1+7+2y)aF? —v(2co + CT -a)aF" ™! = 6xyzaF? (3.41)

4 Master integrals and their differential equations

From above discussions, one can see that any integral I'(vy, {r1,...,v,}) can be reduced to
integrals I'(y,w) = I'(y, {wi,...,wy}) with w; = 0,1. It is similar to the fact that any
one-loop integral can be reduced to the scalar integrals. With this observation, the first
natural choice is to take the master integrals to be I'(y + 1, w).

Now let us see the differential equations for these chosen master integrals. For %;Lw),
we have,’
OFF1 2v+n—1 CT'Afl-S-i-(sXYZ
= DFY = - ——— 7! Pt 4.1
5 =+ D) 2 - - (1)
where the second equation has used the result (3.27) and
D=CT A . C—2¢. (4.2)

5Again, equation (4.1) holds only under the integration. However, since ﬁ commutes with integration, we

can write it as the algebraic relation.

— 11 —



Here and in the later part of this section, we have assumed A is non-degenerate. The
result (4.1) is nice since a given master integral in the differential equation depends only
on itself and the nearest subsector.

Now we consider the differential equations for 8@2:1. Similarly we have
oF -1 —1 .7y
5o = v+ 1DaF7"=—-(+1)(A " -C);F"+ (A -6),F" (4.3)
(
where (3.21) has been used. Using (4.1) again, we get
8F'y+1
— Da: FY
e, — (L

T -1.3
=—(A7'.C) (—27 +2;’ “lpn 004 2')5 ha 5XYZF”Y“>

+ (A7 §) (4.4)
Again we see a given master integral in the differential equation depends only on itself

and the nearest subsector.
Finally we consider the differential equations for %.6 We have

OFTH!
8Ci7j

= (’Y + 1)aiajF7
= —(v+ 1A C)ia;FY — (A P+ (AT 8)ia Y (4.5)

where (3.29) has been used. To reduce to the chosen master integrals, the first term in the
second line of (4.5) should be replaced by the result in (4.4) and we see the dependence of
itself and the nearest subsector. The trouble part is the third term ajFVJrl of the nearest
subsector. Reducing this term will produce dependence in all subsectors, which makes
the pattern of differential equation complicated. There is another disadvantage, i.e., the
differential equations (4.1) and (4.4) are not canonical.

Now we want to construct the canonical basis from the natural scalar basis, i.e., looking
at the basis of the form g(c)F7*!. Considering the action Oc,;, we have

9g(c) FT 9g(c)
Ocij  Ocig
—(y+ (AT Chiajg(e) FY + (A7 8)iaz9(c) 7Y, (4.6)

F7H— (A7 Y)9(c) 7T

We can eliminate the first line by demanding

dg 1 g  0Oa,,|Al g dcij O, ;| Al
0= —g(A™ )iy = -yt = - —— 4.7
aci,j g( ) 7 861‘7]' g |A| 8617]‘ g&Am ’A| ( )
Using A;; = 2¢;j, the solution is
g9 =1(co. ;)| A2, (4.8)

where g depends only on ¢y, ¢;.

SWhen we take the derivative over c;; in (4.5), we have assumed c¢;; to be independent. If one insistent the
or ! o q eFt!
¢ j an dcj;

condition ¢;; = ¢;;, one just need to add up

— 12 —



Next, we want the appearance of the overall € factor in the differential equation. To get
the hind, let us look equation (4.1). For scalar integrals, from (2.5), we can see that

LD L(d—-2
A it (1.9

where n is the number of propagators of this sector. Thus
2y+n—1=2(d—2¢) —n—1=2d—n—1—4e (4.10)

where we have set L = 2 for our case. When n is odd, we can take the space-time dimension to
be d = "TH and 2y +n —1 = —4e. However, when n is even, we can only take d = § and now
2y+n—1 = —1—4e. To cure this point, we need another nontrivial factor g(c) in the definition
of canonical basis in (4.8). With the above explanation, now we define the canonical basis:

Tom = €"T(m — 1 + 2¢)|A|Y/2DY/2 ) —m—2¢ (4.11)
Tomi1 = €™M0 (m — 1+ 2¢)|A|V2F)m2 (4.12)
Here the subscript gives the number of Feynman parameters before integrating out three a

using the delta-functions, thus for odd case, m > 1 and for even case m > 2.
Now we present canonical differential equation according to the value of n.

4.1 The case of n = 2m

By combining (4.1), (4.3) and (4.5), we have

dZopm, = cam—somZLom + Z C2m—>2m—1;iI§Q@_1 + Z C2m—>2m—2;ijzéij2_2 (413)
i i#j
In (4.13) the summation of i is ¢ = 1,...,n, where the three integrated indices should also

be included. For the summation 3, ; similar understanding should be taken. An important
observation of (4.13) is that the right-hand side is up to sub-sub-sectors only. Now we give
the expressions of coefficients c:

(a) For com—om, it is easy to find

4
COm—2m = 56 {dCO - (A_lc)idci - (A_lc)i(A_lc)ijiJ}

— —2edlog D (4.14)

(b) For the coefficients co;m—2m—1:4, using (4.1), (4.3) and (4.5) we will get the combination
]A?|1/ 25(a;) F2,™ % where A is the matrix obtained from A by removing the i-th row
and column. However, §(a;)Fs,, ™ 2 = Fy ™ 2 which gives the basis (4.12). With
this clarification, we find that when i ¢ (k1, k2, k3),

—2¢(CTAT A2 | ((CTATIA]/| A2 VD
C m m— .i = O
2m—2m—1; (D — D;)|A?|1/2 (CTA*1)1-|A|1/2/|A?|1/2 +D

(CTA’I)Z-\A|1/2/|A,>|1/2 ~ D
= —2edlog T i
(CTAT)|A]'2/| A1 + VD

(4.15)

,13,



where D; = C% - (A>)7! - C; — 2¢0. Later we will meet Ap; and Dy and the similar
understanding should be taken. The proof from the first line to second line is as follows.
Take i =1 as an example, expanding D — D; we will get

T=clATj+20 ) Ao+ Y (A — A= ) +2a Y (AL —AS) o)l

Lik,k Lik,j
Jj#1 k,k#1 J#Lk

To continue, we need to use the Jacobi’s identity (see [41] Lemma A.1 (e))

[AJ] = (—)*71A]|(A7h7] (4.16)

where A{, is the submatrix constructed from the elements A;;,¢ € I,j € J and A% is
the submatrix constructed from the elements A;;,i & I,j ¢ J. The factor (=) s

(_)Zieli+zj61j. Using (4.16), we have

(adidg), - ()]G

A:l = — (15)
Lik.j | Af] | A7
(A1 AI(A 1AL — ATLAT))
- - — (4.17)
|Af| |A|A1,1
thus
_ _ L |AIALIAL — (A7)
T ZC%AL% + 261 Z Al,;cj + Z [ci(Ak’,k - ’A’A—l : )
j#£1 k,k£1 11
Al(AT1A L —ATLATE
T2 Z (A’;} . | |( 1,1 k.5 — 1,k LJ))C]‘}
j#£LE ‘A‘Al,l
(CTA ) |A]
= . (4.18)
| A7
When i € (k1, ko, k3), for example, i = k1, we find
. . _2€|A|1/2 Z?:zl,i;,ékl (CTAil)idlo VD -D — /D
2m—2m—1;k1 (D — D/)‘A/|1/2 g m + \/5 ’
vD—-D' — D
= —2ed log vD (4.19)
VDD + D

The D’ and A’ are obtained as follows. First we replace T =X — o Lk K in the
-4 sy

F (see (3.2)) and get the new {,, A’,C’. Then we construct D’ using (4.2). In the
appendix, we will prove that (4.19) can be expressed in the same form as (4.15) with
the understanding that now ¢y, A, C' are read out from the F', which is obtained from
F (see (2.12)) by integrating out zy instead of xy, .

For coefficients com—2m—2.ij, we again encounter the combination d6(a;)d (aj)FQQT;m_ZE
= [ 7U72 Ghich is the basis (4.11). When i ¢ (k1, ks, ks) and j & (k1 k2, k3),

— 14 —



direct computation gives

D-—D)D~ — . /(D-— D~)D
_;leog(\/( DG \/( i Pg) >+(i<—>j), (4.20)
\/(Di— D)Dy + \/(D;— D~)D

Com—2m—2;ij =

where coefficient

T A—1 _
@A Ry e VTANCTATY
Sl /oD@ D)

after using (4.18). When i € (k1, k2, k3) or/and j € (k1, k2, k3), we will have the similar
expression with the understanding that now ¢y, A, C are read out from the F', which is

= /-1, (4.21)

obtained from F (see (2.12)) by integrating out proper variables, for example, when
1 = k1, integrating out Ty instead of xy, .

4.2 The caseof n =2m +1
By combining (4.1), (4.3) and (4.5), we have

dZom+1 = camt1—2m+1Lomy1 + Z C2m+1—>2m;z’I§2L + Z C2m+1—>2m—1;ijI§%),1 (4.22)
i i#i

The situation is similar to the case n = 2m, so we will be brief. For coefficient cont1—2m+1
we have

Com+1—2m+1 = —2ed log D (4.23)

For coefficients to sub-sectors we have

—(CTA)|A'” VEI(CT AT A2 )| A2 — | D5
Com+1—-2myi = dlog T A—
2,/( D« D |AA|1/2 vV—1(C" A ) ]A|1/2/|AA\1/2+1/

oy, VEL(CTATY) AV A — | /D
= og
V=L(CTAY) A2 A2 + /D

(4.24)

where the case ¢ € (k1, ko, k3) should be understood similarly. For coefficients to sub-sub-

o 1osam-35 = L edlog VTadiA) — /1A VAl
m+1—=2m—1;ij 2 \/jl(ade)i,j + m\/w

where adjA denotes adjugate matrix of A.

sectors we have

(4.25)

5 Degenerate examples

In the above sections, we have discussed the non-degenerate case systematically. In this
section, we will briefly discuss the degenerate cases. There are two degenerate situations:

,15,



1) |A|=0.
Multiplying both sides of the equation (4.1) by |A|D yields

(v +2)|A|DF"T = CT (adjA)SF7 2. (5.1)

Although |A| = 0, while |A|D = CT(adjA)C — |A|2¢y = CT(adjA)C remains non-
vanishing. Consequently
CT(adjA)d

+2)F7 T =
(r+2) CT(adjA)C

F+2, (5.2)

2) |D|=0.
Multiplying both sides of the equation (4.1) by |D| yields

0=—2y+n—-DF" 4+ CTAT P 4 5xy 7L (5.3)
Thus,
T A—-1%
prite ©A8 pn | OX¥Z g (5.4)
2v+n—-1 2y+n—-1

In this section, we present several examples to illustrate how to handle degenerate

cases. For convenience, we use (a,b, c) to denote a diagram in which one branch contains a

propagators, while the other two branches contain b and ¢ propagators, respectively.

5.1 (3,1,1)

Without loss of generality, we choose ay, = 73, ar, = y4 and a, = z5. In this case,

y=-2-2 A= (20171 2612)

26172 262,2

2 2 2
cic2,2 — 2cac1c1 2 + c3c1,1 + 4o (0172 — C1,162,2>

D=- .
20%’2 —2c1,102,2 (5:5)
If [Aq| = 2c22 = 0, then using (5.2), we obtain:
(CT(adjAp)n
—2€d(x1)F 7% = L1 5(21) (6(w3) — 6(a)) F
€d (1) CZ (adj A1) C5 (21)(0(z3) — 0(22))
1
= 65(:61)(5(963) — 0(zp))F 2. (5.6)
Using the master integrals definition (4.11) and (4.12), we can get
—1
7V = —(CL(adjAy) ) VALY - ) = —2§) + 7Y (5.7)

C2

We can directly apply the differential equations (4.1), (4.3) and (4.5) to obtain the CDEs

in degenerate cases. Since only I§13) and 1'3(,12 are affected, we include only the I:gl?) term
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in the differential equations for simplicity (we do not explicitly write both terms, as their
treatment follows a similar approach). From (4.1), we can get

(CTA_ )i A[Y2

0 (€ (26) | A[/2F1%) = 2! San) P
263\/701 2

B O(1)8(w2) I 5.8

030171 — 261020172 + 4006%’2 (331) (332) ( )

where to get the second line, we have used (5.6). Analogously, we can get

Do, (€3(20)| A2 F~1726) = —€Vlexcr
“ C%CLI — 261026172 + 4006%72

63\/?101’2(0162 — 40001’2)
Cco (4606%72 + 02(017102 — 2010172))
63\/—10172(0162 — 2¢pc12)

2
C1,1 (4000172 + 62(61,102 — 2016172))

(5(.%'1)(5(.%’2)[7_26

ey (€3(2)| A2 F~1726) = §(w1)0(zg) F 2

(5(1‘1)(5(%’2)}7726

8'31,1 (63(26) ‘A’1/2F71726) =

3v/—1 —4
ey, (€3(26)| A|Y2F172) = ¢ (crc2 — deoer ) 5(z1)8(za)F2 . (5.9)
1,2 9
2 (4606172 + 62(61’162 — 261612))

Recall that Zs = €3(2¢)|A|Y/2F 172 and Iém) = €25(x1)6(z2) F~2¢. From above equations,
we can easily get the coefficient c5_,3,12 in the degenerate case is

v—1e C%CLl —2c1c901 2 + 4epet
dlog 5 =] .
2 620171

(5.10)

Alternatively, we can attempt to derive the degenerate CDEs from the non-degenerate

ones. From (5.7), we know that in the degenerate case, I(l) decomposes into Zém and I?(,l?’).
(12), 1) A contribution

(1)

already existed for the non-degenerate case; 2) the contribution originally came from the Z,”/,
which is further reduced to Iém). Thus, the coefficient for Z; — I?Elz) is given by

Consequently, there are two contributions for the coefficients of 7

C5-53;12 1 C54;1C4;1-53:12

Y1 2
— —40172 — \/4617162’2 — 40172
—/—4c12 + \/461 1€22 — 40% 2

(
(

FcTA F/mwﬁ

V=Te12+Jerican — &, V-UCTA™)1V]A]/\/|Ag] +/D;
\/—161’2 —4/C1,1C22 — 6%72 V —1(CTA71)1\/W/1 / ‘A’l\| — 1/D/1\

C%Cl,l — 2016261,2 + 4000%2>

2
6261,1

(5.11)
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To obtain the third equation, expand the terms inside the parentheses as a power series in
ca2 and extract the coefficient of the constant term. The result is consistent with (5.10).
If D> =0, Ig?)l = 0 follows from (4.11), and cam41-2m;i = 0 follows from (4.24). This

implies that Iégl can be omitted, while the other terms in the canonical differential equations
remain unaffected.

5.2 (4,1,1)

In (4,1,1) diagram, Zg = 2€4(1 + 2¢)| A|Y/2DV2F; 272 7V = 2¢| A7 V2 F; 17 and 72—
263\Aﬁ]1/2DﬁF4_1_26. Without loss of generality, we choose ag, = 4, ar, = y4 and ag, = 25.
We derive the degenerate CDEs from the non-degenerate ones. For Dy = 0, from (5.4) we

can obtain
1
266 (1) F1 12 = Z(263)(0{141_1)15(301)5($2)F7+2 +... (5.12)
Consequently,
1]A-"?(CctTA? /1
Iél)zj HVE(CT AT h 512)4_“': Iiu) n (5.13)
4 |A]Y2(D)1/? 4

Here, for simplicity, we omit other sub-sub-sector master integrals on the right-hand side of
the above two equations, as their treatment follows a similar approach. Analogous to (5.11),
the coefficient for Zg — Iim) is given by

C6—4;12 T C6—5:1C5:1—34:12

V=1 /(P;—D)DPr;— /(D;— D3)D
= dlog +(1+2)
2 \/(DT—D)DI/E + \/(DT—Dﬁ D
_ 62\/j1dlog( ‘ P Di- VD
4 /D — D/f +VD
R P e B g\/(DZ_D)Dﬁ_\/(DE_Dﬁ)D (5.14)
2 D3 -D 2 \/(D2 —D)Dp; + \/(175 —D3)D ’
where
D=CTA™'C -2, (5.15)
with

2c1,1 2¢12 213
A=|2c12 29 2c23 (5.16)
2c1,3 293 2c33
If ]A?| =0, ISQL_I = 0 follows from (4.12), and c2m—2m—1; = 0 follows from (4.15).
This implies that Ig?)%l can be omitted, while the other terms in the canonical differential
equations remain unaffected.
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5.3 (5,1,1)

Without loss of generality, we choose ay, = x5, ar, = ya and ay, = z5. Following the steps
outlined in the previous two subsections, the first step in deriving the canonical differential
equations (CDEs) for the degenerate case is to determine the coefficient for the transition
) — 79,

For |A;| = 0, then using (5.2), we obtain:

) =1 4 (5.17)
where

I = (1420)26%6(20 )| A V2DYF 7%, 10 = 6(21)3 (e2) (26Y)| Ay [ PF . (5.18)

Analogous to (5.11), the coefficient for Z; — Iélz) is given by

C75:12 + C7—6;1C6;1—5:12

e/—1 v—1(adjA)q, ‘/Aﬁ VI]A
dlog
2 v—1 adJA 12—1—1/A1/5\/
T /\ )~
eﬁdlog V=1(CT"A™")1/]A]/\/|A;] — VD;
2 V=1(CTA™ Y, /[A]/,/|A7] + VD3

/=1 —|A5|CT (adjA~) C~
=V 1og 45| _1( ! 21) L), (5.19)
2 ((adJA)l’g) D

where
D=CTA™C -2, (5.20)

with

2c1,1 2¢12 2¢13 214
261’2 202,2 202,3 20274 (5 21)
26173 20273 26373 20374 ’

26174 20274 20374 26474

6 Conclusion

We systematically analyzed the properties of the one-loop-like integrals under the newly
proposed HHM representation of Feynman integrals. This includes providing an alternative
iterative reduction scheme equivalent to that in [1], based on which we derived the canonical
basis and canonical differential equations for this function family. We found that its properties
are remarkably similar to those of traditional one-loop integrals. Both cases require only two
formulas, distinguished by whether the number of propagators is even or odd, to express all
canonical master integrals, as given in (4.11) and (4.12) of our paper. In the non-degenerate
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case, their canonical differential equations depend on at most two fewer master integrals,
making a complete and systematic discussion feasible. The corresponding matrix elements
and symbol structures are provided in (4.14), (4.15), and (4.20), as well as in (4.23), (4.24)
and (4.25). The symbol structure of the one-loop-like integrals in the HHM representation also
closely resembles that of traditional one-loop diagrams (see, for example, [27]). Additionally,
we presented several examples of degenerate cases for the canonical differential equations.

Since the one-loop-like integral family we studied is the first step that needs to be
computed for efficient two-loop calculations under the HHM representation [1], providing its
canonical differential equations is crucial for directly obtaining its analytic results, performing
fast numerical computations, and systematically analyzing its singularity structure. This
could further facilitate more efficient two-loop and even higher-loop computations under
the HHM representation.

We also observe that the differential equations of one-loop-like integrals can be used
to establish IBP relations for the full two-loop integrals, i.e., it effectively transforms the
problem of multi-variable IBP reduction for arbitrary two-loop integrals into a two-variable
reduction problem (where three variables X,Y, Z are reduced to two after integrating out
a delta function).

As a result, an interesting direction for future exploration is whether our differential
equations for the one-loop-like integrals can aid in studying the reduction properties of
complete two-loop or higher-loop integrals and help uncover the iterative structure of IBP
relations (see, for example, [42]). Furthermore, integrating this representation with modern
mathematical tools such as computational algebraic geometry [45-47], intersection theory [48,
49] and generating function [37] are also worth considering in future research.
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A Independence of the choice of k

In the paper, we derive the canonical basis and canonical differential equation using the
F, which is obtained from F after integrating out three a;’s. Since different choices of a;’s
will give different expressions of F', it is not obvious that the canonical basis and canonical
differential equation will be independent of these choices. In this part, we will prove this point.

The procedure of integrated out can be represented by an (n+1) x (n — 2) transformation
matrix as

(l,al,...,an)T:b(k)(l,xa,y@,z@)T, (Al)

— 20 —



where the x s represents the remaining parameters along the X-branch, i.e., H means the

x, has been removed. Thus from (2.12) and (3.2) we get
M = b(k)" Mb(k) (A.2)
Since matrix b(k) is not a square matrix, we want to rewrite (A.1) as
(l,al,...,an)T:B(k)(l,az]:l,y]%,zl%)T, (A.3)

where the @ P represents the same X-branch, but the zj, has been set to zero. The elements

of the sqaure (n + 1) x (n + 1) matrix B(k) are

Sjky 1F# k1 +1,ka+1,k3+1

X, i=ki+1,j=1

Y, i=ky+1,j=1

B(k),; = Z, i=ks+1,j=1 (A.4)
1, i=ki+1,5=2,... np+1

=1, i=k+1Lj=n,+2,...,np +ny+1

=1, i=ks+1l,j=ng+ny,+2,....,np+ny+n,+1

There are some properties about B(k),
B(k)™' =B(k), |B(k)=-1. (A.5)
Similarly, we get
M(k) = B(k)' MB(k). (A.6)

Matrices b(k) and B(k) have following relation: B(k) includes three additional columns,
specifically the ki + 1-th, ko + 1-th, and k3 + 1-th column. Thus M = M(k)k/ﬁ’ ie.,
three corresponding rows and three columns have been removed from M(k). Utilizing
Jacobi’s identity (4.16) we have

|M| = [M(k) 75| = [ME) MK 1 il (A7)
where
IM(K)| = |B(k)" MB(K)| = |M| (A.8)

which is independent of k and

1 M(k)lgl;—l,lﬂ—l-l M(k)lzli—l-l,kg—‘rl M(k)gli—‘rl,kg—l-l
‘M(k)k-l-l,k-l-l’ = M(k)k11+1,k2+1 M(k)kgl—‘rl,k‘z-‘rl M(k)k21+1,k:3+1 (Ag)
M(k)k3+1,k1+l M(k)k3+l,k2+1 M(k)k3+1,k3+1

One can easily discover M(k)ﬁqk 41 Is independent of k. For example

-1 - T
M(k)k1+1,k1+1 = Z B(k:)k1+1,ij,slB(k)s,k1+1

js
= XMy —2X Y M+ > M (A.10)
]:2 j,s:Q
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which is independent of the explicit choice xy,. Analogously, |A| = |M7]| is also independent
of k. Since |M| = |A|(—=D), consequently, D is also independent of k. These arguments
have proved results, such as (4.15), are independent of k.

Now we prove (4.19) can be written into the form (4.15), which is equal to the proof of
D' =D(k] ) , where D(k7) is obtained from the replacement of ;s rather than x,. Recall
that D’ is obtamed through the simultaneous replacement of wy, , Tk, , Tx,, Tx; . Since the order
of replacements does not affect the result, we can conceptualize D' as being first obtained
from the replacement of xﬁgl,kaxkg, followed by the replacement of zy,. Thus

M (k)
D —_— —W’ (A-l].)

where M' = M(k}, ko, k3) and A’ = A(k], k2, k3). Thus we have D' = D(k’l)]a

B  One-loop check

In the appendix, we will validate our main results at the one-loop level by examining examples
of IBP relations and symbols presented in sections 3 and 4. This validation will cover one-
loop integrals up to the pentagon. For the sake of simplicity, this check will be performed
numerically using the following mass and kinematic parameters:

{m?,m3,m3, m2 mé} = {31,37,41,43,47}

13 7 13 19 27 53 61 71 79

S (S e i B.1
{s11, s12, 513, 522, 523, 533, S14, S24, 534, S44 } {2, 111723’ 29° 59 67 73" 83} (B.1)

where s;; = p; - pj. We define the following notations for simplicity:

Kn=detG(p1y...,pn-1), Bn(z1,...,2,) =detG,p1,...,pp-1),

(
B;L(Zlv n) = det G(evpla cvo oy Pn—2;Pn—1,P1y - - - 7pn—2) )
Bfr{(zlv >Zn) = det G(Eapla cee >pn72;£ap17 « 3y Pn—3,Pn-2 +pn71) 5
IC/ = det G(p17 ce s Pn—2iP1y- -+ Pn—3,Pn-2 +pn—1)7 (Bz)
where G(a1,...,an;b1,...,b,) represents the Gram matrix with entries G;; = a; - b;, and
G(ay,...,an) = G(ay,...,ap;a1,...,ay)

The one-loop FI in Feynman parameterization is given by:

I(vi,...,vp; D) = Llv=D/2) /d” 5(1 zn:a”f FPr2—v, (B.3)

yee ey Un; ]1FU] >4 .
7=1

where a; in F' has been substituted with (1 — 37, a;). Without loss of generality, we set

a; = a1 hereafter. Consequently, in the one-loop case, equation (4.1) can be reformulated as’

D D (CT . A_l)l‘ 1+ ZZ(CT . A_l)i

I(D+2)=—— [(D)— =2 Jif
(D+2) D—n—i—l( ) D—-—n+1 Z+1( ) D—-n+1

(D). (B4)

"We remind the reader that our definition of F in the differential equations does not include the prefactor
gamma function.
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For notation simplicity, I(D) = I(1,...,1; D). Using the Baikov representation, the dimension
shift relation can be derived (see [50]),

-2

I(Vl,...,Vn;D+2):m
n

By (bi,...,bn)I(v1,...,vn; D), (B.5)
where B is obtained by replacing the arguments z; of Baikov polynomial B, (z1, ..., z,) with
operators b;.® These operators lower the value of the exponent v;, according to:

bil(vi,...,vn; D) =1(v1,...,v; —1,...,vp; D). (B.6)

Take the box diagram as an example, we have:

35143
46406525
Ba(b.... i) = 3853b7 N 15451b1by  13081b1bs  97b1by  1151309b; 492168173
T 521594 494615 623645 21505 28687670 1262257480
458714bobs  1731boby  62050463by 498598963  5761b3by
6860095 86020 1577821850 137201900 ' 215050
1990892b3  19b7  86409b;, 4047481551

4

— — B.7
71719175 3400 3118225 36605466920 (B-7)
Plugging (B.7) and into (B.5) yields:
20237407755 63321995 62050463
I(D+2)= ID)4———F—L(D)——7——7—=L(D
(D+2)= Gos01996(0—3) . P T 597a31(0—3) 1P " 5972310 —3) 2P
43799624 43722954 11655325
- LD ——i — D)+ —7—7=1(—-1,1,1,1;D
59731(0—3) 3P so7as1p—3) APV sermip—zy L L L ED)
246084085 114677747

I(1,-1,1,1;D)+ I(1,1,-1,1; D)

T o3R0724(D—3) 1194862(D —3)
35268959 49288690 33094930
T (11,1, -1 D)— —— [ P
T 9380724(D—3) (L,1,1,-1;D) 597431(D—3) 2l )+597431(D—3) L3
7116890 (D)- 105504220 ) 63501735 D)
597431(D—3) 14 597431(D—3) 23 1194862(D—3) 24
42268457
P (D B.
597431(D—3) 5a(D) (B-8)

(D)

Using FIRE6 [51], we obtain the following relations:

I(—l,l,l,l;D):%IQ(DH—%IQ(D)—% ﬁ(p)—%g(m

10,21,1,1:D) = ez (D) + fosresrs 530)~ fontasts 712 siosioeg 1)

I0,1,-1,1:D) = — 0 s (D) 4 0T (D) 4 oo T (D)4 2 (D)

1(1,1,1,—1;1)):%Iﬁ(pn%fﬁ(p)—%fﬁ(p)—% (D). (B.9)
8As the operators b; are commute, the B, (b1, ...,b,) is well-defined.
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Combine all, we get

20237407755 63321995 62050463
I(D+2 I(D (D) — (D
(D+2) = 69301996(D — 3) ( )+1194862(D—3) i(D) 1194862(D — 3) 2(D)
21899812 21861477
L(D) + (D) (B.10)

 597431(D — 3) 597431(D — 3) 4

Subsequently, we employ our formula (B.4) to compute the reduction coefficients. The
relevant matrices are:

1 1 1

5 55
_ (11 1281 7083807 —_ 11 419 168907
C= ( 2 170 1247290) ) A= 5 85 21505 (B'll)
191 168907 7883673
55 21505 623645

—

Thus,

20237407755
T . A—1 _ (62050463 21899812 _ 21861477 _
¢ A= ( 1194862 597431 597431 ) , D= 69301996 (B.12)

Plugging (B.12) back into (B.4), the result is consistent with (B.10). For brevity, the detailed
derivation is omitted; however, (4.3) and (4.5) are also consistent with the results obtained
from FIREG.

Finally, we present the symbol letters. For an odd number of propagators, taking n =5
as an example, the results from [27] are

K5 237922350363012971055400
B5(0) ® 8619263785284712094826057 ’

M = Lidlog B5O-VBiOKs _ = Ldlog 5v/1416156411900275164882983086655—5159419877130114
5473 BL(0)—+/Bs(0)Ks —5v/1416156411900275164882983086655—5159419877130114 ’

Mss = idlo BY—V/—KsKs _ ¢ idlo 100106342929340+/ 1320566 125852131 308839 —4913564640308427796116463
53 = 08 BUiV/—KsKs 0g 3289249639177747909664313

=dlog(—=

(B.13)

where B5(0) = B5(0,0,0,0,0). Our results, obtained using equations (4.23), (4.24), and (4.25),
are:

8619263785284712094826057

— _edl
Co5 = —€ dlog T 68 1506485527700
i —5VI416156411000275164882083086655 — 5159419877130114
545 24 8 5 /TA16156411000275164882083086655 — 5159410877130114
65_>3;4,5 —¢ %dlog —100106342929340\/132325865521429568359211?7132789833661%%3564640308427796116463 (B14)

The relation between our MIs Z,, and g, in [27] is

Zs 95
a5 94
Tsus | =T5 | g3 (B.15)
15345 92
719345 91
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where T5 = diag(4, —44,2,2i,1). The transformation relation between the prefactor matrix
L of dlog in our results and L’ in [27] is:

T 'LTs =1 . (B.16)
This leads to the following consistency checks:

. 1
€ Ms =c5 55, €Ms4=—ic5,45, €Ms53= o Co3545- (B.17)

Analogously, for an even number of propagators, the results for n = 4 in [27]

K 138603992
My = dl — dlog 00702
1= dlog(0y) = d1og e 07755
i BL0) = /—Ba(0)Ks i .. 230424v/384510747345 — 167991663947
Mys = =dlog = —dlog ,
BTN B0) - B0k 2 88348834283
i Ki—/=Ba(0)B2(0) _ 4 vV
M472 — Zdlog —_ Zdlog 163582377430 8;2?8;%g?ggggg;—s%%%(]l768306333952421 (B18)

K ++/—B4(0)B2(0)

Using (4.14), (4.15), and (4.20), our corresponding results are:

~ o edl 20237407755
=1 = 7098 769301996
. — edlo —230424+/384510747345 — 167991663947
4034 = & 88348834283 ’
7 —1511810+/1023095381755171041402810 + 5660768306333952421
C4-2;3.4 = € ~dlog
2 5450315792898285671
(B.19)
The consistency relations are:
')
€My =c44, €My3z= 5 Ca=3id, €My = — 5 G423 (B.20)

Our results for both n = 5 and n = 4 are consistent with those presented in [27].
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1 Introduction

Anti-de Sitter (AdS) and de Sitter (dS) space as the simplest curved spacetime, quantum
field theory (QFT) in them should be the first step for people to understand QFT in curved
space. Meanwhile, QFT in dS space also catches people’s interest due to its phenomenological
application in cosmology, especially inflation physics. Inflation has been widely accepted as a
period of the evolution of our early universe. During inflation, the background spacetime
can be regarded as approximately a dS spacetime. The quantum fluctuation of all particles
in the early universe gave rise to cosmic microwave background (CMB) and produced the
Large Scale Structure (LSS) we can observe today. In order to obtain more information
contained in the CMB and LSS, we need to analyze the cosmological correlators that are
related to the Cosmological Collider signals [1-5].

Cosmological correlators can be calculated by wavefunction coefficients or in-in Feynman
rules. The former regards the cosmological correlator as inserting external fields in the
field integral of the squared norm of the Hartle-Hawking wavefunction. The wavefunction
coefficients, which encode all information of the wavefunction, are equivalent to the AdS
amplitudes in the momentum space up to an analytic continuation. The latter is based on in-in
formalism [6-9]. On the one side, many techniques analog to these methods in flat amplitudes
and CFT correlators are developed in the calculation, including cosmological bootstrap [10-21]
which involves some singularity behaviors and weight-shifting operators, off-shell methods [22—
25], family-tree decomposition [26] which could give power series solutions of arbitrary



tree-level amplitude in conformal coupled case,! Mellin amplitudes [28-30], summation-by-
parts relations in Mellin space [31], bootstrap equation [32, 33], (partial) Mellin-Barnes
integration [34-39], spectral decomposition [40-42], Integrate-By-Part (IBP) [43] and the
IBP-based differential equations [44-47] for conformal coupled case [48-51] and general
case [52] of dS background, and so on [53-59].

This paper aims to show a systematic, powerful, and user-friendly method to evaluate
perturbative QFT in dS space, thus cosmological correlators as well, and show the elegant
structures of tree-level cosmological correlators. The method is mainly based on IBP and
differential equations of general dS case [52], including massive propagators and time derivative
interaction. This case is more non-trivial because people need to generalize IBP from the
polynomial integrand case of flat or conformal coupled dS cases to the Hankel integrand case.
Moreover, [52] directly gives the uniform formulas of iterative IBP reduction and dlog-form
differential equations of arbitrary tree-level cosmological correlators, as we will review them
and give the notations of this paper in section 2. Once we have differential equations, the next
step obviously is to solve them. In section 3 We further introduce the generalized power series
expansion method [60] of flat amplitudes to solve this problem. Slightly unlike in [60], we
directly perform just power series expansions (while “generalized” is found to be not necessary
here) on the first-order differential equations, rather than deriving the higher-order differential
equation for each master integral first. We also find several boundaries whose boundary
conditions could be easily determined. Surprisingly, due to that the dlog-form further
simplifies the series expansion of differential equations, we find that power series solutions of
the vertex integral family exhibit a simple structure, which allows us to conjecture all order
expressions of them directly. These solutions are multivariate hypergeometric functions. We
will firstly show two examples in section 3.1 and 3.2: solving the 1-fold and 2-fold Hankel
vertex integral families by expanding them around both momentum kg of the massless leg
equals oo and k,, of one massive leg equals oo, including presenting how to determine their
boundary conditions. The provided power series solutions have a region of convergence.
Therefore, in section 3.1.4, we discuss how to perform analytic continuation. The numerical
efficiency is also presented in this subsection. In one example, we get the numerical result
of points 100 points with a relative error of at most @(1072*), and evaluating each point
only takes about 0.01s by one core of CPU on a personal computer. Then, in section 3.3, we
give the constructed all-order power series solution for arbitrary vertex integral family for
both boundary ky — oo and k,, — oo, including their boundary coefficient. These are the
new results of this paper. Furthermore, in section 4, we compute a 2-vertex example. By
this example, we want to show that because of the factorization property of IBP of tree-level
cosmological correlators [52], these solutions in section 3.3 directly give all homogeneous
solutions of arbitrary tree-level cosmological correlators. Although we have not given all
solutions of the non-homogeneous part of arbitrary tree-level cosmological correlators, the
calculation of the non-homogeneous solution in section 4 shows using the methods to solve
non-homogeneous solutions, including its boundary condition, is also easy and straightforward.
Meanwhile, in this section, we also indicate that blow-up is a useful technique for solving

!Power series solutions also could be regarded as multivariate hypergeometric functions, and hypergeometric
structure of Feynman integrals in flat cases and its evaluation also has been studied in [27] recently.



power series expansion of differential equations around degenerate multivariate singularity.
The techniques we develop in this paper could also benefit the evaluation of amplitude in flat
space, as we also present related discussions in the section of summary and outlook section 5.

We emphasize that although we have not presented any loop-level example, IBP, dif-
ferential equations, and generalized power series expansion could be applied to loop-level
cosmological correlators straightforwardly as well. Based on our best knowledge, the main
possible challenge that could arise at the loop level is determining the boundary conditions.
It could be more complicated than tree-level. However, there also are many lessons that can
be learned from flat amplitudes for solving boundary conditions. Therefore, it is unlikely
to pose a fundamental difficulty.

2 Background

In this section, we review the basic background for later discussions.

2.1 In-in Feynman rules and asymptotic behaviors

The general Feynman rules for cosmological correlators in in-in formalism are displayed as
follows (for a modern review, see [61]). The bulk-to-bulk propagators are given by

Gs(k;mi,m2) = u(rm, k)u* (12, k),

G<(k;m1,m2) = u* (11, k)u(re, k). (2.1)
Giy(kyi,m0) = Gs(k;1,m2)0(11 — 72) + G (k5 11, 72)0(T2 — T1),
Gi_(k;m1,m0) = Ge(k;1,72),

Gy (k;71,72) = G> (ks 11, 72),
G__(k;m1,12) = Ge(k;1,12)0(11 — 72) + G (k; 11, 72)0(12 — T1), (2.2)

The mode of the field in the time direction is denoted by w, which is
(7_ ]{J) \/2> in(v/241/4) (dfl)/Q(_T)d/QHl(/l)(_kT). (23)

Here the H is Hubble constant, H(!)(—k7) is the Hankel function and other parameters are

k = |k| where k is the 3-momentum, v = \/f zi and d = 3. From this definition, one can

see k typically is real and v typically is real or imaginary, thus we will usually discuss such

cases. The bulk-to-boundary propagators are non-vanishing only when the field is massless
2

2k3
2

2k3

Gi(k;7)=Gis(k;m,0) = (1 —ikr)e*T,

G_(k;7) = G_s(k;m1,0) = == (1 4 ik7)e 7. (2.4)

The Hankel functions satisfy?

2

1
202 (_kr) + Lo, 0D (— 2 F(12)
OZHD (—h) + 0, H() (—kr) + (K — g5 JHI (—kr) =
H (—k7) = (R (—7r)) " (2.5)

2The definition of H{"? in textbook is H(l)(z) = Ju(2) + 1Y, (2) and Hl(,2>(z) = Ju(2) —iY,(z). When z,v
are real numbers, it is obviously that H(2>( )= (Hf,l)(z))*. The second line of (2.5) is a generalization of the
above result when z, v are complex numbers.



The asymptotic behavior of Hankel functions is also important for applying Wick rotation
and solving boundary conditions of cosmological correlators. Hence, we list them below.
For 7 — 0_,

HY (k1) = e1(=k7)? (1 + O(12)) + ca(—k7) (1 + O(72)),

*

H (—k7) = & (k)" (1 + O(F2)) + S(—kr) ™" (1 + O(12))

, 22—V (—
o= ep=c-v], o] = ) (2.6)
1T
For kv — —o0,
H(Vl)(_kT) ~ \/7(—]?7')_%e_ikT_iW(V/2+1/4),
T
H(VQ)(_kT) ~ \/5(_]{77)—%6%7'—}—@'77(1//2—1—1/4) ) (27)
s

2.2 Notations for indices

Since we will frequently use the tensor product of 2-component vectors, we also introduce
the following notation for convenience:

a=a,az, - ,0n , ai:O717
n .
a=1+) a2"",
i=1
Id = I{a} = I{a1,a2,~~-} (28)

Let us explain the meaning of the above notations. The a is a vector with n components,
while each component takes only two values 0 and 1. Thus we can write a as a binary, for
example, a = 10100. The meaning of a is to transfer the binary number a to a number
in decimal system, for example, 0 = 1, I = 2 and 1010 = 11. In other words, we should
treat the ~ as an operation acting on a. Using this action, we can easily get the location
of a-th component in the tensor product. For instance, in the 2-fold vertex integral family,
there are four master integrals. The 3-th master integrals can be denoted as I3 or Ig o).
Another example is that fi,,—1} = fa;=2-

2.3 Integral family and differential equations

For in-in Feynman diagrams, we can use the following elements to express integrands of
tree diagrams

0
I:/ [[dnr IIF;,
oL ;
Fj = e, H2) (—k7), - HL2) (—kr), 0(j — ) - (2.9)

Here, each [ dr; corresponds to a time-integration of a vertex. In this paper, we will denote
the tree-level cosmological correlators with M vertices as “M-vertex correlators”, including
integrals with respect to M time variables 7;. We call the integral family with one vertex a



“vertex integral family”. Since each massive leg contributes a Hankel function in the integrand,
we use the n-fold (Hankel) vertex integral family to denote a vertex integral family with n
massive legs. Integrals in the family can be written as

0 ) n
fé?;)) _ / (_T)uo+ao€zk07 H h(si)(yi’ ai; —k;T)dT
—00 =1

CLoEZ, Sizl,aizlzo,l; a:(al,--- ,an); S:(Sl,...,sn) (2.10)

where h-functions are redefined using the Hankel function and its time derivative for later
convenience:

R o 2 (1, 0; —k7) = (=k7)VHWY (k1) (or H,(,Z*)) x Ty (or u™),
1
o2 (1 —kr) = —%&h(l o 2)(y,0; k1), (2.11)
The iterative IBP reduction and dlog-form differential equations have been given in [52].
It says n-fold vertex integral family has 2" master integrals, which we denote as 1. If one

selects all Iz = fé?s),3 with a; = 0,1, as master integrals, the differential equations of them
are automatically dlog-form and given by the uniform formula:

dl=(dQ)-I=> -1  dk;,
=0
Q=Q —iT; Qo Ty - My[p+ 1,0]. (2.12)

n

where Q, = 5-Q with

)

0, b#a
7 (2.13)
=Y a;(2v;+1)logk;,, b=a
(Qem)ba = )
0, b#a
and
Vo—ziaim/i-i—l, b=a
(Mi[vo, v])pe = {0 ( ) b ;
’ “ (2.14)

n 1 1 —2
T = Ty, .. T=— .
(T)ea = 1 T ﬂ(—i 1)

For M-vertex correlators, using 2-vertex correlators as an example for simple, besides
the master integrals coming from the product of two 1-vertex master integrals, there will be
an extra master integral coming from the remaining term of IBP which appears due to the
step functions when applying the IBP method. More discussions can be found in [52]. For

3Although the function f(*) depends on the choice of s (so is Ia), the matrix (dQ2) given in (2.12) does not
depend on s [52].



propagator G+, the master integrals are just the product of two 1-vertex master integrals.
For example, if the propagator is G4_(71,72), we have

Tip— = (/ dTli((Bll;l> </ dTgig?iﬁ) , r=a,b (2.15)

~(0 , )
12,21;1 = (=)t e TT A (v, i, — ki) (2.16)

with

For propagator G+, things are more complicated due to the step function, and the remaining

term will appear. In the G | case, the selected master integrals and the dlog-form are*

Try = / drydmlys 0091 o r=a,b,

a,s1;1

Rty = —5ai,1_bj(—1)“1'“%6“1”“[”](ki;l)‘z”“‘lfé;g?’“) ; r=a;b;, 217

Qisipy = —i (Tgl_QO;I.Tn)a(%l_bﬂ O, a, (1) .
—1 (T’:l'QO;Z'Tn)b(d;;l—ai) Saze, (1), r=a,b; s=c¢,d;.

We have used the following notation in the expression above:

h(vi1, as, —k@';171)9§l,’2j)h(1/j;2, bj, —kjam) =

WY (v, ai, —kinm1)0120 3 (vj,2, 05, —kjam) + M (v, ai, — ki) 0210 (vj,2, b5, —kjam)
Vin = Vj2, kin = kj2,  0ij =0(1i — 7))
This paper will only discuss the G4 case of 2-vertex correlators and hence we will suppress
the label ++ in (2.17) when we consider the 2-vertex case in section 4.

To express the solutions to these differential equations more compactly, we also use the
Pochhammer symbol (a), = I'(a + n)/T'(a) in some expressions.

3 Analytic results of n-fold vertex integral family

In this section, we will derive the analytic expression for a single vertex with n Hankel functions.

3.1 Pedagogical example: 1-fold vertex integral family
3.1.1 Preparation

As a pedagogical example, let us solve the 1-fold Hankel vertex integral family:®

0 )
[ dT€ZkOT(—T)VO+aOhl(2)(aa _le) . (3.1)

“When we integrate the delta-function, two h will combine to give a simple factor (see eq. (3.11) and
eq. (3.12) of [52] ), so for remaning part, we have r = a;, b; as given in the second line in (2.17). The matrix
Qis4+ gives the reduction coefficients of the differential of the original sector to the remaining part. More
explanation can be found in eq. (3.68) of [52].

SFor simplicity, we write h(v, a, —k17) = h,(a, —k17).



To simplify the discussion, we will consider v; € R in this section. The methods employed
here can be applied directly to the case of imaginary values of v; as well. We will also discuss
how to extend the results to imaginary v; in section 3.1.4.

This function family has 2 master integrals. We use following [; as master integrals:

0 .
I, = /_ dTeszT(—T)”O hl(,zl)((), —ki7),
0 .
I, = /_ dre*om(—7)0h{ (1, ~ki7) . (3.2)

This choice of master integrals is the same as those constructed in [52], allowing us to
directly use the uniform formula of differential equations of them (2.12). The differential
equations are as follows:

dla = (dQ3) I; ,

Qi1 = —i (v + 1) <—;ilog (ko — 1) — %ilog (ko + kl)) ,

Qo = —i (v — 211) (; log (ko + k1) — %log (ko — kl)) ;

Qo1 = —i(v+1) (; log (ko — k1) — %log (ko + k1)> ,

r = — (21 + 1)log (k) — 0 = 201) (57108 (ko — k) = Gilog (ko + ) ) (33)

This is a system of first-order differential equations. It is well known that, for first-order
differential equations, one can determine the solution if the values of the principal integral
on the boundary or its asymptotic behavior are provided. Similar to the application of
differential equation methods in flat spacetime field theory, a natural approach here is to
choose a boundary point that is significantly easier to compute than the original integral.
Noting that the Wick rotation of this integral family is

T — —iT (3.4)

and the asymptotic behavior (2.7) of Hankel functions at k7 — —oo, taking the limit as
ki — oo (since 7 < 0) simplifies the computation due to the exponential suppression. We
will proceed with calculations using this boundary.

In the following part of this section, we will first solve the system of differential equations
using the method of power series expansion around ky — co. We will then find this analytical
series solution can be rewritten as hypergeometric functions, thereby obtaining a compact
analytical function. Subsequently, we will determine the coefficients of the analytical solution
by computing the boundary conditions.

3.1.2 Solutions with the boundary k¢ — oo

For convenience, we define a new parameter

v= . (3.5)



Then, the matrix of partial differential equations with respect to z is

vo+1 iky(19—211)
x—kiz3 k2x2—1
accld = (QJ))&E IE: Qz - Zk1(11/0+1) V(1)—2V1 . (36)
ka1 r—kia?

Due to the differential equation of the chosen master integrals being in dlog-form, its series

expansion takes a very simple form. The power series expansion of {2, around z = 0 are

Q= > olal,
i=—1
iy
v 0 (V() - 2V1) klj ’
; 0 —i (v — 2v1) ki T
00+25) — . 1 3.7
v i (Vo +1) ky T 0 ’ (3.7)
where j € N. We also denote the ansatz of the power series expansions of the solutions
around z = 0 as
fi= SO, j)ad (3.8)
j=0

where A represents the smallest nonzero exponent among all master integrals of this solution.

To determine A, we consider the indicial equation derived from the leading order of the power
series solution of the differential equations:

0,C(i,0)2* = (0fV) 271C(j, 0)2*
ij

o (C@o) _ (w1 0 [ co) 59)
0(2, 0) 0 vy — 21/1 C(Q, 0)
Solving for C(1,0) and A yields two non-trivial solutions. They are

solution 1: A=uvyg+1, C(2,0)=0,
solution 2: A=y — 2, C( =0. (3.10)

For each selected solution, one can solve C(i,j) iteratively. For example, the 2290 order
of (3.6) gives

Jo
(A +40)C(i,jo) = Y QY. C(i, jo — 5).- (3.11)
j=-1

Supposing people have solved C(i,j < jp), people can solve C(i, jg) from the above equations.
As a result, the master integrals could be expressed as

I, = 4 o2l (3.12)

where referring to the definition of index a in (2.8), Iz denotes the a-th master integral.

Here we denote the i-th function in the j-th general solution of the differential equations



by fi[j]. We denote the boundary coefficients C(1,0) in solution 1 by CM and the C(2,0) in
solution 2 by C1, which will be determined by boundary conditions. fi[j Vand ¢l together
give the particular solutions corresponding to master integrals. The power series solutions
fi[j] of differential equations in (3.12) are

(1/1, k *xVO—H i <V0+1> (Vog_g) (k%a:z)

(1 + Dm m!
o0 vo+1 vo+2
2[1}(1/377 b mVOHiklxrnz::o ( 2(V>1Ti)(7n+l ) e m!) ;
S OO?TM)WH (%) (Kiz?)™

A 2, k) = 2072 (—iky )

)

m=0 (_l/l)erl m!

1/ ) = 221 3 (#5),, (=), (a2

= (—v1)m m!

: (3.13)

which converge when |k1/ko| < 1. Differential equations being in dlog-form leads to the
simple expression of the expansion of differential equations and the power series solution
as well. As a result, we can easily see that these solutions can be expressed in terms of
well-known hypergeometric functions:

1 2
1[1}(]'/337]{1) :xVO‘Fl 2F1 <V0;_ ,1/0;— ; 1+1 k ) )
1] vor1tki (o + 1)z (1/0—1—2 vo+ 3. >
1/x, k1) = 2™ F 2: k2
2(/‘7;7 1) T 2(V1—|—1) 1 92 ) 9 V1 + ;
ik -2 -2 1 -2 2
f1[2](1/x7 kl) _ xl/o—2l/1Z 1 (VO Vl):E oF, <V0 v+ 7 0] v+ 1~y k > 7
2v; 2 2
-2 -2 1
2[2}(1/33’ ki) = 2021 ,F, <1/0 . V17 Vo 2V1 + _— k%x2> . (3.14)

To complete the calculation of the master integrals, we only need to determine the coefficients
c and CP by boundary conditions as follows.

Due to the exponential factor e’*” being suppressed when ko — oo after a Wick rotation,
only the region where 7 — 0 can contribute non-zero terms. Therefore, we expand the other
parts of the integrand around 7 = 0. Recall (2.6), we have

AN (0, —k7) = c1(1 + O(72)) 4 co(—k7) "2 (1 + O(72)),
W0, —k7) = cf (k7)™ (1+ O(7%)) + &3(—kr) ™7 (1 + O(1?)) . (3.15)

We denote the coefficient we need for boundary condition by Céko) . For real v and h? (a,—kT),
the case we consider in this section, we have

2(0,=kr) ~ ¢} + c3(—kr) > = I ) + O(r>),
BP(L, —kr) ~ —2wes(—kr) > = CFY ) (<kr) T,

v

Cl W) =ci ==, CYV )= —2wes = c[-v—1], (3.16)

>

(2(



where c[v] is defined in (2.6). The O(7=%) term in 3% (0, —k7) contributes to next-to-
leading-order term of solution two. Hence we do not need its coefficient here. Taking the
expansions in the integrands, we have

0 .
cltl = kSOH / dTe’kUT(—T)”Ucl = (—i)”U'HF (vo+1) Cgko)(yl) ,

e ()
k%l/l-i-l

(3.17)

0 )
Cl = o= / dretoT (1) (— 20 e0)(—kym) 2471 = (=) 2T (g — 201)

After substituting this result into (3.12), the calculation is completed.

3.1.3 Solutions with the boundary k; — oo

In this section, we will present an alternative boundary condition choice k1 — oo. The series
solution obtained under this choice can cover the region uncovered by the convergence region
of the series solution from the previous section. Although (3.14) allows us to directly obtain
the power series solutions, this approach is not feasible for more complex cases. Therefore,
as an instructional case, again we derive the series solution through a differential equation
expansion. We define

Then, the differential equations are
vo+1 iko(l/072111)
z—kjxd kiz2—1
Q= | ikgot1) KBEmAD2—r—1 | - (3.19)
k2221 o(k3z2-1)
The series expansion of {2, is
Q=Y ot
i=—1
Q(_l) _ (V() + 1) 0
v 0 (vp+1) ’
Q(O+2j) . 0 7 (VO + ].) k(1)+2j
T - . 1425 3
—i(vg — 2v1) ky 0
‘ +1) (20+2 0
Qa2 _ (o + 1)k | 3.20
* 0 (vo — 211) k:gj+2 ’ (3:20)

Qg(c_l) gives indicial equations and the solution is
A=1p+1. (3.21)

Since C(1,0) and C(2,0) are undetermined, the system of differential equations still has two
linear independent solutions and corresponding two boundary coefficients CM and C2. Then,

,10,



we solve the equations at each order of z again and find the power series solutions are

e 1/x):xl'o+1i<’/0+1> (VO—2V1+1> 4™ (koz)*"

m=0 2 2 (2m)!
112 ko, 1 /) = &0 (—ikoz) (vo — 201) W:i;o <VO > 2>m <VO - 22”1 + 2)m 4&(: ff; ,
Pk, 1/2) = 2+ Y (V02+ 2>m (Vo -~ )m 4m((2k723?2m | .

m=0

which converge when |ko/k1| < 1. They also could be expressed as hypergeometric functions:

1 -2 11
fl[l](ko,]./l‘) :J,‘V0+1 2F1 <V0+ Yo v+ . k8$2) ,

2 2 "9’

3 -2 13
£ ko, 1/) = a0 ik (vo + 1) oF (VO oot 'k‘ng) ;

2 2 "9’

2 -2 2
fl[Q](koJ/m)=w”°+1(—ikow)(Vo+1)zF1(V0+ Yo = 2 -3;k3m2),

2 2 i)

2 — 211 1
7 o, 1) = ot gy (L2 PO ) (3.23)
2 2 2
Expanding (3.23) at k1 — oo, we have
0 .
| dreton (- @0, ~kr) = CrH 4 Ot
0 )
| dretr (@1, —kr) = Gt 4 0@+
7.{.211071114*261‘71‘1/0/2
Cgkl)(ljo, Vl) - Ty im(vo—2v1) 1w 0! 1)’
(14 efmo) (1 4 efmlo=2m )F(i—i)F(—7+V1+§)
. 21/07V1+26i7r1/0/2
¥ (v, 1) = — A o , 3.24
2 (VO 1/1) (_1 4 emruo) (_1 + ewr(ug—Ql/l)) T (_l/?o) T (_% +uy + 1) ( )
and
cll = ™ vy, 1), CB =¥ (vo,11). (3.25)

In this section, obtaining (3.24) seems like circular reasoning. However, (3.24) will assist us

in determining the boundary conditions for more complex cases.

3.1.4 Analytic continuation and numerical computation efficiency

Note that the series solutions obtained in previous sections have a finite region of convergence.
This happens commonly when using the series expansion method. Although we may be able
to solve the series solution in another region like we have done in section 3.1.3, it could not
be easy in general cases. Hence, in this section, we will discuss how to extend the series

— 11 —



solution to regions outside its convergence domain in the general case. We will continue to
use the 1-fold vertex integral family as an example for clarity in some places.

We will outline two methods for analytic continuation. Firstly, in the 1-fold vertex integral
family we solved, we expressed the analytical series result in terms of a known hypergeometric
function, whose properties are well-studied. One can directly use Gauss inverse relation

oF1 (a,b;¢;2) = W(Z)QGE (a, l+a—cl+a—0b; i)
+ m(z)QbFl (b, 1+b—cl+b—a; i) (3.26)

to get the power series around z = co. For general cases, we may obtain a series of solutions
corresponding to generalized hypergeometric functions with multi-variables, some properties
of such functions can be found in [62-66]. However, extending these series of solutions beyond
the radius of convergence may not always have a ready-made result. One possible method
for achieving such analytic continuation is through the Mellin-Barnes contour [67, 68]. This
scenario commonly appears in systems involving IBP and differential equations, and the
calculations in flat spacetime QFT have driven related research [69]. Secondly, since there
is no fully understood analytic function to represent the integral we need to compute, one
might consider defining new “analytic functions” directly through differential equations [70].
With differential equations, we can easily solve a series expansion solution at any point of
parameter space and obtain extremely accurate numerical results with remarkable speed [60].
Automatic packages for numerical differential equations [71, 72] are already available and
widely used in flat QFT. This means that one can quickly compute function values at any
regular point and analyze the asymptotic behavior near any singularities. Then, as long as
boundary conditions are given, these functions appear to have not many differences from
a so-called “analytic” result.

To illustrate, let us assume that we do not know the properties of the hypergeometric
function in (3.23), and only have the series solution given by (3.13) with its domain of
convergence to be |k1/ko| < 1. We will demonstrate the second method to obtain function
values where |ki/ko| > 1.

The numerical method is straightforward. We begin by obtaining the function value
at a point within the convergence domain |ki/ko| < 1. This value is then used as a new
boundary condition to expand. Solving the linear system like (3.11) again provides the
function value at another point. By selecting a series of points to form a path that bypasses
the singularities, we can extend the solution to region |ki/ko| > 1. For example, consider
vo = 54/5 and v; = 11/7. We first use (3.13) to compute the sum up to m = 50, and give
the function values at (ko,k1) = (5,2):

1,(5,2) = (2.81... 44 1.68...) x 1071, 15(5,2) = (3.38... —i 5.65...) x 107 (3.27)

We could choose the path with four steps:

(kos k1) = (5,2) — (; —¢,2> L (2-0,2) — (;’ - ;2) N (;2> L (3.28)

— 12 —



where the final point satisfies ky < k1 and is outside the convergence domain of (3.13). We
compute them using (3.11) up to the 90th order at each point. Each step takes about 0.2
seconds. We obtained the final results with relative errors of O(10734):

1,(3/2,2) =0.201...+40.120..., I2(3/2,2) =0.176...— 7 0.295... (3.29)

Subsequently, one can use point (3/2,2) as a new boundary and solve for the function values
in the region kg < k1 along the real axis. Since the distance for each expansion is relatively
short and the series solution converges quickly, we can obtain the values more efficiently.
For instance, we tested to evaluate the master integrals at (ko, k1) = (3/2 — j/100,2), for
7 =1,---,100 and with 20th order expansion. We find that each point took approximately
0.01 seconds to compute while maintaining a relative error of at most O(10734). All these
calculations were performed using Mathematica on a single-core CPU of a personal computer.
Additionally, one can use the function values at these regular points to match the expansion
near the singularity k1 — oo and determine the boundary condition coefficients for this
expansion, as also has been discussed in the [60].

3.2 Example: 2-fold vertex integral family
3.2.1 Preparation

In this section, we use a 2-fold vertex integral family as an example to solve its series solution
by the expansions of kg — oo and ko — oo using the dlog-form differential equations. This
function family has 4 master integrals. Again, We use Iz as master integrals:

I = [ ’ dre™T (1) R0, —k17)h2) (0, —kaT)

I = /_ " dreom (<R (0, —kyr)hD (1, —hyr)

Iy = /_ ' dreoT(—) 0P (1, k1 7)h2) (0, —kaT)

I = [ " dretoT (R (1, —k )R (1, —har). (3.30)
The matrices of differential equations are

Q= Ailog(k—_)+ Aslog (k—+) + Aslog (k4+—) + Aslog (k1)

+ Aslog (k‘z) + Aglog (k‘l) R (331)
where
kii = kjo + ]{51 + ]{22 s (332)
-y — 1 1 (VO - 21/2) 1 (VO - 21/1) vy — 21/1 - 21/2 —1
A — 1 —1 (1/0 + 1) 29 — 1 2v1 — 1 i(ll() —2v1 — 29 — 1)
e 41 —i (V(] + 1) 2v9 — 1 2v1 — 1 i(l/o —2v1 — 209 — 1) '

Vg + 1 —1 (I/() — 2V2) —1 (V() — 21/1) -1 + 21 + 210 + 1

,13,



—vp—1 —1 (I/() - 2V2) i(l/() - 2V1) —vp+ 211 + 215+ 1
A, — 1 i(Vo—l-l) 2Uv9 — 1 vy — 211 i(V0—2V1—2V2—1)
2 4 —1 (l/() + 1) vy — 21/2 21/1 — 1 —1 (l/() — 2V1 — 21/2 — 1) ’
—v—1 —i(vy—2w)i(vy—2v1) —1vy+2v1+2v+1
-y — 1 i(l/o — 21/2) —1 (l/o - 21/1) —1p+ 211 + 219 + 1
Ao — 1 —1 (1/0 + 1) 2v9 — 1 vy — 211 —1 (1/0 — 21 — 209 — 1)
5 1 (V() + 1) vy — 219 2u1 — 1y 1 (V() — 21 — 209 — 1) '
-y — 1 i(llo — 21/2) —1 (1/0 - 2V1) -+ 2v1 + 215 + 1
—1vp—1 —i(vy—2w) —i(vp—2v1) 1vy—2v1 —215—1
A 1 i(vp+1) 2y —1yp 2y —vy —i(vy — 2 — 29 — 1)
4 4 i(I/o + 1) 219 — 1 21 — 1 —1 (1/0 — 211 — 219 — 1) ’
vo+1 i(l/o — 2V2) i(VO —21/1) —1p+ 211 + 219 + 1
00 0 0 0 0 0 0
00 0 0 0 —21,—-10 0
As = . Ag 2 (3.33)
00 -2 -1 0 0 0 0 0
00 0 —2r1 —1 0 0 0 -2y —1
3.2.2 Solutions with the boundary k¢ — oo
Defining x = 1/ko and following the same steps, indicial equations give
Solution 1: C(i #1,0) =0, A=1p+1,
Solution 2: C(i # 2,0) =0, A=wvg—2uvs,
4 oo (3.34)

( )
Solution 3: C(i #3,0) =0, A=1wvy—2vy,
Solution 4: C( )

We have four solutions:

Z C[b} f[b]

i7é4,0 :0, )\:I/()—lel—QVQ—l.

b=1
1 2
fl[l] AR O <V0; ,VOS_ v+ 1 + 1 RS ,kng) )
ko ( 1 2
2[1] = V0+2l 2 (0 + ( Yo ¥ V0+3 V1+1,u2+2;k%x2,k§x2> ;
I/2+1
1 lkl V0+1 vy + 2 I/[)—l—3
;E,] — pMo+2 201 71) F4( 2 , y1+2,y2+1;k%x2,k%x2> ,
= , v+ 2,00 + 25 kTa” kot )
Ji 4(y1+1)( ) 2 2 ! 2 1
f1[2] :xl’o—2u2+llk2 (0 — 2vs) (V0_2V2+1 V0_2V2+2;V1 +1,1 —V2;k%x2,k§$2) )

12 _ pwo-2mp, (

—]{11]{32 (1/0 — 21/2) (1/0 — 21/2 + 1)

2]
3

— xI/072IJ2 +2

XF4<

21/2

Vg — 219 vy — 219+ 1

2 ’ 2

2

)

5 v+ 1, Vz;k%$2,k§$2> )

1/0—21/2—1—2 1/0—2U2—|-3

vy (11 + 1)

2

)

5 vt 21— wikia?, k§x2> :
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(2] _ pro—2va+l ik (vo — 219) F (Vo — 219 +1 Vo — 2U9 + 2
4= 4
2 V1 + 1 2
1B = gro=2vi+1 ik (1 21/1 (Vo - 21/1 +1 - vy + 2
! 21/1 2

v+ 2, —vg; k2a? k%xQ) ,

i1 — v, + Lk k%xQ) ,

f2[3] _ po—2+2 —kike (vo — 2v1) (vo — 2V1 +1)
41 (V2 + 1)
XF4(0—2V1—|—2 1/0—2V1—|—3
2 ’ 2
vo— 211 vg— 21 + 1
2 ’ 2
f4[3] — ro—2v1+1 iky (1o — 211) <Vo =21 +1 v —211 +2

1 — vy, v+ 2K ,k§x2> ,

f;)[,g] — xVO_2V1F4 ( c—v,vg + 1 /{I%xQ, k§$2) 7

. 12,2 12,2
s v, Ve + 25 k1at, Ry ) ,

2(v2 + 1) 2 ’ 2
f[4] _ M2 —2up+1 —kika (1o — 211 — 2v5 — 1) (v — 211 — 212)
! 4V1V2

1 1
x Fy (2 (vo — 21 _2’/2"‘1),5@0—2% — 21y +2);1 —V1,1—u2;k%x2,k§m2) ,

ikl (1/0 — 21/1 — 2V2 — 1)
21/1

1 1
x Fy (2 (vg — 21 — 219), 92 (vo — 201 — 2up + 1) 51 — vy, —vp; ki a?, k%xQ) ’

f2[4] — xl/o—21/1 —2v9

4] — Y0212 ik (VO — 211 — 21 — 1)
3 21/2

1 1
x Fy (2 (vo — 2v1 — 219), 3 (vo — 21 — 2v0 + 1) 5 —v1, 1 — vy ka2, k%gﬂ) ,

4 90— 2wy —
4[]:95”0 201 —2vs—1

1 1
< B (5 00— 20 = 2 = 1), 5 (00 = 21 = 20—, —as i Rt ) . (335)
Here the Fy are [73]
o b m,n
Fy(a,byer,cim,y) = Z (@mn (D) min z™y ' (3.36)
m,n=0 (Cl)m(c2)n mln!

To determine C[i’]7 we only need one term in the expansion of integrand again. For
example, referring to (3.16), we have

I ~ /_OOO dTeikOT(_T)Vo (Cgko)(l/l) + O(t—2l/1)) (C(lkO)(VQ) + O(T_2V2)> ) (3.37)

Here only the Cgko)(yl)Cgko)(ug) contributes to leading-order of solution one, and thus it
contributes to C!l. Meanwhile, Cgko)(yl)(’)(T_Q‘Q) contributes to the second and high order
of solution two, Cgko)(ug)O(T_QV 1) contributes to the second and high order of solution three,
O(1722)O(1~2"1) contributes to the second and high order of solution four. Through similar
analysis, we focus only on the following terms in the expansion (recalling the definition (2.8)
that Iio, 0,y = la):

0 .
Igg,0y ~ CHOO ot = / dr Cék‘))(m) CékO)(Vz) ko™ (—r)vo
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0 .
Iro1y ~ CHOMgro=2vz — /_OO dr Cék())(lﬂ) Cgko)(m) etRoT ()0 (_foyr) =221

0 .
I{1,0} ~ C[{170}]l‘y0_2y2 :/ dr CgkO)(l/l) C((jko)(VQ) 6”407'(_7_)1/0(_]617_)—21/1—1’

I{l,l} ~ C[{l,l}]xuofmlngzqfl
0 (ko) (ko) ikoT v —2u1—1 —2up—1
:/ dr 8 (1) €80 (1y) b7 ()0 (—ey7) 2N (—hpr) 2oL (3.38)
Hence,
CH0.03] — (=) (1 + 1) CékO)(Vl) CékO)(ZQ),
CHON = (—gyro=2v2p 271D (1) — 20) CU (1) O (1),
CHO = (o212 71p (1 — 201) CY (1) CF) (1),
CUL = (—gyro-20ntve) =L 2n =l 21D (g 9py — 2y — 1) CY (1) CV (1),
(3.39)

3.2.3 Solutions with the boundary ko — oo

Without loss of generality, we consider the expansion near the boundary as ky — co. Defining
x = 1/ke and following the same steps, indicial equations give

Solution 1 & 2: A=1p+1, C(3,0) = C(4,0) = 0
Solution 3 & 4: A=rvy—2u, C(1,0) = C(2,0) =0. (3.40)

We denote C(1,0) and C(2,0) in solution 1&2 by CY and C[?, denote C(3,0) and C(4,0)
in solution 3&4 by CB and CH| and have four solutions:

4 o
Iz = Z cll féb],
b=1

1 1 1
A =R, (2 (0+1), 5 (o= 20 +1); 2,V1+1;k8x2,k%x2) ,
1 1 3

f2m = 331/0+2ik0 (V0+1) Fy (2 (V0+3) , 5 (V0—21/2—|-1) ; 5,1/1 —|—1;k8x2,k‘%x2> ,
f[l} _ o3 —ikok1 (vo+1) (vo—212+1)

s 2(v1+1)

1 1 3 2.2 12 2
xFy 5(V0+3)7§<V0_2V2+3)§§;V1+2;]C0[B,klfB ,
[1}: 1/0-1-2@}? (1 3 1 -9 1 1 2'k2 2 k2 2)
4 x 2(V1+1> 4 2(V0+ )72(1/0 V2+ )727V1+ y R, KT N

1
fm = grot? —ikg) (vg—219)F4 | = (942 Vg —2v2+2 ;§,l/1+1;]€2(l§2,]€2x2 ,
1 9 0 1

1
"2 2

1 1 1
f2[2] =" 1F, <2 (vo+2), 5 (vo—2129); §,V1 +1; k8x2,k%aj2) ,
2] _ vor2 —k1 (V0—2V2)F (1 9 1 _9 9 1 9 k242 12 2>
3 2(V1+1) 4 2(V0+ )72(V0 V2+ )52)V1+ yRogZ KX )
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fm _ ot3 —ikoky (1/0 +2) (Vo — 21/2)
4 2(V1—|—1)
1 1 3 2,2
x Fy 3 (vo+4), (V0—2V2+2) V1+2 ki ]{:156 ,
f[?’} — pYo—2v142 —ikoks (VO —2v1) (vo — (Vl +12))
1 2u1
1 1 3 2.2 12 2
x Fy 5(1/0—2(V1—|-V2—1)),§(1/0—2V1+2);§71_V1§k70x kit ),
k 2 1 1 1
f[3 Y0~ 2u1+11(7V1)F4 ( (VO—Q(VI —|-1/2)) , = (1/0—21/1 —1—2) ; ,1—V1;k8$2,k%$2> ,
211 2 2 2
1 1 1
?[)3} = xV072V1F4 (2 (1/0—2 (1/1 +V2)) ) 5 (V0_2V1) 5 Vl;k(z)x27k%x2> )
1 1 3
ff} _ xu0721/1+1ik0 (7/0 _2,/1)]5‘4 (2 (1/0 —2(1/1 +V2)) 5 (V0—2V1 +2) ; 2,—V1;k(2):1:2,k%1‘2> s
f[4} _ -2t k1 (*V0+2V1 +21/2+1)
1 21/1
1 1 1 2.2 12,2
xFy 5(1/0—2V1—2V2—i-1),5(1/0—21/14-1);571—7/1;740317 kTt |,
f[4 =201 +2 —ikokq (V0—2V1+1) (V0—2V1—2V2—1)
2V1
1 1 3 2.2 122
x Fy 5(V0—21/1—21/2+1),§(V0—2V1+3);571_V1;k0$ Jkie” ),
3[)4} = 3;'”0_2V1+1(—ik'0) (1/0 —2v1 — 219 — 1)

1 1
x Fy (2 (1/0—2V1—2V2—|—1),§(V0—21/1+1>;g,

1 1 1
f[4 Vo~ 21/1F4 (2 (V0—2V1—2V2—1),§(V0_2V1+1)§*’

12,2 1.2,..2
—V17k0$ ,klx),

—V1;k%$2,k%$2> . (3.41)

2

Recalling (2.7), all terms in the integrand, except for the Hankel function corresponding to
ko, are exponentially suppressed and thus can be expanded around 7 = 0. Then, recalling (2.6),
all boundary coefficients could be determined by integrals taking the form just like the two
n (3.24). Let us consider I3 as an example. In the ky — oo limitation,

0 .
Iy = /_ dre®om (=)0 h@) (1, —ky ) A2 (0, —kyT)

0 .
~ [ dretnyr () Y ) (1, k)

= Céko)(yl)Cgk”)(uo — 21 — 1,1) szzylflx”o_%l

— CBlpro—2v1 (3.42)
As a result, we have

clll — (ko) (1) C (kn (vo, 12)

Pl = “““’ (n)C ““" (vo,) ,

bl = C(’“’) () c““" (o — 201 — Lwo) k271

cl = ¢l (vy) ) (v — 20y — 1,09 K721 (3.43)

,17,



3.3 Multivariate hypergeometric solutions of arbitrary vertex integral family

3.3.1 Solutions with the boundary kg — oo

For the master integrals of an arbitrary n-fold vertex function family with hl(,Q)(a, —k7) and
all v; being real (we will generalize the results to general cases later in section 3.3.3), we
could easily derive clb! by computation similar to previous subsections, and by observation,

we conjecture solutions féb} of expansion ky — oo as follows:

o (] 1B
b
R Z cl ]f[z 7
b=1
. % n iy laj—bj]
6] _ A(A)Ia—bl-l (—1)b”ij = . L7122 2 2
fﬁ, = 2|a—b\~1 ]]‘_‘[1 B] X F4 <A17A27 Bl)"' 7Bna klx ) T 7kn$ ) )
- 1 /.
A=py+1-b-(2v+1), Ajzi(A+|a—b|-1—1+j) :
Bj:uj+1—b-(2yj+1) B; = Bj +|a; — bj|, (3.44)
O — (—iyo 1D (R) [ (~ik) i@y, (3.45)
Jj=1 i
where
o0 n my
_ (A)ma(A2)ma vp 2"
Fy(A1,A2;Bs2) = m —
ml,...Z,;zng i=1(Bi)m, Zl_[l m;!
a=a1,a2, - ,0n , b:blab27"'abn7
V=1,V2,- ,Vp, 1:1717'”717
la —b| = |a1 — b1, |az — ba|,- -, |an — byl . (3.46)

We have verified the result to be right by comparing it with both the power series solution
from differential equations and results of direct numerical integration, up to n = 4.

3.3.2 Solutions with the boundary k,, — oo
Similarly, the multivariate hypergeometric solutions around k, — oo also could be given by
27L

Z C[b]f[b

f[b] _ :L,V0+1—b~(2u+1)(_1)L(mod[\a7b|-1,2}+I;41+mod[l~)fl,2])/2]

. bjkx |G‘J_b ‘
ik ymodlla—bl-1.2 (-1
x (2ikoc) 1;[ v+ 1—b;(20; + 1)

mod[|a—b|-1,2]+b-1-1

) vi+1—-0b:2u; +1 C 2u,+1
T ()
7=0
n . . 12,2
X F4 (A17A27 B07B17"' 7Bn—17 k(]x y 7kn 1o ) ) (347>
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where

Ai—(yj+1_bj(2yj+1)—mod[b +5, ]21/71—0—1)" ) |
2 2 j=mod[la—b|-1,2]+b-1-1+i
1
By = §+m0d[|a—b| -1,2],
Biso =vi +1—=0;(2v; + 1) + |a; — by, (3.48)
N R n—1 . .
C[b] _ Cékn)(yo _b. (2ﬁ + 1)’ Vn) H kj—bg(Quj-i-l)Cl%l?O) (Vj), (349)

mod[a, b] represents the remainder when a is divided by b, the | | indicates rounding up, and
d:al,a2,~-,an,1, B:bl,bQ,"',bn,1 ) '9:7/171/2’"'7an1- (350)

We have verified the result to be right by comparing it with power series solutions, which are

directly solved from differential equations, up to n = 5 and O[z**+2°].

3.3.3 Results for h(1:2® and real/imaginary v

Now, let us discuss more general cases: each h-function in n-fold Hankel vertex integral

(1)(

family could be h, ’(a, —kT) or K (a,—kT), and each v; could be real or imaginary. Since

for all these cases, the differential equations are the same [52], we have the same solutions f}lb].
However, the Céko)(u) and Cgi")(y, vp) in the boundary coefficients Cll could be changed
and should be re-determined. Céko)(u) should be re-determined by (3.15) like (3.16). For
ease of reading, we recall (2.6), (3.15) and (3.16) here:

(0, —k7) = c1(1 + O(72)) 4 co(—k7) "2 (1 + O(72)),
W0, —k7) = (k7)™ (14 O(%)) + 5 (—kr) ™7 (1+ O(7?))
27V (—v)

s

(3.51)

cp=e ey, co = c[—V], clv]

For h(VZ)(a, —k7) with real v, the corresponding Cgko)(u) in the boundary coefficients have
been determined as follow:

>

20, ~k7) ~ e + 5 (—hn) 7 = O W) + O ),
W1, —kr) ~ —2ue(—kr) 21 = O () (—kr) 2L

v

W) = ¢t = —e™e], W) = —2ues = c[-v —1]; (3.52)

For a h? (a, —k7) with imaginary v, the corresponding Cgko) (v) in the boundary coefficients
are determined as follow:

WD (0,—k7) ~ ¢ + ci(—kr) 2 = O () + O(r ),
h(2)(1 _ ) ~ —21/6’{(—]{:7’)721/71 _ Cgko)(y)(_lm_)fm/fl’
Cgk()) (7/) — cg = _C[l/] , Cgk())(y) — _2VC*J1< — e—iﬁvc[_y o 1] 7 (353)
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Since for both cases that v is real or imaginary in h,(,l)(a, —kT), they do not involve v* at
the beginning, these two cases have the same corresponding Cgm)(y):

WD (0, ~k7) ~ e1 + ca(—k7) 2 = ) (1) + O(7 ),
h(l)( ) ~ —21/62(—]{:7')_2”_1 _ Cgko)(y)(_lm_)—%/—l,
CgkO) (]j) =C = e_iﬂ—yc[]j] 5 CgkO)(Z/) = —2]/62 = _C[_V — 1] , (354)

(kn)(

Let’s turn to consider C; "’ (v,v,) in boundary coefficients. It is defined by:

0 )
/ dre™oT(—7) B2 (0, —kyr) ~ CEM gt (3.55)

while the left-hand side could be given by expanding the results of the 1-fold vertex integral
family which we just obtained.
For h? (a,—kT) with real v, recall (3.24):

7T2V—Vn+2ei7w/2
e (1)
,L'7T2V—Vn+267j7ry/2
(1—em™)(1—em=22 )T (—=5)T (=5 + v+ 1)

) (v, 1) =

Cgk")(y, Up) = —

(3.56)

For h{?) (a, —k7) with imaginary v, we have
TV Un+2 7z7r(u 2vp)

(1 em) (Lt emC=2e) T (3= ST (<f 4ot 3)
imov— Vn+262 7(v—2vn)

(kn) _
CQ (l/, l/n) - (1 _ eiﬂ-z/) (1 _ ez7r(1/721/n)) (_%) T (_% T+ 1) . (357)

) (v, 1) =

For hl(,l) (a, —kT) with real or imaginary v, the Céi") (v, ) should be the complex conjugate

of (3.56) when v and v, are real:

7.(.2V—Vn+2€—i7rl//2

Cgkn)(l/ﬂ V’I’L) e - - 1 1 5
e e (= ()
. 21/—1/n+2 —imv/2
Ol (1, 1) = " ¢ (3.58)

(1—e ™) (1—e =22 )T (=5)T (-5 + 15+ 1)’

and the result could be directly extended to the imaginary case.
With these results, we have completed the solving of the arbitrary n-fold vertex integral
family of cosmological correlators.

4 Properties of time-order n-vertex cosmological correlators

While the two vertices linked by G4+ are directly factorized as two integral, time-order
propagators G4+ combine two integrations of 7; together and is likely to be much more
complicated to solve. However, time-order propagators have elegant factorization properties,
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k1 ky k1 k

kQ k3 k2 k3
(a) 2-vertex sector (b) 1-vertex sub-sector

Figure 1. (a) is a diagram of the 2-vertex correlators, with the vertices could be scalar or time
derivative interactions. Iy 234 belong to this sector. The IBP relation of integrals in (a) will
automatically involve (b), which is given by pinching the propagator of (a) [52]. I5 belong to this
sub-sector.

simplifying the IBP relation and differential equations [52]. This property further leads to
the simplification of solutions as well. Thus, in this section, we will show the properties
of time-order n-vertex cosmological correlators by solving the integral family of tree-level
4-pt 2-vertex correlators as an example. The master integrals of this integral family for the
s-channel with G4 can be written as follows (with k1,1 = k1,2 = ks and v1,1 = v1.2 = 1q):

Ligpy = /dTldTQ(—Tl)Voeikle(—Tg)yoeik347—2h(l/1,CL, —ksTl)HSél)h(l/l,b, —ksT2) (4.1)

and the remaining term

IR — _ﬁeﬂImm (ks)721/171 /dT(_T)ZuonIA ei(k12+k34)‘r ) (42)
T

Here we have used the notation k;; = k; + k;. In the following discussion, we will use f = {f;}
to denote the master integrals with Iy = fio0y, I2 = Ijo1y, Is = If10), s = Iy 1y, and
Is = Igr. Notice that arbitrary cases of scalar or time derivative interaction are automatically
included in the IBP system [52].

4.1 Differential equations

The differential equations of the time-order 2-vertex integral family can be written as follows

dI = do1 (4.3)

AR
- (A1) »

A = Qi (K12, ks) ® 1axa + Laxo @ Q1 (kaa, ks),

C = (-2 + 2v1 — 1) log(k12 + k34) + (—2v1 — 1) log(ks)

5i(log(k1g — ks) — log(kia + k) + log(kss — ks) — log(kaa + ks))
5(log(k12 — k) + log(k12 + ks) — log(kss — k) — log(ksa + k)

3(—log(kiz — ks) — log(k12 + ks) + log(kss — ks) + log(ksa + ks))
si(log(kiz — ks) — log(k1z + ks) + log(ksa — ks) — log(ksa + ks))

with 5x5 dlog matrix

and

R =
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where Q4 (ko, k1) equals the matrix Q defined in (3.3). Following the last section, we find
that taking one of k; to oo of each vertex integral is likely to be a good choice for easily
determining boundary conditions. However, note that there is a factor 1/(ki2 + ks4) in the
differential equation. This factor leads to that (ki2, kss) = (00, 00) a degenerate multivariate
pole. To see that, consider t; = 1/k12,ta = 1/ks34, then there are denominators ¢, t2 and
t1 + t9 in the differential equations with respect to ¢; and to. The denominators equal to zero
provide three hyper-surfaces across (0,0) in this two-variable problem of ¢; and to. Thus,
(0,0) is a degenerate pole of (t1,t2). By other words, (0o, 00) is a degenerate pole of (ki2, ks34).
Hence, we need to apply blow-up to them when using the power series method around
(k12, k34) = (00, 00). Otherwise, the expansion will be illness and depend on expanding which
variables first. As an alternative choice, we choose the transformation including blow-up
to be © = ksq/ki2 and y = 1/ks4. By this choice, (x,y) = (0,0) is an non-degenerate pole.
Now assuming all master integrals have a general form

oo
a Myt > Ci, 4, k)aly”
jk=0

with lowest weights A, u for  and y, there are five non-trivial solution sets from the equation
for C(7,0,0):

{C(1 #1,0,0) =0, A\ =1y + 1, u = 219 + 2},
(C#2,0,00 =0, =1+ 1, =1+ 209 — 201},
{C(i #3,0,0) =0,A=vp — 201, u =1+ 20 — 211},
{C(i #4,0,0) =0, A = vo — 2v1, p = 2vp — 4v1 }, (4.5)
C(5,0,0) C(5,0,0)
2 = _ -
{€(2,0,0) o =y C(3,0,0) = ==

C(1,0,0) = C(4,0,0) = 0, A = p = 2up — 20y + 1}
where the C(4,0,0)s can be determined by boundary conditions. To avoid ambiguity, we will
denote the non-zero coefficient in the i-th solution by Cl! in the following discussion such that
5 . 3
I= Z Clil pli (4.6)

i=1

The first four general solutions are just direct products of solutions of the 1-fold general
solutions. This is due to the structure of A in (4.1) as we will present more discussion in
section 4.3. To avoid confusion with symbols, let’s re-denote the results of 1-vertex by

V@) = ek, (4.7)
where the fjm are the ones given in (3.13). We can write the first 4 solutions in a compact form:

5=V e, 5 <o, (48)
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with @ = aq,a2, b = by, be, a; = 0,1, b; = 0,1. For example, solution f1 is

) ) VO[O] (zy) VO[O] (v)
Vo (zy) Vi (y) Vi (@y) V()
FHO0) U 2y B U
Vi (zy) Vit(y) Vi (zy) Vi (y)
[0] [0]
0 Vi (zy) Vi (y)
0
oF (V07+1 M'V +1'k2y2) (V0+1 l/0+2 v+ 1 k‘2 (4.9)
iks (1/0+1)y2F1(V0+2 VO+3 w1 +2;k2y 2 F1 D0+1 D0+2 w1+ 1;k202 )
2(v +1)
_ $V0+1y2u0+2 tks(vo+1)zy 2F1 (V0+1,’/0+2, 1+1; Ilf2 2) 2F1 (”0;2,”07”;u1+2;k§x2y2)
2(v1+1)
7k2(u0+1) zy? Fl(V0+2 V0+3 I/1+; k2 2) Fq (VO+2 V0+3 1+2; k2 )
4(1/1+1)
0

The first 4 solutions have no contribution from the remaining integral f5. Thus, they are
homogeneous parts of solutions. The non-homogeneous solution related to non-zero f5 also
can be solved via power series expansion straightforwardly. It is given as follows:

f[5} —

3;21/0—21/1 —+1 y2V0—2V1 —+1

1 .
(2V0 —211 +1)m+2n+1 (4w”y”)

(o) (3k2ay)™

Z’rono,nzo
Zoo

4m!ks(VOT+l+%)

( n+1(%(m+1/0—2u1+1))
—(—z)™ ikgmz

) n+1
y2) (2v0—2v14+1)m+2n

=0 g (102 4 m

2

(7I)m(21/0721/1+1)m+2n( 1 k2 2

)n(%(m+uo—2u1))n+1

2)”

X (o]
m,n=0 zmg(”oT“+2) (GmAwo—2m141)) |
00 R C L (2Vo 201+ 1) mq2n 1 (diz"y")
mn=0 " gk (02 4 )n+1(§(m+”0_2”1)>n+1

(1 + x)—l—QV()-‘,-QVl

_ x21/0721/1 +1, 2v9—2v1+1

Y
2 3
ZOO —iks va( Jl)m(zllo 21/1+1)1,L+1 F vy — 11 + m; Vg — 11 + er ]{jQ 2 92
m=0 m!(vo+m+1)(ro— 21/1+m+1) vo+m+3 vo— 2u1+m+3 sL7Y
2 )
m—+1 m—+2
D i ) i €7 e T 2D L Vo — 1+ 5 ,Vo—ul+—2 )1 120202
m=0 m!(vo—2v1+m) vo+m+2 vo—2vi+m+2 sT7Y
2 ? 2

m—+1 m+2
e Y (R e
vo+m—+3 vo—2vi+m+1
2 ? 2

oo

—x)" (2vg—2v1+1)m
I e RS

m!(vo+m+1)

2

o0
m=0

vy —
2

VQ—Z/1—|—m+2 vg— 1 + 2
3k

Vo +m+4 vo— 21/1 +m+2
)

1
’ ’ kfoyz}
3
;1
kEIQyQ}

In the next subsection, we will show how to obtain the relative coefficients cl,

—tkszy(—x)™ (2vo—2v14+1) m+1
m!(vo+m—+2)(vo—2v1+m)

2

(1+ZE) 1— 21/0+2l/1
(4.10)

4.2 Boundary conditions

When z,y — 0, only the lowest power terms dominate. One can expand the Hankel function
around t = 0 under this limit since the integrand will be localized at that point due to the
exponential terms, and then integrate it to determine the relative coefficients C(7,0,0) of
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these solution sets. We can start with the remaining term first since it can be integrated
analytically. We will get
ol _ _4Z>€7rlm[u1}ks—2u1—16i7r(u1—1/o)1_‘(2y0 —2uv1 + 1). (4.11)

™

Notice that in solution £, f2[5} and f:ES} are also non-zero at the leading order. An alternative
way to determine CP! is expanding 8(r; — 7;) in Iy or I3 as 0 — 7;6(;) or 1+ 7;0(7;) for the
selected blow-up and computing the contribution of the § function part.

For the other 4 coefficients, we need to expand the Hankel functions in integrands of I to
the leading order and then integrate. For example, the master integral I; has the following
expression after Wick rotation:

I, =— /dTldTQ(iTl)yoeTl/(Iy)(iTQ)UOGTQ/yh(Vl,O,iksTl)GSQ’Z)h(Vl,0,2’]{:57'2) (4.12)

Note that after taking x,y — 0 we must have —1<m < 7 < 0 due to the blow-up process.
The theta function at the leading order will consequently be taken to 0 or 1. Using the
expansion of the Hankel function (3.16), for real 14 we have

C[l] — _efiﬂ'uor(yo + 1)20?(’“0)(”1)05]?0)(”1)

C[2] _ _Z-efiw(yoful)ksf2ulflr(yg + 1)F(l/0 o 2V1)C>;(k0)(yl)cgko)(vl)

C[3] _ 7Z~€—i7r(u0—u1)ks—2l/1—lr(yo + 1)F(l/0 . 2V1)C;(k0)(yl)cgko)(ul)
21 —1 .

C[4] _ (k‘?) 1 e—mr(uo—2u1)r(y0 _ 21/1)20;(160)(Vl)cgko)(yl).

(4.13)

Here, we use the Céko) in (3.52), and the Cz(ko)(ul) here is just the Céko) in (3.54). Thus,
one can find that these boundary coefficients are exactly the product of the corresponding
1-vertex ones.

4.3 Factorization of homogeneous solutions

For this first-order linear differential equation system with 5 master integrals, there must
be 5 arbitrary constants (coefficients) that need to be fixed by boundary conditions. This
means that there are always 5 independent solution sets. One can set f5 = fr = 0 and then
the differential system will become 4 master integrals that satisfy the dlog form differential
equations A in (4.1). By factorization of IBP and differential equations [52], A consists of
the 1-vertex 1-fold dlog form differential equations. Obviously, they can be written as the
product of the two general solutions of 1-vertex 1-fold, as we have shown in (4.9). These
solutions are also called “homogeneous parts”. In addition, the left one with f5 # 0 will

correspond to the °

‘non-homogeneous part”.

The coefficients for the homogeneous part can also be written as the product of coefficients
of 1-vertex 1-fold solutions. When we consider the boundary conditions, by choosing blow-up,
the theta function will be expanded as 0 or 1 at the leading order. For example, since
there are e'*127 and e%3472 in the integrand, the limitation k12 > 1 and ks34 > 1 together
with Wick rotation lead to that only the region || < 1 and |72] < 1 could contribute.

The blow-up further choose that k12 > ks4, thus only the region |7| < |72 < 1 could
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contribute. Obviously, #(7; — 72) = 1 in the region contribute. This will cause the integrals
involving two times to be factorized and exactly equal to the product of 1-vertex 1-fold
integrals at leading order:

/dTldTQ(—Tl)Voeikun (—Tg)yoeik3472h<l/1, a, —kSTl)QiléQ)h(Vl, b, —k‘STQ)
| | (4.14)
s [/ d7.1(_7_1)uoezk127'1h(1)(Ul’a7 _kSTl)] |:/ dTQ(—TQ)VOEZk34T2h(2)(l/17b) _ks7'2) .

The coefficients determined by them will consequently be the product 1-vertex 1-fold boundary
coefficients.

Furthermore, this argument can also be generalized to general tree-level cases. One can
set all or a part of sub-sectors to be zero first. Then one can choose a blow-up transformation.
This leads to step functions becoming one or zero correspondingly. As a result, boundary
coefficients determined by leading order expansion are factorized. These factorized general
solutions together with factorized boundary coefficients give the factorized particular solutions
that are exactly the product of several particular solutions of the vertices which come from
dividing the diagram by cutting several propagators. The dividing is not necessary to be
cutting all the propagators and it is not necessary to be 1-vertex at each part. This is
the factorization property of solutions of tree-level cosmological correlators. If one sets all
integrals in sub-sectors to be zero, it corresponds to cutting all the propagators in the dividing.
Then, the remaining solutions are homogeneous solutions at the top-sector level. They are
the product of particular solutions of the vertex integral family we have given in 3.3.

5 Summary and outlook

In this work, we use power series expansion to solve the dlog-form differential equations of
cosmological correlators. It gives multivariate hypergeometric solutions. We also analyze
the properties of integrands of the cosmological correlator and find the boundary conditions
easy to solve for arbitrary vertex integral families. The solutions are given in 3.3. Analytic
continuation of the series expansion solution is also discussed. We show the recommended
numerical analytic continuation by differential equations is efficient, straightforward, and
convenient. We indicate that blow-up transformation could be applied to solve differential
equations by the power series expansion around degenerate poles. With this technique, we
also find the boundary conditions easy to determine for 2-vertex correlators, which is likely
to work for arbitrary n-vertex correlators cases. Then, we give the particular solutions to this
2-vertex example. By this example, we also discuss the factorization property of homogeneous
part solutions of n-vertex correlators, with which, one can easily give them as the product
of the solutions of vertex integral family.

We want to remind the readers, that our results not only elucidate the mathematical
structure of cosmological correlator, benefit their evaluation and related applications in
cosmological phenomenology, but also offer new insights into computational techniques for
evaluating integrals of perturbative QFT including flat cases, mainly in two aspects. Firstly,
we indicate that using blow-up one could easily handle the degenerate pole of differential
equations in multivariate limitation. Secondly, our results show a potential way toward
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analytic evaluation of field theory integrals beyond MPL: dlog-form differential equations.
Let us call some background of analytic evaluation perturbative QFT here. [74] carry out
the canonical differential equations method, the most powerful analytic method currently. It
is the IBP-based differential equation that takes a special form called canonical differential
equations. which means the differential equations is proportional to dimension regulator &,
or says e-form for short, and also a dlog-form at the same time. This method works for
those integrals that are multiple polylogarithms (MPL) in the expansion of . Even though,
its scope includes all one-loop Feynman integrals and a large part of common multi-loop
integrals in flat QFT. However, the developing phenomenology of particle physics still calls
for analytic methods that can go beyond MPL. The most frequently considered method of
generalizing canonical differential equations to these cases currently is keeping the differential
equations in e-form rather than dlog-form (see [75-78] and their references for examples and
discussions). In this case, the elliptic symbol or beyond appears in the elements of differential
equations. The emerging new functions and series solutions are studied. Unlike dlog-form,
coefficients in differential equations and master integrals are non-algebraic for these cases,
thus they are more complicated. Finding such e-form usually is also more difficult than
dlog-form cases. However, our paper results imply that keeping d log-form rather than e-form
is another way worth to be considered. We find it easy to get all order series solutions to
d log-form differential equations in our example. This is partially due to the expansion of
d log-forms are simple, avoiding non-algebraic expressions. It is simple, especially for the
case that the function in log is rational, as shown in (3.7), since in such cases the log can
always be regarded as dlog(z — ¢) for a selected parameter z.

Our work leads to many topics that could be explored in the future. We merely list a part
of them. Firstly, one can apply our methods to the correlators important to phenomenology
that have not been evaluated. Even for the loop level, the framework of IBP already has
been discussed in [52]. Although dlog-form differential equations may not be easy to get in
this case, we want to remind people, the (generalized) power series expansion method does
not rely on dlog-form differential equations. The efficiency of this method for differential
equations in general (usually rational) form has been confirmed in [60] at the beginning, and
a subsequent series of works following it have also validated this. Our section 3.1.4 confirm
this as well. Automatic tools of this method, which have been widely applied in flat QFT,
could also help, for example, DifEXP [71].

Secondly, although in this work, we show all order expressions of multivariate hypergeo-
metric solutions, the attainment of this result is partially dependent on the special structure
of the dlog differential equations we have computed. For general dlog-form differential equa-
tions, could we find a formula to determine its all-order power series solution or express it as
multivariate hypergeometric functions like in this paper? Alternatively, one can also explore
that is there exists an algorithm, that is more efficient than the naive (generalized) power
series expansion, to evaluate master integrals in the special case of dlog-form differential
equations. Then, since one can quickly get numerical results at any point of phase space
and analyze asymptotic behavior around the arbitrary singularity, this algorithm together
with dlog-form matrix defines a series of new “analytic functions”.
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1 Introduction

For the study of theories and phenomenology in high energy physics, perturbative quantum
field theory plays a crucial role. One of its central tasks is to compute Feynman integrals.
For Feynman integrals, linear relationships can be established through Integration-By-Parts
(IBP) [1], thereby expressing integrals within the same function family as linear combinations
of a chosen finite set of integrals. These selected integrals are referred to as master integrals,
and this process is known as the IBP reduction. Subsequently, the computation in perturbative
field theory is transformed into completing the reduction and calculating the master integrals.
Based on IBP, one can take partial derivatives of master integrals and then use IBP reduction
to express the resulting integrals in terms of master integrals. This process leads to first-order
differential equations satisfied by the master integrals [2-5]. To simplify the computations,
the canonical differential equations (CDE) method [6] are developed. It says that for
many cases, when the master integrals are appropriately chosen, the differential equations
will be transformed into dlog-form proportional to €. In such a case, we call it a canonical
form of the differential equations system. i.e.,

dfr = (dQ), fx . (dQ), _eZC dlog W@(s). (1.1)



Then each order of € of the master integrals can be iteratively resolved as iterative integration
of a series of dlog W (s) integrals, which leads to multi-polylogarithm [7, 8]. The W@ (s)’s
are called symbol letters and they contain the information on the analytic structure of
Feynman integrals. The complete set of letters is defined as a symbol alphabet. The symbol
has been studied in various researches [9-27] and could be used for bootstrap [13, 19, 28-50].
Information of symbol is encoded in the coefficient matrix (d2),,. of the CDE.

In the past decade, the CDE method has been the most crucial technique for analytically
computing Feynman integrals. People have developed many methods to “appropriately
choose the master integral” to get the CDE, such as dlog-form and the closely related leading
singularity analysis [6, 51-56], which are also inspired by previous work such as [57, 58].
There are also some automatic packages with other algorithms such as [59-64]. People found
that if one can construct dlog-from integrands as the integrands of master integrals, the
differential equations of this system will become canonical form automatically in practice.
Baikov representation [65] shows advantage in such construction [51-53]. However, why and
how such a structure could emerge from dlog-form integrand of master integral, is not fully
understood. In the last several years, a mathematical tool called “intersection theory” was
introduced to Feynman integral and developed in [51, 52, 66-86]. It could be used as a
reduction method equivalent to the IBP method. Recently, the polynomial division method
is introduced [84] and applied [85] to avoid the algebraic extension in the computation of
intersection numbers. Based on these methods, people [86] successfully applied intersection
theory, together with companion tensor algebra, to reduce the 2-loop 5-point Feynman integral
family. In one of the previous works [83], how the CDE emerges from d log-from integrand has
been partially understood by using intersection theory, especially the method of computing
intersection numbers by higher-order partial differential equations [70]. Furthermore, the
selection rules of the coefficient matrix of the CDE could be given, including which element
of the matrix is non-zero and which letter could appear. For these computations, all people
need are two universal formulas, i.e., formulas for the leading-order (LO) contribution and
next-to-leading-order (NLO) contribution of the intersection number.

In this paper, we are going to improve the selection rules of the coefficient matrix of
the CDE, mainly in two aspects. Firstly one could notice that the differential action on
n-d log-form basis could be easily transformed to a (n + 1)-dlog-form. Such rewriting has
been mentioned in some previous works such as [81]. This rewriting is very useful since
the usage of the formula of NLO contribution of intersection number could be avoided
when computing the coefficient matrix of the CDE. Furthermore, it is easy to see that the
coefficient matrix is nothing but the dlog-form coefficient when projecting (n + 1)-d log-form
to n-dlog-form. Secondly, in the previous work [83], factors with integer powers such as
propagators are handled by adding regulators that ultimately need to be taken to zero. This
makes both the computational process as well as the selection rules more complicated. In
contrast, relative twisted cohomology of the dual form [78-81] in intersection theory could be
a natural language to deal with these cases, allowing to avoid regulator from the beginning,
and thus obtaining the simpler selection rules.

The organization of this paper is as follows. In section 2, we recall intersection theory
with regulator and the previous version of the selection rules of the CDE, but from a new
perspective, i.e., the dlog projecting and with only LO formula, instead of LO and NLO



in [83]. An important technical point is given in the subsection 2.4, where we have carefully
discussed the factorization of poles, including the understanding of relations between them and
integration contours and regions. Then, with the preparation of section 2 we can smoothly go
to the computation of intersection number with dual form in relative cohomology in section 3.
We will introduce this mathematical tool in an easier practice way. Then the improved
selection rules of the CDE are presented. In section 4 and 5, we show two examples and
compare the computing processes of two methods, i.e., with regulator and using relative
cohomology. From the comparison, one can see the simplification of the latter. Finally, a

summary is given in section 6.

2 d log-form differential equations from projecting D log to dlog

2.1 Intersection theory

Feynman integrals in Baikov representation are in the form

I[um]z/uw, (2.1)

where
, Q(z)
(PE()D(Z)/\de: b /\de,
j (ITx Di") <Hi P ) j
u=[]P(2)%,  anb;€N. (2.2)
i
The propagators are denoted by z = (21, ..., z,). The polynomials/monomials Dy (z) denotes

the denominators with integer power aj. They usually are the propagators. The P;(z) denotes
the denominators with complex powers 3; — b; in the complete integrand wup. They typically
are Gram determinants G(q) = det(g; - ¢;) of loop and external momenta. The numerator
Q(z) is an arbitrary polynomial of z. In this section, we are supposed to use a regulator
to deal with integer power denominators. Then

u =[P T 0} (23
i k
where regulators d; are kept in the computation, which will be taken to be zero in the
final result. In the next section, we will discuss how to avoid regulators from the beginning
of the computation.
Despite traditional IBP reduction, one can also reduce integrals in such an integral family
to master integrals via intersection theory. To do so, one needs to define IBP-equivalence
classes of cocycles [66-68, 70] first:

<SOL| =L N(,OL—FZVZ‘&, Vi :dziA((‘)ZiJrCui), w; E@Zi log(u). (2.4)

The dual form in dual space is important in this paper and we will discuss it more carefully
later. At this moment, let us roughly regard the dual space as being consisting of equivalence



classes |¢) (i is a part of integrand) which corresponds to I[u~!, ¢]. Then, the intersection
number is given by

(erlor) =D Res:—p (Yror) , Vi Vahp = or, (2.5)
p

where p are isolated intersection points of n hypersurfaces belonging to B = {P; =
0,00,---,D1 = 0,00,---} (P = 0,00 means P, = 0,P] = 0).

With the algorithm of intersection number as the IBP-invariant inner product, the
integral reduction becomes entirely a projection in vector space. For example, to reduce
fo = Jugpo to master integrals fr = [upr

n

fo=> efi (2.6)
I=1
cy can be calculated via
=3 (eoley) (n™") o = (erlel) - (2.7)
J

(Dual basis ¢} are not necessarily equal to ¢;.)

2.2 dlog projection of the CDE

For the CDE considered in this paper, §; in (2.2) are proportional to €, and integrands ¢
of master integrals f; are n-dlog-forms

or = /\ dlog Wﬁ-])(z), (2.8)
J

which typically has two types of building blocks:
dz

V= c)le—e)dz
G-V —)—c)
_Ve—cpr—c_+\Jc—c_\/z—cy

Tz ees] = VE—Ciz—c_ —\Jc—c_\Jz—c1 (29)

where we denote the first type as “rational-type” and the second as “sqrt-type”. For con-

dlog(z —¢) =

dlog(t[z,¢;cq]) =

venience and distinction, we denote the differentiation over integration variables z as d,
the differentiation over arbitrarily selected one parameter such as a kinetic parameter or
mass as d, and

D=d+d (2.10)

Differential equations are given by the IBP reduction of 0s f (s could be any selected parameter
whose corresponding total derivative is denoted as d as we mentioned)

df = Q,.f ds. (2.11)



Carrying out the computation we have

df; = /a (u/\dlogwg»f)(z))

J

= /u alogu/\dlogwy) +/“Z [(—l)k (d/\alogW,(f)) /\ dlogwg-l)]

= /u alogu/\dlogwy) + /u dlogu A Z [(—1)”“Jrl (&logW,(f)) /\ dlogW§-I)]

= /u Dlogu/\DlogW? . (2.12)
J

In this equation, from line 2 to line 3, we apply the IBP of the d in d A alog W,(CI) and act
it to u, which gives du = u dlogu. Denote afl = [wpr, we have

or = Dlogu/\DlogWg) (2.13)
J

Obviously, they are n-dlog-form with alog coefficient. Result (2.13) is important as we
will show that in the calculation of the matrix d§ (here dual basis are selected to be the

same as original one)

<(PI‘ - (aQ)[J <90J‘ )
(AQ) = (prles) (") 1 » (2.14)

(Note that not to forget the summation over the repeated index J here.) people only need to
compute the so-called leading order (LO) contribution to the intersection number. This will
lead to a great simplification. In the next two subsections, details of related mathematical
techniques of such computations will be presented.

2.3 LO contribution of intersection number

The computation of intersection numbers involves multivariate residues. For fractional
polynomials, multivariate residues can be computed by transformation law, and global
residue can be calculated via the Bezoutian method [87, 88]. Since vz, in the computation of
intersection number usually is not polynomial, for keeping more information explicitly, we
choose to compute multivariate residue (2.5) directly by solving v in multivariate Laurent
expansion [70].

However, multivariate residue and Laurent expansion are highly non-trivial and usually
cannot be computed variable-by-variable. For example, the Laurent expansion of 1/(z1(21+22))
depends on the order of the expansion variables. To overcome this, one can factorize the
poles first, then the Laurent expansion is legal and the high order differential equation of ¢,
can be solved using the expansion. This method is developed in [70, 83] and we are going
to give more discussions about it here. Factorization also transforms the n-variable residue
problem into n one-variable residue problem, whose computations become trivial.



A further technical difficulty is when the pole p is degenerate and thus also non-factorized.
To deal with it, one needs to involve several regions. Each region has different factorization
transformations and different residue contributions. As indicated in [70], this transformation
is like the one applied in sector decomposition [89-92].

We denote all factorization transformations as T : 2 — fi(a) ((®), and the corre-
sponding pole after transformation as p'\“ = {p1 P (a), e ,p,(f‘)}. Around a factorized pole,
an n-form ¢ can be Laurent—expanded safely as

« )b «
b i
where the powers b = (by,...,b,). The u could be written as
@) _ @]
T(®) [u] = U(T(a) [2]) = aa(m(a)) H [xicx B pia } i (2.16)

%

These remaining hypersurfaces in tq (2(®) will not intersect at the point p(®, so g (p(®) # 0.
Thus the leading term of u around the pole is

« — « «a a)]7i
w(TO )] 0 o = Talp) [T [ = 7] (2.17)

%

We define %‘(a) as the hypersurface-power for each variable, where a corresponds to the
transformation T(®).
After the above transformation, the intersection number becomes

(prler) Z Res o) T [t 0R]

a br, br

where any g =V~ ! f means the g satisfies V;g = f. As has been discussed in [83], only when

there exist non-zero terms gpg’L ) and goggR)

in their expansion which satisfy by, ; +bgr; < —2 for
all 7, intersection number gets non-zero contribution from such pairs. When by ; + br; = —2,
we say it gives a LO contribution to the intersection number. A special case is the
intersection number of d log-form. Since the dlog-form has only multivariate simple poles, all
terms in its expansion (after factorization) have all b; > —1. Hence, all non-zero contributions
come from terms with b, = bp = —1 = {-1,—1,---,—1}. Thus the formula of LO

contribution can be easily read as

Resp(a) () [SDL] X Respm) T [SOR}
IL Resp(a) QE@) log (T(a) [u]) dxz(a)

Res, o T (V1" V. "or) or] =

o(bn) ((br) X .
- 7L7(Q)R oAt >:H%< ) (2.19)



Let us give some explanations of the result (2.19). First the term 0 () log (T(O‘) [u]) dxz(a)

comes from
T@[v,] = dzl® A <ax5a> +0,00log (1) M)) (2.20)
which keeps the structure of the commutator
[TV, T@[V,]] = [vi, V] = 0. (2.21)
Secondly after solving high-order differential equation

[T T[T [r) = T [io1] (2.22)

%

in Laurent series expansion, we pick out the coefficient of the order that will contribute
Res (q) T(*)[oL]

Hi Res (q) 0z; log(T(a)[u])dzi
P

For LO contributions of other cases, they can be transformed to the case of by, = bg = —1

and get the part

by some rescaling transformations
i=uP’, ¢p=¢/P°, ¢r=prP’. (2.23)

Obviously, @p;, = upr, and @ '$r = u~'yg, so this transformation do not change inte-
grals. Then, one could apply (2.19) and get the formula for the general LO contribution
of intersection number

(br) ~(br)
-1 1 o)\ )] _ CLCg
Res o) () [(Vl A Vi )SORR } = T,
=I5, A=A ~bri=1, br+bg=-2, (2.24)

where the shifting of 4 comes from the factor P? making ¢p having bp = —1.

2.4 Factorization of poles

For a degenerate pole, there are more than one independent integration cycle. We will show
its properties and factorization transformations correspond to these independent cycles.

2.4.1 Factorization and contour

For multivariate residue (see [88, 93]), usually the integration circle is defined by |P;(2)| = r;
instead of |z — 29| = r for the univariate case. However, for the degenerate case, for
example, the pole (0,0) coming from the intersection of three surfaces (of denominators)
{PL =21 =0,P, =29 =0,P; = f(x1,22) = 0}, the circle defined by taking two of three
P;’s is ill-defined. To see it, let us consider the integration cycle

% d$1j{ d.%’g Xoeee, (2.25)
|P1]=|z1|=r1 | Po|=|z2|=r2



Obviously, 1 = 0 is inside the circle of x1 = r1, and z2 = 0 is inside the circle of x5 = 7s.
From the implicit function Ps, we can solve the variable x1 by the variable zo, which we
denote as f, i.e.,

z1 = f(z2) = 25" + O(a5?) (2.26)
with 0 < a; < ay for P3 passing through the point (0,0). The inverse of f is given by
_ L (l2—(11
v = [N @) =2/ + Ot ) (2.27)

If f(ry) <71, P3 =0 is in the circle z; = r1, but meanwhile this implies f~!(r1) > 72, which
means P3 = 0 is not in the circle zo = r5. We denote this case as ({ P2}, {Ps, P1}). On the
contrary, If f(ry) > r1, which implies f~(r1) < 2, P3 = 0 is in the cycle of 29 = ry and
not in the circle of ;1 = r;. We denote this case as ({ P}, { P2, Ps}). By selecting different
|P;| = r; as did in (2.25), one can also find another contour corresponds to the combination
({Ps},{P1, P,}). The analysis tells us that multivariate residues depend not only on the
location of the pole but also the shape of the cycle enclosing the pole as shown in [88, 93].
As pointed out in [70], to deal with degenerated cases one can use the method of resolution
of singularities, which closely relates to the sector decomposition method. To understand the
procedure, let’s show a simple example. Consider u = 21’81 252 (21 + 22)% [T74(Cs + O(2))%.
The pole p = (0,0) is non-factorized and degenerate, since there are three hypersurfaces

Pr=21=0, Pob=2=0, P3=2z+2=0 (228)
that meet at (0,0) but it is only a two-dimension (or say 2-variable) problem.

One could find three transformations:

T . 21 — :cgl)argl) , 29 — acgl) ,

T® : 2z — xgz) , 22— a:gQ)xgz) )

TG : 2 — ;rg?’)xgg) - mgs) , 22— :Uég) . (2.29)
They are built according to the following logic. For the n-variable problem, firstly we choose n
P; as n new variables z;. Then we turn all the remaining factors P; which lead to degeneration
into the form zf(C 4 O(z)) by a series of blow-up transformations

T — xia:? (2.30)

with a chosen pair of (z;,2;). The choice of b is important for the intersection number
and we will discuss it later. For example, we select P> as x9, P3 as x1;. With this choice,
we have the shift transformation

t1:21 221 —2X2, 29 229, — PL=x1—20, Po=29, P3=1x7. (2.31)

Now we need to turn P; to the form z¢(C + O(z)). There are two different choices. Let
us factorize zo with the second transformation!

tor g — x§3)x§3) , To — xés) , (2.32)

where the b = 1. Putting these two together, we have T4) = t5 0 t;.

! Another choice is to factorize 21 with the second transformation x2 — xf)x;& , X1 — a:(13), which is just

T®) with the relabeling of x1 < 2.



Since xo has been factorized from P;, we combine P; with P, = xo to write this case as
({Ps},{P1P:}).? As we will show shortly, it just corresponds to the contour ({Ps}, {P1, P2}).
Then, we have

T(l) : ({Pl}’{P27P3})7 T(2) : ({PQ}v{Pl’PZ’)})’ T(3) : ({P?)}’{PLP?})' (233)

From it we can read the hypersurface-powers from T [u]:
T(l)[u] _ (Ig))lﬁ (xg1)>61+ﬂz+53 (9651) i 1)63 S
+B2+
T(2)[u] <x§2)>52 <$g2))51 Ba+Bs <x§2) i 1>,6’3 oo

T®) [u] = (xg3) B 1)ﬁ1 (xég))51+ﬁ2+53 (mgg))ﬁg, o

YW =81, WY =B+ o+ Bs,
’YEQ):ﬁQ, ’752)251+52+ﬁ3,

’YF’) = B3, 753) =B1+ P2+ B3
(2.34)

Under our regularization scheme, all factors in ¢ are also shown in u, so the factorization

of v will factorize ¢ automatically.
(a)

)

= 0, let us consider the limit to (0,0)
for each transformation. Through the transformation we have

Since we are going to take residue around z

T P a0l Py o) Byl 1)
T p=af?, R=oPal?, P=a(1420);
T@: P =2PEP 1), P=2, py=2P2Y. (2.35)

The limit going to (0,0) can be described as 23 — M1, z1 — A% with 81 > 0,8, > 0. If
we describe the limit of P; as P; — A%, we will have

TW:  a =61+ b2 az=po, az = PBa;
T@ . a =8, ay=p5+ P, az = Ba;
T® . a1 =8, ay=pe, az = P11+ B2. (2.36)
From them, we can read out the character of each transformation to be
P; P P.
W.rp P ity it} 31
RY APy — 0, 3_>0’P2_>0’P3_>0’P2_> b,
P. P P.
@.rp P 22 22 3
R {1—>O,3—>0,P1—>0,P3—>0,P1—>},
P. P P.
B .rp P o3 ki) 2 . 9
R .{1—>0,2—>0,P1—>0,P2—>0,P1—> }. (2.37)

For a better understanding, let us consider the coordinate system of aj,as. From (2.36) one

can see that each transformation defines a “region” in this coordinate system as

1)
3

J A

3

(
1
(
1
(
1,3

)
3
)

E

: {a1>0, az > 0, a1<a3}.

2 Another understanding is to use the “region” concept in (2.35).

: {a1 >0, a3 >0, a1 > as},

: {a1 >0, a3 >0, a1 = as},

(2.38)
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Figure 1. At the left it is the region of P;, P3, the middle the region of P;, P, and the right the
region of Py, Pj.

The combination of these three regions fills the first quadrant as shown in the left picture

in figure 1, although the measure of R% is zero compared to the other two regions. The

same phenomenon also occurs for Rj2 and Ra 3 as shown in figure 1

RY: {a1>0, a3>0, a1 > as},
RE: {a1>0, a3>0, a1 < as},
Rf’% {a1 >0, a2 >0, a1 = as},
Rg% {az >0, a3 >0, az = az},
RE: {as>0, a3 >0, a > as},
Ré?’%: {aa >0, a3 >0, ag < asz}. (2.39)

For T(l), P; is much smaller than P, and P3. It means for

j{ }{ dPy ANdPy x - -+, (2.40)
|Pi|=r1 J|Pa[=r2

we have 11 < |Py|. Hence P» = 0 and P3 = 0 is not in the circle of |P;| = 71, but in the
circle of |Py| = ro. That’s why it does correspond to the contour ({P1}, { P, P3}). One can
also consider this problem starting from

7{ 7( AP, AdPy x - - | (2.41)
|Pr|=r1 J|Ps|=ra

and get the same conclusion. Similarly, one could know the contour of T(?) is ({ P2}, {P1, P3})
and the contour of T®) is ({Ps},{Py, P2}).
Now, as an exercise let’s compute a multivariate residue at (0,0) of

(21 + 22) Ri2+ 220R13 — z1R23
Z122 (21 + ZQ)

Y= dz1dzy . (2.42)

For this simple case, the denominator of the rational function can be directly separated to

Rio Ri3 Ry 3
= =~ dP; AdP: = dP; AdP: ;
¥ PPy 1 2+P1P3 1 3+P2P3

dPy A dP;. (2.43)
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Using the above analysis for the degenerated case, for the transformation T™") we have

Iy = (a:ﬁ” +1)Ri2+ Ri3— $§1)R2,3
wlra = RO

. dz' A dalV (2.44)
ri xy (2 +1)

thus
Res(0,0) TW[p] = Ria+ Ri3. (2.45)

On the other side, from the analysis of contour, since the transformation T™) corresponds
to the contour ({ P}, {P2Ps}), 1/(P1P) and 1/(PyPs) could contribute. Thus, the result is
Ri2 + Ry 3. This result is the same as the one we get from transformation T 1), Similarly

R® = Res 0,0) TO[p] = —~Ri2+ Ra3,
R® = Res(o,0) T®p] = —Ri3— Ra3, (2.46)

where the minus comes from dP; A dP; = —dFP; A dP;. RY + R + RG) = 0 is due to
the three contours are not independent [88].

Before ending this part, let us mention that there are other transformations. For example,
one could select P3 as x1 and P; as w9, then, factorize a x5 in the remaining degenerate
factor P». This gives a factorization transformation

TW: 2 — :rg4) , 22— x§4)x§4) - a:gl) , (2.47)
which leads to
P=a, PB=2{"G" 1), Py=2"alV, (2.48)
and
T(®) [u] = ($g4))ﬁ1+/32+/33 (mg@ B 1)62 (:1354))63 S
WY =B, WY =1+ Ba+ Bs. (2.49)

Comparing (2.48) with T®) in (2.35), we see they are same after noting Pj|pe) ~ ZL‘§3)

and
Py ~ iL'g4). Similarly, we have 754) = 753), 754) = ’yég) and R® = RO by the analysis of
region. The contour corresponds to T [u] is also ({Ps}, {P1, P»}), the same as T(®). These

arguments show it is equivalent to the transformation T3, thus we can neglect it.

2.4.2 Region of factorization

Now let’s turn to a subtler issue about the power b in the blow-up transformation (2.30)
for factorizing the degenerated poles. The choice of b relates also to the concept of “region”
defined by the coordinate system of a;, which describes the limit behavior P; ~ A%. For the
example presented in the previous subsubsection, the three factorization transformations
T(®) in (2.29) are chosen such that their sum of regions will fill the whole region defined by
Rij = {a; > 0,a; > 0} for all pairs of P; =0, P; =0 as demonstrated in figure 1. We claim
that only when the factorization transformation satisfies this criterion, we will get the right

LO contribution using the formula (2.19). Unfortunately, due to our limited mathematical
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knowledge, the rigorous mathematical reasons for this phenomenon are unclear to us. To
reconfirm our calculations of the intersection numbers (such as the computations in section 5)
using the region method, we compute them again by the fibration algorithm [67] of multivariate
intersection number. It is another algorithm that can compute multivariate intersection
numbers but does not suffer from the complication of the multivariate complex function.

Now let us illustrate some features of the subtler issue about blow-up transformation.
This problem arises from that we are not just computing the multivariate residue of a
rational function, but also the residue of factorization transformation as the denominator
in (2.19). For a rational function, once it is factorized, further rescaling transformations
will not change the result. For example

dz; Ad
Res(g,0) 2 = 1 (2.50)
Z1%9
A further rescaling transformation®
2
T : 2 — :L'gl) (xél)) , 29— wgl) (2.51)
will not change the result
dz ANdz dztV A dalV
1 1 20 _ 1 2 _

Ty Ty
However, the formula of LO contribution of intersection number (2.19) contains the inverse
of a residue in the denominator

1
[T; Res o) 0z, log (T(@) [u]) dz;

(2.53)

which will change under the rescaling transformations. For example, for u = zf ! zg *Ties(Ci+
O(2))% which has been completely factorized, formula (2.19) gives

1 1 1
1 _ _ 2.54
~ = T Ressco 0, logu dz i (2:54)
Now we consider a rescaling transformation
b
T : 2 — xgl) (x§1)> , 22— a:gl) (2.55)
such that
B1 bB14B2 1 )
T = (24)7 (28) 7 TI(Ci+ 0(2))*
i=3
1 1 1
(2.56)

YO i Res () 0., log (T [u]) dz; — Bu(bB1 + Ba)

3More generally, under the rescaling transformation z1 — 945, zo — t$t2, the residue of (2.50) is invariant
when ad — be = 1. The blow-up transformations (2.30) belong to the set of rescaling transformations.
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Clearly, 1/ # 1/4W), the further rescaling transformation will change the result of the
intersection number. The reason is that before the rescaling transformation, the region is the
complete first quadrant Ry 2 = {a1 > 0,a2 > 0}. After the rescaling transformation, we have

b
Pl=2z= xgl) (xgl)) , Py=12z= x(;) (2.57)

thus the region is given by Rglg = {ay > bag > 0}, which is only part of first quadrant. To

get the right result, we must sum up another rescaling transformation, which gives the region
Rg = {baz > a; > 0}. One can see that such a rescaling transformation is given by

1
T® : 2z — acg?) , 22 — xg) (:r?)) ’ (2.58)

then

TOR) = (o) (2)* [1(C: + Oz

i=3
1 1 1
¥@ 1L Res (o) 0z log (T® [u])dz; (B + P2/b)B2
It is easy to check that?
_ e e 11 1

Having the above example, we can come back to the example in the previous subsubsection
for the degenerated pole. Let us keep factorization transformation of T, T(2) untouched,
but change the factorizaton transformation of TG, Again, in the first step, we do

t1:21 > 21— X2, 29 > 20, — PL=x1— 29, Po =29, Py =11. (2.61)
But in the second step, we do
tor g — xf’“) (."L‘g?)a))b, To — azgga) , b>1 (2.62)
Overall we have
Py =P @ @F 1), B=al) =P (5 (2.63)
and
TEIu] = (2 (2§ - 1)/31 (x<23a>)51+52+bﬁ3 (xgsw)bﬁ?» y
W =8y, A8 =B+ Ba + 0B (2.64)
It is easy to read out the region by T(3®) ag

RYY ={a1=a2 >0}, RYY ={az>ba; >0}, Ry ={a3>baz >0}  (2.65)

“More rigirously, there should be a region R?Q = {baz = a1 > 0} to completely fill the complete first
quadrant. However, the measure of this region is zero, so we can neglect it.
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If we check the figure 1 again, we see that the region R; 3 and Ro 3 is not complete. To find
the missing region, we need to consider another transformation

(3b)

T (3b)( (3b))1+ﬁ . 2yl

r1 =z (T (al:g?’b))ﬁ (2.66)

Thus we have

P=a @)@ 1), P (30) ((36)) g2y

1 2 2 h =xy (T , P3= xf“” (:cgg’b))prbfll . (2.67)

and

B1+B2+bB3

T(3b) ] = ((a}égb)) B 1)51 (mggb))ﬁl+,82+53 (nga))T X oo

36 _ Bi+ B2+ 0P

W =B+ B+ B, 1 (2.68)

It is important to notice that both (2.63) and (2.67) gives the contour {{P;, P>}, Ps}. Fur-
thermore, from (2.67) we find the region

ng) = {a1 =as > 0}, Rg?g) = {ba1 >a3 > ap > 0}, Rg?g) = {ba2 > a3 > ag > 0}. (2.69)

In fact, one can check that

1 1 1 !
+ — = +
0 A T BBt Bt 08 (B + o + ) ()
1 1

= = 2.70
B3(B1+ B2+ B3) ) ( )
when compared with (2.34).
We emphasize that the region rule is only observations in our practice, not proof. It
suggests that if one does not want to lose contributions in this method, one should consider
the regions of factorization transformations carefully.

2.5 The selection rules of the CDE — 1

With the above mathematical preparations, we move to the discussion of the matrix (&Q)
defined in (2.14). We will focus on the selection rules for non-zero components of (d2) by
two different methods. In this section, we will discuss the computation of (&Q) without using
relative cohomology. Thus for denominators D; with integer power, we need to add a regulator
Df ‘ to u and take the zero limit for the final result. As a consequence, the selection rules of
the CDE we get in this section will have some redundant terms, which will vanish together
with the regulator power ;. This problem will be avoided by using relative cohomology in
the next section. The discussion in this section will be the expansion of [83]. From (2.14) we
see that the coefficient matrix of the CDE (or “CDE matrix” for short) has two factors:

(aQ)]K = (¢rleg) (77_1)”(- (2.71)

We will address these two factors one by one.

— 14 —



2.5.1 Condition of (pr|es) # 0

Let’s consider (¢r|¢s) first. By general arguments, to have a non-zero contribution to
intersection number, one must have b it bji; < —2 for the series expansion around the pole
p;- For ¢ as a dlog-form, b;; > —1, thus only those terms in 7 that satisfy bf,i < -1
lead to non-zero contributions to this intersection number. Furthermore, around each pole’s
region (a), the action of d operator decreases only one index 7 of br; in the expansion of
w7 by 1. Combining the fact that ¢ is also a dlog-form, we have the condition: only
when one index j satisfies by ; +b;; < —1 and other indices satisfy by; + bj; = —2,i1 # j,
(¢rlpg) could be non-zero.

With the above explanations, now we define two notations. For a pole’s region («), if
they have a pair in the expansion which satisfy by ; +b;; = —1 and by ; + b;; = —2 for other
i # j, we say they share a (n — 1)-variable Simple Pole ((n —1)-SP); if by; +b;; = —2
for all ¢, we say they share a n-SP. Using these notations, the above discussions can be
summarized as follows:

dlog-form  : br; > -1, by; > —1,
b1 : bj7j:b17j—1, for one j,
(Prleg) #0 & by +by; < =2, Vi
= (@rlps) #0: (=2 <brj+by; <—=1) & (b =byi=—1,i# j) (2.72)

and

(n—1)-SP: (br;+bs; =—1)& (br; =by; = —1,i #j),

n-SP: br; =by; = —1. (2.73)
Before the computations of the above two cases, let us rewrite ¢y = Dlogu A; Dlog WJ(«I)
given in (2.13) to more explicit form using the expansion (2.17) for factorization in the

region («) as
Dlog (T(O‘) [u]) A Dlog T(®) [W](I)} 7
j

(@)
Dlog (T(O‘) [u]) = Dlog g (%) + Dlog (H {x,ga) - pga)ri ) . (2.74)

(2

2.5.2 (n — 1)-SP contribution for (¢r|ps)

For ¢ and ¢ share a (n — 1)-SP, Dlog (T(O‘) [u]) provides the remaining “one pole” via
bj’j = brj — 1. The result is

()
VoA b b
ok / o e®?) ap\ (2.75)
which has been given in [83] (include why is it a alog), so we are not going to explain these
details again, but merely show one typical example: the C}bl ) and C’SIU ) in the formula could be

=% = (9. 1og [z, ca; cx)) | =0ulogT[er, cap e
—=C1
Cffbj:_l) — ReSz:c1 dlog 7—[27 C1; Ci] = ]_ s (276)
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then
&/C}bj:o)C((]bFfl) de; = dlog T[er, co; 4] (2.77)

Let us remind the reader that there are three cases for the j in b; ;= brj — 1:

br; =0, br;=-1,
brj =-1, by;j =0,
1 1
b[,j = _57 bJ,j = _57 (278)

where the third case could emerge from sqrt-type dlog. According to the formula of LO
contribution (2.24), ’yj(-a)’s in the denominator rely on by ; and b;;, and are different for these

three cases. However, the d act on J upr also leads to a external factor ’yj(»a)

For example, to use (2.19), we need to apply the rescaling transformation

at numerator.

@ =z — i), (2.79)
and we have "ga) = %(a) for ¢ # j. Then, ¢ take the form as follow:
] (a)y 3™ (@)y7(®) -1
d(zj_Pj ) XH(Zz‘—Pi )% f
i#]
~(a)3 s (0)
A8 % [z — o) (2.80)
i
where the - -- part does not contribute to the intersection number. The ’y](a) in the above
equation will cancel the ’yj(-a) in (%) in the equation (2.24):
~ (@) (@)
. 1 .
ik S (2.81)

J?(Ol) Hi;éj ,Y(OC) ,-Y(a)

)

Hence, we have the coefficient in (2.75).

2.5.3 n-SP contribution for ($r|ps)

(c)
For ¢ and ¢ sharing a n-SP, at first glance, the second term D log (Hi [x(a) — pga)}% >

)

in Dlog (T(a) [u]) (see (2.74)) seems to lead to a pair of expanded terms that satisfy by, ; +
br; = —3 for one j, and by ; +br; = —2 for other i # j. This could give an NLO contribution
(as defined in [83]) to the intersection number. However, as we will show shortly, all these
potential contributions are canceled here. For rational-type dlog-form,

D log T(*) [W;I)} = Dlog (x(a) - p§-a)) (2.82)

J
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expanding D = d + d where d is differentiation with respect to p(-a) and d; differentiation

J
with respect to $§a), we have

o (o7 - A7) ) na (557 - )
L dlog <($§a> _ p§a>>w§a)> o (a1 — p§a>>] A DlogT® [w]
i
= [dj log (xg.C“) - pg.a)) Adlog (:cgo‘) - ,og.a))
+alog (argg) — p§a)) A d;log (:L'g-a) — p§~a))} /\ Dlog T(e) [WZ(»[)}
i]
=0. (2.83)
Similarly, for sqrt-type dlog-form
D log T(®) [Wg.f )] —Dlogr [asg"‘),pga); st (2.84)

we have

= {dj log xﬁ»a) — pga)) A &log (x(a) — p§-0‘)) + alog (a:(q) — pga)> A djlog (a:ga) — pga))}

_ 0 (2.85)

After showing the second term giving no contribution, using the result (2.24) the first
term gives the result

CD =D

€T dloe (i (@

It is worth pointing out that in [83], one needs a formula of the NLO contribution of the
intersection number for this result. Here we avoid using the NLO formula because we have
transformed the related term to the LO case via IBP in (2.12) (from the second line to
the third line) at the beginning.

2.5.4 Condition of (n~'),, #0

For (77*1)JK in the CDE, since n~! = ﬁn* where n* is the adjugate matrix, the element
could be written as

(K.J)
1Y), = <—1>J+K”|T, (2.87)
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where n(5”) is the minor of the element 7,5 in the matrix . The minor in the Laplace
expansion of the determinant is the sum of the form

(_1)a77Ji177i1i2 C Mip_1i Tho K Hnjkjk : (2'88)
k

For n(K/) £ 0, at least one term of the form (2.88) should be non-zero, which is equivalent
to the statement that every element 7;; in (2.88) should be non-zero. For the dlog-form
nsk = (¢slek) could be non-zero only when ¢; and ¢ share at least one n-SP. Since ¢,
must exhibit n-SP with itself, all 7;, ;, should naturally be non-zero. Therefore, we only
need to ask the existence of at least one non-zero chain 17;,Mi iy - * Miy_1iy Min K, Which implies
that ¢ shares n-SP with ¢;,, @;, shares n-SP with ¢;,, and so on. With this picture, the
notation of n-SP chain has been defined in [83]:

o If o5 and ¢  share an n-SP, we say they are n-SP related, and denote it as ¢r ~ .

e The n-SP chain is the collection of ¢;’s, such that for arbitrary pair of ¢,, @y there
exists an ordered list {¢q, @iy, ..., @i, ¥} (notice that ¢q ~ @p, pp ~ @ do not give
Ya ~ ¢, that is why there is a order) such that ¢, ~ @i, ~ ...~ @;, ~ ¢, where every
@ belongs to the chain. If ¢,, @y belong to a n-SP chain, we denote it as ¢, ~~ ©p.

Using this notation, we can simply say that the condition of (nfl) s 7 01s ¢y and pk
belongs to an n-SP chain. For example, assume there is a case with seven master integrals,
whose indices are denoted as {J, K,1,2,3,4,5}, and suppose ¢; ~ ©1 ~ p2 ~ Qi, We
have p; ~~ @i and

* ’I’]Jl * * * *

* k 7’]12 k k k

J+K KJ MK * * * * *
(—1)7 K "] = (2.89)

* * * 733 * *

* ook ok T)yq

* * * k * 755

could be non-zero due to 731M12172KM33M44M55 could be non-zero.

2.5.5 Conclusion

Having discussed the two factors in (2.14), now we can state the selection rules of the CDE:

. (aQ)[K = (¢rles) (171) ;j could be non-zero only when in the summation over .J there
exists a ¢ share (n — 1)-SP or n-SP with ¢, and ¢j ~~ @k.

. (d0) 75 could be determined via merely LO contribution formula of intersection number.
For ¢r and ¢ that share a (n — 1)-SP, it contributes

(a)

VA br) ~(bs) 5 (o
7](@) d/C} Do) dpl (2.90)
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to (¢rlps). For ¢r and ¢ share a n-SP, it contributes

C](—I)CS—I)

@ dlog (i1a(p)), (2.91)
to (¢rlps) with constant C§_1)C§_1). These two formulas give all symbol letters. For

nik = (vs|¢K), each shared n-SP gives

CL(]—I)C%—I)

2.92
- (2.92)

with constant CS_I)C%_I).
e The canonical-form differential equations emerge naturally. To see it, let’s assign the

original hypersurface-powers f; in u = [[; [F; (z)]ﬁ ‘ to have the transcendental weight-

(—1). For our application in Feynman integrals, 3; ~ ae or f; ~ J; with constant a

(typically, integer or half-integer). This means that € and ¢; have the transcendental
(a)
i

weight-(—1), so all hypersurface-powers 7, for each factorization are also weight-(—1)

T(B:) = T(e) = T(6) = T(r) = —1. (2.93)

Because of (2.90) and (2.91), (¢r]py) are weight-(n-1) coefficient times dlog-form.

Similarly, (n~ is weight-(—n) coefficient. Combining them, we have (aQ)IK is

Y
JK A
weight-(—1) coefficient times d log-form. After taking regulators d; to zero, the weight-

(—1) coefficient in (&Q) 15 could only be proportional to e. Hence we have

A

(AQ) = €3 Cl dlog W (s) (2.94)

where W(i)(s) are symbol letters and C?I)( are the corresponding constant coefficient
matrix. This is nothing, but the so-called canonical form or e-form.

Since after factorization, the n-variable multivariate residues are reduced to n univariate
residues, and only the (ng > n — 1)-SP shared by ¢; and ¢ could contribute, naturally one
can image that people could take residue of (n — 1)-SP first. This gives an overall factor

(@)
s (2.95)
,-Y (0%
and left an univariate problem, whose u part (denoted as u’ here) is
(o)
_ «a o «a o a o a)\ 7
W =i (p\, i i ) () = ) (2.96)
All univariate u-part could be reformed as
u' = Py° H(z — )% (2.97)

i
Since we rescale all 8; to be a;e, the square root part is absorbed into ¢ part. Without
1
loss of generality, the square root part can be expressed as [[/*,(z — ¢;)"2. For the cases
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we discussed in this paper, m = 0,1,2, so that there is no elliptic integral and it is the
dlog cases. If m = 3,4, they are the elliptic cases. If m > 5, it is the beyond elliptic
case. Then, the dlog basis and the CDE of all univariate cases without elliptic integrals
(m = 0,1,2) could be systematically discussed based on this form and of course give the
same answer as (2.90) and (2.91). The details of the univariate dlog cases have been given
in [83]. [83] also shows that since univariate rationalization is easy, one could also transform
all m = 0,1, 2 cases into the m = 0 cases with an algebraic transformation. Let’s denote
the new wu after the transformation as

u = (P (= — &)™« (2.98)

i
Then, all the symbol letters are the distance between these univariate poles ¢; — ¢} and
pure parameter factor Pj as has been discussed in [83]. For the m > 3 cases, which are
elliptic or beyond, unfortunately, there are not a dlog basis then. Meanwhile, the square
roots like T[3_;(z — ci)fé can not be rationalized by an algebraic transformation. These

cases are beyond the scope of this paper.

3 The selection rules of the CDE via relative cohomology

3.1 Dual form in twisted relative cohomology

In the last section, we have introduced how to compute the intersection number between
forms in twisted cohomology. In this section, we will present simple computational rules for
intersection numbers between twisted cohomology and twisted relative cohomology. Recall
the integrals take the form

I[u, ¢] E/ugpL,
_ Q(2)
= z de = de,
PERRN = o ()
u=[]P(2)%,  anb €N, (3.1)

(2
where regulators have not been introduced for factors Dji. In Feynman integrals, the
denominators D; with integer power are propagators and determine the “sector” to which the
integral belongs to. Here we borrow the concept of “sector” from the Feynman integral by
considering denominators in ¢; having negative integer power in uey,” as the “propagator”
and defining the sector by the list I selecting from the set of propagators. Furthermore, we
denote the set of hypersurfaces relating to the sector I as

Bf:{Dllz()?DIQ:Oa"'7DIn:O}- (32)

Selecting the dual space of dual form |p) to be the space of twisted relative cohomology
just means selecting dual forms living on the maximal cut of each sector. To distinguish,

5The P; in ¢; will have contribution from u, so the total power is not integer and we should consider them
as the “propagator”.
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we denote these dual forms living on its maximal cut (R) as Apppr. In practice, we do
not need to know the exact meaning of “live on the cuts”, and all we need to know is the
intersection number of pr, and Azpg obey a simple rule: just applying the maximal cut
of the sector of pgr to both sides, then applying the intersection number between the cut
forms as we did in the previous section, i.e.,

(pLlAger) = (pplemp) =D Resp,—0¥p0pps Via  Vaa¥ns = PLi
Pr

upr,

PRUp
Cr.h = Resg, ( u, ) , PrRAE= Resg, ( R

) , up=ulg,, (3.3)

where V, 5 is defined via the cut integral family corresponding to up. pp are again isolated
intersection points (see (2.5)) of hypersurfaces containing Bj. The definition of ¢, 5 in (3.3)
has the property RGSBL;R up =up Prp and the form in (3.3) makes Cr.k manifést as the
single-valued function.

In relative cohomology, the concept of “subsector” is the same as Feynman integrals,
i.e., if B; C Bj;, we say B; is a subsector of B;. Obviously, only when the sector of ¢g is a
subsector of the sector of ¢, the intersection number could be non-zero.

3.2 The improved selection rules of the CDE

Now we consider the dQ in the CDE using the dual basis in the relative cohomology

(aQ)]K = <9b[;j|‘:0j;j> (7771)]1(7
n (Y je = 0k s s = (e jle ) (3.4)

For (¢;.5l% . 7), let us denote the number of remaining integration variables of sector B; as n ;.
With the knowledge discussed in the previous section, we see immediately that (5. ;¢ ;. 7)
could be non-zero only when ¢, ; and ¢, ; share n ;-SP or (nj —1)-SP.

For (n‘l)JK, things are a little bit different since (pr.iles.5) # (@ .1le;.1). To count
the anti-symmetry, we need to slightly modify the concept of n-SP chain to a new concept
of cut-n-SP chain, i.e.,

o If v, ; and ;. ; share n;-SP, we say ¢j is cut-n-SP related to ¢, and denoted as
wr — g or ¢y < ;. Now, it is an oriented relation, i.e., ¢; — @  does not

imply ¢; — ¢r1.

o If o5 = ¢, we also say that ¢y is linked to ¢ via a cut-n-SP chain. If o5 — ¢; and
wJj — YK, then we say ¢y is linked to @i via the cut-n-SP chain o5 — ¢; — pK, we
denote it as ¢ —— ;. Similar understanding for more forms ¢.

With the above definition the condition of (n7!) s could be non-zero is ¢; —— ¢k.
Obviously, if B; C Bj, ¢5 —— ¢ could not be true.

The contributions for (4}, ;[¢ ;. ;) are still calculated via (2.90) and (2.91). However,
every element in these expressions should be replaced by the cut one, corresponding to the
maximal cut B;. One difference the cut leads to is the transcendent weight of coefficient

7§a)/7(a), which changes from n — 1 to n; — 1. Similarly, contributions for (n’l)JK is
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calculated via (2.92), but the weight of coefficient becomes —n ;. One point that needs to
be emphasized is that since we avoid regulators at the beginning, only ae appears in 3; and
hypersurface-powers. Weight-n coefficient could only be proportional to e~ ".

With the above discussions, we have the selection rules of the CDE (improved and

exact version):

. (aQ)IK = (¢r.51%,.5) (171) ;j could be non-zero only when there exist at least one ¢
that ¢, ; and ¢ ; share n;-SP or (nj —1)-SP and @5 —— vK.

. (aQ) 15 could be determined via merely LO contribution formula of intersection number.
It gives cut version of (2.90) and (2.91) for n;-SP or (n; — 1)-SP contribution in
{¢r.5l%.7) and cut vertion of (2.92) for (™) -

o (&rj5les 5 (n_l)JK is weight-(—1) coefficient, which could only be propotional to e,

times alog—form. Thus canonical differential equation emerges.

We know that the differential of a Feynman integral belonging to a subsector will not
rely on a higher sector, so

If B; C By, then dQ;x = 0. (3.5)

Unfortunately, with regulators the structure of the sector has been broken, i.e., there is also
no explicit reason to tell us if B; C By. Thus the statement (3.5) is not true and dQrx
vanishes when and only when taking regulators to zero after the computation of intersection
number. This is one of the manifestations of redundancy when using the regulator method.
However, with dual form in relative cohomology, (¢ e ile 7. 7) could be non-zero only when
B; C B;. Furthermore, (n~')x could be non-zero only when By C Bj. Therefore, (aQ)IK
could be non-zero only when By C B; and (3.5) holds true as well.

4 Univariate example: u = 2°(z — ¢1)¢(z — ¢3)°¢

In this section, we consider the case u = 2°(z — ¢;)(z — ¢2)€, where § is a regulator. This
structure appears in many cases of Feynman integral. For example, all n-point one-loop
integrals with their n — 1 propagator cut will give such a u in their Baikov representation.
We will compute its CDE via both methods, with and without regulators.

For the given u, the related hypersurfaces are

B={2=0,z—c1=0,2—c2=0,2 =00}. (4.1)

Its dlog basis can be easily constructed as

d d d —
golz—zzdlogz, = SN :dlog<Z Cl) . (4.2)
z zZ—cC1 Z—Cy Z—C3
4.1 With regulator
With a regulator, we have
4]
w:dlogu:<+ € 4 >dz. (4.3)
z zZ—C1 zZ — C9
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Poles of w are

{p} ={0,c1,c2,00} (4.4)

and the hypersurface powers corresponding to each pole are
1=08, Y2=¢€, Y3=¢€, Y4=—2€—9. (4.5)

Now we compute 17y = (¢r|ps) using the result (2.18) and (2.24). For n11, 1 shares 1-SP
with itself at the points 0 and co. For 2, ¢1 do not share any pole with ¢s. For s, it
shares 1-SP with itself at the points ¢; and c3. Thus we have we have

1 1 1 1
Lyl L1 g
77=<901|w>=<“0”41+1>=<5 0‘”262),
Y2 3

— <5(5+ 2Oe)/(2e) 6(/)2> | (4.6)

Let’s turn to consider (¢r|ps). Using (2.12) we have ¢r

¢1 =D (logui(z) + dlog z) A Dlog =
=Dlog () ADlogz = dlog 1 (2) A dlog z + dlog i (z) Adlog z,
p2 = Dlogus(z) ADlog(z —¢1) — Dlogus(z) A Dlog(z — ¢2)
=0 Dlogz A 2 + 2¢ Dlog(z — ¢2) ADlog(z —¢1) . (4.7)
As a reminder, the d here is a formal differential operator with respect to arbitrary one
parameter. Since it could act on ¢; as well as ¢y, we should keep both dlog(z — ¢;) and
dlog(z — ¢2). Notice that even for dlogz, we still keep it, because we regard dlogz as

dlog(z — ¢o) with ¢o = 0 and d could act on ¢g as well. In (4.7), the @;(z) is defined in (2.16)
and for current example they are

U1(2) = (2 — ¢1)(z — ), tin(2) = 2°(2 — ), uz(2) = 2°(2 — 1)< (4.8)

As a pedagogical example, we show the computation details of (/1|p1) here. First as the
d-log form, ¢ shares 1-SP with itself only, i.e., there is no contribution from 0-SP. For
pole z = 0, the first term of ¢; in (4.7) gives zero contribution, while the second term
gives the contribution

1. A
~dlog (2= )" (= — 2)"|.=0) = =dlog(crcy). (4.9)

For the pole z = oo the second term gives the contribution

€
—0 — 2¢ —0 — 2¢
where t = 1/z. For ($1]|p2), 1 shares the 0-SP with @9 at the poles ¢, ¢a. The contribution

dlog (1 — e1t) (1 — eat)|i—0) = dlog1 =0, (4.10)

is dlog (ca/c1), which can be seen from the first term of ¢; in (4.7). After finishing all
these computations, we have

. 4 $log(cica) log (¢2/c1)
(<30[|(‘0‘]>) =d ( isog (ca/c1) glog (c1c2) + 4log(cr — 62)> ' (411)
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Then, we have

« [ 2 og (chc flog (&
d€)(cise,0) =d 5(62+2e) . 1(:2) ) 2 (Cl) : (4.12)
5 log (—2) 5log (c1c2) + 2¢elog (c1 — ¢2)

Cc1

At this moment, one sees that dQ; # 0, which is not physical since it means that the
decomposition of the differential of the subsector integral will rely on the higher sector. This
is the consequence of involving a regulator, just as we have discussed in the last two sections.
Take the regulator d to be zero, we get the final result

1
A0 (e e,0) = e d [ 108 (cre2) Flogleafer) ) (4.13)
0 2log (c1 — c2)

4.2 With relative cohomology

In this case, we have

u:(z—cl)e(z—CQ)e, Dlzz,

w:dlogu:( £ 4 >dz. (4.14)
zZ—C zZ — C2

The dual basis in relative cohomology is now Ajp1, Asps. Again we need to consider
contributions from the following locations

{p} ={0,c1,¢2,00}. (4.15)

Computations of (¢7|Aj¢1) will be changed due to cutting®

(prlAge1) = (prileyi) = (11) =1

(p2|Ag1) = {pa.1ley,4) = (0[1) =0

(p1]A502) = (p1lp2) =0

(palAgpe) = (palipa) = = (4.16)

e

For (¢r|Ajpg), ¢1 is same as the one given in (4.7) while

$2 =Dlogu A Dlog(z—¢c1) —Dlogu ADlog(z — c2)

=2e Dlog(z —c2) ADlog (z — ¢1) (4.17)
thus we have
(@1lAgp1) = (1.3l010) = (dlogul.—o|1) = edlog(cic2)
(P2|A501) = (Pq.3lp1.1) = (0]1) =0
(PalAsp2) = (pa|p2) = dedlog(cr — c2)
(P1]As02) = (P1]p2) = edlog (ca/c1) (4.18)

SFor this example, z corresponds to the propagator, so there is no cut available for ¢z, so we have
(K| Asp2) = (*[ep2).
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Putting all together we have

n={erjlesp) = (é 236> , nl= ((1] 6(/)2> :

. ~ [ €log(cic2) elog(ca/cr)
((wj;j\%;ﬁ):d( g01 i 4logg(612—(132)>

A . _ ~ [log (cica) Slog(ca/cr)
dQ = (<¢I;j\¢J;j))_n 1 :ed< g 01 2 2210gg(012_ ;)) . (4.19)

We get the same result as (4.13), without extra terms in the intermediate steps (4.12). Cut
also makes the computation easier.

5 2-loop example: kite topology

Now we consider the kite topology defined by

n=08-m? zn=(10-p*-m? z=(—-1kL)?,
Z4 = l%) 25 = (ll _p)27 P2 =S, (51)

with cut z1, 22, z3. We are going to compute it using the relative cohomology. For comparison,
we also present the computation of 1 using the regulator method.

5.1 Computation of  with regulator

In the Baikov representation, u of this integral family with regulator is

U(Z4, 2’5) = ZnggQ [g(247 275)}76
9(24, 25) = 4G(l1, lQ,p)‘Zl,Qﬁzo = —2m6 + m4(s + 24 + 25)

+m? (22425 — 524 — 525) + 2425(5 — 24 — 25) (5.2)
where G(l1,1l2,p) is Gram determinant defined by

If ignoring the exchange symmetry z4 <> 25, there are four master integrals f; in this integral
family and their integrands can be constructed as dlog-forms

fz’Z/u%’

dzyd
p1 = dlog(z4) A dlog(zs) = G5
Z425
_ —dm2
oy = dlog(7[z4,m*;11,2]) A dlog (ZS r5+> _ Vsls—dm )d24d2’5,
zZ5 — I's— g
_ 2
w3 = —dlog(7[z4, 00;r1.+]) A dlog <Z5 7’5+) e dz4dzs,
25 — I5— g
_ 2
¢4 = —dlog(7[zs,00;71,4]) A dlog <Z4 r4+) = 5" dz4dzs, (5.4)
Z4 — Ty— g
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where
G1(25) = —4G(l1,P) |21 55=0 = (25 — $)2 +m* —2m?(z5 + s) (5.5)

and various roots of quadratic polynomials are defined by

—b+ Vb2 — dac
2a ’
i+ =1+(G1(25); 28], Tat(25) =[G 2a],  rse(za) = re(G; 2] (5.6)

rifaz® + br 4 ¢ x] =

One can see that with the above definition
5. (00) =00, 15 (00) =0, r5e(m?) =m?. (5.7)

Notice that if taking exchange symmetry z4 <> z5 into consideration, there are only three
master integrals remaining and [ups = [ups.
For the dlog basis we have chosen, the location (z4, z5) of poles are

p € {(0,0), (m* m?),(00,0),(0,0), (00,00) } . (5.8)

To describe the behavior around z4 — oo and z5 — oo, we use variables t4 = 1/z4 and
ts = 1/2z5. With the changing of variables, u around poles (o0, 0), (0, 00), (00, 00) becomes

2e¢—061 02 o— 02 42e—62 H— 2e—6142¢—02 ~—
Uoo0 =ty 1257 Godos  Uooo = 25715 P Gogs Uoooo = 81T M P G, (5:9)

where

Gooo(ta, 25) =13 G (1/t4,25) = —2mOt3 +mst]+mity+mitzs —m?sty

—m25tiz5—|—2m2t4Z5+3t425 —t4z§ —Z5,
gOOO(Z47t5) = t% g (247 1/t5) = goo(](t4 - t5’25 — 24) ’

Goooo(tasts) =13t G (1/t4,1/t5) = (—2mC +mis)t3t2 + (m* —m?s)t4t2
+(m*—m?s)t3ts+2m tyts+ styts —ty—ts. (5.10)

Let us analysis the pole t4 = 0,25 = 0 for usp. From the explicit expression of Gooo(t4, 25),
we can see the leading terms are mity — m?sty — z5. Thus three hypersurfaces z5 = 0,
ty = 0 and m*y — m?sty — 25 meet at (24,25) = (00,0), so (00,0) is a degenerate pole.
Using the relation Gooo(24,t5) = Goco(ta — t5,25 — 24), we see that (24, 25) = (0,00) is a
degenerate pole. Finally, the leading term of Goooo(ta,t5) is —t4 — t5, S0 (24, 25) = (00, 00)
is a degenerate pole. In [83], we have studied the polynomial G around each pole using
the Newton polytopes of G, where each monomial corresponds to a vertex of the polytope.
Here we will not discuss this point further.

With the above analysis, for poles given in (5.8), there are a total 12 contours used for
the computation. For the last three degenerated poles, each pole has used 3 contours. The
residue of pole (m?,m?) is the composite residue [94-96], for which we use two contours to
compute it. Now we list the contour and the corresponding factorization transformations
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for the computation of residue when computing the intersection number. For p = (0,0),
it does not need the factorization. However, for the sake of formal uniformity, we denote

identity transformation as T
1 1
T ({24}, {z5)), 24 — ﬂ:g ) , 25 — $§ ).
For p = (m?,m?), involved contours and factorizations could be chosen as

T® ({z1 — m27 25 = T5+ 1, {25 — T5-})s
24 — x?)mg) +ry [g(m?), :Ug)); m§2)] , 25— :L‘éz) ,
T(g) : ({Z4 - m2a Z5 — T57}7 {Z5 - T5+})7
25 — xgg)azgg) +ry [g(xf’), :Ug3)); :Eg?’)] , 24— xég) )
For p = (00,0), they are

T . ({t4}, {25, 25 —T— [goo0§ 25]})7 )

ty — :vg4):1:(24) y  Z5 x§4) )
T+ ({ta, 25 — - [Goo0; 25}, {25}),
ty — :ng') , 25 — x§5)xé5) ,
TO : ({25 — 7-[Goc0; 28]}, {t4, 25}),
ty — :rg6)3:(26) +ry [gooo(xgﬁ)7 xgﬁ))é 1’56)] y 25 35%6) :

For p = (0,00), contours are

T s ({ts}, {24, 24 — 7_[Gooo; 24]}),
T®) . ({ts5, 24 — 7—[Gooo; 24) }{24}),

T ({24 — r_[Gooo; 2]}, {24, 15}),

and their factorization could be obtained from T(45:6)

contours and factorizations are

T ({t4}, {t5, ta — 74 [Goooo: ta]}),

ty — xglo)mém) , ts — mgm) ,

T ({t47 la—ry [gooooa t4]}7 {t5})?

11 11 11
(. (10,11

t4—>ac1 ts >

)

T ({tg — 74 [Goooos tal}, {ta, t5})
ty — xng)mém) oy [goooo(xgw), xélQ)); .73512)] oty — xé12) .
From these factorizations, we can read out hypersurface powers as

,Y(l) _ 5152’ 7(2,3) _ (—26)(—6), 7(7,8,9) _ 7(4,5,6)

51382
AW = (e =61 + 82) (2 — 61) , y10 = (3¢ — 6, — 62) (26 — 61),
v = (=6, + 82) b2, y M) = (3¢ — 61 — 02) (26 — 63)
v O = (e =6, + &) (—e), y12) = (3¢ — 61 — 83) (—e).
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via z4 <> z5 symmetry. For p = (00, 00),

(5.15)

(5.16)

(5.17)

(5.18)



One can notice that the hypersurface power 5;(81 + B2 + 3) in (2.34) appears here for these
degenerate poles again since they have the same degenerate structure (two dimensions, three
hypersurfaces). C'§_1) for each factorization are

¢1:{1,0,0,—1,1,0,—1,1,0,1,—1,0},

¢2 : {0,—1,-1,0,0,0,0,0,0,0,0,0}
¢3:{0,0,0,1,0,—1,0,0,0,—1,0,1},

¢4 :{0,0,0,0,0,0,1,0,—1,0,1, 1} . (5.19)

We see that given a basis ¢; some contours give a non-zero contribution and some contours,
zero. This phenomenon can be easily understood. First, the basis should have the corre-
sponding pole for the contour. Secondly, the poles should be properly grouped. For example,
3 at pole (00, 0) has two factors t4 and z5 — 7_[Gooo; 25] in the denominator, thus only the
contour with the grouping ({4, *}, {25 — 7—[Goo0; 25], *}) (the * could be no element or several
elements) can have a non-zero contribution. One can see that T*) and T(® satisfy these
conditions, thus the related C'?(,_l) is non-zero. Similar understanding for other bases.
Collecting everything together by (2.24) we have

1 1 1 1 1
Yoa=ta578101 5w 0 TE@ TR TR0 50D
1 1
S B 0¥ 1 1
~@ T 0 a=4,6,10,12 ~(@) ~(2)
11 0 1 5 1
7(7) 7(11) 7(12) a=7,9,11,12 ,\/(a)
6(2516+252€—5%—5§+26152+362) 0 2 2
0162(—01—02+3¢€) (01 —d2+¢€)(—d1+d2+¢€) T (=01—02+3€)(—014+02+€)  (—01—02+3€)(01—02+¢€)
B 0 = 0 0
- . 2 0 — 2(e=01) 1
(—01—02+3¢€)(—d1+02+¢€) e(—01—02+3¢€)(—01+d2+€) e(—061—02+3€)
— 2 0 1 _ 2(e—d2)
(751 752+36)(51752+6) 6(7517524»36) 6(751752+36)(51752+6)
(5.20)
and
M 0 —26,0, —26,0,
0 2 0 0
= ¢ . (5.21)
—26109 0 —2¢ ((52 + 6) —€ (51 + 0o + 6)
—26109 0 —e ((51 + 69 + 6) —2¢ ((51 + 6)
5.2 Computation of n with relative cohomology
In this case, we have
u(z4,25) = [G(24,25)]" ., D1 =24, Do =25,
Usc0 = 11 Gy Uooo = 15 Goe s Uooss = 1115 G (5.22)

where G’s are given in (5.10). Using the same dlog integrand we have contructed in (5.4),
again we need to consider poles located at

p € {(0,0), (m%,m?), (0,0), (0,0), (0,00) } . (5.23)
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For the pole (0,0) it can only contribute to the top sector. The contour TM in previous
subsection should be replaced by the contour T(}3), which transform nothing, i.e., T3 : ().
The evaluation of intersection numbers is just like the first line of (4.16), i.e., constant
to constant.

For poles (00,0) and (0,00), the discussion is a little bit tricky. When we consider
(@I;j]goj;ﬁ , I, J =2,3,4, since there is no z5 in usg and no z4 in ugs, they are no longer
degenerate poles between subsectors By = Bs = B; for basis o2, ¢3,¢4 (given in (5.4))
containing no z4, z5. Thus when compute the intersection number, for pole (co0,0) we can
use the contour and the factorization

T(14) . ({ta}, {25 — 7=[Gc0; 25)}) »

(4) (14)

ty >y, 25— Ty (14) (14

+ 4 [Goco (Y, 25 20T (5.24)

and for pole (0,00), the contour and factorization

T ({ts5}, {24 — 7—[Goco; 24]})

ts — x&w) . 24— 1‘95) +ry [Qooo(:cgls), Jrgm))

a9 (5.25)
One can check that the contributions of T4 and T(% can be obtained via sum the
contribution of T(*4:6 and T79) respectively, for example, 1/ 7(14) =1/ ’7(4) +1/ '7(6), which
is nothing, but the (2.60) in previous section.

However, when we compute (¢, j[¢;.;), J = 2,3, since ¢1 contains the denominator
2425, poles (00,0) and (0, 00) are still degenerate and we should use the contours T(+56) and
T(789) From (5.19) one can see that the fifth and the eighth components of vector C’f_l)

(5,8)

of 934 are zero, so the contributions from T are zero.

The above two situations can be combined into the statement that we should use the

4,6,7,9)

contours T( for the computation of all intersection numbers. Then, all the hypersurface

powers are

7(13) —1, 7(2,3) = (—26)(—¢), 7(4) — 7(7) = 2¢(e), 7(6) = 7(9) = —¢(e),
710 =3¢ (2¢), A1) =3¢(26), 1 = 3e(—e). (5.26)

The C§_1) for T(13:2:3:4,6,7,9,10,11,12) 410
P1: {17 07 07 _17 07 _11 Oa 17 _170} )
w2 :{0,-1,-1,0,0,0,0,0,0,0},

®3 : {07 07 07 17 _17 07 07 _la 07 1} 3
01:{0,0,0,0,0,1,-1,0,1, ~1} . (5.27)
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Using (2.24) one could easily compute n and =" as

1 1 1 1
1 1 0 . TAm T T 5am 10 -5 —%
n= 1 1 = 2 1
0 0 220=4,6,10,12 5(ay —um 00 —352 32
1
0 0 —ﬁ Za:7,9,11,12 .,(1@ 00 32 3e2
10 -2 =2
0e2 0 0
-1 _
T T loo0 22 —& (5.28)
00 —e —2¢2

Compared to the computation (5.20) with regulator, one could see that we have simpler
expressions in intermediate steps.

5.3 d2;5 with relative cohomology

Let’s notice that o and 3 belong to subsector whose loop-by-loop Baikov representation
corresponds to an univariate problem with v = (z — m?)72¢2¢(22 + m* + 5% — 22m? — 2sm? —
22’3)*1/ 2=¢ and (p4=¢3 by symmetry. Since such univariate cases have been systematically
discussed and are easily computed using techniques for univariate problems [83], we do not
compute them using 2-variable u(zy, z5) here. Hence in this subsection, we compute d€2; ; only.

For d{;, from the non zero terms in (p~'),, (5.28), only (@1.1le1.0) (n1),, could
contribute. Thus we only need to compute

A€y = (Py4le,1) = dlogu(0,0) = —e(2dlogm? + dlog(s — 2m?)), (5.29)
where (2.13) has been used for the maximal cut z4 = z5 = 0, i.e.,
du(0,0) = (dQ) u(0,0) — dQ = dlogu(0,0) (5.30)

as a trivial O-variable problem. If we compute with regulator, it will be more complicated, since
by (5.21), (n7%),;, (n71)4, and (n~1),, are all non-zero and the corresponding computations
could not apply maximal cut as did for Bj.

Now we move to dQy5, J = 2,3,4. To get dQ15, we only need compute (gbl;glgoﬁ).
However, ¢; and ¢2 do not share 2-SP or 1-SP. We have

dQlQ = 62 <¢1;Q 802;Q> =0 (531)

To get dfi3, we need to compute (¢, 5[0 7), J =1,3,4. J =1 has been computed in (5.29).
Due to the 24 ¢ z5 symmetry, (p1.3p3.3) = (@1.4les4). For (p.3l03.3), T*19) Jead to
2-SP, whose contributions vanish due to alogC = 0. T(12) Jead to shared 1-SP, whose
contributions also vanish due to fllogC = 0. Only TG Jead to the same shared 1-SP
({t4,*},{*}) which give the only non-zero contribution

(P1.3l03.3) = % (a log(m?) + dlog(s — m2)) . (5.32)
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Then we have

g = (n71) | (euiler) + [(n7) , + (17) ,)] (@ralesg)
1.

= (=2)(—e)d(2log(m?) + log(s — 2m?)) 4 (—2¢> — eQ)Ed (log(mQ) + log(s — mQ))
= ¢ d(log(m?) + 2log(s — 2m?) — 3log(s — m?)) (5.33)
Due to the z4 <> 25 symmetry, we have
A3 = dQyy . (5.34)

Now we have all aQ1J.

6 Summary and outlook

In this paper, we focus on the computation of the CDE matrix with dlog-form basis ¢. By
writing the ¢ in Dlog-form (2.13), all computations of intersection numbers can be reduced
to the LO contribution form given in (2.24). Thus we can show that the CDE matrix is
the d log-form and if the powers of u are proportional to €, then the differential equation is
canonical. We have also shown that relative cohomology can simplify the computation of
intersection numbers by giving a simple computation rule. Our selection rules, i.e., n-SP
and (n-1)-SP contributions, have provided better insights into the structure of the CDE. We
provide also careful treatment on the factorization of multivariate poles. To demonstrate the
utility of the above analysis, we have presented detailed computations using two examples.
Our results will help the understanding and application of intersection numbers.

Applying results in this paper to more complex examples necessitates an automatic
and efficient algorithm for identifying all regions of poles and their factorization, which
remains an open question to the best of our knowledge. However, our application of the
analysis does not need to be so rigid. For instance, if we care about the symbol only, the
factorization transformations corresponding to the contours of all multivariable poles do
not need to be complete, i.e., like the case (2.56) without getting the full region. The even
worse case is that we do not have a dlog integrand basis, but the analysis in this paper
can still provide us information about alphabet W(i)(s). For example, one could apply one
of the factorization transformation

(a)
o _ o )]
w(T[z]) = ta(@) [T [~ V] " (6.1)
and take n — 1 variables to values of poles to arrive at a univariate form (without loss of

(a))

generality, we choose z;

(o)
_ v
uga) = Uq ('Tga)a pga)v pi(%a)v o ) [xga) - pga)} ' : (62)

As detail discussed in [83], the symbol letters of the univariate problem (if not elliptic) could
be read out immediately from u. These letters are also the letters that could appear in
(o)

the full multivariate problem. Thus, figure out u, ’ for all o and ¢ could provide letters
even without the construction of dlog integrand. These less stringent problems will be

explored in the future.
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1 Introduction

The quantum field theory in curved spacetime has a rich history and holds paramount
significance in various physical applications. As the maximally symmetric spacetime, de
Sitter (dS) spacetime as well as anti-de Sitter (AdS) spacetime should be the simplest curved
spacetime to study. The quantum field theory in dS and AdS has gained large interest
among researchers. In the phenomenology of particle physics and cosmology, correlators in
dS spacetime play a crucial role in the study of inflationary cosmologies and possible signals
of new physics, known as the cosmological collider program [1-3]. These correlators are
then related to experimental observations [4] such as Cosmic Microwave Background (CMB)
radiation and Large-Scale Structure (LSS). Utilizing the in-in formalism [5] in cosmology [6, 7]
and its diagrammatic approach, the Schwinger-Keldysh (SK) path integral [5, 8, 9], one can
derive Feynman-like diagrams and rules for n-point correlators [10]. The computation and
analysis of these inflation correlators is an ongoing research topic. People have considered
this problem from many aspects such as cosmological bootstrap [11-21], cutting rule [22-28],
Mellin-Barnes (MB) space [29-34], partial MB transformation [35-38], integrand issues [39—
45]. Nevertheless, this topic, to the best of our current knowledge, has not been systematically
solved and comprehended.

On the other side, the methods developed for computing amplitudes in flat spacetime
are well-established in last two decades. Similar methods have recently been applied for
dS correlators. For example, MB transformation has been applied in both flat [46, 47] and
dS [29-38]. In dS case, people find the (high-order) differential equation of correlator and
solve it in terms of hypergeometric functions [37]. Meanwhile, in flat space, similar method
also has been considered, using the more systematic mathematical tool GKZ [48-52]. Thus,
examining the distinct features of amplitudes in flat spacetime and correlators in dS spacetime



and drawing insights from the computation methods for flat spacetime could provide guidance
for developing computation methods of dS correlators.

In the beginning, let’s highlight the main difference between these two cases. The
integrals appearing in flat amplitude take the form

/CHPi(z)‘“dz, (1.1)

where P; is polynomial and the integration region C is properly chosen. For example, the
2

conventional form of Feynman integral take this form, with P; = (I; + ¢;)* — m?, as well as
their corresponding Feynman parametrization or Baikov representation [53]. On the contrary,

the integrals appearing in dS correlator takes the form
LI PG) ] Fit)az. (1.2)
c ;

where F; are functions related to Hankel functions and step functions [10]. This poses
substantial challenges in the computation of such dS correlators. Successful experience for
higher precision computations of amplitudes in flat space in the past decade leads us to the
Integration-By-Parts (IBP) reduction [54] and (first-order) Differential Equations (DE) [55—
58] obtained by IBP. These are what we want to introduce to dS correlators. The IBP
method establishes linear relations among different integrals within a integral family by
integrating total differential with zero boundary. For example, for the integral family

1
_ d
the IBP relation gives

0= /ddz ;.zm S (d-20)G(a) — 2am2Gla+1)=0.  (1.4)
With such relations, one can reduce any integral in the integral family into a linear combination
of a selected finite set of integrals (called Master Integrals (MI)), which are the only part need
to be really calculated. If the partial derivatives of the master integrals still belong to the
same integral family, reducing them back to the MI yields a system of first-order differential
equations (DE) of the MI. With the boundary condition, one could solve them analytically or
numerically. Moreover, when people encounter the same integral family in another scattering
process, redundant computations could be avoid. The introduction of the canonical differential
equation (CDE) method in [59] has significantly facilitated the advancement of high-loop
analytical calculations, whose DE are dlog-form. Then, numerical DE methods gained
attention and generalized power series expansions [60-62] and Auxiliary Mass Flow (AMFlow)
were developed [63-66]. Meanwhile, automation packages for IBP [67-72] and numerical
DE [73-75] have been continuously refined and widely applied in recent years and provided
immense convenience. Due to all these developments, IBP and DE have become prioritized
tools especially for computing the most complicated amplitudes. For instance, the recent
result of a two-loop five-point process [76] is obtained using IBP, numerical DE and the related
packages. IBP and DE are used to be applied on the integrals take the expression (1.1). This



also implies that if same forms of integrands are identified in other physical scenarios, the
computational techniques developed for flat spacetime Feynman integrals may be directly
applied to those situations. For instance, in dS correlator, calculations are comparatively
more tractable in the case of conformally coupled scalar due to their integrals also take the
form (1.1), and IBP and DE have been studied [77, 78] in this case recently.

In this paper, the power and significant success of IBP and DE in flat spacetime have
motivated us to promote their application to dS integrals with the form (1.2). This extension
aims to develop a systematic, efficient, and automatic technique for computing general (not
only massless or conformally coupled) dS correlators. It provides also a new perspective and
tool to analyze the structure and properties of dS correlator.

The structure of the paper is following. In section 2, we review the Feynman rule of
the dS correlator, then construct IBP of this case. In section 3.1, we indicate that each
dr;’s IBP are factorized, which leads to great simplification of the computation. For the
so-called vertex integral family (with respect to integration of each 7;), we have constructed
a smart set of bases, which will lead to further significant simplifications in the iterative
reduction and DE of this integral family. In section 3.2, we give a pedagogical example of
iteratively reducing 1-fold Hankel function vertex integral family, to sketch the features of
general cases. In section 3.3, we find it coincidentally that the DE of the MI we construct
automatically are d log-form. Subsequently, we systematically present and prove the universal
formula of iterative reduction for arbitrary n-fold vertex integral families in section 3.4 and
its dlog-form DE in section 3.5. In section 3.6, we quickly cover the simplest massless case.
In section 3.7, we give discussion of IBP and DE when they involving remaining terms come
form two types of propagator G1. and belong to the so-called sub-sector. Finally, a brief
summary and discussions are presented in the section 4.

2 Generalized IBP relations of dS correlators

In this section, we review the Feynman rules of in-in formalism dS correlators in cosmology
and inflation. We will find dS correlators take the form of (1.2) and determine what terms
and functions could appear as P; and F;. Then we will generalize the IBP method to this case.
For simplifying the discussion without losing key features, we focus on scalar field theory.

Following the standard notation in the inflation physics, we choose the metric with
the so called conformal time 7

ds* = a*(1)(— dr? + dx?), (2.1)

where the scale factor is chosen to be a(7) = 1/(—H7) with H the Hubble parameter.
Feynman rules of dS correlators (see [10] for review) are similar to the case of flat space, i.e.,
with three basic building blocks: external wave functions, propagators and vertexes. For
simplicity, let us take scalar field as an example. The mode expansion of field operator is

3 .
a1, ) = /(;71-’;3 [ua(T, k)b.(k) + u (T, *k:)bl(fk)}ezk-m? (2.2)



where the wave function wu, (7, k) satisfies the equation of motion

() — 2l (r k) + K2+ m Y, (r,k) =0 (2.3)
a Y T a ) H27'2 a ) .

with m, the mass of the field. The solution is given by

u(r k) = \f i (v/241/4) (=1 /2(_ )25 (), (2.4)
where H(V(—k7) is the Hankel function and other parameters are k = |k|, v = % - ’g—;

and d = 3. The Hankel functions satisfy!

1 V2
2171(1,2 1,2 2 1,2 _
*H( )(—k7)+;6TH,(, )(—k7)+<k — 272>Hg N(—kr) =

H (—kr) = (B2 (—k7)) "

00 HO (<o)~ — 2T for Ref] > 0
™
7 00t HW(—kr) ~ 1| 2 (—kr)Femhr—in/2+1/9) (2.5)
Y

Using (2.2) we can get various propagators. The bulk-to-bulk propagators are given by

G (k; 11, 72) = u(me, k)u™ (72, k),

G (k;m1,72) = u* (11, k)u(re, k). (2.6)
Git(k;m,m0) = Gs(k;1,m)0(11 — 72) + G (k; 11, 72)0(T2 — T1),
Gi_(k;m1,m2) = G (k; 11, 72),

G_4(k;11,m0) = G (k; 11, 72),
G__(k;11,72) = G (ks 11, 72)0(11 — 72) + G (K571, 2)0(T2 — T1). (2.7)

The bulk-to-boundary propagators are non-vanish only when the field is massless

2
Gi(k;7) = Gia(k;m,0) = Y] (1 + ikr)e
2 .
G_(k;7) = G_1(k;1,0) = o3 (1 —ikr)ett, (2.8)

It is necessary to notice that when people consider the asymptotic past 7 — —oo, ie-
prescription [10] should be taken into consideration for good behavior. Practically, it is
equivalent to attach an external factor e*” to G~ and G. making propagators to be
exponentially suppressed to zero when 7 — —oo. For Feynman rules of vertices, some

IThe definition of HS""? in textbook is H(Vl)(z) =Ju(2) + 1Y, (2) and Hl(,2>(z) =Ju(2) —iY,(2). When z,v
are real number, it is obviously that H? (z) = (H"(2))*. The second line of (2.5) is a generalization of above

result when z, v are complex number.



examples are listed as follows:

0
—2);1@4(T)¢4—>:Fi)\/ drat(r) -
A o i 0 9
—5° (T)p(0ip)(0ip) — £ ?(kw + Koz + kls)/ dra“(r)---, kij=ki-k;j
Ay ) ix [0 2
_Ea (7—)@90 — + 3 / dra (T)G-i-m (kl; T, Tl) H [87'G+ai(ki; T, Tz)]
> i=2,3
+ 2 permutations. (2.9)

From above discussions, one can see that dS correlators are indeed the form of (1.2)
with following correspondence:

0 [e's]
/dz = / dri/ dl;, I; for loop momentum ,
C —00 —0o0

P; = 7, polynomial of loop momentum,

Fy =t HEY(<kr), 0,HID (—k1), 6(mj — 7). (2.10)

We call a integral family defined by (2.10) a dS integral family.

To apply IBP method, we need to check the dS integral family satisfying the proper
boundary conditions. For the loop integration, just like the flat space, we will use the
dimension regularization, thus the IBP relations involving I; satisfy automatically. The new
feature is the conformal time integration. First with the ie-prescription, the integrands equal
zero at the boundary 7, = —oo. For the boundary 7; = 0, one could add a regulator TZ-(Si if it is
divergence, then it is again zero. The regulator for the divergent case is necessary for the IBP
method to apply, since only with it the integration is well defined. Physical information is
coded at the series expansion of § (just like dimension regulator e for flat space), for example,
1/4 term in the expansion. In IBP-based differential equations method for flat spacetime,
obtaining result in the expansion of regulator is also a usual practice. Since a(7) ~ %, power
function of 7 automatically appears in the integrand. With these considerations, we conclude
that the IBP method can be applied to dS integral family. Let us do one simple example

0= /Cd (reHD (k7)) (2.11)

gives
0= VO/TVO_lH,(})(—kT)dT—i—/TVOGTH(Vl)(—kT)dT. (2.12)
c c

One may notice that applying the derivative operator to OTHl(,l’z) (—k7) will give 8ZH1(,1’2) (—kT),
which is not in the dS integral family (2.10). However, using the relation (2.5) we can express
9?H(1?) (—k7) as the linear combination of HM? (—k7) and 8, H("?) (—k7). For 8, similar
things also happen. For #-function, the derivative leads to d-function which can be easily
integrated out. Overall, IBP relations obtained from a defined dS integrals family will be

a closed set of equations, which can be solved systematically.



3 1IBP of dr;: vertex integral family

The integral family of dr; plays a key role in IBP of dS integrals and we will focus on its
special properties in this section.

3.1 Vertex integral family and factorization of dr; IBP

Before going to details, let us notice that from (2.10) for most terms, (at most times) different
7;’s are factorized. There is only one exception, i.e., the (7; — 7;), which comes from G
and G__. Thus we define a vertex integral family corresponding to these good integrands
without #-function:

V(vg,ar,az, -+ ,an) =V(vg, a) = /V(Voja; T)dr
0 .
= / T gikoT [, ai; —kiT)dr, b= A2 gy =01,
oo :

B (,0,—kr) = (—kr) ™V H (—kr) (or HYY) oc 77270 (or ),
A2 (v, 1; k) = —%&h(l’z)(u,O; —k7). (3.1)

In the definition we have omitted the dependence on kg, k;, v; for simplicity. We introduce also
a factors (—k7)™" in front of Hankel function to the definition of h. This factor is one of the
most important construction in this paper. One can check that the differential equation of h

1
R (v,0; —kT) + = (2v + 1) (v, 0; —k7) + k*h(v, 0; —kT) = 0, (3.2)
T
can be rewritten as

O2nh(v,0;7) + ;(21/ + 1)0:h(v,0;7) + h(v,0;7) =0, T=—kT (3.3)
and h(v,1; —k7) is defined by 0zh(v,0; —k7). To cancel the 1/72 term in the differential
equation (2.5), one need multiply a prefactor (—k7)™ in the defination of h. Here we choose
(—k7)~Y. Another key point of (3.3) is that h depends only on the combination of k7, not
individual £ and 7. As it will be seen, this construction extremely simplify the IBP relations
of vertex integral family. We even find coincidentally that this definition automatically gives
dlog-form DE of all vertex integral family. We will show the details later.

Due to the fact that u and u*, or equivalently, H(Y) (—k7) and H,(/%)(—kT) satisfy the
same differential equation for the natural condition k£ € R and v = £v* (or says v are
real or pure imaginary),? they also share the same properties under IBP. Thus we use
the same symbol to denote both of them here for convenience. We call the integral family
consists of these V' (vy + ag, a1, as, - ,ay)s for selected v; and k; an n-fold (Hankel function)

vertex integral family.

20One can see it easily by checking the first line of (2.5) where only v appears in the differential equation.
With this condition in the definition of h(v,0; —kt), the prefactor (—k7r)~ will be same for both HSV (—k7)
and H(ﬁ) Otherwise, the prefactor needs to be changed accordingly.



To apply IBP method, we need know the action of differential operators on h(v, a, —k7).
For 9, we have

0-h(v,0,—k1) = —kh(v, 1, —kT),
1
Orh(v, 1, —kt) = —k[k—@y + Dh(v, 15 —k7) = h(v,0;—k7)| (3.4)
T
To construct IBP relation at loop-level corresponding to dl;, and also construct DE with
respect to k;, we also need know the result of applying 0, to h(v,a, —k7). One can use the
properties of Hankel function to get the result, but a much simpler way is to notice that
h(v,a;7)’s dependence on k and 7 are only mediated through 7 as given in (3.3). Thus
one immediately get

Okh(v,0,—k1) = —7h(v, 1, —kT),
Oxh(v,1,—kt) = —T{%(QV + 1)h(v, 1; —kT) — h(v, 0; —k?T)} . (3.5)

With (3.4) and (3.5), IBP relations and DE corresponding to dj, could be easily constructed.

Now we want to show some important properties of this IBP system. Let us consider
expressions involving only G _ or/and G_, type propagators. In this case, the correlator
factorizes to

/H [VJ( ;Tj)de} JAGIEEE ,lL)Hdli (3.6)

where f is polynomial of I; and V is given in (3.1). The IBP relation with respect to a
selected 7 is given by

/(afkf/k(-.. smeddne) > [T (VG- smdm) Sl dusks - k) [Tl (37)

which does not affect other parts. We say the IBP relations with respect to different 7;
are factorized.

Now let’s consider G4 and G__ type propagators. Its factorization is not as good as
G4+, since derivative acting on #-function leads to the term

/‘A/;( 5 7i)0(Ti — T])V]( cym)dndr X = /VZ( 771)‘7]( s Ti)dT X e (3.8)

where naively (n; + n;)-fold Hankel function emerges. However, as we will show later, in fact,
it becomes (n; + n; — 2)-fold Hankel function or vanishes completely. Fortunately, the new
term is belong a sub-sector with less vertex integral family, by which we means the IBP of the
sub-sector will not invovle the orignal higher sector. So we can still reduce each vertex integral
family individually. And these remaining terms belong to sub-sector are regarded as known
results in this part of reduce which have been reduced using the IBP-reduction of sub-sector.



Now we consider the merging happened in (3.8) by considering the symmetry in G4 more
carefully. There are four cases could appear in the IBP system which involves massive G4:

WD (1,0, —k7) (97,05,)hC D (0,0, —k7;) + hG3~D (1,0, —k7;) (8,051 0D (1,0, k)] x - --
W (0,1, —k7;)(0,0,;)h 3D (1,0, —k7)) + W=D (1, 1, —k73) (05,0, B (1,0, k)] x -+
[P (0,0, = k73) (95,0:)h®~) (v, 1, —k7y) + B~ (1,0, —k7:)(05,0,6) 1) (v, 1, —k) | %
WD (w1, —k7)(85,0i)hC =D (0,1, k7)) + WG~ (1,1, k7)) (8,,0,:) MY (v, 1, — k7)) | x -

0y =0(r—1)), a=1.2. C(3.9)
The integration [ dr;dr; of first and fourth cases will vanish due to

/ drydr; [ (1,0, ~k7:) B~ (1,0, ~7y) = B~ (1,0, — k) B (1,0, — k) | (73 = 75) x - -
:/dn (1) (0,0, = k) RO~ (0,0, =) = B3~ (1,0, = k7 )b (v,0, =o73) | -+ =0
/dTZdT] h(a)(l/ 1 —kT)h(3 a)(l/ 1,—ktj)— BB a)(l/ 1 —kT)h(a)(Z/,l,—kTJ)} S(ri—1j) %

:/dTi h(a)(y,1,—kTi)h(g_“)(V,1,—k7’i)—h(3_a)(1/,1,—k:7'i)h(“)(1/,1,—]4:71-)} x---=0.

(3.10)
The integration [ dr;d7; of second and third cases give
—1)“/dn[ —k7)] X - —+/dn V* —kr) "
/dn —kT;)] % - /dn Vf— ) Tk
F(—km) = k(1,1 —lm)h( (1,0, —kr;) — h( ) (1,1, k)R (1,0, —k7y) (3.11)
for real or imaginary v, where we have used the property of Hankel function
F(—k7) =C, ‘:( kr)?
c, — {1 | for real v ‘ (3.12)
e~ for imaginary v

One can also check it that the derivative of F(—k;) gives 0_p F(—k7) = =2 F(—k7),
then, F(—k7;) = C(—k7;)~?*~! and C can be determined by asymptotic behavior of Hankel
functions on the boundary. Then, two vertex are “pinched” together and give a (n;+mn;—2)-fold
vertex integral family, not (n; + n;)-fold from the naive observation in (3.8).

For massless G+4, if one choose to keep the combination of the two terms in these
propagator, there are also “vanishing” case and “pinched” case. “Vanishing” case comes from

/ dridr; [ (D5,05)e7*7 + e (0,,05)e* | x - =0 (3.13)
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Figure 1. Factorization of IBP relations of vertex: all reductions with respect to dr can be achieved

by reducing individual families of vertex integrals separately.

and “pinched” cases comes from
/dTide [(aﬂeikn)<8Tieij)€_ik7j + (8Ti€_ik7—i)(8Ti9ji)eik7j] X = /deQZk X
/d’Tdej |:€ikﬂ' (87—191']')87—1.6_%73 + e—’ik’ri(angji)aneikfi} X oo = —/dTZ2Zk‘ X e (314)

One can also choose to handle the two terms in massless propagator individually.
With the above discussion, we can reduce each vertex integral family individually:

/E[dr,;ffix..._ |:/1:[(de2]:€§2)]€7(1)) L

where fj@ is the integrand of the MI of the integral family V; belong to,

+ R, (3.15)

2

--- 7 part could
contain #(7; — 7;), and we use R to denote remaining terms. R terms come from pinching
two vertex connected via G together. Since the reduction of these R terms will not involve
the family before pinching, it belongs to a sub-sector and can treat as known in the reduction
of family V; in (3.15). This form leads following simplifications in the computation:

e Factorization of IBP relations of vertex. We say that the IBP relations of different
dr; are factorized in the (¢, k) space of dS integral, since we can perform the IBP
reduction individually for each of them, as shown in (3.15). Since all vertex integral
family take the similar expression (3.1), the reduction result can be used repeatedly for
different vertex, correlator and theory. For example, once people get the IBP reduction
of a n-fold vertex integral family, it can be directly applied to all n-fold vertex appears
in other place (if without external symmetry).

e At loop-level, one need to further consider the IBP relations of dl;. Notice that terms
outside of Vl and O-function are independent of ;. Due to this, one can reduce the
family of all d7 integrals to MI first, to get dr;-reduced IBP relations. Then, solving
these dr;-reduced IBP relations of di; will give the complete result of reduction. In
this progress, differential equations of dr integrals family could serve for directly giving
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Solve
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Figure 2. Steps of loop-level reduction.

d7;-reduced IBP relations. For example, consider total derivative with respect to [ for
the following loop integrals

1

J G i) (310
where the f are MI of the integrals family of all dr;. Then, we have a series of
dr;-reduced IBP relations

1 1
[ (=) £ e @A =0, ar=aga

where the  is the differential equation matrix of f with respect to I. (3.17) is directly
the so called d7-reduced IBP relation, because the dr integration part of each integral
in these relations are kept as master integrals.

In the rest of this section, we will show some examples for n-fold vertex integral family and
sketch more features of this IBP system. Following the idea similar to iterative reduction [79,
80] in flat space, we will further see that the infinite number of integrals in a vertex integral
family can be reduced iteratively to MI once we have solved the iterative relations from a finite
linear system. Furthermore, we get the universal expression of these iterative reductions for
any n-fold vertex integral family, as well as dlog-form DE of MI. We also will give formulas
and discussion for reduction with remaining terms come from Gi4.

3.2 1-fold vertex integral family: iterative reduction
Consider 1-fold vertex integral family
0 )
V(I/(), al) = / Tyoelko‘rh(vl, ai; —/ﬁT)dT, a; = 0, 1. (3.18)
— 00

From now on we set H to be 1 for convenience. We use eq[vp, a] to denote the IBP relation

/dV(l/oja;T) =0, (3.19)
then we have IBP relations

eq[l/o, 0} s ikoV (l/(], 0) + vV (Vo — 1,0) —kV (1/0, 1) =0
eq[yo, 1} 2 ikgV (V(), 1) + 1V (Vo —1, 1) + KV (I/o, 0) + (—2V1 - 1) 14 (VQ -1, 1) = 0. (320)

We have numerically evaluated these integrals at their convergent region and verified these
two IBP relations to be right. Defining

£ = {V (vg + a0,0),V (vo + ao, 1)}, (3.21)

,10,



the IBP relation corresponding to a selected vy can be expressed in the form of matrix as
(Ml(l) n yg]Ig) D 4 (Mé” T ikoﬂg) FO —¢

) 2w+l 0 0 - 0 —k;
L g (2=o3) (o —ou; — 1) o M= ko= ) (822)

where 0123 are the Pauli matrices. Traditionally, taking v to be vg + ap with different ag,

we can get a series of IBP relations. Solving them give the reduction of this integral family.

As the consequence, we find there are two MI in this system, which can be chosen as f(©).

However, here we obviously have a simpler method. People only need to solve iterative relation
FEU = A_ (). fO. (3.23)

Then, all integrals in the family can be reduced iteratively by
0
Ffe={ I A~ -0 | .5,
i=n—1
0
I Arwo+9) | £9,  Ay(wo) = (A-(vo+1)~". (3.24)
=n—

For 1-fold vertex integral family, Ay can be immediately solved and given as following

__iko k1
A—(VO) = ( klfo Vz‘(}m )

—vo+2v1+1 - vo—2v1—1

iko(vo+1) ki1(vo—2v1)
k2 —k2 k2 —k2

Ar(0) = | 5iloott) iko(vo—301) (3.25)
Rk KR

For kg = 0, they will be simplified to
0 k1 0 _V();qu
A_(n) = < Ky ‘6) ) , Ay(v) = (Vo-‘rl 01 ) ) (3.26)
—vp+2v1+1 k1
3.3 1-fold vertex integral family: dlog-form DE

Using above reduction we can establish the DE for the MI by acting 0y, and 0k, on f ),
They gives

©) _ iV (v +1,0) _iA 1) £0)
akof <ZV(1/0+1,1) ? +(V0+ )f )

~V(n+1,1) 1o .
O O = o :<M( — iy A +1>. ©. (3.27
o (( 20, ;Ev(uo,l)jLV(VOJFLO)) oy My o +(+1)).f (3.27)

Evidently, the partial derivatives do not give rise to any special functions beyond the original
family of functions, this implies that DE method corresponding to 0, can be applied for

— 11 —



such integral family. Let’s reduce the right hand side of these equations with the iterative
relation we get in (3.25). It gives

O FO = Q. O,

_k‘o(l/0+1) _’ikl(l/0+1)
0 — e G,

0 ikq (V072l/1) ko(ljof2l/1

e 22
k1(vo+1) __ikok1(v0+1)
k2 k2 K3 —k2ky
— 0 1 1 0,
U = | ikolsomzm) K@D —E2(otD) | - (3.28)
k2 k2 k9 —kZky

In flat space, canonical DE play an important role in analytical calculation of loop integral.
It takes the form

df = e(dQ).f (3.29)

with dQ2 in d log-form. It is interesting that we find in 1-fold vertex integral family, in the MI we
defined, the DE automatically is in dlog-form. Although it is subtly different from canonical
DE, we report this elegant result as it may offer potential assistance in understanding the
mathematical structure of dS integrals in the future. The DE can be written in dlog-form as

df©® = a0 f©

dQ = Z kadkz = Cldlog(kzl) + CleOgKk() — kl)(k() + k‘l)] + Csd log <
1=0,1

Li_p—
o= 0 ), (2t 0
0—21/1—1 0 5(21/1—U0)

C _ O —%’L (U() — 21/1)
ST\ i+ 1) 0 ’

ko—l—lﬂ)
ko — k1

(3.30)

where df = >, Ok, f dk;, and dv; is not included (i.e., we treat v; as fixed parameters).

3.4 n-fold vertex integral family: universal formula of iterative reduction

Now we consider n-fold vertex integral family

0 . on
Vv, a1, -+ ,ap) = / V0 gthoT H h(vi,a;; —k;7)dr, a;=0,1. (3.31)
- i=1

It has 2" MI, which can be chosen as
O =V(,a), a=a, - ,an, VYa; =01, (3.32)

and together denoted as F© . As a vector with 2" components, the ordering is given by n
indices a; according to the natural binary number j

j=1+Y a2"" (3.33)

— 12 —



For example, when n = 2, we have

0 0 0 0 (0 0 0
1 =1ie. 17 =1d B =9 10 =nd (3.34)
It can be derived from (3.4) that all IBP relations eq[vy, a] corresponding to a selected
1y can be expressed in the form

(M1)pg £ + (M) £V =0 (3.35)
where the matrix elements are given by
=> ( ) I 6bsa: | + v0ba
=1 b%
= ( ) 11 b0 | + ikodba (3.36)
j=1 | %% ik
with Mé ), MY given in (3.22). The matrix can be compactly represented as
M1 = Z (V] =+ 2) Aéj) + (1/0 — 5 — Zl/z> Hgn
]_1 =1
Mo = —i 3 kjAY) + iklon (3.37)
j=1
where

(AF), = (@0s,a, H&b“a k=1,2,3 (3.38)

is direct product of a series 2 x 2 identity matrices except the j-th one as Pauli o5 matrix
From the representation (3.37), one can see M is a diagonal matrix

v—y;0(2v;+1), b=a
(Ml)ba = {0

(3.39)
b#a
Here we show IBP relation eq[vy, a] for n = 2 and all @ in matrix form as example
(2na10).#7
140 0 0 0 iko —kg —kl 0
1 0 —21n—-1 0 0 ky iky 0 —k =0
- 0 0 vy — 21/1 —1 0 k‘l 0 ’iko —k‘g ’ ’
0 0 0 vy — 2V1 - 2V2 -2/ 0 k?l kQ iko
f={f(_1),f(0)}, —{f007f01a 10: 1} (3.40)
where
— M (2)
My =ML +I @ M” + 1l ®l
My=MP @I +1, @ MP + ikl ® I (3.41)

,13,



Obviously,

A_(Vo) = —Ml_l.MQ, A+(I/0 — 1) = —Mo_l.Ml .

(3.42)

In above expression, the inverse of diagonal matrix M; is trivial, but the inverse of

My is non-trivial. Thus we are looking for different representation. Noticing that My is

formed by the direct product of Iy and o9, diagonalizing oo by redefining each h(v;, a;; —kT)

immediately leads to the diagonalization of Mj:

h(vi, ai; —kT) = Z Ta,p,M(vi, bi; —kT)
b;=0,1

T:L 1._1. ’Tflzi 12
V2 \—il 2\l

0 ) -
V(l/o,a):/ T”Oe’kOTHh(ui,ai;—k:ﬂ)dT

with

This leads to

flao) =, fla0) (Tn)pe = ﬁ Th,a; » (T;I)ba - ﬁ Tbj;i
i=1 J

Using the properties

T.o. T =03, Tos.T ' =—-09, T.on.T ' =0y, TLT !=1I,

T, A T =AY T, AP T =AY,
after applying the transformation (3.44) and (3.45) to (3.22), we have

Ml(j) _ _21/1‘4-1
2
~ n 1 ) n
M]_ = —Z (V] + 2> Agj) + <V0 — g — ZV1> ]IQn,
i=1

=1

(HQ + 02) , Méj) = —iijg,

MO = — Z Zk‘jAgj) + tkolon.
j=1

Now, on the contrary, My is a diagonal matrix

<~) _ i(ko—i-zzl:l(?ai—l)k‘i), b=a
ba 0’ b;éa

— 14 —

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)



while M; is not. For example, when n = 2, we have

(3m[i1) T =0, F= (7, 7O

vo—vi—ro—1 (20 +1) 2i (21 +1) 0
N —3i(20+1) vy—11 —1p—1 0 i (201 + 1)
Tl “liu+ 0 w—m—m—1 Li@um+1)
0 —%i(21/1+1) —%i 2ue+1) vy—v1—1p—1
ko — k1 — ko 0 0 0
~ . 0 ko — k1 + ko 0 0
My = 3.49
0=t 0 0 ko + ky — ko 0 (349)
0 0 0 ko + k1 + k2

Putting all together finally we have
A,(Vo) = —Mfl.Mo,
Ai(vp—1) = T, . My .M. T,, = —T,;*. My . T,,. My, (3.50)
where M, 1, Mo_ I and their inverse are diagonal matrices, with M; merely relying on v;,
Moy only relying on k; and T, a constant matrix.

Before ending this subsection, let us give a remark. Let’s see what will happen if we
haven’t asked the definition of h(u,a) to cancel the 1/72 in (3.2). For example, define
h(vy,a) = (—k‘T)%Hl(,l’Q) in (3.1) which satisfy

12 m2
O2h(p,0;7) + (14 55 | h(1,0;7) =0, 7= —kr, p?=—5 —2 (3.51)
72 2

we will have

MDD ol £ 4 (MY + ikl ) ). £

. 00 ) 0 —k.
MP = |, MY = ( J) . (3.52)
2 (‘,ﬁ; o) 0 ki 0

The formula of reduction will not be as explicit as it is now due to the emergence of f(~2)
from the 1/72 term. That’s why we request this term to be canceled in the definition.

3.5 n-fold vertex integral family: universal formula of d log-form DE

For n-fold vertex integral family, with (3.5), acting O, and 0, on FO give
O fO = if W =i () £,

12v;+1 i NG .
O, f© = <_k v 2+ (Ipn — AS)) — zAg>.A+(u0)> FO fori>0. (3.53)
Defining
- —tlog[ko +>;(2a;, — )k;], b=a
(Qo) = s
ba 0, b+#a
=Y a;(2v;+1)logk;,, b=a
(Qea)pg = , (3.54)
0, b#a

,15,



we have dlog-form DE

df© = (d0). ZQk
Q=00 — lTn .Qo.Tn.Ml(Vo + 1) , (355)

where M (vy + 1) is shifting the vy in the original M; to v + 1.
Proof:

Mo = —iTy L0k, Q0. T My (vg + 1) = —iT, LMy T My (1 + 1) = i A4 ()
Ok, Q0 = Ok, Qex — iT;l.akiQ().Tn.Ml(l/o +1)

_ 7%21/@-; L (L — AD) 4T A Q0. T My (v + 1)
12 +1 NG
= v 2+ (Tgn — AY) + A T,y Q0. Ty My (g + 1)
12,41 i (3
= = (I - AD) = A A (). (3.56)

Comparing these equations with (3.53), the proof is complete.
Then, once people have got boundary condition of f(©, f(o)(k‘g, k9, -..) for example,
FO(K, k), --+) can be got by

f(O)(k()v ,15) = f(O)(kgka )

(kb
+ Pexp [/(ko o ZQk VO)V17"' ;k07k1,‘-')dki . f(o)(kgvk?7) (357)
071

for a integration path starts from (k9,%9,---) and end at (k}, k},---). P for path ordering.
At loop-level, these differential equations with respect to loop momentum will also directly
give the dr;-reduced IBP relations we have mentioned near the end of section 3.1.

3.6 0-fold vertex integral family: massless cases

For a vertex only connect to massless propagator, the vertex function family is given by
V(vo) = / 70 gikoT, (3.58)
It has only 2° = 1 MI and the iterative reduction relations are given by

[1/0] ’Lk‘oV(Vo) + I/()V(I/o — 1) =0,

1 k
Ar(o) =25 A () = —i0 (3.59)

kio ’ IZ0)

and dlog-form DE is given by

) 1
OV (o) =iV(ro+1) = —(vo + l)k—0

dQ = Qp,dko = —(vp + 1)d log(ko) . (3.60)

V(vo),
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3.7 Discussion on remaining terms come from G4
3.7.1 Iterative reduction

Consider an simple example with remaining terms. Suppose f(galo ) are integrals belong to
vertex integral family Vi, corresponding to the integration of dry, and fls,b;) are integrals

belong to vertex integral family V5. We use f to denote their integrand. For example

A( V01+aOHh Vz 1,@1, 17'1). (361)

a;l

We also denote the combination of two terms in propagator as

h(vist, ai, —kiam)08'3 h(vj, by, —kjam)
= 2D (1, a5, — ki 71)0120 P (vj.2, b, —kjome) + B (i1, ai, —kiam) 02 hW (vj.2,bj, —kjam)
vin =Vj2, ki =kjo. (3.62)

Then, if there is a G414, we denote the integrals as

Flogbo) / drdr f007) fi) (3.63)
Without loss of generality, consider IBP of dm; and ag = bg = 0, one could have IBP relations

(M)ea Fap ™ + (Mo)ea fa3 + beaRRyy” =0, (3.64)

a,

which is just adding remaining terms of sub-sector and the factor 9 ) ¢ fb 5 to (3.35). According
o (3.10) and (3.11),

(ao,bo) B O, a; = bj
Ravb - a; 41 —2v;.1—1 (ao+bo—2v;;1—1) ’
(=14 2tCy(—kyp )~ f"'{:b]’- , a; # b
a;b, bj = 41,42, ,Q;—1,A541, """ ,am,bl, e ,bj_l, bj+1, s ,bn2 s (3.65)
where flg(f(;:bo_%*l_l) is integral belong to (n; + ng — 2)-fold vertex integral family. Then,

reduction of these sector with two vertex integral family could be achieved via using

-1,0 0,0 - 0,0
P = (A )0 157 — (M) R,
7 = (Aea )y £ = (Tal MG T0y) R (3.66)

c, a, a,b

iteratively. In these equations, the subscript ; 1 means they are the expression with respect to
family V. In other words, the A4.1, M1, and MO;I here are just given by the same formulas

s (3.50), (3.37), and (3.47). These formulas give the iterative reduction relations without
computing inverse of large matrix. For more than one G4y, the reduction is similar to (3.66),
but with more remaining terms corresponding to each G£.. Since all remaining terms are
also product of vertex integral families, one could reduce them via formula like (3.66) as
well, thus the reduction is complete. We have got the universal formula for reducing all
tree-level dS integrals.

,17,



3.7.2 dlog-form DE
Consider the example (3.63) again, DE is given by

(&m;l f(o,())) =1 (571,,’0)7

c,b
l 2u; + 1

(aki;lf(o")))qb = (e = AY) g i (A9 fen” fori> 0. (3.67)

where the flgyll;o) is reduced by (3.66). As expected, the additional term arises from the
remaining terms R((Z%O) that emerge during its reduction. Obviously, if we choose these
%C’V(—ki;l)_2”1'%1_1]"(5:2?“71) in remaining terms (3.65) to be master integrals of this sub-
sector, the dependence of the original sector on the sub-sector in the differential equation
matrix is

0, for a; =bj |[ (a; # bj & (¢;,d;) # (a;,b5)) ;

17 7]

Qaw)epay) = 1 =1 Lo, (Tn' Q01 Tn) (=1 =%, (To' 02 Tu), (-1,

ac

for a; 7& bj & (C;,dj) = (a;, b§> .

(%04),, = {; log [ Koy + a(201 — 1)k . Z; Z , (3.68)

where for the subsript of (4 p)(c..d.), @, b are the indices for original sector and ¢;, dj are indices
) (Rhat]

for the sub-sector. Then, it is again dlog-form DE. Also notice that v;;1 = vj.0, ki1 = kj;2,

so the master integral %C,,(—ki;l)_QVi?l_lféjgf/i?l_l) will be consistent for ;1 and ;2. For

177g

more than one G4, the discussion is similar.

4 Summary and outlook

In this paper, we define the dS integral family, which naturally incorporates the case of time
derivatives interaction. We generalize IBP method to dS integral family with respect to
d7; and dk; by (3.4) and (3.5), whose integrands involve special functions. With (3.5) and
result of IBP reduction, people also can construct DE with respect to ), of dS integrals.
We indicate the factorization of IBP relations of vertex in the dS correlator. For the vertex
integral families, we derive an universal iterative reduction formula for arbitrary n-fold Hankel
vertex function families, along with the dlog-form DE satisfied by the MI we selected, as
listed in (3.50) and (3.55). And the remaining terms come from G4y are also discussed. Since
the tree-level dS correlators only involve integrals over 7;, we have obtained the reduction
and DE of arbitrary tree-level diagrams equivalently.

This paper in fact has presented an alternative pathway toward systematically and
efficiently computing dS correlators. Once we have IBP relations, drawing from the experience
in flat spacetime, the number of integrals people need to compute will be significantly reduced.
Once we have DE, with proper boundary conditions, the remaining steps do not differ from
the case of flat spacetime, and numerical result can be efficiently obtained via numerical DE
method. Its effectiveness has been validated in flat spacetime, and many existing packages
designed for flat spacetime can also be readily applied. For example, Kira could solve IBP

,18,



reduction of user-defined system [81], AMFlow [73] and DiffExp [74] can numerically solving
DE with given boundary condition and DE.

This paper also suggest many interesting open questions. We merely list a part of them
as follows to inspire people’s future research. Firstly, while we mainly focus on the IBP
linear system, how to give a boundary condition of DE is beyond the scope of this paper
and haven’t been discussed. One can work like the flat space DE, select a simple boundary
and analytically or numerically compute it. But whether there is a boundary-determine
method like AMFlow [63, 66] in flat cases needs more consideration. For example, one may
consider the boundary ky — —ico in dS cases, which shrink all vertex integrals to zero.
Secondly, AdS correlator could be considered in the future and the relation of dS and AdS
integral could be examined in the perspective of IBP and DE. Thirdly, follow the idea that
reclassifying Feynman integrals itself as special function via DE [82], to bring dS integrals
closer to a so called analytical result, people need to develop systematical method to analyze
this integral family. For example, people may consider how to distinguish the different signal
and background in the dS correlator using DE formalism like people have done using partial
MB transformation [36] in the future.
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1 Introduction

Particle physics is highly developed and comes to the era of precise measurement, which
calls for high precision theoretical predictions. One of the most important parts of theoret-
ical predictions is perturbation computations in quantum field theory. For such computa-
tions, reducing general Feynman integrals into master integrals plays an important role [1].
It not only greatly reduces the number of integrals to be calculated, but also produces the
differential equations [2-5] for solving the master integrals. Based on differential equations,
many analytical or numerical methods and packages for solving master integrals have been
developed [6-17], which can be widely applied to multi-loop and multi-scale processes.
The study of reduction has a long history, such as the famous Passarino-Veltman reduc-
tion (PV-reduction) method [18] and the well used Integration-by-Part (IBP) method [1,
19]. When combining with the Laporta algorithm [20], several widely used packages have
been developed such as [21-24] for the IBP method. When using the IBP method, one will
face some crucial steps, such as the generation of IBP relations and the solving of them.
IBP relations tell us that there are linear relations among various integrals, thus they are
not independent to each other. By solving them, we obtain the reduction, i.e., expressing
all integrals as the linear combinations of a set of integrals with minimum number (i.e., the
master integrals). When applying the IBP method to multi-loop and multi-scale integrals
required by higher precision theoretical predictions, the size of linear equations generated
by IBP method increases dramatically. Solving them becomes more and more difficult.



Motivated by this, many alternative reduction methods have been explored recently for
higher loops® [30-51].

A crucial difficulty of IBP method is that one need to solve a hugely redundant linear
system with many equations. Although with the help of computation programs, one can
do it automatically, but with the increase of the complexity, even the computer can not
handle it. Thus we really need to fully understand the origin of these redundancies and
inefficiencies and find a way to avoid them.

One of the most obvious redundancies is that we write down more equations than
we need. This redundancy is not hard to avoid. For example, we can just take values of
parameters and numerically found the set of independent equations we need. Unfortunately,
even if we have done this, there are still inefficiency in this linear system: the matrix
is hugely sparse. While the whole system of IBP relations contains many integrals, a
particular relation involves only a very small part of these integrals. Thus, naively solving
the linear system by computing the inverse of the hugely sparse matrix is not efficient. To a
certain extent, Laporta algorithm [20] serves to avoid such a difficulty. Even though, by our
observation, another aspect of inefficiencies remains: the similar structure appears
in the linear system repeatedly. If a calculation can use the iterative structure nicely,
the efficiency has the potential to be improved considerably. Such iterative structure is the
main topic of this paper.

To convince people that such an iterative structure exists wildly in any Feynman
integral family, let us consider a simple example, i.e., the bubble topology with propagators:

a=Coml, zm=(-p)?—md (L1)
In the family, there are three master integrals defined by

- dl 1
f: {11,07107171171}a Ia1,a2 _/ d/Q a1 (l2 . (1'2)

One kind of differential equations of master integrals is given by

8m1j?: Amlf- (1.3)

It is easy to see when taking 0,,, on f iteratively we have

N f={(n—1!T10, 0, (n—D! Ly11} =AW F (1.4)
where
A = 9, A=Y 4 A=V A, (1.5)

When talking about the reduction of integral I, ; with arbitrary large integer n, from (1.4)
one can see that the result can be read out from the matrix A%? . Now the iterative struc-
ture of Aﬁ,’{f in (1.5) gives a very simple way to compute it from the simple object A,

given in (1.3).

1For one-loop integrals, two very efficient methods are the unitarity cut method [25—-28] for reduction at
the integral level and OPP method [29] for reduction at the integrand level.



Since any Feynman integral family has master integrals and related differential equa-
tions, from the example we see that some kinds of iterative structures must exist for the
reduction. Once we find one kind of iterative structures in IBP relation (not necessary in
the form of differential equations), it can be used to reduce a part of integrals iteratively,
thus only several polynomials that appear in the iterative relations can arise in the final
reduction coefficient. Such property not only takes full usage of the iterative structure to
accelerate the reduction program, but also has the potential to provide the analytic struc-
ture of reduction coefficients for integrals in the family by using the polynomials appearing
in the iterative structure.

Based on above discussions, in this paper, we will try to develop an iterative method to
speed up the reduction procedure by identifying a nice iterative structure. Before doing so,
we will clarify two related but different concepts: the reduction relation at the topology-
level and the reduction at the sector-level. When we say a reduction is at the topology-
level, we mean that the integral is written as the combination of master integrals of the
same topology and master integrals of the sub-topologies. When we say the reduction is at
the sector-level, we mean that the integral is written as the combination of master integrals
of the top-sector and integrals (not need to be master integrals) of the sub-sector for the
selected top-sector.

Using above clarification, one can see that (1.4) and (1.5) are an iterative reduction
relation at topology-level. While the iterative relation at the topology-level is powerful, it is
also not easy to get. As in this example, one usually need to use the traditional IBP method
to compute the A,,,, which can become more difficult for more complicated examples. The
complexity of getting such topology-level iterative reduction inspires us to find some wiser
strategy for iterative reduction, which leads to the iteration at the sector-level, as we will
explain now.

Let us start by noticing another well-known phenomenon of reduction: the reduction
can be organized into different sectors. Usually, the reduction in the top sector can be
done easily using some tricks, for example, the maximum cut for the one-loop box in [27].
However, such a trick lost the information of sub-sectors. Thus if there is a way such that
the reduction to its top sector is not much harder than the maximal cut, but the complete
information of sub-sectors has been kept, we can carry out the whole reduction top-down
(or triangulated) by treating each sub-sector as another “top sector”. Since in general the
information of the sub-sectors are not in the form of master integrals, the iterative structure
is not the topology-level. To emphasize this difference, we name it as the reduction at the
sector-level.

In this paper, we will explore the iterative structure for general one-loop integrals,
i.e., with arbitrary quadratic or linear propagators, arbitrary high power of propagators,
arbitrary tensor structures and arbitrary multi-point multi-scale integrals. People are still
concerning such one-loop integrals as shown in the recent work [52]. Our method mainly
bases on syzygy and module intersection [30, 41-50, 53] in Baikov representation [54]. We
will give a quick review in section 2 for Baikov representation and module intersection.
One main point of our results comparing with the module intersection in [48] is that we
will not generate all IBP relations with basis obtained by the module intersection and solve



these redundant linear equations as usually. On the contrary, as illustrated in section 3, we
pick smartly some elements in the module intersection. These elements generate iterative
reduction relations for corresponding sector. Using just a few relations, one can iteratively
reduce any integral in this sector to master integrals of this sector, and keep the complete
information of sub-sectors. In such a strategy of iteration at the sector-level, iterative
reduction relations are easier to obtain and they avoid the huge redundancy in linear system
of traditional IBP methods.

Roughly, the reduction problem can be divided into the reduction of loop momenta in
the numerator (called “tensor reduction” or TR) and the reduction of propagators in the
denominator with general powers (called “denominator reduction” or DR). These two
kinds of reductions are found to be tightly connected in one-loop cases.? To demonstrate
our method, we will present one TR example and one DR example in section 4 and discuss
the similarity of these two examples. Inspired by examples in the previous section, we
construct an uniform iterative reduction formula at the sector-level in section 5. It solves
both TR and DR for general one-loop integrals, and naturally keeps the expression of
reduction coefficients in the form of Gram determinant, which is much more compact
than these from traditional methods, especially for multi-point multi-scale cases. Formula
presented in section 5 can be degenerated for kinematics and masses take some specific
values, such as null momenta or on-shell momenta. In section 6, we give a brief discussion
for these situations. We will find that naively applying the uniform formula laid out in
section 5 sometimes does not lead to the simplest iterative relation (although it does still
work). On the other side, the method introduced in section 3 still works well and giving the
simplest iterative relation. Finally, we give a brief discussion and summary in the section 7.

2 Baikov representation and module intersection

In this section, we will review the Baikov representation of integrals [54]. In this frame,
it is easier to implement the module intersection as will be discussed shortly. The Baikov
representation transforms integrals in the standard form obtained from Feynman rules by
changing integral variables from [], d?l; to [1; dzj, where each z; represents a propagator (or
related Lorentz invariant scalar product involving loop momenta). For one-loop integrals,
which are the focus of our current paper, we denote propagators and integrals as

2 =1 —mi, 2o = (I+p1)* —m3, z3=(14+p1 +p2)? —m3,---
Zn=(+pi+-+pp)—m.
di 1

I{ai} = Ia17a27.~. ,an, = / i(’]‘(‘)d/2 1—[?:1 Z,?i ; (21)

where E is the number of independent external momenta and n = E 4+ 1. The Baikov
representation of integrals is

—a-n —n— dZZ'
Ia1,a2,~~~,aE+1 :/Cn(d)]c (d )/2g(z)(d 1)/2717

a;
i=1%i

(2.2)

2For example, in [55] one has used the tensor reduction to solve reduction with general denominators
for one-loop integrals.



where the constant-coefficient Cy,(d) and the Gram determinant K of external momenta do
not involve z;, so they do not affect our later discussions and can be ignored. The G(z) is
another Gram determinant depending on both loop momentum and external momenta, i.e.,

g(Z) :G(laph'" 7pE) (23)
with G defined as
q1-41 4q1°qG2 -+ 41 Q4n

q2 q1 92 - q2 (2_4)

G(q1,-..,qn) = det(g; - ¢j) = det

qn.ql “ e ...qn.qn

The well-established IBP relations can also be easily implemented in the Baikov rep-
resentation. However, the differentiation on G will change its power, which is equivalent to
shifting the space-time dimension d to different values.

To avoid such a situation, the syzygy module is introduced [41]. Let us consider the
IBP relation

C/le( %Zalg( (d=n-1)/ )11‘[@ (2.5)

=1~

with Pjs being polynomials of z;, one can see that if these P;’s are properly chosen, i.e.,
they satisfy

> (P0:,G) + PG =0, (2.6)
the power of G will not be shifted. The relation (2.6) is a syzygy equation for the set of
(n + 1) polynomials

<821 ga e ,8an, g> (27)

All solutions of (2.6) give the syzygy module of the set (2.7). Putting every solution back
to (2.5) we get an IBP relation with a given {a;} set, which does not involve dimension
shift.

For later convenience we define the following notations:
<P>:<P17P23"' 7Pn;PO>
d—n-—1
DP> = {DPU"' 7DPn7'DPO} = 87;1 (Pl')a"' 7azn (Pn')vTPO'
- d—n-—1

D<ID>QE*Z[821(I)ZQ)}+ 2

=1

R-Q. (2.8)

Then the IBP relation (2.5) can be written in a more compact form

c / { }g(z)<dn1>/2 11 4= (2.9)
oz

=1



The syzygy module is a linear space with a basis of generators?

{er, - ,en} (2.10)

and the general solution of (2.6) can be written as (P) = >_1 , fie; with f;s being arbitrary
polynomials of z;.

Another well-known phenomenon in IBP relation is the changing of power of prop-
agators in (2.9). The power can be increased or decreased. Among them, only 9,,z; “
increases the power. To avoid the increase, we can do a similar thing by requiring (P)
in (2.8) to be the module generated by the following basis

d12{21,0,"' 7070}
dy ={0,29,---,0,0}

dn :{0707 7zn>0}
dpi1 = 1{0,0,---,0,1}. (2.11)

Up to now, we have two modules: one is given by (2.6) and avoids the dimension
shift of space-time, while another is given by (2.11) and avoids the increase of power of
propagators. If we want to avoid both things, we just take the intersection of the above
two modules, i.e., {h;} = {e;} N{d;}. Notice that the syzygy module (2.6) and the module
intersection h; can be solved by computational algebraic geometry [43], and in this work,
we use the package Singular [60] to do this. In the examples given in this paper, it takes
only seconds or even less to finish the computation. The syzygy of Gram determinant can
also easily be obtained by Laplace expansion of the determinant [46].

3 The method

In this paper, we will re-investigate the reduction problem for general one-loop integrals,
i.e., with arbitrary tensor structure and arbitrary power of propagators. As one can see,
these two different reductions, i.e., the tensor reduction (TR) and denominator reduction
(DR) can be treated uniformly by module intersection method [41, 49].

Let us start from the TR first. As pointed out in several papers [51, 55, 56, 59, 61-64],
arbitrary tensor structure can be compactly organized using an auxiliary vector R. Thus
for TR of one-loop n-point integrals, we enlarge the set of propagators given in (2.1) by
adding one new propagator, i.e.,

2 =17 —mi, 20 = (L+p1)* — m3, z3=(L+p1+p2)*>—m3, -
Zn = (l—l—p1+~-+pn_1)2—mi, Znty1 =1 R. (3.1)

3For one-loop integrals, it has been proved that the number of generators is exactly the number of
propagators.



with the power of z,,1 to be non-positive integer. Now the Baikov representation becomes*

n— dZZ'
Ial,az, ©,0n,antl T C/g d 272 Hn+1 a;
g(Z) = G(lﬂplv'” 7pn—17R) (32)
Let us denote the basis of syzygy module corresponding to
<621g7 e 7azn+1 g7 g> (33)
as {e;}, while the basis of another module is {d;} with
dl - {21707'” )0)070}
dn = {0707 7271’0’0}
dn+1=140,0,---,0,1,0}
TL+2 {0 0,---,0,0, 1} (34)

After obtained the module intersection {h;} = {e;} N {d;}, we use elements in {h;} to
generate differential operators as in (2.8) and produce corresponding IBP relations like
this:®

m

ll s—Tmax Z a 7Tmax+]‘ + lppt’? (35)

with rmax > 0 and a; > 0 for ¢ < n, where the L.p.p.t. denote terms with lower power of
propagators. More explicitly, we say I, _, is a L.p.p.t. corresponding to I, _,,, if it satisfies
bi < a; for all i <mn, and > 7' b; < >_7" a;. Notice that when propagators’ power is

{a,—r}={1,---,1,—r}, (3.6)

the L.p.p.t. are all terms of sub-sectors.

To have a nice tensor reduction relation, there are some requirements for the (3.5).
Firstly, the sign of power any; of z,41 indicates it is a numerator or a denominator.
Since we want to discuss the tensor reduction, a,1 should be a non-positive integer and
relation (3.5) should not include any term with a,41 positive. Thus for any rpax > 0, we
should require

¢; =0 when j > rpax, (3.7)

Secondly, no ¢; becomes infinity for any rpyax > 0 for (3.5) to be well defined.

1By (2.2), the C of (3.2) will depend on R also, but it will not influence IBP relations derived later.
°Tt is possible that the IBP relation can not be written to the form (3.5). For such a situation, we just
throw away this IBP relation.



Having discussed the TR, let us move to the DR. For the reduction of propagators
with arbitrary powers, the idea is similar. Without loss of generality, let us consider how
to reduce the general power a,, of the n-th propagator to one. With propagators given by

1 :l2_m%7 2 = (Z+P1)2—m§7 z3 = (l+p1+p2)2—m§,---
Zn=(+pi+-+pa1)’—m. (3.8)
the Baikov representation is given by
Loy ag, an = C/g(z)(d—n_l)mndziai
i=1%;
G(z) =G(Lp1, -, pp-1)- (3.9)

Noting that for G, when writing using momentum variables, it is the same as the one given
in (3.2). However, when writing using the z variables, the linear form in (3.1) and the
quadratic form in (3.8) do make some differences. Again first we find the syzygy module
for relation (2.6) to avoid the shift of the space-time dimension. However, the second
module will be a little different from the one given in (2.11). More explicitly, generators
become

dl :{ZI>O7"' 707070}

dn—l = {0,0, cet y Zn—1, 0,0}
dn:{o)o)"'707170}
dn+1 == {07 07 et 707 07 1}7 (310)

where the d,, is different. The reason is that now we do not ask to avoid the increase of
the power of the n-th propagator. Finding the module intersection {h;} = {e;} N {d;} we
will get IBP relations of the form

m
Loanmar = 9 ¢laan mas—j + LP-P-to, (3.11)
j=1
where no ¢; becomes infinity for any ay mas > 1. This equation is similar to (3.5), but
with the following difference: in (3.5) it is the smallest power —rpyax at the left-hand side
while in (3.11) it is the maximum power a, mq, at the left-hand side. Another difference
is that in (3.11) we do not need to require ¢; = 0 when j > @y mae Since now it becomes
the tensor of the sub-sector.
Before ending this section, let us emphasize that the reason we are able to treat the
TR and DR uniformly using module intersection is following two key points. First, we have
introduced the auxiliary vector R to represent all tensor structures.® Secondly, we are not
write down all relations coming from module intersection, but select minimum ones, which
have nice property, i.e., giving iteration at the sector-level. The meaning of this point will
be clear by examples in the section 4.

5We want to emphasize that introducing R is different from introducing irreducible scalar products in
usual IBP method. For later, if there are m ISP’s we need to introduce m factors, but for R, we need to
just introduce one for each loop momentum.



4 Pedagogical examples

Having discussed the method in the previous section, we will present two examples to
demonstrate our method.

4.1 Tensor reduction of bubbles

In this subsection, we consider the tensor reduction of one-loop bubble integrals. The

propagators are
z=0PF-mi, z=(>1+p)>-mi z=I0 R (4.1)

and the Gram determinant in Baikov representation is

mi+ 2z T(=mi+md—p?—z+2) 2
G = det % (—m% +m3 —p? — 2 + 22) p? R-p1 |. (4.2
z3 R- P1 R2

Using the expression in (4.2) we can find

0.,G = -R? (—m% +m3+pt— 2+ 22) — 23R -p1 — (R-p1)?
1
0,9 = R (m% —mi +pi + 21 — Z2> + 23R pr
0., =—R-p1 (m% —mi+pi o — zz) — 2p3z3 (4.3)

and the solutions of equation

3

> (Pi0.,G) + PoGg =0 (4.4)

7

can be solved by the syzygy module with three generators

223 2(R-p1+ 23) R? 0
{e;} = | m?+m—p?+ 21+ 2 2 (m3 + 22) R-pr+z3 —=2|. (45)
—2(m3 —pi+2) mi—3m3—pi+z—32 2R-p1—z 2

Meanwhile, the module {d;} is generated by
DM[Zl, Z92, 1, 1], (4.6)

where the DM denotes the diagonal matrix. The module intersection of them is given
by {h;} with 10 basis as polynomials of variables {z1, z2, 23, m%, m%,p%, R-p1, R2}7 when
using Singular [60]. Among them, the one with the lowest total power of z; is given by

hi1 =2z (R - P1 (m% — m% —{—p% + 2z — 22) + Zp%z;;)

hi2 =22z (R -1 (m% — m% —i—p% + 21 — 22) + Qp%zg)

"The reason not using {21, 22, 23} is explained in [48].



hiz= R? <_p% <2m% + 2m% + 21 + 22) + (m% — mg) (m% — mg + 21 — ZQ) + (p%)Q)
+2 (<2m% + zl) (R- p1)2 + 23R - p1 <2m% —2m3 + 2p% + 2 — 22) + Qp%z?%)
his=—4 (R 1 (m% —m3+pi+ 21 — Zz) + 229%»33) . (4.7)

Using (4.7), one can check that the IBP relation generated by D,y acting on Is; gy —r—1
can be rewritten as

1
I = X
41,4271 4p% (a1 +ag—r—d+1)

[—2 (m% — m% —I—p%) R-pi(a1+as—d—2r+2) Loy as,—(r—1)

2
=0 (1md (R p0)? = 2088 (4 38) + 1 (3 = ) B2 ) Ly o

+1l.p.p.t.], (4.8)
where

Llppt.==2R-pr1(ar+az —r—d+ 1)1 14, (1)
+2R-p1(a1+az—r—d+ 1)1, 4y 1 _(r—1)

- (’I” - 1)R2 (m% - mg + p%) Ial,ag—l,—(r—Q)
+(r=1) (B (m} —m3 = p}) +2(R-p1)*) Loy crap -z (49)

Result (4.8) is the iterative relation we are looking for. Notice that when r = 1, the coeffi-
cient of Iy, 4, —(r—2) = lay,as,1 18 zero by the r — 1 factor, which satisfies the condition (3.5).
Since 7 is the rank of tensor in the numerator, the relation (4.8) tells us that the integrals
of tensor rank 7 can be written as the sum of integrals of tensor rank (r — 1) and (r — 2)
with proper rational coefficients. This kind of relations has been firstly observed in [51] for
the case a; = a2 = 1 and then has been proved in [64]. Here we give a simple derivation
using module intersection with generalization to arbitrary power of propagators, as well
as given the analytic l.p.p.t part missed in [51, 64]. It is obvious that applying this kind
of second-order iterative relation, one can immediately reduce any tensor integrals of this
sector to scalar integrals of the same sector and tensor integrals of sub-sectors.

Another interesting property of relation (4.8) is that in (4.8) the aq, a2 of top-sector
are invariant, while for Lp.p.t. in (4.9), (a1 + a2) has changed only by minus one. This
observation will be explained in section 5.

Before ending this subsection, let us emphasize that to deal with tensor reduction of
bubble topology, we have required ag = —r < 0. If we consider the case as > 0, we will
get the triangle topology, and the relation becomes IBP relation for triangles, but with the
third propagator is not the standard quadratic one. In next subsection, we will consider
triangle topology with the standard Feynman propagators, thus it will be useful to compare
results in these two subsections.
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4.2 Denominator reduction of triangle

In this subsection, we discuss the reduction of triangles with arbitrary powers for propa-
gators. The propagators are

a=0-m? zm=(010+p)>-m3 23=(+4p +p2)*—ma (4.10)
and the corresponding Gram determinant G in Baikov representation is
m% + 21
det 2 (=m3 +md—p? — 21 + 20) p?o (4.11)

%(—m%‘i‘m%—p%—?]?l-m—@-i-?:g) p1-p2 p%

where the --- denote the terms, which can be obtained by symmetry. With

9.,G = ( 3 (—m?+m§+p%—zl+z2) +p1 - p2 (mg—m§+p§+22—zg)),

l\D\i—ll\')M—t

02,9 = (pl P2 (m% —2m3 +m3 —pi —p3+ 21— 22 + ZS) +mipi + mip;
2
—m% (p% ~|—p§) +p321 — p%»zz — pgzz +p%Z3 —2(p1-p2) ) )
1
0.,G = 5 (p% (m% —mj +p3 + 22 — 23) +p1-p2 (—m% +m3+pi — 21 +Z2>) . (412)

one can solve

3
> (Pi0:,G) + RG =0, (4.13)
i
with the basis {e;} of the syzygy module is
m3+mi—s+ 2 +23 m3+mi—pi+ ozt 2 (m3 + z3) —2
m? +m3 — p? + 21 + 2 2 (m3 + 22) m3+m3 —p3+ 2tz -2 | (4.14)
2(m3 + z1) m?+m3—pi4+z+ze mi+mi—s+z+z3 —2

where s = (p; + p2)?. Another module is generated by (see (3.10))
{dl} :DM[215225151]7 (415)

From them, we can compute {h;} as the module intersection of them. Among them, the
one with the lowest total power of z; is given by

hi1=2% (pl ( m3—|—p2—|—22—2’3) +p1-p2 (—m%—i—m%—l—p?—zl—kzg)) )

hi2=2z (p% ( —ms3 +p2+22—23) +p1-p2 (—m%+m§ +p%—21+22)) ;

hig=-2 (m%Pzzl mip3zs —maptza+2 (p1-p2)? (2m§+z2) +2m3pi 23
+m3 (—2m3p; —2mip3+piza—2pizs —pia1+p32s )
+p1-p2 <—m§ (2m§—2p§ —Qp%—i-zl —2z2—|—2Z3) —m% (2m% —2m§—|—2p%—|—22 —223)
—2m§p% +m§zl —mg,zQ +2m§ —p%zl —i—p%zQ +p%2’2 — 2p%zg +2p%p§ +2123— 2’223)
+mip3—2mipipd+mipd —2m3pips+m3 (b} +p3) +iz3 —pinis —2piphe
—phazs+pips+pin),

haa=4p1-ps (md—m3—pt+21—2) —4p} (m3—mi+p3+20—2). (4.16)
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Using (4.16) the action of D,y on Iy g, 05-1 gives the wanted iterative IBP relation

1
Loy 00,05 = @ X {—p% (a1+az+az—d—1) Loy 00,052

(2a3+a1+ax—d—2) (p (m2 m3+p2) +p1-p2 (—m%—l—m%—l—p%)) Loy az,05—1
+1.p.p.t.] (4.17)

where

Lp.p.t.= (a3 —1) (p% ( mi +m2+p1) +p1-p2 (mQ m§+p§)) Loy 109,03
~(az—1) (pr-p2 (=m}+2m3—m3+pt+p3 ) ~m3pl —mivs+m3 (v} +13)
+2(p1-p2) ) a1,a2—1,a3
—p1-p2(a1+agtaz—d—1)1a; 145,051
+ (p%+p1-p2) (a1+as+az—d—1)1g, ay—1,a5—1
Q1= (ag—1) (m{p3—2mipip} +4m3 (p1-p2)’ +mipt —2m3pip3 +m3 (b} +p3)

—2p1-ps (m}—m3—pt) (m3—m3+p3) —2m3 (mipi+mip3) +pins+pip3).
(4.18)

Notice that when a3z = 2, the coefficient of I, 4,,05—2 = l4; 40,0 is @ term of sub-sector (here
is the bubble topology). Also for ag = 1 we don’t need to apply this relation for DR since
it is already the final goal we want to achieve. The relation (4.17) is also a second-order
iterative relation relating Iy, 4,45 t0 Ia; ag.a5—1, a1 ,a0,05—2 and Lp.p.t.. Similar to (4.8), the
ay,az of triangles in (4.17) are invariant, while for L.p.p.t. in (4.18), (a1 + a2) has changed
only by minus one.

Thus applying the relation (4.17) iteratively one can immediately reduce any higher
power of z3 to one. Similar iterative relations for reducing the power of other propagators
can be obtained. Combining them, we can reduce integrals with arbitrary high power of
propagators in this sector.

4.3 Discussions

Before going to general treatment in the next section, let us give some discussions for
the two iterative relations (4.8) and (4.17) found in this section. These two relations
can be interpret as non-homogenous finite difference equations discussed in [20, 57-59].
In [58, 59], treating the space-time dimension as the variable, algebraic relations between
integrals of dimension (d + 2) and d have been established. In [20, 57|, treating the power
of a propagator as the variables, algebraic relations between integrals of different powers
have been established. If we interpret the ag in (4.17) as the variable, it is exactly the
type of recurrence relations found in [20, 57]. From this point of view, the (4.8) can be
interpreted as a new type of recurrence relations where the tensor rank has been treated
as variable.
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However, there is some difference for the purpose of these relations. In [20, 57], it is
aimed to find analytic expression for the integrals. Thus one must treat the parameter as
continuous variable to get the correct results. In our paper, our aim is not as ambitious
as theirs and we just want to find the reduction coefficients, therefore we do not need to
treat power of propagator and tensor rank as continuous variable. In other words, (4.8)
and (4.17) are literally the recurrence relations, where the indices are integer values. With
the obvious boundary condition, solving them uses only elementary algebra.

At the technical level, our treatment has some new features too. In traditional reduc-
tion method, the redundant IBP relations are generated by unselected differential operator.
When each time we want to reduce the power of denominators or nominators by one, we
need to solve and combine them into the proper form. Comparing to it, in our method,
we just need to solve the composite differential operator D,y only once using the com-
putational algebraic method. The same iterative relation can used repeatedly to finish the

reduction procedure.

5 The uniform formula for general one-loop reduction

The method laid out in section 3 and related computations done in section 4 look fresh, but
maybe not so surprising. However, as we will show in this section, for one-loop integrals, we
can write down explicit iterative relations for both TR and DR uniformly for any general
n-point one-loop integrals. In other words, we have solved IBP relations analytically.

The key of our solving is to select particular elements in module intersection {h;}.
Let’s make an observation for two examples in section 4, i.e., both results (4.7) and (4.16),
we find that

{hl,la h1,27 h1,4} =C X {Zlazgga 228z3g7 _28,23g} (51)
and then by (4.13), we have
hi3=Cx(2G — 210.,G — 220,,G) . (5.2)

This pattern indicates that for DR of the N-th propagator of the N-point one-loop integrals
or the TR of (N — 1)-point one-loop integrals (where the (R - /) has been considered as the
N-th propagator), the wanted element in the intersection module is given by

Pm' = zié?ZNg for 1 S ) S N — 1,
N—-1
Pun =2G— Y 20,9, Py = —20.,,G. (5.3)

i=1
It is easy to check that (5.3) satisfies (2.6) and belongs to the module
{dl} :DM[217227”' 7ZN—1717”7 (54)

then the differential operator D p,) gives the generic iterative relation for both TR and
DR of general one-loop integrals.
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To write down explicit relation, let us compute P, in (5.3). For one-loop integrals,
Gram determinant G is always quadratic polynomial of z;s

Z C(” 2iZj + Z CY)ZZ + Cy (5.5)

1,7 <1%

where

o5 =92G/2, CY = (8.,6) |20, Co=Glsz0,
C§D = 00 = 0,0.G  for j#i. (5:6)

This leads to

0:,G =202 + 3" 7z v 0,

i
Zzﬁzlg =2 Z C’;’J)zlzj + ZC Z)zl,
2,5 <1
Puy = 200G + 3 Oz + 2C,. (5.7)

The rewriting of P,y in (5.7) tells us that P,y depends on z;,i =1,..., N —1 only linearly.

Combining P,; in (5.3) and 0,,G in (5.7), one can see that the power of z;s will lead all
al e aly_palhy 8O satisfy 0 < Zf\;l a; — Zfi]l a; < 1. To show that, let us do the following
explicit computations. For ¢ < N — 1, carrying out

- Dp,; % = =0, ( zlz(%Ng > ) (5.8)

we find
NN
(ai - 1) (2C§ ) an—1 + Cl L 70«N)

(ai —2)C T 4 Z C 0 4y (5.9)
J=1,j#1

For i = N, action of Dp, gives

2 {(QN — Q)C(NN) can—1+t (aN - 1)C£N)I"'7CLN =+ G’NCOI"',GN+1]

_l’_

(ay — 1) Z CéNj)I...,aj_l,...,aN +an Z C£j)1..,,aj_1’..,,aN_1] . (5.10)
J#EN J#EN

Finally action of Dp, gives

N—
—(d—N-1) (CfN)I an + 208N Z aj_l,..,,aN) . (5.11)
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Combining all together, we have

N—-1
2anCol... gp+1 + (Z a; + 2an — d) C%N)I...@N
=1
N
+ (Z a; — d) 20" un1 +1ppt. =0 (5.12)
=1

where

N Nl N-1
Lp.p.t. = (Z a; — d) Z Cé ])I---,ajfl,---,aN +an Z C{])I...yajfl’...yaNfl . (513)
=1

i=1 j=1

Expressions (5.12) and (5.13) are our main results for this paper. Let us emphasize again
that although to arrive (5.12) and (5.13) we have used the syzygy and module intersection,
when we got them, we can forget our method completely and just use the explicit result.

When ay < 0, it corresponds to the numerator and we should use (5.12) to express
I.. ay—1 by others for the TR, while when ay > 0 it corresponds to the denominator with
a higher power and we should use (5.12) to express L.. ;41 by others for the DR. When
an = 0, the (5.12) will give the relation between I... _; and L... o, which is just the reduction
of tensor with rank one.

6 Example of degenerate case

In section 5, we have assumed that the kinematics and masses are general. But when
kinematics and masses take some special values, the Gram determinant may be zero and
we meet the degenerate situations. For such situations, some master integrals will disap-
pear. This can be seen by counting the number of master integrals using critical point [65]
(see also [33, 66] in Baikov representation). The existence of vanished Gram determinant
requires some special treatment in many method, see for example, in [30, 67| for traditional
momentum representation. The main point we want to show in this section is that rela-
tions (5.12) and (5.13) do not need to be modified and directly using them the integrals in
this sector can all be reduced to sub-sectors (because there is no master integrals in this
sector).

To show that there is no modification needed for (5.12) and (5.13), we will show that
there are three different possibilities. The first one is that while it works, it may not give
the simplest iterative relation. The second one is that since there are different choices
when applying (5.12) and (5.13), while it may not work for some choices, there is at least
one choice enough for complete reduction. The third one is that it does not work for all
choices, but for this case, the integral is scaleless and can be throw away, so it does not
matter at all. Furthermore, no matter which situation one meets, one can always go back
to the method of module intersection presented in the section 3 and do some computation,
although extra labor is needed comparing to the plain use of (5.12) and (5.13).
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Now we give an example to elaborate above claims. Let us consider the reduction of
triangles

1+m)?, z3 = (1+p1+p2)?
2=0. (6.1)

—

2 =12, z

=N N

Z4:l'R) p

I
=

with specific kinematics. As shown later, by IBP relations one can see that all integrals in
this sector can be reduced to sub-sectors.

For TR of (6.1), G = G(l,p1,p2, R). Directly applying the formula (5.12) and (5.13),
we will get®

R-p (7“ R-p Ia1,a2,a3,17r - (E? a; —d— 27") Ial,az,as,*T>
Zf’ a; —d—r

+ Lp.p.t.,

Ia1,a2,&3,—7“—1 -
(6.2)

which is a second-order iterative relation. Using (6.2), one can still reduce all Iy 11—, to
Ii1,10. However, I 11,0 is not a master integral in this example. To reduce Iy 110 we
should use (5.12) and (5.13) for DR, which will be explained shortly.

If we calculate the module intersection follow the method in section 3, one can find
another element h; different from the one given in (5.3), which will give us the following
iterative reduction relation

rR - pllal ag,a3,l—r
I = e Lp.p.t. . 6.3
a1,a2,a3,—T 2a2+2a3_d_r + pp ( )

Obviously, as a first-order iterative relation, (6.3) is simpler than (6.2), which supports the
claim of the first possibility.
For DR,” the Gram determinant in Baikov representation is

1
G=G(,p1,p2) = SP1 P2 ((z1 — 22) (22 — 23) — 2p1 - p222) . (6.4)

To determine the number of master integrals, we can consider the maximum cut of this
sector in Baikov representation, i.e., setting z; = 0 in G. If G|,—¢ is a nonzero constant,
the number of master integrals is just one by counting critical points [34, 65, 66]. But
if G|,—o = 0, there is no master integral in this sector. It is easy to see that G|.—o = 0
in (6.4), thus I1,1,1 can be reduced to sub-sectors.

One can check that if we regard z; or z3 as the z and apply (5.12), the Cy, C§N), éNN)
are all zero and only Lp.p.t. is left. In other words, for these cases, (5.12) does not produce
the wanted relation for reduction purpose. However, if we regard z3 as the zp, the iterative
relation reduce to first-order due to Cy = 0, C’F) # 0 and 0522) = 0. Using it, we can reduce
14, a3,a5,0 (including the I; ;1 o discussed in previous paragraph) to sub-sectors Iy, 0,45,0 and
others. The a; and ag are left to be reduced by DR of (5.12) in the sub-sector. So, as
pointed out for the second possibility, although using (5.12) for the DR does not work for

z1 and z3, there is zo it works.

8R? does not appear in (6.2) because G(1, p1,p2)|2=0 = 0 when using (5.12) and (5.13).
9Now there is no z4 in (6.1).

~16 —



Nevertheless, even if we regard z3 as the zy, we can do similar module computation
proposed in section 3. The syzygy module is generated by

) 29 23 -1
2p1-p2 — 23 —23 29 — 223 1
{ei} = ) (65)
—2p1-pa+z1—22+23 23 23 -1
dp1-pa+ 22 — 223 21— 223 —2p1-p2t+21—223 1
while the element in the intersection module is taken to be
<P> = <Zla 224522, ]-> (66)
Using (6.6), the iterative relation is
2a314; ,a5-1,a341,0
Ial,az,as,ﬂ = - o102 Last (6'7)

2a1 + 2a9 — d

where the (a1 4+ a2) has been reduced by one at the right-hand side, which is just a l.p.p.t. .
Although this relation raises the power of z3 in denominator, it will lower as to 0O finally
(i.e., reduce to sub-sector), so it shows that method of module intersection still works.

From this example, it is easy to see that only for more degenerated case, i.e., all C’éii),
C’fi) and Cp in G equal zero, (5.12) can not reduce integrals in this sector to sub-sectors.
But for this situation, all sub-sectors have no master integrals by counting the critical
points. To be more explicitly, the number of master integrals in the corresponding sector
is equal to the number of solutions to the equations

0 =0, log (g(d—”—1>/2) |2r—0, forall z; & {2'}, (6.8)

Now the G takes the form

g = Z Cij 2% (6.9)
i g

and the equations (6.8) take the form

=0, (6.10)

which obviously has no solution. It means that integrals in this topology are all scaleless
integrals, and this topology has no master integral. One can test this conclusion by taking
p1 - p2 to zero in (6.4) and immediately find this topology to be scaleless. This is the third
possibility we have mentioned.

7 Summary and outlook

In this paper, motivated by improving the efficiency of reduction program, a natural exten-
sion of syzygy and module intersection has been explored to find good iterative structures
appearing in the reduction procedure. With a nice observation, powerful iterative rela-
tion can be written down even without doing explicit computations using computational
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algebraic geometry and module intersection. Using it, one can uniformly reduce one-loop
integrals with arbitrary tensor (by using auxiliary vector) and propagators with arbitrary
high powers. Our iterative relations make not only the reduction straightforward, but also
give compact expressions. More explicitly, in this formula the polynomials that look messy
in the traditional reduction methods are arranged themselves to Gram determinants. Such
a property will not only speed up the analytic reduction of Feynman integrals, but also
help the investigation of mathematical structures of Feynman integrals and amplitudes in
the integrals’ level (or says IBP’s level) in the future.

It is obvious that the final goal of our study is the reduction for general high loops.
However, If a method is good, it must work well at the one-loop level as the first step.
Results in this paper have demonstrate this point. To generalize this method to high loops,
although steps of computational algebraic geometry can be easily applied, some nontrivial
problems will arise. There are irreducible scalar products of loop momenta and more than
one master integrals for a given sector in most multi-loop integrals. This suggests that for
multi-loop integrals, elements of module intersection needed may also be more than one.
More importantly, could we obtain the general reduction formulas like (5.12) for multi-
loops? Are there also some hidden information or structures in the messy polynomials in
the IBP relation? These problems are definitely interesting for future exploration.
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ABSTRACT: The method of canonical differential equations is an important tool in the
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1 Introduction

Feynman integrals are central objects in perturbative quantum field theories (QFTs). They
are the basic ingredients of correlation functions and scattering amplitudes, which are the
essential bridges between fundamental theories and experimental observations. The analytic,
algebraic and geometric properties of these integrals provide many new insights on QFTs
themselves. In textbooks, Feynman integrals are usually represented as integrals over loop
momenta or integrals over Feynman parameters. Techniques based on these representations
have been greatly advanced in the past decades (see, e.g., [1-3] and references therein),
leading to a proliferation of new results which cannot be obtained using traditional methods.

An important toolset in the calculation of Feynman integrals is the integration-by-parts
(IBP) identities [4, 5] combined with the method of differential equations [6-10]. The IBP
identities are used to reduce all scalar Feynman integrals appearing in a scattering process
to a finite set of master integrals (MIs). Such a reduction can be systematically performed
with the Laporta algorithm [11] implemented in various program packages such as AIR [12],
FIRE [13, 14], LiteRed [15, 16], Reduze [17, 18] and Kira [19, 20]. The MIs satisfy a closed
system of linear differential equations. If these equations can be solved, one obtains the
results for the MIs and hence for all integrals under consideration.

In certain cases, the differential equations can be organized into a nice form called the
e-form [2, 21, 22]:

df(Z,¢) = edA(T) f(Z,¢), (1.1)

where € = (4 — d)/2 is the dimensional regulator with spacetime dimension d, ¥ = {z;}
is the list of kinematic variables, f = {fi} is the list of linear combinations of master
integrals, and dA is a matrix of the dlog form independent of e. Once written in the
e-form, the solutions to the differential equations can be formally written as Chen iterated
integrals [23]. The results can often be written in terms of generalized polylogarithms
(GPLs) [24, 25] order-by-order in €, which allow efficient numeric evaluation [26-28]. When
an analytic solution is not available, it is straightforward to evaluate them numerically
either by numerical integration or by a series expansion [29-31].

The list of master integrals f satisfying eq. (1.1) is called a canonical basis. These
integrals have the property of uniform transcendentality (UT) [21]. Namely, they (with
suitable normalization) can be expressed as

fi@e) =3 e 1@, (1.2)
n=0

where fi(n) (%) is a function with transcendental weight n. It is conventional to assign weight
—1 to €, such that the whole function f;(Z,€) has weight 0. In a practical problem, it is
crucial to find such a canonical basis of UT integrals. This can be done by starting from
an arbitrary set of Mls, and performing linear transformations to reduce the differential
equations to the e-form. Algorithms for finding such kind of transformations exist [32-39],
and some of which have been implemented as program packages [40-43]. These algorithms
are particularly useful when only rational transformations are needed.



An alternative way to find a canonical basis is to construct UT integrals directly without
studying the differential equations. It has been realized that UT integrals are closely related
to dlog-form integrands in d = 4 dimensions [44-49], i.e., the integrands can be written
(usually in the momentum representation or in certain dual representations) in the form

cdlogay Adlogag A --- Adlogay, , (1.3)

where «; are functions of the integration variables and ¢ is constant. Integrals with such
integrands are also dubbed as having constant leading singularities. However, these 4-
dimensional dlog integrands are not guaranteed to give rise to UT integrals in d = 4 — 2¢
dimensions. Further manipulation is therefore required to arrive at a canonical basis.
Construction methods based on the 4-dimensional dlog integrands have been considered
in [22, 50-54].

Motivated by the 4-dimensional dlog integrands, it was suggested [50, 52, 55] that
one may consider d-dimensional dlog integrands in a suitable representation (where the
dimensional regulator e appears as a parameter in the integrand) such as the Baikov
representation [56-61]. These dlog-forms can be written as

¢lao(z)] dlogar(z) Adlogas(z) A -+ Adlogay(z), (1.4)

where z denotes the collection of integration variables (which correspond to coordinates in
the base manifold for the differential n-forms). Such d-dimensional dlog-forms automatically
give rise to UT integrals without further manipulation. This then gives strong hints on the
construction of a canonical basis for a given integral family. However, finding a complete
set of d-dimensional dlog-form integrands is often not a trivial task. In that case one
may employ weaker constraints such as looking for integrands having constant leading
singularities under certain cuts (which reduce the number of integration variables) [62].
Integrands satisfying such weaker constraints can then be further manipulated to arrive at
UT integrals.

In this paper, we develop in more detail the studies of [55], on the construction of
d-dimensional dlog-form integrands in the Baikov representation as candidates for UT
Feynman integrals. We first review the standard and loop-by-loop Baikov representations,
and explore the generalized loop-by-loop Baikov representation with additional polynomials
in the denominators. As will be clear later (and as was mentioned in [62]), the generalized
Baikov integrals do not all correspond to Feynman integrals. We introduce the concept of
Fl-subspace spanned by Feynman integrals within the vector space of generalized Baikov
integrals. These vector spaces are studied using the language of intersection theory [63-72].
We demonstrate how to find linear combinations of generalized Baikov integrals that belong
to the Fl-subspace, and how to convert them to Feynman integrals. We then elaborate on
our method of constructing dlog-form Baikov integrands and subsequently obtaining the
complete canonical basis for a given integral family. We describe how we deal with the
technical difficulties encountered in this procedure. We show that our approach can be well
applied to complicated problems involving multiple physical scales.

The paper is organized as follows. In section 2, we review the standard and the
loop-by-loop Baikov representations, and introduce the concept of generalized loop-by-loop



Baikov representation. In section 3, we briefly review the concept of intersection theory in
the context of Feynman and Baikov integrals. Special focus is put on the correspondence
between the dimension of twisted cohomology groups and the number of Baikov integrals.
In section 4, we introduce the method for the construction of UT Baikov integrals and for
the conversion to canonical Feynman integrals. In section 5 and 6, we demonstrate our
method using two non-trivial examples, while technique details and further examples are
presented in the appendices. We summarize in section 7.

2 The Baikov representation of Feynman integrals

The Baikov representation was first proposed in [56], and since then were further developed
and used to study Feynman integrals [57—61]. In this section, we recap the derivation
of the Baikov representation both in the standard and the loop-by-loop approaches. We
also propose a generalization of the loop-by-loop representation, that will be useful in our
construction of dlog-form integrands.

2.1 The standard Baikov representation

We consider L-loop Feynman integrals with F + 1 external legs in spacetime dimension
d = 4—2¢. The loop momenta are labelled by k; (i = 1,..., L) and the independent external
momenta are p; (i = 1,..., F). For later convenience we collectively refer to them as g;
(i=1,...,M),where M =L+ FE, ¢ =k; (i=1,...,L),and g, =p; (i=1,..., F). Out
of these momenta, one can construct N = L(L + 1)/2 4+ LE independent scalar products
involving at least one of the k;. An integral family is then defined by a given set of N
independent propagator denominators z; (i = 1,..., N), which are linear functions of the
aforementioned scalar products. A generic integral in such a family is given by

Z(Ill 2(212 e Z?VN ) (21)

L d
d®k; 1
Fal,..‘,a = eE’YEL/ [H . Z]
N : /2

1=

where a; € Z. A specific topology in the integral family is defined by a chosen subset of the
powers {a;} whose values are positive, while the other powers are either zero or negative.

The Baikov representation of the above integral amounts to a change of integration
variables from the set {k!'} to the set {z,}. For that purpose, we write

L M
=3 Y A s+ fu, (n=1,....N), (2.2)
i=1 j=i

where s;; = q; - g, A4 are integer constants, and f,, are functions of external momenta and
internal masses. Note that the number of the ordered pairs (ij) is N. Therefore A% can be
regarded as the elements of an N x N matrix representing the linear transformation from
{sij} to {zn, — fn}. We denote this matrix as

A=A(z,....2n k1, .. kipy, ... pe), AY = Ap i) - (2.3)



With a slight abuse of notation, we denote the elements of the inverse of the matrix A as

n
A, namely,

A= (Ail)(ij),n o D AGAT =0, X ALAT =g (24)
i n
Therefore we have

N
sij =Y Al(zn—fo), (i=1,...,L;ij=1i,....,M). (2.5)
n=1

To proceed, we decompose each loop momentum k; into two parts, k' = kﬁl =+ kz“ B
where the parallel components kf” live in the (M — i)-dimensional subspace spanned by g;
(j =i+1,..., M), and the perpendicular components kf | live in the (d — M +1i)-dimensional

orthogonal subspace.! The integration measure over the parallel components of k; is given by

M
- —1/2
Ak = |Glgipts - aan)| T T dsig s (2.6)
j=i+1

where G(q1, ..., qy) is the Gram determinant defined as
a1-491 91-92 -+ 41" Gn

G(q1,---,qn) = det(g; - q;) = det

q2 q1 g2 - q2 (2'7)

qn.ql o e ...qn.qn

Note also that |G(q1,...,¢n)|"/? is the volume of the parallelogram formed by g1, ..., ¢, (in
the Euclidean sense).

For the perpendicular components k‘f ", only the norm-squared kf | enters the integrand
since s;; = k? = k2, + ki2H' We perform a Wick rotation for the integration contour of kY|
from the real axis to the imaginary axis (during which the value of k2, is deformed into
the complex plane, and in the end gets back to the real axis but with kizj_ < 0). We then
change variable to the Euclidean vector k. as usual with kf = —k? | . The norm-squared
can be expressed in terms of {g; - ¢;} through

G(Qi-i—lw 7QM) B |G(Qi+17” . 7QM)|

The integration measure for the perpendicular components can then be written as

Z’7'l'(d_]w+i)/2 G(qi, ooy qM) (d_M—H_Z)/Z

dd—M-i—iki —
LT d =M +10)/2) |GGt aur)

dsii . (2.9)

!There is some subtlety in this decomposition with the Minkowski signature. We will assume that the
parallel subspace contains space-like vectors (i.e., we work in the so-called “Euclidean” kinematic region),
such that vectors in the perpendicular subspace are time-like. Results for physical kinematics can be obtained
via analytic continuation.



Using the above, we are able to change the integration variables from {k!'} to {s;;}. We
can further change variable to the Baikov variables {z,} using eq. (2.5) and

L M N
H H ds;; = | det (A_l) | H dzy, . (2.10)
i=1j=i n=1
Finally, we arrive at

Cy, E ’ det
|G(p17 -+, PE

Foi,.oan =

Ustd Zla"'v N)
@B 1)/2/Hd N (2.11)

where the prefactor is
eevBL p—L(L—1)/A—LE/2

CrLEe= - , (2.12)
L D((d— M +14)/2)
and the ugq function takes the form
d—M—
ustd(zl,..., E ’PLE fl,...,ZN—fN)‘( 1)/2, (213)
with the Baikov polynomial (z,, = 2z, — fy)
Pre(z1,....,zNn) =G(q1,--.,qMm) . (2.14)

p— n
Sij 7Aij:vn

The integration domain for the Baikov variables can be deduce from eq. (2.8). We need
to require G(qi,---,qm)/G(Giv1,---,qnm) < 0 for each ¢ = 1,..., L. The signs of individual
Gram determinants can then be fixed according to the sign of the Gram determinant of the
external momenta. These impose restrictions on the values of the Baikov variables. It is
possible that the space of loop momenta is covered more than once when the variables are
varied within this domain. In this case an extra normalization factor is required, which
is however irrelevant to the purposes of this work. Later on we will regard the variables
as complex, and the integration in the real domain can be deformed into the complex
space. To do that we need to firstly rewrite the absolute value of the Gram determinants as
+G(qi, - --,qu) according to their signs. We will often suppress these +’s when they are
not important, but they should be kept in mind when considering the integration domain.

2.2 An explicit example

Usually one would not directly use the Baikov representation to calculate Feynman integrals,
since other parameterizations are often more convenient in this respect. In this subsection
we use a simple example to explicitly demonstrate how the Baikov representation works
and how to deal with the integration domain which will prove to be important later. The

example is the one-loop bubble integral given by

A%k 1 1 1
Q0= [ o s =<1 [ do @1 = o)
—e F2(1 —¢e)T'(e)
I'(2 — 2¢)

—€

=% (Q*—i0) (2.15)



where d = 4—2¢ and Q? = —p? > 0. We have suppressed the Feynman +i0 prescription until
the last expression, which is important in the analytic continuation to the region p? > 0.

Now we follow the approach in the previous subsection to get the Baikov representation
for the above integral. The Baikov variables are z; = k? and 23 = (k + p)2. The relevant
Gram determinants are

Go) =1 = ~Q* Gllp) =5~ (k- = —1 | (51— 22~ @) +4Q%
(2.16)

Since G(p) < 0, the integration domain is determined by G(k,p) > 0. We change variable
to u = (21 — 22)/Q? v = 21 /Q?, and define the polynomial

_ 4G(k,p)

P(u,v) = o = —(u—12—4v>0. (2.17)
The integration domain for u and v is then
—1)2
u € (—o0,+00), v E (—oo, —(u4)> : (2.18)

The Baikov representation can be written in the form

1(Q%€) =N (@) F(e), (2.19)
where
e "ET(1 — € —e
NAQY) = M(;_ 26)) (@) .
[P(u,0)]"/?¢
fle) = /on du dv o—w (2.20)

The integration over v can be carried out using partial fraction, and we arrive at

Fle)= —T" /+°° du [((u )" (- 1)2)1/2‘1 . (2.21)

cos(me) Joo  u

Note that the integrand is not singular at © = 0 due to the cancellation between the two
terms. However in practice, it is more convenient to perform the integration for each term
separately, which then requires some extra regularization. We employ the analytic regulator

u™' — (u?)’u~', and take the limit § — 0 in the end. This gives
+0o0 du 1/2—€ 100 du 1/2—€
/m S wr1?) " = /m S ((w=12)" = cos(re) T T(1 - o).
(2.22)
Hence we have
fle)=2nT(e) (1 —¢). (2.23)

Plugging the above back to eq. (2.19), we find a result in agreement with that from Feynman
parameterization (2.15).
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Figure 1. The sunrise diagram with two equal-mass propagators and one massless propagator.

2.3 The (generalized) loop-by-loop Baikov representation

The standard Baikov representation (2.11) works generically for multi-loop integrals. On
the other hand, for L > 1 the number of positive a;’s in a given integral is often smaller than
N. Those z;’s with zero or negative powers are called irreducible scalar products (ISPs).
They may not directly appear in the corresponding Feynman integrals (or they may appear
as numerators), but is necessary for a unique definition of the integral family, and is also
necessary for the construction of the standard Baikov representation. We start with one of
the ISPs, which, without loss of generality, is taken to be zy. That is, we assume ay < 0
in the following discussion. Starting from the standard representation, it is possible to
integrate out zy to arrive at a different, but equivalent representation of the same integral.

If any = 0, zy only appears in the polynomial Py, g, and hence it is often straightforward
to integrate over it. The same practice may be carried out for other ISPs as well. The
resulting representation is equivalent to eq. (2.11), but with fewer integration variables.
This representation is the same as the so-called loop-by-loop (LBL) Baikov representation
if the same set of Baikov variables are chosen in the latter. In the loop-by-loop approach,
one performs the change of variables for a single loop momentum at a time, treating the
others as external.

We take the sunrise integral family as an example. The diagram is shown in figure 1.
The integral family is defined by the propagator denominators

{Zl = k%_m27 22 = (kl_k2)27 23 = (kZ_p)2_m2a 24 = k‘%—m2, 5 = (kl _p)2_m2} )

(2.24)
where p? = s # 0. Suppose that we are interested in integrals where only the first three
propagators appear, namely, Fy, 4,.45,00- In the standard Baikov representation, we still
need to include the last two denominators as ISPs. On the other hand, in the loop-by-loop
approach, as the first step we perform the change of variables from k{' to 21 and 29, treating
ko as an external momentum. In the second step we perform the variable change from k%
to zg and z4. Here, the variable z5 does not appear in the representation, and only one ISP,



z4, is needed. The resulting representation reads

dky |G (k1 ka)] 92 1
Foasa dzd : a1 a2 a:
1,02,03,0,0 OC/ 1 ZQ/ itd/2 [G(ke)](d=2)/2 201 252 25

1
XX /d21d22d23d2’4 uLBL(zl, 22,23, 24) a1 _az _as >’ (2.25)
21t 297 23
where we have omitted some constant prefactors, and the function
uLBL(21, 22, 23, 21) = [G(ka)] ™ T [G(ky, k)]~ [G ko, p)]'/*7<. (2.26)

Apparently, the LBL representation (2.25) can be straightforwardly applied to integrals
with a non-zero a4. On the other hand, it fails to capture those integrals with a non-zero
as (even if z5 appears only in the numerator of the integrand, i.e., a5z < 0).? The problem
is that when we change variables from k{' to the Baikov variables, we have to include
z5 since the integrand depends on ki - p. As a result, we will end up with the standard
Baikov representation following this approach. In this case, it is then useful to consider
the LBL representation as the result of performing the integration over zj in the standard
Baikov representation. From this viewpoint, it is possible to start from the standard Baikov
representation with z5 in the numerator, integrate out zs, and arrive at a new representation
without z5. More generically, we consider a Feynman integral where zy only appears in
the numerator (i.e., ay < 0). We construct its standard Baikov representation with the

Baikov polynomial P(z1,...,2zyx). We consider P(z1,...,zy) as a quadratic polynomial of
zn while treating other variables as constants: P(zy) = —ANz]QV + Byzy — Cyn, with Ay,
By and Cy being polynomials of z = {z1,...,2y-1}. The two roots of the polynomial are
given by:
By + /B2 — 4ANCy
= . 2.27
T+ Ve (2.27)

The integration over zy then gives

_ T+
P & [ d¥ 227 o2y [ da a5 (P
T—

_ 1 1/2+
o /dN_lz 2T AN1 v (B]QV — 4ANCN) s
X

(ro)™" oy (aN, 1+7,2+2y,1- ”) , (2.28)
T

where 7 is a parameter depending on €. Since ay < 0, the hypergeometric function in the
above is in fact a polynomial of its argument:

—apn n
F 1 242v.1— 1) = —1)" I—— .
2 1<aN, Tty l=o ) nz:%( ) ( n )F(1+7)F(2+2’V+n) r_

(2.29)

2Tt should be noted that had we started from ks in the first step, we would end up with an alternative
loop-by-loop representation in terms of the Baikov variables z1, z2, 23 and z5. This can be used to represent
integrals with a non-zero as, but not those with a non-zero a4. In any case, the conventional LBL approach
cannot reduce the number of integration variables if both a4 and as are non-zero.



If axy = 0, eq. (2.28) simply reduces to the conventional loop-by-loop representation.
The more interesting cases are those with ay < 0. They describe integrals with zy in
the numerator, albeit zn does not appear in the final integrand. For illustration purposes,
we consider again the sunrise family with a5 = —1. The standard Baikov polynomial is
P(z5) = G(ki1, k2,p). The coefficient of —z2 in P(z5) can be easily seen to be A5 = G(kz)/4,
while the discriminant of P(z5) can be shown to be?

BE — 4A5C5 = G(k1, k2) G(ka, p) .
Eq. (2.28) in this case then gives

/ dz1dzodz3dzy

a1 _az a3 a4 / dZB Z5 25)] €
21 7272372

dz1dzodzzdzy 4 9 1/2—€ By
e T A e (B2 — 44 —-=
* / Azt agt et 0 ( ° 505) As
/ dz1dzodz3dza ( ) 1 0G(k1,k2,p)
X | ——F2 "y 21,29, 23, %
Z%l 232 Z§3 ZZ4 LBL\<1, 22, 23, <4 G(kQ) 625 250 )

where we have used the fact that Bs is the coefficient of z5 in G(k1,ke,p), and
urBL(21, 22, 23, 24) is the same as eq. (2.26). For example, the integral Fj;10,—1 in the
sunrise family can be represented by

1 aG(klv kQap)
Z1729%3 G(k‘g) 825

(2.30)

Fii110-1 /d21d22d23dZ4ULBL(21722,23,24)
25=0

An important fact about the above representation is that certain polynomials of {z;}
(e.g., G(k2) = z4 +m? in the above example) can appear in the denominators of the
integrands. In generic situations where more than one ISPs are integrated out, more than
one polynomials may appear in the denominators. These polynomials are factors of the
uppL, function. From the loop-by-loop approach described below eq. (2.24), one can see that
at L loops there are m = 2L — 1 such polynomial factors. We denote them as Py, ..., Py,.
We will then refer to integrals of the form

ULBL (21,.. Zn)
/H = o (2.31)

a”P

as generalized loop-by-loop Baikov 1ntegrals, where the variables z1,..., z, are those not
integrated out. A Feynman integral in this generalized loop-by-loop representation is written
as a linear combination of integrals with the above form.

As we will see later, the introduction of polynomials in the denominators greatly
broadens the possible forms of the integrands among which we will search for dlog ones.
That said, it is also clear that the polynomial denominators cannot appear arbitrarily, but
must be accompanied by a suitable numerator. Otherwise it is possible that the expression
does not correspond to (a combination of) Feynman integrals.* We will come back to this
point later from the viewpoint of the intersection theory.

3In this simple case, these relations can be easily deduced by brute-force expansion of the Gram
determinants. We will give more generalized relations of this kind in later sections.

4This fact has also been observed in [62], where suitable combinations of generalized LBL integrals are
treated as Feynman integrals in shifted spacetime dimensions.



2.4 Cuts of integrals in the Baikov representation

It is often useful to consider cuts of integrals in the Baikov representation [61]. Cutting
a propagator variable z; amounts to localize its integration contour around the point
z; = 0. For example, consider cutting the variables z1, ..., z, in a (standard or generalized
loop-by-loop) Baikov representation. The result is given by:

/ﬁ dzjf[

7{ iz ML) (2.32)
j=r+1  i=17#=0 'z

flll...zgnpfl...pﬁlm

Apparently, cutting a variable z; is equivalent to taking the residue of the integrand at z; = 0.

Cut Baikov integrals are useful due to the fact that they satisfy the same IBP relations
and the same differential equations as the uncut ones. Let’s take again the sunrise integral
family as an example. For simplicity we consider cases with a4 = a5 = 0, and omit them
from the subscripts. Any integral in this family Fg, 4,4, can be expressed as a linear
combination of three master integrals, chosen as Fi 11, F112 and Fig1:

Foyaras =c1F111+c2F112+c3F101. (2.33)

We can now take the maximal cut (i.e., cutting 21, z2 and z3) on both sides of the above
equality. Note that cutting z2 on F} g1 leads to a vanishing result. Therefore, we have
the relation

F,

= 01F17171 + CQFLL (2.34)

1,02,a3 |3-cut 3-cut 2 |3—cut :

Determining the coefficients ¢; and co from the cut-version of the IBP relations is simpler
than solving the full IBP relations. The same is true when using the intersection theory to
calculate the coefficients. The simplification is much more pronounced in more complicated
situations. Note however, after taking the cuts, we lose the information about cg completely,
which can be recovered in the next step by loosing the cuts.

From the definition of the cut, it is clear that if the power a; is non-positive, cutting
z; will lead to a vanishing result. On the other hand, if a; > 0, the z;-cut integral is
usually non-zero. This property is often used to select integrals belonging to a particular
sector. However, one should be careful with some exceptions to the above rule, especially
when cutting multiple variables. It is possible that when taking several variables to zero,
the function u(z1, ..., 2,) vanishes. Since the u function consists of polynomials raised to
non-integer powers, this means that all its derivatives also vanish in this limit. In this case,
even if all the a;’s are positive, the cut integral still vanishes. This does not necessarily mean
that this sector is reducible, but is just an accidental fact of this particular representation.
There exist other exceptional cases where a cut on variables in the denominator could
lead to a vanishing result. It is possible that localizing the variables to zero may force the
integration over the remaining variables to be scaleless, or the integrand may become a
total derivative. In all the above situations, if one still wants to study this particular cut,
an alternative representation has to be used. We will see examples in later sections.

~10 -



3 The intersection theory of Baikov and Feynman integrals

From the discussions in the previous section, it is clear that we sometimes need to consider
integrals in the generalized LBL representation, where polynomials of Baikov variables
may appear in the denominator of the integrand. We will need to convert them to linear
combinations of Feynman integrals appearing in scattering amplitudes. This can be achieved
via generalized IBP relations [62] or via the method of intersection theory [65-68, 71, 72].
In this section, we briefly introduce the concept of intersection theory in the context of
Baikov and Feynman integrals. For a more detailed explanation, we refer the readers to the
original literature.

We will be dealing with Aomoto-Gelfand general hypergeometric functions [73] which
can be defined via integrals of the form

1¢] = [u@e(), (3.1)

where ¢(z) is a single-valued differential n-form on an n-dimensional manifold, and u(z) is
a multi-valued function which vanishes on the boundary 9C of the integration domain C.
It is required that ¢(z) can only be singular on the boundary dC, where the singularity
is regularized by the vanishing u(z). We will often work with a particular coordinate
system. In that case the point z is parametrized by n variables {z1, z2,...,2,}, and the
n-form can be written as ¢(z) = ¢(z)d"z, where ¢(z) is a single-valued function and
d"z=dzxn1 N--- Ndz,.

We are interested in the relations among integrals with a given u(z) and a given C. It
is clear that different ©’s may give rise to the same integral due to the IBP identity:

0= [ A=) = [uE) @+en e = [ uEvae), (3.2)

where £(z) is a differential (n — 1)-form, w = dlogu(z) is a 1-form, and V, = d 4+ wA is a
covariant derivative with w as the connection. It follows that for a given (¢ and an arbitrary
&, the following relation holds:

I[p] = I[p + V€] (3.3)

The above identity can be understood as an equivalence relation between the two n-forms:

p~ e+ V. (3.4)

We collect all n-forms equivalent to ¢ into an equivalence class denoted as a bra (|, which
is also called a twisted cocycle. The set of all twisted cocycles forms a vector space called
the nth twisted cohomology group H} with respect to the connection w.

It is easy to see that the generalized LBL Baikov representation introduced in the last
section is a special case of general hypergeometric functions. The u(z) function corresponds
to the ugpr, function consisting of Gram determinants raised to non-integer powers:

u(z) = [P (2)]" - [P (2)]™ - (3.5)

- 11 -



The n-forms ¢(z) are linear combinations of the building blocks

dzi N Ndzy,

)
Zill"‘ng:n_Plbl"' ’l’l‘;Lm

(3.6)

The non-integer power -; serves as a regulator for the possible singularity of ¢(z) when
P; — 0. On the other hand, the singularity at z; — 0 is not regularized by u(z). Therefore,
it is necessary to multiply u(z) by an extra factor 2/ for each a; > 0 in order to satisfy the
requirement of general hypergeometric functions. One takes the limit p; — 0 at the end
of calculations.

The dimension v of the twisted cohomology group H} counts the number of independent
integrals of the form (3.1). It can be computed by counting the number of proper critical
points [65, 70, 72, 74, 75].> A critical point is a solution to the set of equations®

wi =0y logu(z) =0, (=1,...,n). (3.7)

Given the form of the u(z) function in eq. (3.5), the equations can be recasted to

Pi(z)#0, (j=1,...,m), (3.8)

where

51(2) = 3 0. Pi(2) ] Fel2). 5.9)

ki

We introduce an additional variable zg and define the polynomial
Busi(20,2) = 20 [ Py(z) — 1. (3.10)
j=1

The conditions P;(z) # 0 can then be imposed by asking for a solution of z to the equation
Br+1(z0, 2) = 0. The number of solutions to the set of equations 5; =0,(i =1,...,n+1)
is equal to the dimension of the quotient ring

Clzo, 21 - -+, 2n]/T , (3.11)
where Z is the ideal generated by the polynomials {3;}, i.e.,

T= <617-'-75n75n+1>- (3.12)

The dimension of the quotient ring can be obtained using methods from computational
algebraic geometry.

5We assume that all critical points are non-degenerate and isolated.

5The powers {7;} in the u(z) function are assumed to be generic non-integers, e.g., containing the
dimensional regulator e. Otherwise the number of solutions could be smaller than the actual number of
independent integrals. In this case, it is necessary to add an extra regulator for these +;’s, and take the
regulators to zero in the last step.

- 12 —



When working with generalized LBL representations, it is often the case where the
dimension v is different from the number of independent Feynman integrals found by
reduction programs. The dimension v can be larger than the number of independent integrals
if there exist certain symmetry relations among the integrals which are not captured by the
IBP relations (but are considered by reduction programs). This is apparently harmless since
these symmetries can be easily incorporated later. After taking into account the symmetry
relations, it is still possible that v is larger than the number of independent Feynman
integrals. This leads us to conclude that, certain integrals of the form (3.1) actually do not
correspond to Feynman integrals, as we have already mentioned in the previous section.
Therefore, the space of Feynman integrals can be regarded as a subspace of the vector
space H'. We will refer to this subspace as the Fl-subspace. It is our quest to identify the
FlI-subspace, and look for dlog-form integrands inside it.

Before considering the subspace, we briefly discuss how to work with H] using the
intersection theory. Since H? is a vector space of dimension v, one may choose a basis of it
consisting of vectors (e1|, {ea], ..., (ey|, such that any vector (p| € H can be expressed as
a linear combination of the basis vectors:

(pl =ci{er] +caleal + -+ e (e . (3.13)

In the context of Feynman integrals, this gives the reduction of an integral as a linear
combination of MIs. To calculate the coefficients c¢;, one introduces the dual space of
H, denoted as (H[)*. It turns out that (H)* is isomorphic to H” , i.e., the twisted

cohomology group with respect to the connection —w. We denote a vector in (H')* as a
ket |¢), which is the equivalence class

) o~ — Vg, (3.14)

Between a bra (¢r| and a ket |pr) one can define a bilinear pairing (pr|pr) called an
intersection number [73, 76-79]. This serves as an inner product between the vector space
H? and its dual. With this, it is straightforward to compute the coefficients ¢; by first
choosing a basis {|h1),|h2),...,|h,)} of the dual space (H)*, and then use

12
e =3 (elhy) (C7'). - (3.15)
7=1

where C'is a v x v matrix with elements C;; = (e;|h;). We will not discuss the computation
of the intersection numbers in detail, but refer the interested readers to the original articles.
It suffices to mention that, if both e;(2) and h;j(z) are dlog-forms (which have only simple
poles), the computation of (e;|h;) is greatly simplified. Therefore, having a dlog basis not
only simplifies the differential equations, but also helps the integral reduction using the
intersection theory.

We now come back to the possible cases where not all linear combinations of {(e;|}
correspond to Feynman integrals. In this case the dimension v of H! is larger than the
number vy of independent Feynman integrals. Equipped with the intersection theory, it
is straightforward to identify the FI-subspace: one chooses a set of vy master Feynman
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integrals,” and projects them onto the basis {(e;|} using intersection theory. These vy linear
combinations of {(e;|} span a vy-dimensional subspace, and we will look for dlog-form
integrals inside this subspace.

Let’s look at an example in the sunrise family introduced in the previous section. For
simplicity, we consider cutting the two variables z; and z3 (i.e., the two massive propagators)
in the generalized LBL representation with z4 as the ISP. We do not introduce the regulator
for zo, which means that as can only be nonpositive. The integrals then take the form

zy Pz “dzg Ndzy

/u(z)</7(z) = /ucut(22,24) P Po(m o P (P (3.16)
where
Ueut (22, 24) = [Pr(24)] 71 [Pa(z2, 24)] Y27 [Ps(20)] /27,
Pi(z4) = G(k2) = 24 +m?,
z1=23=0
Py (29, 24) = G(k1, ko) = zom? — i(zz - 24)2 ,
z1=23=0
Py(24) = G(ko, p) = sm?— i(s _ ). (3.17)
z21=23=0

It is easy to determine the dimension of the corresponding twisted cohomology group
by computing the connection w = dlogucy; and counting the number of critical points
which are solutions of w = 0. The result is v = 2, which means that there are two
independent integrals of the form (3.16). Indeed, we can choose a basis {(e1], (e2|} where
e; = €i(22, z4) dzo N dzy with

m2 Z4

o e = — 3.18
P2P3 ) €2 (22a 24) P2P3 ) ( )

é1(22,24) =
which can be shown to be independent.® On the other hand, the topology under consideration
is just the product of two massive tadpoles. It is easy to see that there is only one independent
Feynman integral in this sector, i.e., vy = 1. We can arbitrarily choose a Feynman integral,
e.g., F10,1,0,0, whose corresponding 2-form is simply ¢ = dz» A dzy. Computing the
intersection numbers, we get

(1 —2¢)2sm?

(¢l = TA(l-e? ({ex| + {e2l) - (3.19)

Therefore, we conclude that Feynman integrals live in the 1-dimensional subspace spanned
by (e1] + (ea]-

"This task can be accomplished using any suitable reduction method, e.g., momentum-space IBP, Baikov
IBP, or intersection theory.

8The basis is of course not unique. We have made this choice for the sake of simplicity (both in the
computation of intersection numbers and in the final expression (3.19)).
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4 Constructing dlog-form integrals

We now come to the construction of UT Feynman integrals satisfying canonical differential
equations in a given integral family. The idea [55] is very simple: we conjecture that each
UT Feynman integral should admit a representation of a generalized dlog-form, i.e., can be
written as

el = N [ utz)e(z) = A [ GG dlog 12). (4.1)
j=1

where G(z) is a rational function and f;(z)’s are algebraic functions of the Baikov variables.
N, is the prefactor arising from the Baikov representation, while A, is a UT factor depending
on € and external variables (i.e., masses and scalar products of external momenta). In this
section, we will ignore the factor N, /N which needs to be built into ¢(z). For applications
in later sections, this factor can be easily deduced from the Gamma functions appearing in
N.. With a slight abuse of notation, we will call p(z) a dlog n-form, although it needs to
be combined with some factors in u(z) to be written as a dlog integrand.

It should be noted that a UT integral can have many different representations, some
of which are of the dlog-form while others are not. For example, a UT integral might be
dlog in the loop-by-loop Baikov representation, while the same is not true in the standard
representation. For our purpose, it is sufficient to construct one dlog representation for
each candidate of a UT integral. To do that, it is sometimes necessary to try different
representations until an appropriate one is found.

The n-form ¢(z) is a linear combination of the building blocks

dzi N+ Ndzy,
al an pbi bm (42)
Zl “ . Zn Pl “ e m
where P, ..., P, are irreducible polynomial factors of G(z) (and hence of u(z)). It should

be emphasized that ¢(z) must be a single-valued differential n-form, whose denominator
can only contain Baikov variables and the polynomial factors of u(z). The dlog-form of
eq. (4.1) puts further constraints on the properties of p(z). Most importantly, u(z)¢(z) can
only have simple poles in all the variables. This requirement puts upper and lowers bounds
on the powers {a;} and {b;} (note the poles at infinity). In the following, we first show a
systematic way to construct such dlog n-forms both in the univariate and the multivariate
cases, and then discuss how to convert them to UT Feynman integrals.

4.1 The univariate case

We start with the cases where only one Baikov variable is involved in the integrals. This
can happen when we consider the maximal cuts of many integrals. We refer to this variable
simply as z, and the u(z) function can always be factorized into the form.”

e U

uz) = 1 - ci) e (4.3)
=0

°In this expression, we have dropped some possible minus signs for the (z — ¢;) factors. In this section
we’ll not be worried about these signs and the integration domain. They will be recovered for the examples
in later sections.
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where [3; are integers and -; can be either integers or half-integers; Ky is an algebraic function
and Cy is a rational function of external variables, respectively. In the above expression, we
assume that the roots ¢; are all distinct. The dimensionality of the cohomology group is
then given by v.

If the number of half-integer ~;’s in u(z) is larger than two, this sector involves elliptic
integrals or more complicated functional structures. In such case it is still possible to
construct several dlog-form integrals, but one does not expect to have a complete canonical
basis. If none of the v;’s is a half-integer, we can choose

wi( _ngd Hzfcj , (i=0,...,v). (4.4)

Z =i

This gives
u(2)pi(z) = (/ﬁ I1¢:- cj>—5f) dlog(z — ;). (45)
§=0

which takes the desired dlog-form (4.1). Note that there are v 4+ 1 1-forms in the above,
but only v of them are independent.

If there’s one half-integer ~;, without loss of generality, we take it to be v9. We can
perform the construction using the identity

dlog1+ i?;i__ e —codz (4.6)
= (z—c)Wz—co’ '

for arbitrary ¢ # co. Evidently we can choose

0i(2) = —Kodz YLD (2 — ¢o)0- UQHZ—C (i=1,...,v), (47

z—¢
such that u(z)y;(z) takes the dlog-form:

v ‘ 14 /=2
u(z)pi(z) = <IC1 11— cj)ﬁf) dlog 17(:0_61 : (4.8)
j=0 -

co—=z
co—1

Things are quite similar in the case of two half-integer ~;’s. We take them to be ~y and
~1. Here we employ the identities

(co—2)
dlog es &
- WCO D Ve
(c1—2)
cl (c1—c)(co—2)
dlog (co—c)(e1—2) _ V(co —c)(c1 —c)dz ‘ (4.9)

L T g (2 V(- )z - e
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We can then construct the following 1-forms:

o1(2) = Kodz (2 — o) Y2(z — e V2 T[ (2 — ) |
j=2

pi(z) = Kodz Vi _zci)ic.l =) (2= ) P —c) P Tz = e5)7, (4.10)
(2 J72
where i = 2,...,v. The corresponding u(z)y;(z) again have forms similar to eqgs. (4.5)
and (4.8).

4.2 The multivariate cases

We now want generalize the above procedure to multivariate cases. Our approach is to
perform the construction one-by-one for each variable. In the first step, we select a variable
which allows us to apply the methodology of the previous subsection, while treating the
other variables as “external” at the moment. We call this variable z;.'° Using the univariate
constructions, we can construct functions (ﬁgl)(z) such that

u(2)$(2) = (6] 5~ log £ (2). (.11

(1)

We call the combination u(z)9,’(2)dz1 as a partial-dlog-form integrand in z;. Here it

should be noted that z; could be a propagator denominator instead of an ISP. In that case
there is a regularization factor 2{ in u(z), and 2 itself should be regarded as one of the
“polynomial factors” of u(z). This means that one of the ¢;’s in eq. (4.3) is zero. Note that
cﬁl(-l)(z) is in general not a rational function, which is a problem to be dealt with later.
Given the above partial results, the next step is to pick a variable zo and repeat the
procedure. Namely, we try to construct functions cﬁg’?j)(z’ )/Ai(z') such that u(z)gﬁgl)(z)dzl A
@g?(z’ )dzo/A;(2") are partial-dlog-form integrands in the two variables z; and z2, where
z' = {z9,...,2,}. The algebraic functions A;(z’) are meant to cancel certain factors in
cﬁl(-l)(z), such that @gl)(z) /Ai(2") become rational functions. Such a recursive procedure,
if succeeded, leads to dlog-form integrals we want, with the full $(z) a rational function.
There is, however, a few complications in the second step (and further steps). We will

address them in the following.

4.2.1 Square roots from the previous step

First of all, in egs. (4.4), (4.7) and (4.10), denominators of the form (z — ¢;) appear. These
are allowed in the univariate case according to the generic form (4.2), since (z — ¢;) is a
polynomial factor of u(z).!! However, this is problematic in the multivariate case, since ¢; is
in general an algebraic function of the remaining Baikov variables z’. Hence (21 —¢;(2)) may
not be a polynomial factor of the full u(z), and cannot appear in the denominator alone.

10The order of variables is sometimes important, and one may need to try different orders to arrive at a
successful construction.

HHere “polynomial” regards the Baikov variables only. The coefficients can be algebraic functions of
external variables.
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In this case it is necessary to make a linear combination of several terms, such that their
common denominator becomes one of the polynomial factors P;(z) of u(z). Fortunately,
such linear combinations can be worked out rather generically, which depend on which of
the formulas (4.4), (4.7) and (4.10) was used in the previous step.

The simplest case is eq. (4.4), where no square roots are involved. One can simply

make linear combinations of the form

() = [G(2)]° E S A 4.12
u(z) P\ (z z , .
with rational coefficients r;. The sum in the above expression is over a subset of {0,...,n}

such that K(2") [1;(z1 — ¢i(2')) is an irreducible polynomial factor (say, P(z)) of u(z), where
K(2') is a polynomial in 2’ (which is the coefficient of the highest power of z; in P(z)). The
coefficients 7; need to be chosen such that the numerator (after combining the denominators
into P(z)) is either a rational function of z, or the square root of a rational function of
Z'. In the former case $(1)(2) is already single-valued with the correct denominator, and
one can continue the construction for the remaining variables. In the latter case one needs
to incorporate the square root in the next step to make the whole ¢(z) a single-valued
differential form. In practice we most often encounter cases where P(z) is quadratic in zq,
and it is straightforward to choose r; = +1. The two candidates are then simply given by
the symmetric and anti-symmetric combinations:

u(z) p+(2) = [G(2)] P(lz) agsf)d’zl NG (Z)d" 2

P i 2N — (2 p 5 (2 n—lzl
) p-(2) = [y N ZaEE  FEI 2 )

where ¢; and ¢; are the two roots of P(z) in z1, and ¢/(2’) is a rational function of 2’ which
remains to be constructed.

We now turn to the case where the second line of eq. (4.10) is used in the previous step
of construction (if the first line is used, the situation is very simple). Here we have

V(co(2') = ci(2)) (e1(2!) — ci(2))
(21— ci(2) V(21— eo(2) (21 — (7)) (4.14)

where ¢ = 2,...,v. We again need to make linear combinations of the above to proceed

with the next variable. We first note that ¢y and ¢; are the two roots of a quadratic
polynomial Q(z1, 2") with respect to z1, and therefore the square roots in the numerator
and the denominator can be rescaled to Q(c;, 2') and Q(z1, 2’), respectively. As before, we
also assume that ¢; is a root of the irreducible polynomial factor P(z1,2’). If ¢; itself is
a polynomial of 2’ (including the case where ¢; is a constant), P(z1, 2") is simply 21 — ¢;.
Hence we can readily write down the candidate

dz11/Q(ci, 2') P(z)d 1"
(21— ci)V/Q(21,2")  Qci, 2')

The construction can then be continued recursively.

u(z) p(z) = [G(2)] (4.15)
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On the other hand, more generally ¢; is an algebraic function of 2/, and P(z1,2') is a
non-linear polynomial of z;. There seems to be no way to continue the construction with
Q(ci, 2") (square root inside a square root) in the denominator. Fortunately, very often
it can be expressed in a simpler form due to relations among Gram determinants.'? To
understand that, we first define a generalized Gram determinant with two sets of momenta:

g -liqi-le--q-ly

-l -
G({qrs-yan (s ln}) = det(gi - 1j) = det | 271 77 (4.16)
Gn -l o gl
It then follows from Sylvester’s determinant identity that
2
[G({QI7 «v oy Qn, k}) {Q17 c oy Qn, Q’n-l—l}):l
= G(ka qi,-- -, QTL) G(le cee 7QTL+1) - G(k>q17 cee ,QnJrl) G(q17 ey qn) . (417)

The above identity can be used in various ways. As an example (which often appears
in practice), consider Q(z1,2") = G(k,q1,.-.,qn+1) and P(z1,2") = G(k,q1,- .., qn), where
21 is one of the Baikov variables associated with the loop momentum & (in the loop-by-loop
sense). We introduce a short-hand notation for the polynomial

1 0
R(Zl,zl) = G({Qla v 7qn7k}7{q17' . '7qn7qn+1}) - _58(

G k7Q17-~7Qn 1),
k'Qn-ﬁ-l) ( +)

(4.18)
where the last equal sign follows from Jacobi’s formula. Because z; = ¢; is a zero point of
P(z1,2"), we immediately find that

ﬂ:R(Ci, Z/)
Qe 2') = . (4.19)
' V_G(qla”'7qn)
Since G(q1, - .-, qn) is independent of z1, the above expression is actually a polynomial of ¢;.

It is then possible to build linear combinations of the form

1
V=G(q1, -, qn) VQ(21,2)

where the rational coefficients r; are chosen to satisfy conditions similar to the discussions

v o Rlei,2) (4.20)

(21 — i)

u(z) ¢ (2) = [G(2)]"

below eq. (4.12). To see how such linear combinations can be found generically in the above
situation, it is enough to consider P(z1, z) to be quadratic in z; (since @ is quadratic and
the degree of P cannot exceed @) in terms of z1). We can then use the fact that R(z1,2') is
a linear function of z; to write

Rles, ) = (1 (- Ci)aazl) R(1, ). (4.21)

12These relations have also been presented in the appendix of [62].
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Taking r; = £1, the two linear combinations are then given by

u(z) ¢ (2) = [G(2)]° 1 (R(zl’zl) oP(z) QaR(Zl,Z/)> :

V=Glq1,...,qn) VQ(21,2") \ P(z) 0= 021
ul2) oW (2) = [G()]¢ 1 K(2') [ci(2) — ¢;(2')] o
(2) 927 (2) = [G(2)] N TR NG C) P R(z1,2"),

(4.22)

where the meaning of IC, ¢; and ¢; are the same as in the discussions below eq. (4.12). Similar
constructions can be applied for the case P = G(k,q1,...,qn+1) and Q = G(k,q1,...,qn),
which also appears in practice quite often. The considerations outlined above is also valid if
eq. (4.7) is used for the construction of z;, and we will not go into details about that.

4.2.2 Higher-degree polynomial with a half-integer power

Unlike the univariate case, the appearance of higher-degree polynomials with half-integer
powers does not necessarily mean that the result is elliptic. It is possible that a canonical
basis is known to exist (from the maximal cuts of various sectors), but at some point in the
construction procedure one encounters square root of a polynomial with degree higher than
two for each remaining variable. Hence the construction cannot proceed straightforwardly.
There are a couple of ways to circumvent this issue, and we will briefly discuss them in
the following.

An apparent possibility is to perform a variable transformation such that the polynomial
becomes quadratic in one of the new variables (which is similar in spirit to [53]). This can
be illustrated by a simple example:

¢ (x,y) de N dy
V(@2 4+ y2 — 6zy) (22 + 32 + 22y + 22 + 2y — 2)

/[G (2, 9)] (4.23)
It is not easy to see how to construct the function @(z,y) such that the above integrand
becomes dlog. However, it is easy to find a change of variables u =z +y and v =z — y,
and the square root becomes

du A dv
2202 =) ((u+1)2=3)

(4.24)

It is now straightforward to perform the construction first in v and then in w.

A different type of variable transformation is to “rationalize” part of the square root.
Suppose that we have a square root of the polynomial P(z). It is possible to find a rational
change of variable z — Z, such that

P(z) = R*(2)Q(2), (4.25)

where R is a rational function of the new variables Z, and @ is a polynomial which is
quadratic in some of the new variables. This possibility has also been used in [62]. Note that
for this single square-root, the rationalizing transformation can be found algorithmically
when it exists [80, 81].
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Another possibility to avoid higher-degree polynomials is to perform the construction
in reducible super-sectors. Given a sector with some propagator denominators and several
ISPs, a super-sector is a sector where some of the ISPs are allowed to appear in the
denominator. Sometimes a super-sector can be reducible. This means that all integrals in
that super-sector can be expressed as linear combinations of integrals in lower sectors. We
find that a canonical integral may have a very complicated form in its own sector (involving
variable transformations as mentioned above), but is much simpler when expressed in the
Baikov representation of a reducible super-sector. For this reason we usually look into the
super-sectors first before attempting variable transformations.

In the beginning of this section, we have emphasized that a UT integral can have many
equivalent but different representations, and it is enough for us to find one representation
that is dlog. In the above, we have searched only in the generalized LBL representations.
It is sometimes useful to extend these representations by introducing an additional fold of
integration over an extra variable in the intermediate steps of the construction. We will call
them “extended Baikov representations”. As will be demonstrated in a practical example
later, this extra variable is not randomly chosen, but is often motivated by (but not the
same as) the variables in the standard Baikov representations. In this way it is easy to
show that such an extended integral is indeed equivalent to integrals (we will refer to their
integrands as “equivalently-dlog integrands”) in the original representation. A benefit of
such an extension is that higher-degree polynomials might disappear, leading to a successful
construction. We will see an example of this method later in the top sector of outer-massive
double box family.

4.3 From dlog-forms to canonical Feynman integrals

The generic procedure outlined in the previous subsections allows us to construct dlog
Baikov integrals for a given u(z). On the other hand, the main goal of this section is to
construct UT Feynman integrals satisfying a canonical set of differential equations. In this
subsection we show how to convert between these two in a systematic way.

As extensively discussed in section 2 and 3, Feynman integrals live in a subspace of
the space of generalized Baikov integrals. It is hence easy to understand that the dlog
Baikov integrals are not necessarily expressible as linear combinations of Feynman integrals.
As a result, we usually need to construct more dlog Baikov integrals than the number of
independent Feynman integrals. We call these extra ones auxiliary dlog forms. With them,
we can make linear combinations belonging to the Fl-subspace using the method outlined
at the end of section 3. We note that these combinations, after being put into a common
denominator, generically take the form

N(z)dzi A -+~ Ndz,

, (4.26)

where b; is either 0 or 1, and N(z) is a polynomial in the numerator. This provides hint on
which auxiliary dlog forms can be combined together, and is very helpful in many cases.
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Figure 2. Inner-massive double box family. Thick lines represent propagators with a mass m, while
thin lines represent massless propagators.

To summarize this section, we list below the procedure for constructing UT Feynman
integrals for a given integral family:

1. Starting from a top sector, use IBP programs such as FIRE, LiteRed, Reduze or Kira
to find all irreducible sectors containing master Feynman integrals (unique sectors in
the notation of LiteRed), as well as the number of master Feynman integrals in each
sector. Also compute the number of critical points to identify the dimension of the
cohomology group for each sector, which corresponds to the number of independent
Baikov integrals (here we also consider reducible sectors if necessary, which may
provide simpler super-sector constructions as well as auxiliary dlog forms).

2. Write down the generalized LBL Baikov representation for each sector, and apply the
construction method to find enough dlog Baikov integrals.

3. Identify linear combinations of dlog Baikov integrals that belong to the FI-subspace,
and transform them to Feynman integrals using either Baikov IBP, dimensional
recurrence relations, or intersection theory.

In the following sections we demonstrate this procedure in several non-trivial examples.

More examples can be found in the appendices.

5 Inner-massive double box

As the first example, we consider the double box integral family where the propagators in
an “inner” loop have the same mass m, while the other propagators as well as external legs
are massless. We take all external momenta to be incoming. The propagator denominators
and the relevant scalar products are given by

{k%7 (k1 —P1)27 (k1 —p —p2)2a (k1 — k2)2 - m2a (k2 — 1 —;02)2 - m2,
(ky —p1 —p2 — p3)> —m?, k3 —m?, (ko — p1)? — m?, (k1 — p1 — p2 — p3)° },

p; =0, (p1+p2)° =s, (p2+p3)° =t, (5.1)
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where the last two propagator denominators appear as ISPs. The corresponding diagram is
depicted in figure 2.

This integral family has been considered in [82]. There are 20 unique sectors with 32
master integrals in total. The construction of dlog forms in most sectors is straightforward.
In the following, we discuss three representative sectors where special treatments are required.
The complete results will be given in appendix A.2.

5.1 Sector {1,1,0,1,1,1,0,0,0}

We construct the LBL Baikov representation for this sector with z7 and zg as ISPs. The
relevant ingredients are given by:

N €2EPYE ¢
= “aora—ag AL
u(z) = Py pre Pt (5.2)

where the three polynomials are
Pi(z7,28) = 4G(ka, p1) = —(27 — 28),
Py(z1, 29, 24, 27, 28) = 4 G(k1, k2, p1)
Ps (25, 26, 27, 28) = 16 G(k2,p1,Dp2,P3) - (5.3)

It is attempting to apply maximal cut to this representation, to count the dimension of
the corresponding cohomology group. However, in this case the maximal cut does not work
for this specific LBL representation. The reason is that P, equals to 0 when z; and z9
are set to zero. Since P, comes with a power of —e, the cut integral is identically zero in
dimensional regularization. This situation has been discussed in section 2.4, and we need to
search for other representations to perform the counting.

We can try a different LBL Baikov representation with z3, z7 and zg as ISPs. Applying
maximal cut, we have
tent(2) = Pl owt Pooie Prot © (5.4)

,cut ,cut

where
Py cut(27,28) = 28(s — 27 + 28) + sm?,
Pycut(23, 27, 28) = [s28 + 23 (27 — 28)]*
P3 cut(27,28) = Am?st(s + t) — (szg + tz7 — st)?. (5.5)

Note that the integration domain is determined by Pjcut > 0 and P eyt /P cus > 0. These
conditions do not constrain zs, which means that the integration range of z3 is (—oo, +00).
In dimensional regularization such kind of integrals vanish. Hence we still cannot study the
maximal cut using this representation.

In the end, we find that we need to employ the LBL Baikov representation which keeps
z3, z7 and zg as ISPs in order to apply the maximal cut. The result is

Uewt(2) = Pf ot Pooe ™ Pro ™, (5.6)

,cut ,cut
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where

Py cui(23,29) = 29(5 — 23 + 29) ,
Py cut (23, 27, 29) = (2729 — 2327 — 329)2 — 4m2329(s — 23+ 29),

P cut (23, 20) = [s(2z9 — t) + t23)> . (5.7)

Counting the number of critical points we get the result v = 2, which coincides with the
number of master integrals in this sector found by Kira and Reduze.

Now we need to construct two dlog-forms corresponding to Feynman integrals in this
sector. This can be done in any representation that is convenient for the purpose, and we
choose to work in the representation (5.2). Since this is the first practical example in this
paper, we will demonstrate the construction procedure step-by-step. We first note that, for
this sector we require all of 21, 29, 24, 25 and zg to appear in the denominator, otherwise
the integrand likely belongs to a sub-sector. We also need to add regulators for these five
variables in the context of intersection theory, such that the u(z) function now becomes

u(z) = 2282L 20 PUY AT pre pr e (5.8)

where the polynomials Pj, P» and Ps are given in eq. (5.3), and the regulator p will be
taken to zero in the end.

Observing that 2y, 2z and 24 do not appear in the polynomials P; and P3,'? the
construction for them is straightforward according to eq. (4.4). And we immediately know
that the desired 7-form takes the form

dzzll A dzZ; A d:j A o(zs5, 26, 27, 28) - (5.9)
We now need to find a 4-form o(zs, 26, 27, 23) such that ¢(zs, 26, 27, 28) /v PLP3 is a dlog
form. Since z5 and zg only appear in P3 but not P;, we choose to work with them first. For
the readers’ convenience, we recall that

P = —(27 — 23)%,
Py = (st — szg — tzg 4 sz + tz5)? — 4st [t25 + 526 + (25 — 26) (27 — 28) + m2(s + t)] .
(5.10)

P5 is a quadratic polynomial of z5, and we can apply the second equation in (4.9) where
¢ = 0. This give rise to the dlog factor

¢(25,26,27,28) _ /P3(25 =0)

VPVP VB

where the ellipsis denotes the part yet to be constructed. We now need to take care

dzs A~ (5.11)

of a factor of 1/4/Ps(2z5 = 0) in the construction for the remaining variables. Note that

13The polynomial P is irrelevant here since it comes with a power of —e in the u(z) function.
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Ps(z5 = 0) is again a quadratic polynomial of zg, and hence we can apply the second
equation in (4.9) here. This leads to

(25, 26, 27, 28) _ vV P3(z5 =0) dzs A V/P3(z5 = 0,26 = 0)
\/Plx/Pg Z5\/P3 ZG\/Pg(Zg, == 0)

We can now continue with the construction for z7 and z5. P3(z5 = 0, z6 = 0) can now

dzg N+ . (5.12)

be regarded as a quadratic polynomial of z7, and /P can be written as a constant factor
multiplying (27 — 23).!* We apply again the second equation of (4.9) with ¢ = zg, and obtain

©(2s5, 26, 27, 28) Ps(z5 = 0)

= dzs N dzg
\/Plx/P3 25V P3 26 P3(Z5 = 0)
A \/ 3(25 s 26 y BT 28) dZ7 N (513)
(27 — 28)v/P3(2z5 = 0,26 = 0)
We are left with the last variable zg, with
P3(25 = 0,26 = 0, 27 = 23) = [st — (s +t)2s]* — 4mZst(s + ). (5.14)
We now apply the first equation in (4.9) to arrive at
t
90(251267'27728) — A S+ ng, (515)

VPP VPs(25 = 0,26 = 0,27 = z3)

which is the final answer for a dlog-form integrand in this sector. The corresponding ¢
function is simply given by o

R s

7= 2122242572 (5.16)
where the numbering follows the list in appendix A.2.

It is possible to construct the second dlog-form within this sector, albeit a bit tricky.

It is much simpler to employ the reducible super-sector {1,1,0,1,1,1,1,0,0}. Namely, we
allow z7 to appear in the denominator of the generalized LBL Baikov representation, and
add the necessary 2 factor in the u(z) function. All integrals in this super-sector can be
reduced to the sector under consideration and its sub-sectors. It is now straightforward to

construct the second dlog-form:

R st(st —Am2(s +t
P10 = el ( ) : (5.17)
Z1R224252627

It is clear that both dlog-forms correspond to Feynman integrals, and hence the construction
for this sector completes.

As a final remark here, we note that the prefactor AV, in eq. (5.2) is already a UT
function with weight —3. Hence we can directly take N, = N, in eq. (4.1). We also note
that the 7-fold integrations over dlog-forms leads to UT functions with weight +7, and the
final results (pg| and (p19| are weight +4 functions. This should be kept in mind when
constructing other sectors, since we would like to have a canonical basis with the same
transcendental weight.

14 A constant factor does not affect the construction of dlog integrands, and we will simply drop it.
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5.2 Sector {0,1,0,1,1,1,1,0,0}

We construct the LBL Baikov representation for this sector with zg as the ISP. To do that
we first perform the momenta shifts ky — ki1 + p1 and ko — ko + p; in the propagator
denominators in eq. (5.1). The resulting ingredients are:

1 e29ET2(—e)

€ — t t € R
1= 2 16707 (—2¢) 1 1)

u(z) = (25 +m2) Ry PR (5.18)
where the two polynomials are
PQ(ZQ, 24, Zg) = 4G(k§1, k‘g) 5

P3(Z5,Z6,Z7,ZS) = 16G(k27p1ap27p3)' (519)

Under maximal cut there are three critical points, corresponding to three MIs in this sector.
Here N is not a UT function due to the factor of (1 — 2¢). Taking that into account and
performing the construction, we arrive at three dlog-forms:

N (1 —2€) (m? + zg) /st (st —4m2(s + t))

1= 62’224252627]32 ’
S 26)2’8\/82 (t —m?2)* — 4m2st2
Y15 = €20247252627 P ’
" 828(1 — 26) m2 + 28
62224252627P2

Note that the polynomial P> appears in the denominators, and hence it is not clear at first
sight whether the above three correspond to Feynman integrals.

Since we require that the constructed dlog-forms are Feynman integrals without any
cuts, it is necessary to consider the equivalence classes of the full 6-forms without any cuts

—asg

Z
8
az 04,05 06,07 2\by pb2 pb3

(5.21)

Computing the number of critical points we get v = 20 (and after taking into account
a symmetry between zs and z7, there are 18 independent integrals), while from an IBP
reduction we know that there are only vy = 12 independent Feynman integrals in this sector
including sub-sectors. It is therefore not surprising that some 6-forms like eq. (5.21) do not
correspond to Feynman integrals. Following the strategy outlined in section 3, we could
use the intersection theory to find the Fl-subspace of the twisted cohomology group. In
practice, the 6-fold intersection numbers are computationally heavy. However, observing
that P only depends on zo, z4 and zg, we find it sufficient to consider integrals with cut
on z5, z¢ and z7, such that only 3-fold intersection numbers are involved. The number of
critical points is ¥ = 5 in this situation, and the number of master Feynman integrals is
vy =4 (three in this sector and one in a sub-sector).
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We choose the following basis for this 5-dimensional cohomology group:

. 1 . 1 1
€1 = ’ €2 = 2 €3 = 3 €4 =
2924 KX X

1
Z2Z4P2,cut '
(5.22)

It is clear that the first four vectors correspond to Feynman integrals (under the cut), while
the last one does not (since it is linearly independent from the first four). To compute the
intersection numbers, we need to multiply u(z) by 25z as a regulator, and take the limit
p — 0 by the end of the calculation. Performing the decomposition, we have

Vst (st —4m2(s +t)) m?
(P1acutl = (ea| + — (ea| | ,
€ €
s2 (t — m2)? — 4m?2st? m?
(ol = L2E (ool + ™ fes] — (1~ 26)m? (5] ).
s m?
(el = =2 (1120 2] = e+ 2 s (523

We can see that (¢} .| and (76 eyl have no components in (es|, and hence they are
candidates for canonical Feynman integrals. On the other hand, (¢}5 .| is not a Feynman
integral since the coefficient in front of (es| is non-zero. We discuss how to transform it
into a canonical Feynman integral in the following.

According to the discussion in section 3, the quest is to find a dlog-form @15 such
that projection from (¢)5| + (P15] to (es| vanishes. We call the dlog-forms such as @15 as
auziliary dlog-forms. We know that (P15]’s decomposition coefficient in front of (e5| must
be negative to that of (¢)5|. This requirement greatly constrains the possible forms of @15,
and it’s easy to construct two candidates:

3 (1-— 26)\/82 (t —m?2)* — 4m2st2
1=

)

€z4252627 P2

. (1= 26)\/82 (t —m?2)* — 4m2st2 -
92 = €29252627 P ' (5.24)

Cutting on z5, zg, 27, and projecting them onto our basis we find

s2(t —m?2)? —am?st2 [ m2 €
(P1,cut| = \/ . —7<63|+(1—2e)m2€_2pp (es| |,
s2 (t — m2)% — 4m2st2
<¢2,cut‘ = \/ ( 6) ((1 - 26)m2£ <€5’> ) (525)

where we have taken the limit p — 0 except for the coefficient in front of (es|. Note that
(¢2,cut| actually vanishes in that limit, which means that it is zero to begin with. In fact,
the uncut version (¢s| is also zero. This is something similar to the usual rule that scaleless
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integrals in dimensional regularization is zero. While it is not necessary, we will keep it in
order to subtract exactly the (es| term from (¢/5]|.

From the above results, one can identify the auxiliary dlog-form as @15 = ¢1 — ¢9. It
turns out that this is enough even in the uncut case, and one doesn’t need to introduce
more auxiliary dlog-forms in the sub-sectors. Hence the correct dlog-form and its relation
to Feynman integrals are given by

\/32 (t —m?2)* — 4m2st2

€

(p15] = (P15] + (D1] — (2| = (Fo1o211100] - (5.26)

Note that the above combination actually takes the form

(1- 26)\/82 (t —m2)? — 4m2st2(24 — 20 — 2g)

€292425%6 Z7P2

P15 = —

(1- 26)\/52 (t —m2)* —4m2st2 1 P, £ o
- €2924252627 2P 0z, (5.27)

which is manifestly a Feynman integral after performing an IBP with respect to z4. This
motivates another way to look for linear combinations of auxiliary dlog-forms, similar to
the idea of syzygies [83].

5.3 Top-sector {1,1,1,1,1,1,1,0,0}

We now turn to the top sector, and construct the LBL Baikov representation with zg as the
ISP. The relevant ingredients are:

B e?VET2(—¢)

© 1672 (—2¢)

u(z) = P{ Py PRy (5.28)

[st(s+1)]"

where the three polynomials are
4
Py (25,27, 28) = - G(k2,p1,p2)
Py (25, 26, 27, 28) = 16 G(k2, p1,D2,D3) 5

P3(Zla 22, 23, R4y R5, 7, ZS) =16 G(klv kQap17p2) . (529)

There are four master integrals in this sector. Performing the construction, we arrive at
the following four dlog-forms:

. sy/st(st—4m2(s+1))

$1 =
R1222324252627
. 5°2g
Y2 = ’
2129232425267
N z8 62P2 _ 1 8P2 8P1
2129732425267 GZ(;&ZS 2P1 826 82’8 ’

—am?
2, = V(s —4m?) 25 1 0P, (5.30)

21292324252627 2P Oz
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While ¢; and @2 can be straightforwardly identified as Feynman integrals, ¢4 and ¢ are
not. We again need to add linear combinations of auxiliary dlog-forms to bring them into
the Fl-subspace. The suitable auxiliary dlog-forms can be constructed systematically, and
we leave the details to appendix A. The final combinations are given by

1
Pg = —————— | —25%t + 252 (25 + 29) + 452329
212923242526 27
+ 2tz1 (s + 225) + 2tz3 (s 4+ 227) — 2529 (s — 25 + 226 — 27) — 4stzyg |,
—2st+ 2 2t — 4m?
s = st +2szg + 2t (21 + 23) \/s(s — 4m?) . (5.31)

Z129R324252627
5.4 The complete canonical basis as Feynman integrals

We now list the complete canonical basis of the inner-massive double box family, written as

linear combinations of Feynman integrals:

(p1] = S\/St(st —4m2(s +t)) (Fii1111100|

(pa| = s* (Fi111111-10]
(3| = —25%t (Fi11111100] + 25% (Fii1111-10] + 25% (Fiii1110-1] + 4s (Fiiii111-1-1
— 25% (Fio1111100| + 45t (F110111100] — 45 (Fio1110100] + 45 (F101111000|

4t(1 — 2¢
- (6) (F1o1011100] + 8t (F110111000] ,

(@al = 1\/s(s —4m?2) (=2st (Fi11111100] + 25 (Fiii11110-1] + 4t (Fiio111100]) »

(5] = st (Fii1111000]

(6| = sy/s(s —4m?) (Fio1111100]

sy/t(t — 4m?
(pr] = syt = dm7) (F111102000]

1—2¢ s(1 — 2e¢ s(t — 4m?
(ps| = = (F101200000] — (6) (F111101000] — (6) (F111102000|

(9| = (s +t) (F11o111000|

(10| = \/st(st —4m2(s +t)) (Fiio111100| ,

(p11] = s (Fro1111000] »

s(1 — 2¢
(12| = s1=2) (Fio1110100] »
(1 —2¢)

S
(13| = B (F1o1011100] »

m?2/st(st — 4m2(s + 1))
3 (Foos11100]

st(st — dm2(s +t
Vil . ( ) (Foio211100] + -

(@14’ =
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V/s(s(t — m?)% — 4t2m?2)

(15| = . (Fo10211100/ 5
2 2
sm s(1 — 2e sm
(p16] = a2 (Fboos11100] — (6) (Foror11100] + —— (Foro211100]
S
(7] = ~ (Fro1102000] ,
sv/s(s +4m?) s(s 4+ 4m?)
SR L _VES ANV
(p1s] 2 (F102102000] am2e(1 + 2¢) (Fb00220000

s(s —4m?)(1 — 2¢
(p19] = — ( = I ) (F1o1010200|

S S
=5 (F ~*F
(pa0l 2e< 100211000] 462( 100220000/

t
- 'R R
(pa1] 5e (Foio211000] + 12 (Fo10202000] »
2
S sm
(pa2| = - (Fo10210100] — 2 (Fo10310100] 5
s(s —4m2)(1 — 2¢ \/s(s — 4m?
(p2s] = — ( 2 I ) (Fo10110200] — Vils — dm?) p ) (Fo10210100] 5
s 2sm?
(p24] = = (Foro210100] + (Fo10310100] »
€ €2
2
Sm
(p25] = —5— (Fooosi1100]
2
1— 2e¢
(p26] = (F101200000]
s(s — 4m? s(s — 4m?
(par| = (462> (F100220000| + (262) (Fa00120000] 5
(o8] = <3 (Foooza0000] — 5 (Fioo220000
w2s| = 5 (Foooz20000] — 55 (Fioo220000/
Vit — 4m?2 Vit — 4m?2
(p29] = (462) (Fo10202000] + (262) (F020102000| »
(a0l = 5 (Fooozzoonn] — 525 (Forozoaono|
w30l = =5 (Foooz20000] — 55 (Foro202000/
s(s — 4m?2
(31| = V(s = 4m?) (F000210200]
2¢2?
1
(32| = — (Fooozz0000 - (5.32)
2

We have worked out the differential equations of the above basis, and verified that they
indeed take the e-form.

6 Outer-massive double box

Now we tackle a different double-box family with one mass, where the propagators in the
“outer” loop are taken to have the mass m. The propagator denominators and kinematic
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Figure 3. The outer-massive double-box integral family. Thick lines represent propagators with
mass m, while thin lines represent massless propagators.

invariants are
{k% —m? (k1 —p1)? —m?, (k1 — p1 — p2)® —m?, (k1 — ko)?, (k2 — p1 — p2)? — m?,
(ks —p1 —p2 —p3)® —m?, k3 —m?, (ks — p1)® —m?, (k1 —p1 — p2 — p3)® — m2},
pP=0, (m+p)?=s, (p2+p3)=t. (6.1)

The integral family with zg and z9 as ISPs corresponds to the diagram in figure 3.

This integral family has already been considered in [84]. There are 17 unique sectors
with 29 master integrals found by LiteRed [16] and Kira [20]. The construction of canonical
integrals in most sectors is straightforward following the procedure in the last section. The
only non-trivial sector is the top sector with 7 propagators.

6.1 Top sector {1,1,1,1,1,1,1,0,0}

We first construct the loop-by-loop Baikov representation with zg as ISP. The results are:

e*ET? (—e) T, €
Ne = 167112 (—20) e +]
u(z) = PPy PPy (6.2)

where

4
Pi(z5,27,28) = . G(k2,p1,p2)

Py(z1, 22, 23, 24, 25, 27, 28) = 16 G(k1, k2, p1,D2)
P3(Z67 254 27T, 28) =16 G(k2>p17p2ap3) . (63)

The construction can be performed easily for the variables z1, 29, 23, 24 and zg. However,
after that we are left with the expression

A

dzs Adzg Ad
ug(z)dlogf1/\dlogfg/\dlogfg/\dlogf4/\dlogf6/\¢(25’Z7’28) % N\ dz7 A G2

(6.4)
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where ¢(z5, 27, 28) is the remaining function we need to construct, and
ue(z) = PPy Py,
Py(25, 27,28) = P»(0,0,0,0, 25, 27, 28) = s (4m2 (27 — 28) (28 — 25) + szg) ,

153(25, 27,28) = P5(0, 25, 27, 28) = (828 — st + t(z5 + 27))2 —4t(s+1) (25z7 + st) .
(6.5)

Since Py Ps is a quartic polynomial of zg and is also cubic in z5 and z7, the usual construction
strategy breaks down here. On the other hand, from the maximal cut we know that there are
no elliptic integrals involved in this sector. Hence it is expected that a dlog representation
must exist somehow.

We may continue the construction by recalling that the LBL Baikov representation can
be obtained by integrating out zg from the standard Baikov representation, as shown in
section 2.3. In particular, the polynomials P» and Ps are related to the two roots of the
polynomial Py(z,z9) = 16G(k1, k2, p1,p2,p3)/s with respect to z9 (PaP3 B]2V —4ANCN
in eq. (2.28)). Let 7+ (z) denote the two roots, we can write

po d®zdzg _s d®z zg — T4

L2 _p dlo , 6.6
0 Py(z, 29) 0 Py(z)Ps(2) & 29— T_ (6.6)

where § serves as a regulator. Note that the above relation still holds if we set z1, 2o, 23, 24
and zg to zero in all of P;(z) and r4(z). Hence we have

5 f(Z?, 27, 28, ZQ)dZSdZQ _ ]50—6 f(25, 275 %8, 29)d28 dlog 29~ 7j+ , (6.7)
Py(zs5, 27, 28, 29) \/;153 2=

where the notations Py and 74+ should be clear to the readers, and we have suppressed

Py

the other factors in eq. (6.4). Here, f(zs, 27, 28, 29) is an arbitrary rational function whose
singularities are properly regularized. The left-hand side of the above equation can also be
written as

s f (25, 27, 28, 29)d2gdzg — il =t 5o [ (25, 27, 28, 29)d2g

Fo Py(zs, 27, 28, 29) zg—t_ ° ) ) 7
0(25, 27,28, 29 - \/QQ(ZQ)QS(Z5>Z7729)

(6.8)

where £4 are the two roots of Py with respect to zg, and the two polynomials Q- and Q3
are given by

Q2(29) = 16 G(k1,p1,p1 + p2,p3)

21,22,23—0
=s (4m2$t + 4m*t? — st + 2stzg — szg) ,

Q3(z5, 27, 29) = 16 G(ka, k1, p1 + p2,p3)

21,23,24,26—0

= 4m2523 + 4m252527 + 4m2525zQ + 4m252729 — 5223 + 252523

+ 252728 4 45252729 — 2528 — 2228 + 22527728 . (6.9)
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Now comes the crucial observation: the function f(zs,27,2s,29) can be seen as a
representative of an equivalence class under IBP relations. It is possible that the following
equivalence relation holds:

f(z5, 27, 28, 29) ~ P25, 27, 28) ~ D25, 27, 20) , (6.10)

where ¢ does not depend on zg, and gfg does not depend on zg. In this case, we can construct
the function @(25, 27, 29) such that the right-hand size of eq. (6.8) becomes a dlog-form (with
é in place of f). Then by inserting the corresponding ¢(zs, 27, 2) into eq. (6.4), we find a
candidate for canonical integrals in the original LBL Baikov representation. A dictionary
of equivalent ¢’s and (ﬁ’s can be generated by putting different forms of f(zs, 27, zs, 29)
into eq. (6.8), and integrating out zg (which gives a @) or 2z (which gives a ¢). Since we
are interested in integrands with simple poles, it is enough to consider four possible kinds
of the function f: f =c¢, f = czs, f = czg and f = czgzg, where ¢ denotes a “constant”
polynomial independent of zg and zg9. The integration over zg or zg can be performed using
eq. (2.28) and the relation

Py(zs, 27, 28, 29) = P1(25, 27, 28) (r4 — 29)(29 —7—) = Q1(29) (t+ — 28)(28 —t—), (6.11)

where P; was given in eq. (6.3), and

= 22 + s29 + sm>. (6.12)

21,23—0

4
Q1(29) = 3 G(k1,p1 + p2,p3)

We then find the following correspondences between ¢(zs, 27, 2z8) and $(25, 27, 29):

1+—1,

_ Ru(zs5,27,28)
2s Py (zs5, 27, 28)

29,

_ Ra(zs, 27, 29)

z8

25Q1(z9)
28 R (25, 27, 28) 29 Ro(25, 27, 29) 7 (6.13)
Py (25, 27, 28) Q1(29)
with the polynomials

Ry = —2st [m2(25 +z7)+ 2’527} + 523 [2m2(8 +2t) — st +t(z5 + 27)} + 8223 )
Ry = 29Ny + (25 + 27) 29N + 2t(25 + 27)Q1 ,
N1 = s(2m?(s +2t) — st + s29) ,
No = —st— (5 +2t)z. (6.14)

Now, since Q3 doesn’t depend on z5 and z7 and Q3 is quadratic in all variables, it is

straightforward to construct the following candidates for (5(2’5, 27,29) such that gZA)/ \/ Q203
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is dlog:

Vs(s —4m?2)\/st(st — 4m?2(s + t))

)

2527
V/5(s — 4m?) zgNq s(s — 4m?) 29Ny
z527 Q1 "’ 2527 Q1
s(s —4m?)(z5 + 27) 29Na (25 + 27) 29[N1 s(z5 + 27)29 . (6.15)
2527 Q1" oz Q1 z527

We need to identify three linear combinations of the above candidates which can be converted

to @(zs, 27, 28) using the dictionary eq. (6.13). These are

- Vs(s —4m?2)\/st(st — 4m2(s + t))

¢1 = )
527
Bo = — Vs(s —4m?) zgN1 + (25 + 27)29 N
2527 201
s(s —4m?) [ Ry }
=- —t
2527 [ZQI (z5 +21)|
3s = (25 + 27) 29N1 B s(z5 + 27)29 N s (s —4m?) 29Ny
’ 2527 201 2527 2527 201
S ng%g }%2 ]
— _ = ¢ 6.16
2527 { 5Q1 20t 201 (25 + 1) (6.16)

where in the last equation we have used the following identity

1 1
29Ro = s(s — z5 — 27)20Q1 + 5279(25 + 27)(N1 — sNg) — 5% (Nl — (s — 4m2> Ng)
(6.17)

Their corresponding $(zs, 27, 23)’s can be easily found. Multiplying them by the other
factors from the construction of z1, 2o, 23, 24 and zg, we obtain

Vs(s — 4m2)\/st(st — dm?2(s + 1))

1= :
Z1RQRIRZAREZGRT
L /s(s— 4m?)(szg + t(z5 + 27))
v2= 212923242526%7 ’
2z8)R s(s t
2 = (s +228) R s(szs+t(zs+27)) (6.18)
2212223242526Z7fﬁ 212973242526 27

One can see that ¢; and @2 are Feynman integrals while (3 contains a polynomial de-
nominator. We needs to again introduce auxiliary dlogs from sub-sectors to convert it to
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Feynman integrals. Further details can be found in appendix B. The final results are:'®

(1] = \/s(s — 4m2)\/st(st —4m?(s +t)) Fi11111100

(2] = 1/s(s — 4m?2) (sFi111111-10 + 2tF111101100) 5

(3] = —2sF1111111-1-1 — 25° Fi11111-10 — 48t Fi11111000 + 25t F111011100
+ 252 Fio1111100 + 25F101110100 — 4t F110111000 - (6.19)

Note that in egs. (6.14) and (6.17), we have used the fact that both Ry and z9Rs can
be written as linear combinations of z9g/N1, z9/No and ()1, where the coefficients of z9/N7 and
29N are independent of zg and the coefficient of ()7 is at most linear in z9. This is not a
coincidence as is shown in appendix B.

6.2 The canonical basis

The dlog-forms in the other sectors can be constructed and converted to Feynman integrals
similarly. We list the canonical basis from our construction in the following:

(1] = \/s(s — 4m2)\st(st — dm2(s + 1)) (Fiuninool

(2| = y/s(s —4m?2) (s (Fi111111-10] + 2t (Fi11111000])

(3] = =25 (Fi111111-1-1] — 25% (Fi111111-10] — 4st (Fi11111000] + 25t (F111011100

+ 252 (Fio1111100] + 25 (Fio1110100] — 4t (Fi10111000|

(pa| = \/St (st —4m?(s +t)) (F111111000]

(5| = s (Fiio111000] — s (Fi1111100-1]
(p6| = s* (Fi11011100]

Vst (st —4m2(s + 1))

Vst (st —4m2(s + 1))

(7] = 5 (F111102000] + (F111201000
€ 2¢
s (s(t —m?2)2 — 4m?2¢2
(ps| = Vs (s 6) ) (F111102000]
2
sm s(1 — 2e¢ S
(o] = — (F111102000] — ( ) (F111101000] + % (F111020000
s5v/5 (s — 4m?
(p10] = ( c ) (F111010200]
(p11] = (s +t) (Fr1o111000]
st (st —4m?2(s +t
(p12] = Vst ; ( ) (F110211000]
S t
(p13] = - (Fri021100-1] + p (F11-1211000]
5Here we have utilized some symmetry relations such as Fiiiio1100 = Fii1111000 and Foii101100 =

Fiio0111000. These relations can be automatically detected by Kira.
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(p14] = s (Fio1111000]

(p15] = Sm (Fio1111100

s
(16| = - (F101102000|

S S
= r - S
(p17] 5 {(F101102000] 5 (F101201000]
s (s — 4m? 1 —2¢)\/s(s —4m?
(p18] = (6) (F1ro1102000| + ( ) 62( ) (F102101000
S
(p10] = - {(F111020000]
(¢20] = t (Fo11111000]
(par| = o (F | = 25 (Faooiz0000]
21| = 5 (Fiio120000] — 75 (F200120000
(el = o (Frionosoon] — 13 (Fororoanno
22| = 5 (Fiio102000] — 75 (Fo20102000
s (s — 4m?
(o3| = (52) (F102010200]
s (s —4m?) Vs (s —4m?)
A Ly o F
N 52 (F100220000| + 12 (F200120000
S
=R
{as] 12 (F200120000]
Vit (t —4m?) Vit (t —4m?)
R AS U Ly Vit AT o
(p26] 5e2 (Fo10202000] + 12 (Fb20102000
t
- " (R
(a7 12 (F020102000]
s(s — 4m?
(pas| = (62) (F102020000
1
(20| = —5 {F200020000] (6.20)

We have checked that their differential equations with respect to s, t and m? all take
the e-form.

7 Summary and outlook

In this paper, we have explored the properties of the generalized Baikov representation,
which allows additional polynomials of the Baikov variables to appear in the denominator.
We have investigated its difference and relation with the usual Baikov representation of
Feynman integrals using the language of intersection theory. We find that Feynman integrals
span a subspace of the vector space of generalized Baikov integrals. This explains why the
dimension-counting by computing the number of critical points in the loop-by-loop Baikov
representation often gives a number larger than that of independent Feynman integrals. We
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have further discussed how to identify this so-called FI-subspace using intersection theory,
optionally supplemented with IBP relations.

Utilizing the generalized Baikov integrals, we have proposed a novel method to construct
canonical Feynman integrals satisfying e-form differential equations. The method start
with constructing dlog-form integrands in the generalized Baikov representation. The
construction is performed variable-by-variable, and we show in detail how to deal with the
square roots appearing in the intermediate steps using properties of Gram determinants.
The dlog Baikov integrals are then converted to Feynman integrals by looking for linear
combinations belonging to the FI-subspace. In this way a complete canonical basis is
obtained. We emphasize that the constructed dlog Baikov integrals are fully d-dimensional
without any cuts. The resulting Feynman integrals therefore automatically have uniform
transcendentality without further manipulations.

We have demonstrated our method using several examples including two kinds of
one-mass double box families, and further examples are given in the appendices. In all
cases we have verified the differential equations for the constructed canonical bases, which
indeed take the e-form. Such equations allow solutions in terms of iterated integrals which
satisfy nice algebraic properties and can be easily evaluated numerically.

At one-loop, the dlog-form of the UT integrals helps to determine the letters appearing
in the differential equations, as well as the symbols of the solutions [85-88]. It is interesting
to investigate whether similar results can be obtained for higher loops using the construction
in this work. It is also interesting to extend our framework to study integral families
involving elliptic integrals. We leave these investigations to future works.
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A Further details for the inner-massive double box family

In this appendix, we give further details for the inner-massive double box family. We
first elaborate on the construction of auxiliary dlog-forms which are necessary to find
the UT Feynman integrals in the top sector. We then list all the dlog-forms for sectors
corresponding to the canonical basis (5.32) in the main text. We also provide an alternative
way to convert dlog Baikov integrals to Feynman integrals.

A.1 The auxiliary dlog-forms for the top sector

In this subsection, we discuss the construction of auxiliary dlog-forms that allow us to
arrive at @3 and @4 in eq. (5.31). These auxiliary dlogs must belong to sub-sectors, since
the number of maximally-cut Baikov integrals is the same as the number of master Feynman
integrals in the top sector. We therefore choose to subtract the top-sector components
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from ¢f and ¢} as the first step. Note that both ¢5 and ¢} have the polynomial P; in the
denominator. This fact leads us to choose the following four master Feynman integrals in
the top sector:

Fii1i00, Fiiiii-10, Fiino—1, Fiinnn-1-1, (A.1)

where the last two have zg in the numerator (which gives P; denominator in the generalized
loop-by-loop representation without zg ISP).
Performing the projections using intersection theory we have

(0] = —25%t (Fr11111100] + 252 (Fii11111-10] + 252 (Fii111110-1]

+ 4s (F1111111-1-1| + sub-sector integrals ,

<Qpﬁl| = \/S(S — 4m2) (*2875 <F111111100| + 2s <F11111110,1| + sub-sector integrals) . (AZ)

Subtracting the top-sector components, we arrive at the remainders

N3
R3 = 3
21222’3Z4Z52’627P1
— 4m?) N,
Ry = Vel AmT) No (A.3)
212223247252627P1

where the numerators are given by

N3 = z1[—(25 + 27) (25 — 28)Q1 — (25 — 28)Q2 + 2(st + sz5 — szg + 2tz5) P1]
+ 23]— (25 + 27) (27 — 28) Q1 — (27 — 28)Q2 + 2(st + sz7 — s2g + 2tz7) Pi]
+ 22[—TQ1 — (25 + 27)Q2 — 25(s — 25 + 226 — 27) Pi]
+ z4[—s(z5 + 27)Q1 + s(Q2 — 2(s + 2t) Py)]
— 5252801 — sz728Q1

Ny = 21[2tP1 — (25 — 28)Q1] + 23[2tP1 — (27 — 28)Q1] + 225Q1 — 22Q2,

T = X(s, 25, z7) — 4sm? (A.4)

with the Kéllén function \(x,y, 2) = 22 + 3 + 22 — 22y — 222 — 2yz, while Q1 and Q- are
the two polynomials already present in ¢4 and ¢:

1 0P,
1= s %
= —st + szg — Szg + tzs + tzy — 2tzg,
1 0’Py, 0P, 0P
Q2= 5| 2P -
25 0z602z8  Ozg Oz8

= 2m?%s® + dm?st — s°t + 5225 + 2stag 4 25 (227(s + ) + 5 (2t — 25) — 526)

— Sz728 + 826 (S — 27 + 228) — tzg - tz? . (A.5)
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Sector

011111100
011101100
011111000

110111100
110101100
110111000

101111100
101101100
101111000

111011100
111001100
111011000
111101100
111111000

Auxiliary dlogs

v/ 8(s—4m?2)(z5—28)Q1

(z5—28)Q2 s(z5—28)

222324252627 P1

V s(s—4m?)(z7—28)Q1

) 2923242526271 222324252627

(25—28)Q1

2223242627 P1

(z5—28)Q1

2223242526 P1

v/ 8(s—4m?)(z7—28)Q2

s(z7—28)

212224252627 P1 )

T

212224252627 P1 ? 212224252627

(27—28)@1

2120242627 P1

(27—28)Q1

2122242526 P1

\/s(s—4m2)Q2 \/s(s—4m2)s

2123242526271

sy/s(s—4m?)Q1

212324252627 P10 212324252627

Q2

21232426271

Q2

21232425261

5Q2 52

212023252627 P1 0 212223252627 P10 212223252627

Q1

2122232627 P1

Q1

2122232526 P1

sz8@Q1 st

212023242627 P17 212223242627

sz8@Q1 st

212023242627 P17 212223242627

Table 1. Auxiliary dlogs in the sub-sectors of the inner-massive double box family.

The expressions of R3 and R4 seem to be rather complicated. However, since we know

that they are composed of dlog-forms in the sub-sectors, we can systematically construct

these dlog-forms and use them to subtract all terms with P; in the denominator. After such

a subtraction, the results must belong to the Fl-subspace and it is then straightforward to

convert them to Feynman integrals. In table 1 we list all relevant dlogs in the sub-sectors.

From these it is easy to deduce the required combinations:

~ z1(zs — 28) (—Q2 — (25 + 27)Q1 + 25Py) + 23(27 — 28) (—Q2 — (25 + 27)Q1 + 25Py)

93 = 21292324252627P1
L2 (TQ1 + (25 + 27)Q2) + 245 (Q2 — (25 + 27)Q1 — 25P1) — 25528Q1 — 2752801
212223242526Z7P1 ’
Ga = V2 —dm?s (=21 (25 — 28)Q1 — 23(27 — 28) Q1 — 22Q2 + 245Q1) (A.6)
4 21222324Z5Z6Z7P1 ' '
Our final results for the last two UT Feynman integrals are hence
Gs=@h—ds, Pa=@)—a. (A7)
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A.2 List of dlog-forms for all sectors

Here we list all dlog-forms and hints for their construction. The Gram determinants in
the following should be rewritten as functions of the propagator denominators z;. These

denominators are given by

{k%7 (k1 —p1)?, (k1 — p1 — p2)?, (k1 — k2)? —m?, (ka — p1 — p2)? — m?,

(k2 —p1 —p2 — p3)® —m?, k3 —m?, (ks — p1)? —m?, (k1 —p1 — p2 —P3)2}-

o Sector {111111100}: zg as ISP.

_ sy/st (st —4m2(s + 1))

A

¥1
2129232425267

R 5°28
Y2="—""""""

Z1R9QR324%252627

1

p3=— { —25%t + 282(2’8 + 29) + 452829

2129232425267

+ 2tz1(s 4 225) + 2tz3(s + 227) — 2s2z9(s — 25 + 226 — 27) — 4st24} )
R —2st + 2829 + 2t(21 + 23)/s(s — 4m?)
¥4 = .

R1R222324252627

o Sector {111111000}: z9 as ISP.

st

P5 = ————.
Z1292232425%6
o Sector {101111100}: no ISP.
. sy/s(s—4m?)
g = —".
212324252627

o Sector {111101000}: z9 as ISP.

szg (1 — 2€) /t (t — 4m?)

o7

s29(1 — 2€) (z9 — t)

ASS

8

where l%i =k; — p1 — p2 — p3.

o Sector {110111000}: z7 and zg as ISP.

dez1 29232426 G (1271, l~€2>

dez1 29232426 G </~€1, /;32) 7

R s+t
Y9 =—"""",
R1RQRAREZ6
. V/st(st —4m?2(s +t))
¥10 =
212924252627
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o Sector {101111000}: z9 as ISP.

. S
Ppr1=—"". (A.14)
21237242526
o Sector {101110100}: no ISP.
. s(1 — 2e¢
P12 = s{l=2e) . (A.15)
€Z123242527
o Sector {101011100}: no ISP.
R s3(1 — 2
Y13 = ( ) (A.16)

dezy 23252627 Gk, p1 + D2)

o Sector {010111100}: zg as ISP.

(1 —2€) (m? + zg) /st (st —4m?2(s + t))

P dezgzyz52627 G(k1 — p1, k2 — p1)
L (1 —=2e)y/s2(t —m?)? — dm?st? 0G(ky — p1, k2 — p1)
7 22924252627 G(ky — p1, ko — p1) 024 ’
. szg(1 — 2¢€) (m? + z
Y16 = 8 ) 5) . (A.17)
dezaz4252627 G(k1 — p1, k2 — p1)
o Sector {101101000}: zg as ISP.
. (1 —2¢€)sz9
P17 = = = )
4621232’426 G(kl, kg)
R 1 — 2¢)s%22/s(s + 4m?

16e212324% G(k1,k2) G(k1,p1 + p2,p3)
where k; = k; — p1 — p2 — 3.
o Sector {101010100}: no ISP.

) s3(1 —2¢)2\/s (s — 4m2) (A19)

19 = ~
4 16€%21 232527 G(k1,p1 + p2) G(k2, p1 + p2)

o Sector {100111000}: z7 as ISP.

N . (1 — 26)8 G(k‘g)
v20 = 46Z124Z526 G(kl, kg) ' (A'2O)

o Sector {010111000}: zg as ISP.

_ (1—2€)t G(ka — 1)
€z9242526 G(k1 — p1, k2 — p1)

(A.21)
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o Sector {010110100}: zg as ISP.

s(1 — 2€) (m? + 23)

2T T e G(ky —p1,ka —p1)’
. s225(1 — 2€)/s (s — 4m?2) (m? + 2s)
P2 = T6ezgzazser G(ky — p1, k2 — p1) G(ka — p1,p1,p2)
P2g = — sz(1 — 2¢) (m® + z5) OG (k2 — p1,p1,p2)
dezpzazszr G(k1 — p1, k2 — p1) G(k2 — p1,p1,Dp2) Ozg '
(A.22)
Sector {000111100}: z; as ISP.
N _ (1 — 26)8 G(kﬁz)
¥as = dezgz52627 Gk, ko) (A-23)
Sector {101100000}: no ISP.
s2(1—2¢)(1 —¢)
Bop — . A.24
P 4z G (ko) G(k1,p1 + p2) ( )
Sector {100110000}: z3 as ISP.
2 sz3 (1 —2€)? /s (s — 4m?2)
27 = —— = )
1662212425 G (lﬁ, k‘z) G (k1,p1 +P2)
. s23 (1 —26)% (23 — s
Pag = 2 = ~) (= = ) , (A.25)
16622’12425 G (k‘l, kg) G (kl,pl + p2)
where l;:i =k; — p1 — pa.
Sector {010101000}: zg as ISP.
R tzg (1 — 2€)? /T (t — 4m?2)
Y29 = =~ =~ = )
16622’22’426 G (kl, ]{72> G (kl,pg +p3>
R tzg (1 — 2€)2 (29 — ¢
P30 = 9 ( = ~) (20 - ) , (A.26)
16€2292426 G (kl, k‘z) G (/ﬁ,pz +p3)
where l~ci =k; —p1 — p2 — p3.
Sector {000110100}: z; as ISP.
. s(1—2€)2\/s (s — 4m?) G (ko)
P31 = T : (A.27)
16€%242527 G(k1, k2) G(k2, p1 + p2)
Sector {000110000}: no ISP.
R 1—¢)?
P32 = 1=9 (A.28)

22425 G(k1 — ko) G(ka — p1 — p2)
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Sector Auxiliary dlogs
011111100 —SGs=28)  (=2s) By (s—z)(sster) By

2923242526277 222324252627 P17 222324252627 D1

110111100 —3kr—2s) (z1—28) By (27—28)(25+21) By

212224252627 Z12224252627 P17 212024252627 P

s(z5+27) (z5427) Ei 1 TE>
101111100 212324252627 212324252627 P17 212324252627 P
2
s s E1_ s(zstz27) Eo
111011100 2122232526277 212223252627 P17 212223252627 P1
s sk s(zstz7) sk
111110100 212223242527 P17 212223242527 P1

Table 2. Auxiliary dlogs needed for the outer-massive double box family.

B Further details for the outer-massive double box family

B.1 Auxiliary dlogs for the top sector

The only non-trivial conversion from dlog-forms to Feynman integrals in the outer-massive
double box family is that of @5 in (6.18). We apply the same method as in the inner-massive
double box family. We construct the auxiliary dlogs in the sub-sectors and list them in
table 2. The polynomials appearing in the numerators are given by

Ey = st —tzs — tzy — szg + (s + 2t) zg,
Ey=(z5+271)E1 +2(s+2t) Py — (s +223) Ey
T = \(s, 25, 27) — 4sm?
= (zS + 2m2) (25 + 27) + 2P; — (s + 223) (Zg + 2m2> ,
Fy = 23 +2m?, (B.1)

and P is defined in eq. (6.3).
We subtract the top-sector components of

(] = =25 (Fi111111-10] — 25 (Fi111111-1-1| + sub-sector integrals,, (B.2)
to arrive at the remainder
R = 221322324/\/;52627131 a 212(27252;;7227 ' (B3)
The numerator A is given by
N = 217 + 2o0No + 23N3 + 24Ny + 26 Ns
N1 = (25 — 28)E1 — (25 — 28)(25 + 27) Ea — 2(st + sz5 — szg + 2tz5) Py,
No = (25 + 27)Ey — TEy +2s(s — 25 — 27 + 226) P, (B.4)

N3 = (2’7 — Zg)El — (27 — 2’8)(2’5 + Z7)E2 — Q(St + Sz7 — Szg + QtZ7)P1 ,
Ny = —sFE1 + s(z5 + 27)F2 + 2s(s + 2t) Py,
Ns = 52(s5 + 228) (28 + 2m?) = —s°Fy + 5%(25 + 27)Fy + 252 Py .
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We can now use the auxiliary dlogs listed in table 2 to cancel the terms with a P; denominator.
We then have

1
pg3=——— [—23228 — 252829 — (st + 2tz5)2z1 — (st + 2tzr)23
Z1R9QR324%252627

+ (82 + 2526) 20 + 25t24 — st(zs + 27) + 3226] . (B.5)

This is apparently a combination of Feynman integrals and we can arrive at the final result
in eq. (6.19).

B.2 Some relations used in the construction for the top sector

In this appendix, we discuss the relations among the polynomials Ny, Na, @1, Rs and
29 Ry appearing in and below eq. (6.14). We'd like to show that both Ry and zg Ry can be
expressed in the form

c129N1 + coz9 Ny + ¢3(29)Q1 (B.6)

where ¢ and ¢ are independent of zg, and c3(z9) is at most linear in zg.
We first note that Ry and @y appear in the polynomial Py(zg, z9) in eq. (6.11):
p()(Zg, 29) = Ql(ZQ)Zg + RQ(Zg)Zg + C(Zg) , (B.7)

where we have suppressed the dependence on z5 and z7. In the construction for the variable
z9, we need to employ Sylvester’s determinant identity eq. (4.17). In the current case
it reads

R3 —4Q1C = Qa(29) Q3(29) - (B.8)

The polynomials Ny and Ny comes from the square roots of Qs (see section 4.2.1). Hence
one can imagine that Ry, Ny and Nj are related through @ and Q. In fact, the relations
are not restricted to the special case here, but are universally applicable to quadratic
polynomials satisfying Sylvester’s determinant identity. So hereafter we’ll take Q1, Q2, @3,
Ry and C to be generic quadratic polynomials of the variable z, where Q2 and Q3 do not
share common factors. These polynomials satisfy

[Ra(2)]” = 4Q1(2)C(2) = Q2(2)Qs(2) - (B.9)
Writing @ as (z — ¢4 )(z — c—), we have

Ni(z) _ VQ2(z =c4) n VQ2(2 =)
QVQ2  (z—c)VQ2  (2—c)VQ2'

(cr —c)Na(2) _ VQa(z=cy) VQa(z=c )

VG oeV@ e Va (B0
According to eq. (B.9), we know that
VQ2(2 = 1) Qs(z = ) = Ra(z = cs) (B.11)
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is a polynomial. Hence we can define the linear functions Sa(z) and Ss3(z) (similar to those
in egs. (4.19) and (4.21)), such that

Q2(z =cx) =S (2=cx), /Qs(z=cx)=53(z=rc4). (B.12)
Plugging the above equations back to eq. (B.10), we find
Ni(z)  (z—c)Sa(z=cq)+ (2 —cq)Sa(z=1c_)

Q1vQ2 Q1vVQ2 ’
(cr —c)Na(2)  (2—c-)S2(2=cy) = (2 —cy) S2(2 =c-)
Q1vVQ2 a Q1vQ2 . (B.13)

Using that S3(z) is a linear function of z, we can rewrite the above in a more instructive form:
Na(z) = Sa(z) = Asz + Ba, 2z Na(z) = Ni(2) + (¢4 + c—)Na(2) + 242 Q1(z). (B.14)

Now, using Na(z) = Sa2(z) together with egs. (B.9), (B.11) and (B.12), we can de-
duce that
Ry(z) = aQ1(z) + A3z 2Na(z) + BsNa(z) , (B.15)
where we have written S3(z) = A3z + Bs. We can get rid of the B3Ns term using the
following identity

2c1c_Ny(z) = —2zN1(2) + (¢4 + c-)zNa(2) + 2B2Q1(2) , (B.16)

which follows from eq. (B.14). This shows that Ra(z) can be written in the form of eq. (B.6),
as presented in eq. (6.14). To show that zRs(z) can also be written in this way, we just
need to note that we can use the second equation in eq. (B.14) to reduce the power of z in
front of Na(z). Our purpose is then achieved.

We finally note that Q2 and Q3 are symmetric, and the above arguments also apply in
case 1/4/Q3 appears in the construction of dlog-forms.

B.3 List of dlog-forms for all sectors

Here we list all dlog-forms in the outer-massive double box family. The denominators z;

are given by
{k% —m?, (k1 — p1)? —m?, (k1 —p1 — pa)* —m?, (k1 — k2)?, (ko — p1 — p2)* — m?,

(k2 —p1 —p2 —p3)? —m?, k3 —m?, (k2 —p1)> —m?, (k1 —p1 —p2 — p3)* — mz} .

(B.17)
e Sector {111111100}: zg as ISP.
. /s(s—4m2)/st(st — Am?(s + 1))
1= 2129232425 2627 ’
L /s(s — 4m?)(szg + t(2z5 + 27))
- 212973242526 27 ’
1
Pp3=—" [—25228 — 252829 — (st + 2tz5)21 — (st + 2tz7)23
Z1RQR3242526R7
(52 + 2526) 29 + 25t24 — st(zs + 27) + 3226} . (B.18)
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o Sector {111111000}: z9 as ISP.
R Vst(st —4m?2(s + t))
P4 = )

Z1R223%4%5%6
. s5(z3 — z9)
Y5 =" .
Z1292232425%6

e Sector {111011100}: no ISP.

R 5?
212223252677
o Sector {111101000}: z9 as ISP.

L 1—2e (29 +m?)/st(st — 4m2(s + 1))
YT e 42120232026 Gk — p1 — pa— pa ko — p1 —p2 —p3)
L, 1—2¢ (20 + 24 — 26)v/s(s(t — m2)2 — 4m2¢2)
P8 e Uzizpzs2026 Gk — 1 — po— pa ko — p1 —po2 —p3)
R 1 —2¢ s29 (29 +m?)
P9 =

o Sector {111010100}: no ISP.
1—2e s2\/s(s — 4m?)

€ 4z129232527 G(ka, p1 +p2)

o Sector {110111000}: z3 and zg as ISPs.

o s+t

P11 = )
21297242526

g — 75— %)(2 = 29)/st(st — 4m2(s + 1))
42129242526 G(k2 — p1 — p2, k1 — p1 — p2,p3)
5 (25 — 26) (23 — 29) (520 + t23)

$13 = .
42120242526 G(ka — p1 — D2, k1 — p1 — p2,D3)

o Sector {101111000}: z9 as ISP (super-sector with z7 for ¢15).

. s

Pra=———_ >
173742526

N sv/s(s —4m?)

P15 =" -
212324252627

o Sector {101101000}: z9 as ISP.
~1—2¢ 4s(29 + 24 — )

@16 == =~ =~ )
€ Z123%24%6 G (kl, kg)
R 1—2¢ s (29 +m?)
P17 = =~ N\
€ 421232426 G (k‘l, k?z)
. 1—2¢ $229 (29 + m?) /s (s — 4m2)
Y18 = —

€ 1621232426 G (/;31, /~€2> G (/;?1,]?1 +p27p3)

where ki = k1 — p1 — pa — p3 and ky = ko — p1 — pa — p3.
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€ 4z120232426 G(k1 —p1 — p2 — p3, ko —p1 —p2 —p3)

)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)



Sector {111010000}: no ISP.
1—e€ s
¢ 22325 G(ky —p1 —p2)

P19 =

Sector {011111000}: zg as ISP.

t
Z2232425%6 '

A

¥20 =

Sector {110110000}: z3 as ISP.
1—2e sG(k1 —p1 —p2)
€ A4zizozazs G(ki —p1 —p2, ke —p1 —Dp2)

P21 =

Sector {110101000}: z9 as ISP.
1*26 tG(kﬁlfpl*pg)
€ 4z1202426 G(k1 — p1 —p2, k2 —p1 —p2)

A

Y22 =

Sector {101010100}: no ISP.
(1—2¢)? s3(s — 4m?)

(Pog =
2

Sector {100110000}: z3 as ISP.

(1—2¢)? sv/s(s—4m?)G (151)

Pos = € 152242 G (k;l,k;g) (kl,Pl +p2> ;
L (1-2¢)? sz?’G( 1>
P25 = 2 16212425 G (kl, kz) G (k1,p1 +p2) )

where 12:1 =ki —p1 —p2 and 12:2 = ko — p1 — po.
Sector {010101000}: z9 as ISP.
. (1207 ty/E(t—4m?) G (k1)
v e? 16222426 G (/;:1, 12;2) G (/;:1,]02 +p3>
C(1— 2¢)? tzg G (l%l)
B € 16222426 G (12:1, /;:2) G (l%l,pg +p3)

)

)

where ky = ki — p1 — p2 — p3 and ky = ky — p1 — p2 — ps.

Sector {101010000}: no ISP.

(I —=2€¢)(1—¢) 5v/5(s — 4m?)
P28 €2 4z12325 G(ka — p1 — p2) G(k1,p1 +p2)

Sector {100010000}: no ISP.
(1—¢)? 1
2 2125 G(k1) G(ka —p1 —p2)

P29 =

47 —

1621232527 G(k1,p1 + p2) G(k2,p1 + p2)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)



b2 23 25 P3

zZ2 Z4 Z6

, Z Z
b1 L 7

Figure 4. Massless double box. All propagators and external legs are massless.

C Massless double box

This is a simpler example since we have fewer mass scales in the problem. The diagram is
depicted in figure 4, where all external momenta are outgoing. The propagator denominators
{zi} (i=1,...,9) are given by

{k%, (k1 —p1)?, (k1 — p1 — p2)?, (k1 — ko)?,

(k2 — p1 — p2)?, (k2 — p1 — p2 — p3)°, k3, (k2 — p1)*, (k1 — p1 — p2 —pS)Q}- (C.1)
The momentum invariants are p% =0fori=1,...,4, and
(p1+p2)*=s, (p2+p3)® =t, (p1+p3)?=—s—t. (C.2)

We consider the top sector {1,1,1,1,1,1,1,0,0} and its sub-sectors. Using Kira we
find 8 MIs in total, spanning the top sector and 6 sub-sectors. We list the dlog-forms in
the following:

o Sector {1,1,1,1,1,1,1,0,0}: z9 as ISP.

2 2
. st . $°z
pr=——, <p2:—9. (C.3)
2129232425267 212973242526 27
o Sector {1,1,1,1,0,1,0,0,0}: z9 as ISP.
1—2¢ stzg
D3 = — ) C4
i €  4dz20232426 G(k1 — ko, k1 — p1 — p2 — p3) (©4)
e Sector {1,1,0,1,1,1,0,0,0}: z7 and zg as ISPs.
. s+t
R1R22425%6
o Sector {101101000}: z9 as ISP.
R 1—2¢ S29
Y5 = — (C.6)

€ Az1232426 G(ka — p1 — p2 — p3, k1 —p1 — p2 — p3)
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+ Sector {101010100}: no ISP.

R 1 —2¢)? s
P6 = ( 3 ) . (C.7)
€ 1621232527 G(k1,p1 + p2) G(k2,p1 + p2)
o Sector {010101000}: zg as ISP.
. 1 —2¢)? 224
w7 = ( 5 ) . (C.8)
€ 16222426 G (ko — p1, k1 — p1) G(k2 — p1,p2 + p3)
o Sector {001100100}: z5 as ISP.
. (1—2¢)? s225
s €2 16232427 G(k2 — p1 — p2, k1 — p1 — p2) G(k2 — p1 — p2, 1 +p2% ' :
C.9

Note that this sector is symmetric with respect to the previous one under
the replacements

23 < 29, Z5 > 28, 27 & 26, 545 t. (C.10)

Some of the above dlog-forms already appear to be Feynman integrals, and the others
can be converted using dimensional recurrence relations. Hence we don’t bother to invoke
intersection theory here. The results are given by

(1] = s*t (Fiin|

(2| = s* (Fi1111110-1/

3(2¢ —1)(3e — 1 3s(2¢ — 1
(ps| = ( 22§ ) (Fio11010| + 352 1) (Fi111010]
(¢a] = (s + 1) (Frio1110/ ,
(2¢ —1)(3e — 1)
=— F
(s 2¢2 (Fio11010] 5
2¢ — 1)?
(ps| = (62) (Fioto0101]
3(2¢—1)(3e —2)(3e — 1)
= F
2 213 (Foro1010/ »
3(2e —1)(3e — 2)(3e — 1
(ps| = ( )(2863 i ) (Foot1001] - (C.11)

It is straightforward to derive the differential equations of the above basis with respect
to s and t. We may multiply the basis by a factor of (—s)?¢ to make it dimensionless, and
introduce the dimensionless variable x = t/s. Denoting the basis as qg, we can write the
differential equations as

. A Ay -
P = - 5 12
0.5=c (2t )0 (C.12)
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—pT 29 24 D1

zZ5 zZ7 Z6

Figure 5. The integral family relevant to the HW W~ vertex. Note that we only consider its
various sub-sectors obtained by pinching some propagators. Internal thick lines represent propagators
with mass m;, while internal thin lines represent massless propagators. The external momenta are

outgoing with p? = m? and p3 = m3.

where the two matrices are given by

-20-41200 -4 -4

-11-4183-1 -6 —4
00-2000 -2 0

Ay = 000 —-20 0 —-2/32/3
000 000 O O [’
000 00O O O
000 000 -2 0
000 000 O O
2-24-12 6 -248
1-14-18-3-164
001 0 -3020

Ay — 000 2 0 0O0O0 (C.13)
0000 O 0OO
0000 O O0OO
0000 O O0O0O
000 0 O O0O0O

We see that the equations are of the e-form, and the solutions can be easily expressed
as HPLs.

D The two-loop triangle family relevant to the HWTW ~ vertex

This two-loop triangle family is defined by four massive and three massless propagators. The
diagram is depicted in figure 5, where all external momenta are outgoing. The propagator
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denominators are given by

{k’% —mi, (k1 —p1 —p2)® —mi k3 —m, (ka — p1 — pa)? —my, (k1 — p2)?,

(k2 —p2)?, (k1 — k2)2} ; (D.1)
where the external momenta p; and py satisfy

pi=mi, ps=m3, (p1+p)’=s. (D.2)

For convenience we define the abbreviation A = \(s, m?, m3) where the Killén function is

defined as
Nz, y,2) = 22 + > + 2% — 22y — 2yz — 222 (D.3)

This family is relevant to the HW W™~ vertex in the standard model [89, 90]. There are
38 MIs in 24 unique sectors. We perform the construction as follows:

o Sector {1, 1,1, 1, 1, 1, 0}, z7 as ISP.
A

= ——.
R1227324%5%6

e Sector {1, 1,1, 1,0, 1, 0}: no ISP.

C1-2c sVAs(s —4mf) 0.5

€ 4z120232426 G(k1,p1 + p2)

P2 =

e Sector {1, 1, 1, 1, 0, 0, 0}: no ISP.

R 1 —2¢)? $3(s — 4m?
P3 = ( > ) ( t) ) (D.ﬁ)
€ 1621292324 G(k1,p1 + p2) G(k2,p1 + p2)
o Sector {1, 0, 1,1, 1, 0, 1}: z5 as ISP.
Py(21, 23, 25, 26, 27) = —4G(k1, ko, p2) ,
P3(23, 24, 26) = —4G k2, p1,p2) ,
R VA
Pa= """
2123242527
VA /s(s—4mi) 1 op;
¥5 = 2123242527 Pz O0zy '
. 1 1 0P 0Py 9% Ps
v6 = 21232472527 | Py Oz4 Ozg 024026 | '
. VAm2 —m?2) 1 P
Gr = (m3 t) L Uh2 (D.7)

2123242527 P 0z5
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Sector {1, 0, 1, 1, 1, 1, 0}: no ISP.

1—2¢ VAm3(m3 —m?)

Do = . D.
v8 €  4z123242526G(k1, p2) (D-8)
Sector {1, 0, 1, 1, 1, 0, 0}: no ISP.
o (1—29%  sm3(m3 —mi)y/s(s — 4mj) Do
T 1621232425 G(k2,p1 + p2) G(k1,p2) (D-9)
Sector {1, 0, 1, 0, 1, 1, 0}: no ISP.
R 1 — 2¢)? mi(m2 — m?)?
Y10 = ( 5 ) 2(m; ) . (D.10)
€ 1621232526 G'(k1,p2) G(k2, p2)

Sector {0, 1, 1, 1, 1, 0, 1}: 25 as ISP.

The dlog-forms @11, ¢12, P13 and P14 in this sector can be obtained from sector {1,
0,1, 1,1, 0, 1} by the replacements:

23> 24, M1 <$>rmMmy, 21 $>r22.

Sector {0, 1, 1, 1, 1, 1, 0}: no ISP.

12 Vam?2(m2 — m?)

I . D.11
o1 € 4dzz3zazsze G(ki,p1) ( )
Sector {0, 1, 1, 1, 1, 0, 0}: no ISP.
(20 smd(md - md)yfs(s — amd) .
716 €2 1629232425 G(k2, p1 + p2) G(k1,p1) '
Sector {0, 1, 1, 1, 0, 1, 0}: no ISP.
1—c¢ v
Dy — . D.13
A € 22232426 G(k1 — p1 — p2) ( )
Sector {0, 1, 1, 1, 0, 0, 0}: no ISP.
) 1—e)(1—2¢ s\/s(s —4m7)
p18 = —( )(2 ) . (D.14)
€ 422324 G(k1 — p1 — p2) G(k2,p1 + p2)
Sector {0, 1, 1, 0, 1, 1, 1}: z as ISP.
. VA
pro=—2 (D.15)
2923252627
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e Sector {0,1,1,0,1,0, 1}: 21 as ISP.
Pi(z1) = G(k1),
Py(21, 22, 25) = —4G(k1, p1,p2) ,
P3(21,2’3,Z7) = —4G(l€1,k2),

) 1—2 VAP
Y20 =

€ 222325Z7P3 ’
1—2eA(m2 —m?)x Py
€ 29232527 P2 Ps

1-2 AP OP
Pag = «_Vah 2. (D.16)
€ 2223Z5Z7P2P3 821

P21 =

o Sector {0, 1,1, 0, 1, 1, 0}: no ISP.

Bos = (1 —226)2 mim3(mi —mg)(mj —mi) (D.17)
€ 1629232526 G(k1,p1) G(k2, p2)

e Sector {0,1,1,0,0, 1, 1}: z4 ISP.

The dlog-forms (Pa4, P25 and Pog in this sector can be obtained from sector {0, 1, 1,
0, 1, 0, 1} by the replacements:

21 <> 24, 29 < 23, 25 <> 27, mi1 <> mo.

Sector {0, 1, 1, 0, 0, 0, 1}: z; as ISP.

(1 —26)2 5y/5(s — 4m7) G(k1)

Pa7 =

16€2 mz3zr Gk, p1+ p2) Gk, ko)’
R (1 — 26)2 SZ1 G(kl)
= . D.18
28 1662 292327 G(k1,p1 + p2) G(k1, k2) (D-18)
e Sector {0, 1,1, 0,0, 1, 0}: no ISP.
R 1—¢€)(1—2¢ m2(m2 — m?
Pag = 7( )(2 ) 2( 2 t) ) (Dlg)
€ 4292326 G(k1 — p1 — p2) G(k2, p2)
e Sector {0, 1,0, 1, 1, 1, 0}: no ISP.
. 1 — 2¢)2 m*(m?2 — m?)?
16€? 29242526 G(k1,p1) G(k2,p1)
o Sector {0, 1,0, 1, 0, 1, 0}: z5 as ISP.
1-2 2 4 2 .2
P31 = ( 9 mi(mi — m) (D.21)

16€2 202426 G(k1,p1) G(ka,p1)
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e Sector {0, 1, 0, 1, 0, 0, 0}: no ISP.

. (1—¢)? 1
= . D.22
iz €2 2024 G(k1 — p1 — p2) G(ka — p1 — p2) ( )
e Sector {0, 0, 1,1, 1, 0, 1}: z5 as ISP.
N VA 26
#33 = 4e Z3R24R527 G(k‘l, /6'2) ’
o 1—2 A/ s(s — 4m7) =3
P34 = . (D.23)
16¢ 23242527 G(k1, ko) G (K2, p1,p2)
e Sector {0,0,1,0,1,0,1}: z as ISP.
 (—2Pmdm3—md) Gk
P35 = 1662 232527 G(kl,pg) G(k‘l, ]{32) ’
N (1 — 26)2 m%zl G(kl)
= . D.24
736 16€%  z3z527 G(k1,p2) G(k1, k2) ( )
e Sector {0, 0,0, 1, 1,0, 1}: z as ISP.
L (1=2¢ mizg
P31 = 1662 ZARKRT G(k‘g,pl) G(k‘l, kz) ’
P G 207 mi(my —mi)z (D.25)

1662 ZAR5RT G(kQ,pl) G(kl, ]{2) '

We now list the canonical basis in terms of Feynman integrals. For convenience, we
introduce the following dimensionless variables:

s m? m3
u=—-——:7 v=——s w=-——=
4m?’ 4m?’ 4m?’

Ry =/u(u+1), Ry = /A (u,v,w). (D.26)

(p1] = 16R3m} (Fi111110/

16 R Rom?
(pa] = —% (Fa111010] 5
16 R2m?
(ps| = 765 L (Fo121000] ,

(¢4] = 4Rom? (Fio11101] ,

16R; Rym?
€

(ps] = — (Fr012101] 5
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4m2(u+v — w)

(pe| = — (Foa10011| — 8mi(u — v + w) (Fio11101]
Sumi(2u — 2v — 2w + 1 Sum?
— 4 . ) (Fro12101] + L (Fio121-11]
4Ry (4w + 1)mé
(7] = ( . Jm; (Fiot1201]
16 Rowm? 2Rom?
(| = e (Fao11110| — ) (Fo211010/ 5
16 Rywm? Rim?
(ol = Tt (Fao21100] + 2 L (Foz12000/
16w?m? dwm?
(p10] = 672t (Fao20110| + 2 L (Foaz0010] + 12 (Fo202000 ;

(11| = 4Rom? (Fo111101| 5

(p12| = —W (Fo21101/
(p13] = _dmitu— vt w) (For20101| — 8mi (u+ v — w) (For1101]
_ Sumi(2u - iv “Zwil) (For21101| + Bumy (For211-11/,
(14| = w (For11201/ 5
(15| = _ 16Roum; (Foz11110] — 2Hezmi (Fo211010] 5
(p16] = 16R€12mnf (Foza1100] + R;Qm% (Fo212000/ 5
(p17] = ARt (Fo211010/ 5
(p18] = 4R€12m% {(Fo212000 ,
(p19] = 4Romi (Forio111] ,
(20| = 2Rzmi (For1o102| + 2RRam; (Fo120101/ 5
(pa1| = _2mif(u,v,w) (For1o102| — (4w;—621)m? (Foo1o202| + (Sw;l)m? (Fooz20201]
- W (Fo120101| — 41;?% {(Foz02010] — ;2 (Fo202000]
- MW {(Fo20101]| — 6uTt2 (Fo220001] 5
€ €
(pa2| = _ B (Fo110102/ ,
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(o3| = W ( 2um; (Fbao2010| + 2uémQ (Fo220010| + 412 {Fo202000] »
(poa| = 2Hzmi (For10012| + 2Rami (Fo210011] 5
(pas| = _2mid (u,w,0) (For10012| — m;;) (Fooo1202]| + (80_621)”%2 (Foo02201]
W (Fo210011| — 4“?% (Fo220010] — elg (Fo202000]
- W (Fo220011| — 6um L (Foz20001]
(pa6| = _ Afiamg (For1o012/
(par| = 2R612m (Fo210002] — R1€12n (Fo220001] »
(pas| = 623 (Fo220001] 5
(29| = 4w (Fo220010\ toa {Foz02000] »
(30| = 161;22m§ (Fo2o2110| + 4vm2 (Fbao2010| + e (Fb202000] »
(ps1| = 2vm L (Fozo2010| + 12 {Fb202000/ ;
(p32| = ! (F0202000|
(33| = 4R2m (Foor1201] 5
(34| = W (Foo12101] + W (Fooz1101| + Ay (Foo11201] »
(35| = —W (Foor0202| — W (Foo20201] »
(36| = W (Fbo10202| + 5 Z (Foo20201 »
(37| = (41)2;)77% (Fooozz01| — W (Fooo1202] »
(p3s| = —W (Fooo1202| — W (Fooo2201] - (D.27)
€ €
where
flu,v,w) =14 2u+2v — 2w, h(u,v,w) =1+ 4v + 4u(l + 4v) — 4w . (D.28)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

— 56 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

V.A. Smirnov, Analytic tools for Feynman integrals, Springer Berlin, Heidelberg, Germany
(2012) [DOI] [INSPIRE].

J.M. Henn and J.C. Plefka, Scattering Amplitudes in Gauge Theories Springer, Berlin,
Germany (2014) [DOI] [InSPIRE].

S. Weinzierl, Feynman Integrals, arXiv:2201.03593 [INSPIRE].

F.V. Tkachov, A Theorem on Analytical Calculability of Four Loop Renormalization Group
Functions, Phys. Lett. B 100 (1981) 65 [INSPIRE].

K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate
B-functions in 4 Loops, Nucl. Phys. B 192 (1981) 159 [INSPIRE].

A.V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158 [INSPIRE].

A.V. Kotikov, Differential equations method: The Calculation of vertex type Feynman
diagrams, Phys. Lett. B 259 (1991) 314 [INSPIRE].

A.V. Kotikov, Differential equation method: The Calculation of N point Feynman diagrams,
Phys. Lett. B 267 (1991) 123 [Erratum ibid. 295 (1992) 409] [1NnSPIRE].

E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A 110 (1997)
1435 [hep-th/9711188] [INSPIRE].

T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions, Nucl.
Phys. B 580 (2000) 485 [hep-ph/9912329] [INSPIRE].

S. Laporta, High precision calculation of multiloop Feynman integrals by difference equations,
Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033] [INSPIRE].

C. Anastasiou and A. Lazopoulos, Automatic integral reduction for higher order perturbative
calculations, JHEP 07 (2004) 046 [hep-ph/0404258] [INSPIRE].

A.V. Smirnov, Algorithm FIRE — Feynman Integral REduction, JHEP 10 (2008) 107
[arXiv:0807.3243] [INSPIRE].

A.V. Smirnov and F.S. Chuharev, FIRE6: Feynman Integral REduction with Modular
Arithmetic, Comput. Phys. Commun. 247 (2020) 106877 [arXiv:1901.07808] [INSPIRE].

R.N. Lee, Presenting LiteRed: a tool for the Loop InTEgrals REDuction, arXiv:1212.2685
[INSPIRE].

R.N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals, J. Phys. Conf. Ser.
523 (2014) 012059 [arXiv:1310.1145] [INSPIRE].

C. Studerus, Reduze-Feynman Integral Reduction in C++, Comput. Phys. Commun. 181
(2010) 1293 [arXiv:0912.2546] [INSPIRE].

A. von Manteuffel and C. Studerus, Reduze 2 - Distributed Feynman Integral Reduction,
arXiv:1201.4330 [INSPIRE].

P. Maierhofer, J. Usovitsch and P. Uwer, Kira — A Feynman integral reduction program,
Comput. Phys. Commun. 230 (2018) 99 [arXiv:1705.05610] [INSPIRE].

J. Klappert, F. Lange, P. Maierhofer and J. Usovitsch, Integral reduction with Kira 2.0 and
finite field methods, Comput. Phys. Commun. 266 (2021) 108024 [arXiv:2008.06494]
[INSPIRE].

— 57—


https://doi.org/10.1007/978-3-642-34886-0
https://inspirehep.net/search?p=find+doi%20%2210.1007%2F978-3-642-34886-0%22
https://doi.org/10.1007/978-3-642-54022-6
https://inspirehep.net/search?p=find+doi%20%2210.1007%2F978-3-642-54022-6%22
https://arxiv.org/abs/2201.03593
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.03593
https://doi.org/10.1016/0370-2693(81)90288-4
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB100%2C65%22
https://doi.org/10.1016/0550-3213(81)90199-1
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB192%2C159%22
https://doi.org/10.1016/0370-2693(91)90413-K
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB254%2C158%22
https://doi.org/10.1016/0370-2693(91)90834-D
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB259%2C314%22
https://doi.org/10.1016/0370-2693(91)90536-Y
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB267%2C123%22
https://doi.org/10.1007/BF03185566
https://doi.org/10.1007/BF03185566
https://arxiv.org/abs/hep-th/9711188
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9711188
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1016/S0550-3213(00)00223-6
https://arxiv.org/abs/hep-ph/9912329
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9912329
https://doi.org/10.1142/S0217751X00002159
https://arxiv.org/abs/hep-ph/0102033
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0102033
https://doi.org/10.1088/1126-6708/2004/07/046
https://arxiv.org/abs/hep-ph/0404258
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0404258
https://doi.org/10.1088/1126-6708/2008/10/107
https://arxiv.org/abs/0807.3243
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.3243
https://doi.org/10.1016/j.cpc.2019.106877
https://arxiv.org/abs/1901.07808
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.07808
https://arxiv.org/abs/1212.2685
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.2685
https://doi.org/10.1088/1742-6596/523/1/012059
https://doi.org/10.1088/1742-6596/523/1/012059
https://arxiv.org/abs/1310.1145
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.1145
https://doi.org/10.1016/j.cpc.2010.03.012
https://doi.org/10.1016/j.cpc.2010.03.012
https://arxiv.org/abs/0912.2546
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0912.2546
https://arxiv.org/abs/1201.4330
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1201.4330
https://doi.org/10.1016/j.cpc.2018.04.012
https://arxiv.org/abs/1705.05610
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.05610
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.06494

[21]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

J.M. Henn, Multiloop integrals in dimensional reqularization made simple, Phys. Rev. Lett.
110 (2013) 251601 [arXiv:1304.1806] [INSPIRE].

J.M. Henn, Lectures on differential equations for Feynman integrals, J. Phys. A 48 (2015)
153001 [arXiv:1412.2296] [INSPIRE].

K.-T. Chen, Iterated path integrals, Bull. Am. Math. Soc. 83 (1977) 831 [INSPIRE].

A .B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res. Lett.
5 (1998) 497 [arXiv:1105.2076] [INSPIRE].

A.B. Goncharov, Multiple polylogarithms and mized Tate motives, math/0103059 [INSPIRE].

J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms, Comput. Phys.
Commun. 167 (2005) 177 [hep-ph/0410259] [INSPIRE].

L. Naterop, A. Signer and Y. Ulrich, handyG —Rapid numerical evaluation of generalised
polylogarithms in Fortran, Comput. Phys. Commun. 253 (2020) 107165 [arXiv:1909.01656]
[INSPIRE].

Y. Wang, L.L. Yang and B. Zhou, FastGPL: a C++ library for fast evaluation of generalized
polylogarithms, arXiv:2112.04122 [INSPIRE].

F. Moriello, Generalised power series expansions for the elliptic planar families of Higgs + jet
production at two loops, JHEP 01 (2020) 150 [arXiv:1907.13234] [INSPIRE].

M. Hidding, DiffEzp, a Mathematica package for computing Feynman integrals in terms of
one-dimensional series expansions, Comput. Phys. Commun. 269 (2021) 108125
[arXiv:2006.05510] [iNSPIRE].

X. Liu and Y.-Q. Ma, AMFlow: a Mathematica package for Feynman integrals computation
via Auziliary Mass Flow, arXiv:2201.11669 [INSPIRE].

S. Miiller-Stach, S. Weinzierl and R. Zayadeh, Picard-Fuchs equations for Feynman integrals,
Commun. Math. Phys. 326 (2014) 237 [arXiv:1212.4389] [INSPIRE].

M. Argeri et al., Magnus and Dyson Series for Master Integrals, JHEP 03 (2014) 082
[arXiv:1401.2979] INSPIRE].

T. Gehrmann, A. von Manteuffel, L. Tancredi and E. Weihs, The two-loop master integrals for
qq — V'V, JHEP 06 (2014) 032 [arXiv:1404.4853] [INSPIRE].

R.N. Lee, Reducing differential equations for multiloop master integrals, JHEP 04 (2015) 108
[arXiv:1411.0911] [INSPIRE].

C. Meyer, Transforming differential equations of multi-loop Feynman integrals into canonical
form, JHEP 04 (2017) 006 [arXiv:1611.01087] [INSPIRE].

L. Adams, E. Chaubey and S. Weinzierl, Simplifying Differential Equations for Multiscale
Feynman Integrals beyond Multiple Polylogarithms, Phys. Rev. Lett. 118 (2017) 141602
[arXiv:1702.04279] [iNSPIRE].

R.N. Lee and A.A. Pomeransky, Normalized Fuchsian form on Riemann sphere and
differential equations for multiloop integrals, arXiv:1707.07856 [INSPIRE].

C. Dlapa, J. Henn and K. Yan, Deriving canonical differential equations for Feynman integrals
from a single uniform weight integral, JHEP 05 (2020) 025 [arXiv:2002.02340] [INSPIRE].

O. Gituliar and V. Magerya, Fuchsia: a tool for reducing differential equations for Feynman
master integrals to epsilon form, Comput. Phys. Commun. 219 (2017) 329
[arXiv:1701.04269] [iNSPIRE].

— H8 —


https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1304.1806
https://doi.org/10.1088/1751-8113/48/15/153001
https://doi.org/10.1088/1751-8113/48/15/153001
https://arxiv.org/abs/1412.2296
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.2296
https://doi.org/10.1090/S0002-9904-1977-14320-6
https://inspirehep.net/search?p=find+J%20%22Bull.Am.Math.Soc.%2C83%2C831%22
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.2076
https://arxiv.org/abs/math/0103059
https://inspirehep.net/search?p=find+EPRINT%2Bmath%2F0103059
https://doi.org/10.1016/j.cpc.2004.12.009
https://doi.org/10.1016/j.cpc.2004.12.009
https://arxiv.org/abs/hep-ph/0410259
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0410259
https://doi.org/10.1016/j.cpc.2020.107165
https://arxiv.org/abs/1909.01656
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.01656
https://arxiv.org/abs/2112.04122
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2112.04122
https://doi.org/10.1007/JHEP01(2020)150
https://arxiv.org/abs/1907.13234
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.13234
https://doi.org/10.1016/j.cpc.2021.108125
https://arxiv.org/abs/2006.05510
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.05510
https://arxiv.org/abs/2201.11669
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.11669
https://doi.org/10.1007/s00220-013-1838-3
https://arxiv.org/abs/1212.4389
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.4389
https://doi.org/10.1007/JHEP03(2014)082
https://arxiv.org/abs/1401.2979
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.2979
https://doi.org/10.1007/JHEP06(2014)032
https://arxiv.org/abs/1404.4853
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.4853
https://doi.org/10.1007/JHEP04(2015)108
https://arxiv.org/abs/1411.0911
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.0911
https://doi.org/10.1007/JHEP04(2017)006
https://arxiv.org/abs/1611.01087
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.01087
https://doi.org/10.1103/PhysRevLett.118.141602
https://arxiv.org/abs/1702.04279
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.04279
https://arxiv.org/abs/1707.07856
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1707.07856
https://doi.org/10.1007/JHEP05(2020)025
https://arxiv.org/abs/2002.02340
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.02340
https://doi.org/10.1016/j.cpc.2017.05.004
https://arxiv.org/abs/1701.04269
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.04269

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[50]

M. Prausa, epsilon: A tool to find a canonical basis of master integrals, Comput. Phys.
Commun. 219 (2017) 361 [arXiv:1701.00725] [INSPIRE].

C. Meyer, Algorithmic transformation of multi-loop master integrals to a canonical basis with
CANONICA, Comput. Phys. Commun. 222 (2018) 295 [arXiv:1705.06252] INSPIRE].

R.N. Lee, Libra: A package for transformation of differential systems for multiloop integrals,
Comput. Phys. Commun. 267 (2021) 108058 [arXiv:2012.00279] [INSPIRE].

N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo and J. Trnka, Local Integrals for Planar
Scattering Amplitudes, JHEP 06 (2012) 125 [arXiv:1012.6032] [INSPIRE].

J. Drummond, C. Duhr, B. Eden, P. Heslop, J. Pennington and V.A. Smirnov, Leading
singularities and off-shell conformal integrals, JHEP 08 (2013) 133 [arXiv:1303.6909]
[INSPIRE].

N. Arkani-Hamed and J. Trnka, The Amplituhedron, JHEP 10 (2014) 030 [arXiv:1312.2007]
[INSPIRE].

N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo and J. Trnka, Singularity Structure of
Mazximally Supersymmetric Scattering Amplitudes, Phys. Rev. Lett. 113 (2014) 261603
[arXiv:1410.0354] [INSPIRE].

Z. Bern, E. Herrmann, S. Litsey, J. Stankowicz and J. Trnka, Logarithmic Singularities and
Mazimally Supersymmetric Amplitudes, JHEP 06 (2015) 202 [arXiv:1412.8584] [INSPIRE].

N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo, A.B. Goncharov, A. Postnikov and J. Trnka,
Grassmannian Geometry of Scattering Amplitudes, Cambridge University Press (2016), [DOI]
[arXiv:1212.5605] [INSPIRE].

D. Chicherin, T. Gehrmann, J.M. Henn, P. Wasser, Y. Zhang and S. Zoia, All Master Integrals
for Three-Jet Production at Next-to-Next-to-Leading Order, Phys. Rev. Lett. 123 (2019)
041603 [arXiv:1812.11160] [INSPIRE].

P. Wasser, Analytic properties of Feynman integrals for scattering amplitudes, Ph.D. Thesis,
Johannes Gutenberg-Universitdt Mainz, Mainz, Germany (2018) [InSPIRE].

E. Herrmann and J. Parra-Martinez, Logarithmic forms and differential equations for Feynman
integrals, JHEP 02 (2020) 099 [arXiv:1909.04777] INSPIRE].

J. Henn, B. Mistlberger, V.A. Smirnov and P. Wasser, Constructing d-log integrands and
computing master integrals for three-loop four-particle scattering, JHEP 04 (2020) 167
[arXiv:2002.09492] [INSPIRE].

J.M. Henn and W.J.T. Bobadilla, Mazimal transcendental weight contribution of scattering
amplitudes, JHEP 03 (2022) 174 [arXiv:2112.08900] [INSPIRE].

J. Chen, X. Jiang, X. Xu and L.L. Yang, Constructing canonical Feynman integrals with
intersection theory, Phys. Lett. B 814 (2021) 136085 [arXiv:2008.03045] InSPIRE].

P.A. Baikov, Ezplicit solutions of the multiloop integral recurrence relations and its application,
Nucl. Instrum. Meth. A 389 (1997) 347 [hep-ph/9611449] [INSPIRE].

R.N. Lee, Calculating multiloop integrals using dimensional recurrence relation and
D-analyticity, Nucl. Phys. B Proc. Suppl. 205—206 (2010) 135 [arXiv:1007.2256] [INSPIRE].

J. Bosma, M. Sogaard and Y. Zhang, Mazimal Cuts in Arbitrary Dimension, JHEP 08 (2017)
051 [arXiv:1704.04255] INSPIRE].

— 59 —


https://doi.org/10.1016/j.cpc.2017.05.026
https://doi.org/10.1016/j.cpc.2017.05.026
https://arxiv.org/abs/1701.00725
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.00725
https://doi.org/10.1016/j.cpc.2017.09.014
https://arxiv.org/abs/1705.06252
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.06252
https://doi.org/10.1016/j.cpc.2021.108058
https://arxiv.org/abs/2012.00279
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.00279
https://doi.org/10.1007/JHEP06(2012)125
https://arxiv.org/abs/1012.6032
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.6032
https://doi.org/10.1007/JHEP08(2013)133
https://arxiv.org/abs/1303.6909
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.6909
https://doi.org/10.1007/JHEP10(2014)030
https://arxiv.org/abs/1312.2007
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.2007
https://doi.org/10.1103/PhysRevLett.113.261603
https://arxiv.org/abs/1410.0354
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1410.0354
https://doi.org/10.1007/JHEP06(2015)202
https://arxiv.org/abs/1412.8584
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.8584
https://doi.org/10.1017/CBO9781316091548
https://arxiv.org/abs/1212.5605
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.5605
https://doi.org/10.1103/PhysRevLett.123.041603
https://doi.org/10.1103/PhysRevLett.123.041603
https://arxiv.org/abs/1812.11160
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.11160
http://inspirehep.net/record/1770273
https://doi.org/10.1007/JHEP02(2020)099
https://arxiv.org/abs/1909.04777
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.04777
https://doi.org/10.1007/JHEP04(2020)167
https://arxiv.org/abs/2002.09492
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.09492
https://doi.org/10.1007/JHEP03(2022)174
https://arxiv.org/abs/2112.08900
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2112.08900
https://doi.org/10.1016/j.physletb.2021.136085
https://arxiv.org/abs/2008.03045
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.03045
https://doi.org/10.1016/S0168-9002(97)00126-5
https://arxiv.org/abs/hep-ph/9611449
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9611449
https://doi.org/10.1016/j.nuclphysBPS.2010.08.032
https://arxiv.org/abs/1007.2256
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1007.2256
https://doi.org/10.1007/JHEP08(2017)051
https://doi.org/10.1007/JHEP08(2017)051
https://arxiv.org/abs/1704.04255
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1704.04255

[59]

[60]

[61]

[62]

[63]

[68]

[69]

M. Harley, F. Moriello and R.M. Schabinger, Baikov-Lee Representations Of Cut Feynman
Integrals, JHEP 06 (2017) 049 [arXiv:1705.03478] [INSPIRE].

J. Bosma, K.J. Larsen and Y. Zhang, Differential equations for loop integrals in Baikov
representation, Phys. Rev. D 97 (2018) 105014 [arXiv:1712.03760] [INSPIRE].

H. Frellesvig and C.G. Papadopoulos, Cuts of Feynman Integrals in Baikov representation,
JHEP 04 (2017) 083 [arXiv:1701.07356] [INSPIRE].

C. Dlapa, X. Li and Y. Zhang, Leading singularities in Baikov representation and Feynman
integrals with uniform transcendental weight, JHEP 07 (2021) 227 [arXiv:2103.04638]
[INSPIRE].

S. Mizera, Scattering Amplitudes from Intersection Theory, Phys. Rev. Lett. 120 (2018) 141602
[arXiv:1711.00469)] [iNSPIRE].

P. Mastrolia and S. Mizera, Feynman Integrals and Intersection Theory, JHEP 02 (2019) 139
[arXiv:1810.03818] [INSPIRE].

H. Frellesvig et al., Decomposition of Feynman Integrals on the Maximal Cut by Intersection
Numbers, JHEP 05 (2019) 153 [arXiv:1901.11510] [NSPIRE].

S. Mizera, Aspects of Scattering Amplitudes and Moduli Space Localization, Ph.D. Thesis,
Institute for Advanced Study, Princeton, U.S.A. (2020) [arXiv:1906.02099] [INSPIRE]
[Springer Cham, Cham, Switzerland (2020)] [DOI].

H. Frellesvig, F. Gasparotto, M.K. Mandal, P. Mastrolia, L. Mattiazzi and S. Mizera, Vector
Space of Feynman Integrals and Multivariate Intersection Numbers, Phys. Rev. Lett. 123
(2019) 201602 [arXiV: 1907.02000] [INSPIRE].

S. Mizera and A. Pokraka, From Infinity to Four Dimensions: Higher Residue Pairings and
Feynman Integrals, JHEP 02 (2020) 159 [arXiv:1910.11852] [InSPIRE].

S. Mizera, Kinematic Jacobi Identity is a Residue Theorem: Geometry of Color-Kinematics
Duality for Gauge and Gravity Amplitudes, Phys. Rev. Lett. 124 (2020) 141601
[arXiv:1912.03397] [iNSPIRE].

S. Mizera, Status of Intersection Theory and Feynman Integrals, PoS MA2019 (2019) 016
[arXiv:2002.10476] [NSPIRE].

S. Weinzierl, On the computation of intersection numbers for twisted cocycles, J. Math. Phys.
62 (2021) 072301 [arXiv:2002.01930] [INSPIRE].

H. Frellesvig et al., Decomposition of Feynman Integrals by Multivariate Intersection Numbers,
JHEP 03 (2021) 027 [arXiv:2008.04823] [NSPIRE].

K. Aomoto, M. Kita, T. Kohno and K. Iohara, Theory of hypergeometric functions, Springer
Tokyo, Tokyo, Japan (2011) [DOI].

R.N. Lee and A.A. Pomeransky, Critical points and number of master integrals, JHEP 11
(2013) 165 [arXiv:1308.6676] [INSPIRE].

T. Bitoun, C. Bogner, R.P. Klausen and E. Panzer, The number of master integrals as Euler
characteristic, PoS LL2018 (2018) 065 [arXiv:1809.03399] [INSPIRE].

M. Kita and M. Yoshida, Intersection theory for twisted cycles, Math. Nachr. 166 (1994) 287.

K. Cho and K. Matsumoto, Intersection theory for twisted cohomologies and twisted riemann’s
period relations i, Nagoya Math. J. 139 (1995) 67.

— 60 —


https://doi.org/10.1007/JHEP06(2017)049
https://arxiv.org/abs/1705.03478
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.03478
https://doi.org/10.1103/PhysRevD.97.105014
https://arxiv.org/abs/1712.03760
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.03760
https://doi.org/10.1007/JHEP04(2017)083
https://arxiv.org/abs/1701.07356
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.07356
https://doi.org/10.1007/JHEP07(2021)227
https://arxiv.org/abs/2103.04638
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.04638
https://doi.org/10.1103/PhysRevLett.120.141602
https://arxiv.org/abs/1711.00469
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.00469
https://doi.org/10.1007/JHEP02(2019)139
https://arxiv.org/abs/1810.03818
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.03818
https://doi.org/10.1007/JHEP05(2019)153
https://arxiv.org/abs/1901.11510
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.11510
https://arxiv.org/abs/1906.02099
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.02099
https://doi.org/10.1007/978-3-030-53010-5
https://doi.org/10.1103/PhysRevLett.123.201602
https://doi.org/10.1103/PhysRevLett.123.201602
https://arxiv.org/abs/1907.02000
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.02000
https://doi.org/10.1007/JHEP02(2020)159
https://arxiv.org/abs/1910.11852
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.11852
https://doi.org/10.1103/PhysRevLett.124.141601
https://arxiv.org/abs/1912.03397
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.03397
https://doi.org/10.22323/1.383.0016
https://arxiv.org/abs/2002.10476
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.10476
https://doi.org/10.1063/5.0054292
https://doi.org/10.1063/5.0054292
https://arxiv.org/abs/2002.01930
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.01930
https://doi.org/10.1007/JHEP03(2021)027
https://arxiv.org/abs/2008.04823
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.04823
https://doi.org/10.1007/978-4-431-53938-4
https://doi.org/10.1007/JHEP11(2013)165
https://doi.org/10.1007/JHEP11(2013)165
https://arxiv.org/abs/1308.6676
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1308.6676
https://doi.org/10.22323/1.303.0065
https://arxiv.org/abs/1809.03399
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.03399
 https://doi.org/10.1002/mana.19941660122
https://doi.org/10.1017/S0027763000005304

(78]

[79]

[80]

[81]

[82]

[83]

M. Yoshida, Hypergeometric Functions, My Love: Modular Interpretations of Configuration
Spaces, Aspects of Mathematics, Vieweg+Teubner Verlag, Berlin, Germany (2013) [DOI].

D. Eisenbud and J. Harris, 8264 and all that: A second course in algebraic geometry,
Cambridge University Press, Cambridge, U.K. (2016) [DOI].

M. Besier, D. Van Straten and S. Weinzierl, Rationalizing roots: an algorithmic approach,
Commun. Num. Theor. Phys. 13 (2019) 253 [arXiv:1809.10983] [INSPIRE].

M. Besier, P. Wasser and S. Weinzierl, RationalizeRoots: Software Package for the
Rationalization of Square Roots, Comput. Phys. Commun. 253 (2020) 107197
[arXiv:1910.13251] [iNSPIRE].

M. Becchetti and R. Bonciani, Two-Loop Master Integrals for the Planar QCD Massive
Corrections to Di-photon and Di-jet Hadro-production, JHEP 01 (2018) 048
[arXiv:1712.02537] [iNSPIRE].

A. Georgoudis, K.J. Larsen and Y. Zhang, Azurite: An algebraic geometry based package for
finding bases of loop integrals, Comput. Phys. Commun. 221 (2017) 203 [arXiv:1612.04252]
[INSPIRE].

X. Xu and L.L. Yang, Towards a new approximation for pair-production and
associated-production of the Higgs boson, JHEP 01 (2019) 211 [arXiv:1810.12002] [INSPIRE].

S. Abreu, R. Britto, C. Duhr and E. Gardi, Cuts from residues: the one-loop case, JHEP 06
(2017) 114 [arXiv:1702.03163] [INSPIRE].

S. Abreu, R. Britto, C. Duhr and E. Gardi, Algebraic Structure of Cut Feynman Integrals and
the Diagrammatic Coaction, Phys. Rev. Lett. 119 (2017) 051601 [arXiv:1703.05064]
[INSPIRE].

S. Abreu, R. Britto, C. Duhr and E. Gardi, Diagrammatic Hopf algebra of cut Feynman
integrals: the one-loop case, JHEP 12 (2017) 090 [arXiv:1704.07931] [INSPIRE].

J. Chen, C. Ma and L.L. Yang, Alphabet of one-loop Feynman integrals, arXiv:2201.12998
[INSPIRE].

S. Di Vita, P. Mastrolia, A. Primo and U. Schubert, Two-loop master integrals for the leading
QCD corrections to the Higgs coupling to a W pair and to the triple gauge couplings ZWW
and v*WW, JHEP 04 (2017) 008 [arXiv:1702.07331] [INSPIRE].

C. Ma, Y. Wang, X. Xu, L.L. Yang and B. Zhou, Mized QCD-EW corrections for Higgs
leptonic decay via HWY W~ vertexr, JHEP 09 (2021) 114 [arXiv:2105.06316] [INSPIRE].

— 61 —


https://doi.org/10.1007/978-3-322-90166-8
https://doi.org/10.1017/CBO9781139062046
https://doi.org/10.4310/CNTP.2019.v13.n2.a1
https://arxiv.org/abs/1809.10983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.10983
https://doi.org/10.1016/j.cpc.2020.107197
https://arxiv.org/abs/1910.13251
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.13251
https://doi.org/10.1007/JHEP01(2018)048
https://arxiv.org/abs/1712.02537
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.02537
https://doi.org/10.1016/j.cpc.2017.08.013
https://arxiv.org/abs/1612.04252
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.04252
https://doi.org/10.1007/JHEP01(2019)211
https://arxiv.org/abs/1810.12002
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.12002
https://doi.org/10.1007/JHEP06(2017)114
https://doi.org/10.1007/JHEP06(2017)114
https://arxiv.org/abs/1702.03163
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.03163
https://doi.org/10.1103/PhysRevLett.119.051601
https://arxiv.org/abs/1703.05064
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.05064
https://doi.org/10.1007/JHEP12(2017)090
https://arxiv.org/abs/1704.07931
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1704.07931
https://arxiv.org/abs/2201.12998
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.12998
https://doi.org/10.1007/JHEP04(2017)008
https://arxiv.org/abs/1702.07331
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.07331
https://doi.org/10.1007/JHEP09(2021)114
https://arxiv.org/abs/2105.06316
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2105.06316

Chinese Physics C

PAPER « OPEN ACCESS You may also like

* - Static hand gesture recognition for
- 1 American sign language using
Alphabet of one-loop Feynman integrals _ Amerlcan sign |anguages
Mohammadreza Mohammadi, Peyton
. . . L . Chandarana, James Seekings et al.
To cite this article: Jiagi Chen et al 2022 Chinese Phys. C 46 093104
- The HiggsTools handbook: a beginners
quide to decoding the Higas sector
M Boggia, J M Cruz-Martinez, H Frellesvig
etal.

View the article online for updates and enhancements. - Linear encoding of the spatiotemporal cat
B Gutkin, P Cvitanovi, R Jafari et al.

This content was downloaded from IP address 46.30.41.67 on 21/10/2024 at 07:51


https://doi.org/10.1088/1674-1137/ac6e37
https://iopscience.iop.org/article/10.1088/2634-4386/ac94f3
https://iopscience.iop.org/article/10.1088/2634-4386/ac94f3
https://iopscience.iop.org/article/10.1088/2634-4386/ac94f3
https://iopscience.iop.org/article/10.1088/1361-6471/aab812
https://iopscience.iop.org/article/10.1088/1361-6471/aab812
https://iopscience.iop.org/article/10.1088/1361-6544/abd7c8

Chinese Physics C  Vol. 46, No. 9 (2022) 093104

Alphabet of one-loop Feynman integrals”

Jiagi Chen(I#:5 i)

Chichuan Ma(Zh 3t )1])*

Li Lin Yang(#25#f)"

'Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
*School of Physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China
3Zhej iang Institute of Modern Physics, Department of Physics, Zhejiang University, Hangzhou 310027, China

Abstract: In this paper, we present the universal structure of the alphabet of one-loop Feynman integrals. The let-

ters in the alphabet are calculated using the Baikov representation with cuts. We consider both convergent and diver-
gent cut integrals and observe that letters in the divergent cases can be easily obtained from convergent cases by ap-
plying certain limits. The letters are written as simple expressions in terms of various Gram determinants. The know-
ledge of the alphabet enables us to easily construct the canonical differential equations of the dlog form and aids in

bootstrapping the symbols of the solutions.

Keywords: Baikov representation, Alphabet, UT basis
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I. INTRODUCTION

The systematic study of one-loop Feynman integrals
in perturbative quantum field theories dates back to the
end of the 1970s when 't Hooft and Veltman [1] calcu-
lated generic one-, two-, three-, and four-point scalar in-
tegrals in dimensional regularization (DREG) up to order
€Y, where € = (4 -d)/2 with spacetime dimension d. Pas-
sarino and Veltman [2] then demonstrated that tensor in-
tegrals up to four points can be systematically reduced to
scalar ones, and later studies [3, 4] demonstrated that in-
tegrals with more than four external legs in 4 —2¢ dimen-
sions can be expressed as lower-point ones up to order €°.
These developments in principle solved the problem of
next-to-leading order (NLO) -calculations for tree-in-
duced scattering processes.

The improvements of experimental precision and the
progress of theoretical studies require the understanding
of scattering amplitudes and cross sections at higher or-
ders in perturbation theory. Hence, we must compute the
one-loop integrals to higher orders in e. These enable us
to predict the infrared divergences appearing in two-loop
amplitudes [5—13], and they are necessary for computing
one-loop squared amplitudes, which are essential ingredi-
ents of next-to-next-to-leading order (NNLO) cross sec-
tions.

Received 4 March 2022; Accepted 10 May 2022; Published online 27 June 2022

Unlike the terms up to order €, generic results for the
higher order terms are not available yet. Part of the reas-
on is that integrals with more than four external legs are
generally not reducible to lower-point ones when consid-
ering higher orders in e. These require further calcula-
tions, which are often complicated owing to the increas-
ing number of physical scales involved.

It is known [14—16] that one-loop integrals in a given
family admit a uniform transcendentality (UT) basis satis-
fying canonical differential equations of the form [17]

i

df(Z€) = edA(D f(R,€), (1)

where ¥ is the set of independent kinematic variables, and
the matrix dA has the dlog-form:

dA) = )" Cidlog(Wi(D). 2)

In the above expression, C; are matrices consisting of
rational numbers, and W;(%) are algebraic functions of the
variables. The functions W; are called the "letters" for this
integral family, and the set of all independent letters is
called the "alphabet."

At one loop, a canonical basis can be generically con-
structed by searching for dlog-form integrands [14—23].
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However, obtaining the dlog matrix dA(%) is not always
a trivial task when the number of variables is large. We
note that the dlog matrix can be easily reconstructed if
we have the knowledge of the alphabet {W;(¥)} in ad-
vance, since the coefficient matrices C; can then be ob-
tained by bootstrapping.

Having the alphabet (and hence the matrix dA(X)) in a
good form also aids in solving the differential equations
(1) order-by-order in the dimensional regulator €. The
(suitably normalized) solution can be expressed as a
Taylor series:

freo=>"e "), (3)
n=0

where the nth-order coefficient function can be ex-
pressed as a Chen iterated integral [24]:

54 X
7 = f JA(Z,)--- f dAG)+ TOE). (@)

0

Such iterated integrals can be analyzed using the lan-
guage of "symbols" [25—27] that encodes the algebraic
properties of the resulting functions. In certain scenarios,
these iterated integrals can be solved analytically (either
by direct integration or by bootstrapping). The results can
often be expressed in terms of generalized polylogar-
ithms (GPLs) [28], which enable efficient numeric evalu-
ation [29-31]. When an analytic solution is not available,
they can straightforwardly evaluated numerically through
either numerical integration or series expansion [32, 33].

In this paper, we describe a generic method to con-
struct the letters systematically from cut integrals in the
Baikov representation [34, 35]. The letters can be gener-
ically expressed in terms of various Gram determinants.
The letters and symbols of one-loop integrals were con-
sidered in [36—39], and our method is similar to that in
[37-39]. Nevertheless, we evaluate the cut integrals dif-
ferently and obtain equivalent but simpler expressions in
certain cases utilizing the properties of Gram determin-
ants. Furthermore, we consider the cases of divergent cut
integrals, which were ignored in earlier studies. Using our
results, all letters for a given integral family can be easily
expressed even before constructing the differential equa-
tions. These letters will also appear in the corresponding
two-loop integrals.

II. CANONICAL BASIS OF ONE-LOOP
INTEGRALS

We use the method of [16, 23] to construct the canon-
ical basis in the Baikov representation. In this section, we
briefly review the construction procedure since it will
also be relevant for obtaining the alphabet in the matrices

dA(X).

Consider a generic one-loop integral topology with
N =E+1 external legs, where E is the number of inde-
pendent external momenta. Integrals in this topology can
be expressed as

d¢l 1
I, ... =f——, (5)
1,7 5AN cd/2 a1 Ay
ind/2 20252y

where z; are the propagator denominators given by

2 2 2 2
z=-my, n=0+p) -my, -,

v =(+pi+-+pp)—my. (6)

Here, pi,...,pg are external momenta, which we assume
to span a space-like subspace of the d-dimensional
Minkowski spacetime. This corresponds to the so-called
(unphysical) Euclidean kinematics. Results in the physic-
al phase-space region can be defined using analytic con-
tinuation.

The concept of the Baikov representation involves
changing the integration variables from loop momenta #
to the Baikov variables z;, and the result is given by

1
lavan = G ERT(@= B))2)

e i k] ;
R & A @

=1 ~i

where z ={z1,...,zy} 18 the collection of the Baikov vari-
ables. The function Gy(z) is a polynomial of the N vari-
ables, while K} is independent of z. They are given by

GN(Z)EG(Z’p17---7pE)v 7<‘N:G(pl""7pE)’ (8)

where the Gram determinant is defined as

q1-91 41°92 q1-qn
G(qr,....qn) = det| DI D1 o
qn-q1 qn-qn

Note that in Eq. (8), the scalar products involving the
loop momentum / should be re-expressed in terms of z:

12=Z1+m(2),
2 2 2 il
Zivl tTM;  — Py —Zi—Mm;
[ p =t S= ) pipi (10)
j=1

The integration domain C in Eq. (7) is determined by
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the condition Gy(z)/Ky < 0 with Euclidean kinematics.

We are now ready to express the UT integrals gy for
any N according to [16]. We must distinguish between
the cases of odd NV and even NV:

N+D/2

gN|Nodd (471-)(N 1)/21"(1 )

f( 7(N )E ] le
X b
Gn (D)) 1

N/2

€
gNlN-even :(477)(N*1)/2]—'(1/2—E)
f\/—GN(O ( Ky ) A dz
VGy@)\ Gn)) |z

; (11)

where we set K; =1, and 0 means that all z's are zero.
Note that go,-1 and g, can be naturally identified as
Feynman integrals in 2n —2e dimensions:

_ (2n—-2e)
gNlN on1 =€ NKNTS ™

€ \Gy(0) 1779, (12)

gN|N om

where I( ) denotes the d-dimensional N-point Feynman
integral w1th all powers a; = 1:

d?1 1
lﬂ'd/z 2122 IN '

@ _
1 IXN =

(13)

They can be related to Feynman integrals in 4 — 2¢ di-
mensions using dimensional recurrence relations [40, 41].
Applying the above to all sectors of a family, we can
build a complete canonical basis satisfying e-form differ-
ential equations.

III. LETTERS IN DIFFERENTIAL EQUATIONS:
CONVERGENT CASES

Given a basis of Feynman integrals, calculating the
derivatives with respect to a kinematic variable x; is
straightforward. For a UT basis f(¥,€), we write

(% e)=€eA;(R)f(Re), (14)

where the elements in the matrix A;(¥) have the property
that they contain only simple poles. In principle, we may
already attempt to solve these differential equations us-
ing direct integration. However, this is often difficult
when A;(¥) contains many irrational functions (square
roots). Therefore, a very useful method is to combine the
partial derivatives into a total derivative and rewrite the
differential equations in the form of Eq. (1). Hence, we

must know the alphabet (i.e., the set of independent let-
ters W;(¥)) in the matrix dA(X). With the knowledge of
the alphabet, we can easily reconstruct the entire matrix
dA(%) by comparing the coefficients in the partial derivat-
ives.

In principle, we may obtain the letters by directly in-
tegrating the matrices A;(X) over the variables x; and ma-
nipulating the resulting expressions. However, in the
presence of many square roots (containing high-degree
polynomials) in multi-scale problems, these integrations
are not easy to perform, and the results are often ex-
tremely complicated. Examples are available for various
one-loop and multi-loop calculations, e.g., Refs. [42—44].
With such types of expressions, it is highly non-trivial to
decide whether a set of letters are independent. There is a
package SymBuild [45] which can carry out such a task,
but the computational burden is rather heavy when there
are many square roots. Furthermore, from experience, we
know that letters involving square roots can often be ex-
pressed in the form

P(X) - VO

, 15

P(X)+ VO(X) (4
where P and Q are polynomials. Such letters have useful
properties under analytic continuation: they are real when
O(® >0 and become pure phases when Q(X) <O0.
However, recovering this structure from direct integra-
tion is difficult.

Given the above considerations, we now describe a
novel method of obtaining the letters, particularly those
with square roots and multiple scales. Our method is
based on the dlog-form integrals in the Baikov represent-
ation under various cuts. We will utilize the generic
propagator denominators in Eq. (II) and the Baikov rep-
resentation (7). Without loss of generality, we define the
Baikov cut on the first » variable z;,...,z, as [35]

1
avlrcut = AmERT((d-E)/2)

SN0

Jj=r+l1 j i=1

dz, |Gy (z)|@-E=2/2
|7(N|(d E-1)/2

(16)

An important property of the Baikov cut is that if one
of the powers a; (1 <i<r) is non-positive, the cut integ-
ral vanishes according to the residue theorem. The coeffi-
cient matrices in the differential equations are invariant
under the cuts, and we utilize this property to obtain the
letters by imposing various cuts.

First, we express the differential equation satisfied by
an N-point one-loop UT integral gy (see Egs. (11) and
(12)) as

093104-3
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dgn(¥,€) =edMy(%) gn(X, €)
te Y Y aMy) DelEe, (17

m<N i

where gn(% €) and g\(2,€) are components of the canon-

ical basis f()? €), while dMy(x) and de?m()E’) are entries
in the matrix dA(X). The above equation clearly indicates
that the derivative of gy cannot depend on higher-point
integrals as well as on other N-point integrals. It may de-
pend on several m-point integrals for each m < N, and we
use a superscript as in g'” and dM](\?m to distinguish them.
These m-point integrals can be obtained by "squeezing"
some of the propagators in the N-point diagram.

From Eq. (17), we observe that it is possible to focus
on a particular entry of the dA matrix by imposing some
cuts. We elaborate on this in the following. In this sec-
tion, we assume that the master integrals (after imposing
cuts) have no divergences such that the integrands can be
expanded as Taylor series in e before integration. We can
show that in this scenario, only gy, g%)_l, and 85\?_2 ap-
pear on the right side of Eq. (17). We observe that the
most complicated letters are given by these cases. Occa-
sionally, we encounter divergences in the cut integrals,
and we must expand the integrands as Laurent series in
terms of distributions. We discuss these cases in the next
section.

A. Self-dependence dMy

The self-dependent term in Eq. (17) is easy to extract
by imposing the "maximal-cut", i.e., cut on all variables
z. All the lower-point integrals vanish under this cut, and
the differential equation becomes

dgn(X,€) = edMy(X) gn(X,€), (18)

where gy denotes the cut integral. Using the generic form
of UT integrals in Eq. (11), we observe that

K (%)
anN()E'):dlog(—~ ) (19)
Gn(X)
where
Gn(®) = Gn(0). (20)
Hence, the corresponding letter can be selected as
Gn(®)
%4 = . 21
N(X) ) 21)

We note that two letters are equivalent if they only
differ by a constant factor or constant power, i.e.,

WD) ~ c W) ~ [WD]" . (22)

Therefore, in practice, we may select a form that is
convenient for the particular case at hand.

It is possible that Gy(0) =0 such that Wy(¥) =0 and
cannot be a letter. In this case, the integral gy itself van-
ishes under the maximal cut. This means that the integral
is reducible to integrals in sub-sectors, and we do not re-
quire to consider it as a master integral.

B. Dependence on sub-sectors with one
fewer propagator

We now consider the dependence of the derivative of
gy on sub-sectors with N —1 propagators. We may have
N such sub-sectors, corresponding to "squeezing" one of
the N propagators. Focusing on one sub-sector integral
g%’?_l , we can always reorganize the propagators (by shift-
ing the loop momentum and relabel the external mo-
menta) such that the squeezed one is zy. We can then im-
pose a cut on the first N — 1 variables and express the dif-
ferential equation as

dgn(¥,€) =edMy(X) gn (X, €)
+edMyy-1(X)gn-1(X,€), (23)

where we have suppressed the superscript since only one
sub-sector survives the cut. The letter in dMy (%) has been
obtained in the previous step, and we now must calculate
the letter in dMy y—1(X).

1. Odd number of propagators

We first consider the case in which N is an odd num-
ber. Using the generic form of one-loop UT integrals Eq.
(11), we can write

[l
~ \ Gy(0',zn)) zv

" 7(1\/ € dZN
=edM - —
Nj;, ( GN(O’,ZN)) N

2]—251—*2(1 _ (:') (_(](N—l )E

+dMpy - —
NN = 26) Gt

24

where the integration boundary is determined by the two
roots r. of the polynomial Gy(0,zy), and 0’ means that
the vector 7’ ={zy,...,zy-1} 1S zZero.

If both r, and r_ are non-zero, the integration over zy
is convergent for € » 0. We can then set e=0 in the
equation and obtain
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1 (Tdy 1
dMyn_1 = —df BN~ dlog (25)
2 r  ZN 2 r—

We may already set the letter to r, /r_ and stop at this
point. However, expressing r. in terms of certain Gram
determinants would be useful. This simplifies the proced-
ure to compute the letter and informs us about the phys-
ics in the divergent scenarios r, =0 or r_ = 0.

Given the propagator denominators (II) and the defin-
ition of the Gram determinant (9), we observe that zy
only appears in the top-right and bottom-left corners of
the Gram matrix. Using the expansion of the determinant
in terms of cofactors, we can write

’ 1 Y ~
Gy(0',zy) = —Z(KN—1Z?V —Byzy + Gy, (26)
where By = By(0) with (recall that E = N — 1)

Bn(z) =G, p1s..., PE-15 PE-P1>---»PE-1),  (27)
Here, we have defined an extended Gram determinant

G(QI,'”,CIn;kl,u-’kn)

q1-ki g1k q1-kn
_det| @R a2k (28)
Qn'kl qn'kn

We may further use the geometric picture of Gram
determinants to simplify the two roots. The Gram determ-
inants can be expressed as

G(q1,--->qn) =det(q;‘q§gw,>
=det(g0) [V(q1,---,q0)] (29)

where ¢/ is the uth component of ¢g; in the subspace
spanned by {q,...,q,} (With an arbitrary coordinate sys-
tem), and g, is the metric tensor of this subspace.
V(qi,..-,qn) 1is the volume of the parallelotope formed by
the vectors ¢i,...,q, (in the Euclidean sense).

Let I* denote a solution to the equation z =0 (recall
that z; contains scalar products involving the loop mo-
mentum /); we can write

Gy =G(I*,p1.....pE),
s PE-15 PEsD15--->PE-1) - (30)

Gn-1 =G(I*,p1,...,pE-1),
By =G(I*, p1, ...

We let /1 and pg, denote the components of /* and
pe perpendicular to the subspace spanned by py,...,pg-1,

respectively. We are interested in the region in which the
subspace of external momenta is space-like, and /3 must
be time-like (since [* is either time-like or light-like ow-
ing to (I*)*—m?} =0). We can express the components of
It perpendicular and parallel to pg, as |I7|cosh() and

|I¥ | sinh(n), respectively, where |I¥|= +/(I%)?. We also de-

note |pg.|= /—p%, . These enables us to write
EN . 7<N
o = Wllpeslsinhn), o= = —lpi. P,
G Gn-
«NN1 =~ |1} PIpg. P cosh®(p), 7(1 j =11P. 3D
Thus,

By +Ky-1Gy = =Ky i Plpes? = KnGrnoa . (32)

Note that the above relation can also be obtained from
Sylvester's determinant identity applied to Gram determ-
inants (for other applications of this relation, see, e.g.,
[16, 23, 46]). We encounter further instances of this rela-
tion later in this paper.

Expressing r. in terms of the Gram determinants, we
can finally express the letter in dMy y_; (for odd N) as

By - \/51\/—17(1\/
By + \/51\/—17(1\/

We emphasize that the ingredients EN, 51\,,1, and Ky
can be very complicated functions of the kinematic vari-
ables X when N and the length of ¥ are large, and it is dif-
ficult to obtain the letter through direct integration in
multi-scale problems.

If one of r. is zero, the integration over zy is diver-
gent when € — 0, and we cannot expand the integrand as
a Taylor series. Actually, we observe that Wy y-1(¥) in
Eq. (33) becomes zero in this scenario. However, this re-
quires Gy =0, which means that gn vanishes under the
maximal cut and hence is not a master integral. It is also
possible that Gy-1 =0 and gn-1 1s not a master. In this
case, log Wy -1 =log(1) =0 drops out of the differential
equations. Therefore, we do not require to consider these
cases here. Similar considerations apply to the N-even
case, described in the next section.

Wy n-1(X) = (33)

2. Even number of propagators

We now analyse the scenario in which N is an even
number. We proceed similarly as the odd case, and arrive
at the cut differential equation
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[t ]

N VGN(,zy) TGN (0, zy)

=edM frdﬁ VEN [_ Kn ]E
N r 2N VGn (0, zy) | GN(0,zy)

22€T(1 - 2€) Kn-1 )

dMyn_1|—=
r2(1-e N’”l( Gt

+2me

(34)

We again assume that the integration over zy is con-
vergent for e —» 0. We can then expand the integrands on
both sides of the above equation. At order €, the integral
on the left side is

=in. (35)

N VGN (0, zwn)

Hence, its derivative is zero. Comparing the order €'
coefficients, and plugging in the form of dMy obtained
earlier in Eq. (19), we obtain

1 e dzy vV G Gy (0, zy)
AMy -1 = ——d f hadil Jog 2N AN
M TR o Vo T Gy

(36)

The above integrand involves multi-valued functions
such as square roots and logarithms. To define the integ-
ral, we must select a convention including branch cuts for
these functions and also the path from r_ to r,. Different
conventions will cause results to differ by some con-
stants or an overall minus sign, but these do not affect the
letter up to the equivalence mentioned in Eq. (22).

We denote Gy(0',zy) as (ry —zy)(zy — r-)Kn-1/4 with
Ky-1 >0, and express the integral as

M _ lf’* dzy ror_
N T0n e o N -roGv—ro)

ey -—ry)ey—ro)
g
Fer-

xlo (37)

The branch cuts involve the points r. and co on the
complex zy plane. To represent the cuts more clearly, we
perform the change of variable:

==, fi=—. (38)

The branch points then become 7. and 0, and we ex-
press the integral as

1o
My =52 [ 10)ar (39)
|

with the integrand

—t

1 t
1
=0 =-1) [ o8

1) = +log ’_tt’ ] (40)

With this form of the integrand, we select the branch
cut for the square root to be the line segment between .
and ¢_, and the branch cuts for the two logarithms to be
the line segments between 0 and ., respectively. These
branch cuts are depicted as the wiggly lines in Fig. 1, to-
gether with several paths C;. thatt lie infinitesimally
close to the cuts. We define the square root following the
convention that \(r—7,)(f—7_) — t when t — co.

We select the integration path in Eq. (39) to along the
line segment C., and express the integral as

MN’N_l:_%t[f I(t)dt—j; I(t)dt], 41

1+

where we have used the characteristic that the values of
I(r) on C;. differ by a sign. Since no other singularities
exist in the complex ¢ plane (including ), we may de-
form the paths as long as we do not go across the branch
cuts. Hence, we know that

My .n-1 =i[f I(t)dt—f I(t)dt]

4r | Je.. C..
! f I(H)dr - f I(t)dt}. (42)
TlJe,. Cs-

+_
4

On the paths C,, and C,-, a 2xi difference results
from the first logarithm in Eq. (40). A similar difference
of —2ni resulting from the second logarithm occurs

iy

[
Fig. 1. (color online) Branch cuts and integration paths for
MN,N—I with even N.
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between Cs, and C;_. Therefore, we obtain
i ! dr
dMyy-1=—=d | ———
T fo NI
i dr

i 8
——d [
2 fo NC—1)(t—1.)
Vre— -

+

=—idlog (43)

Note that with the above convention, we obtain

f " day \} Gy

N VGN (0, 2y)

& dr
- —F 44
ft, N s ()

We can now express the roots r. in terms of Gram
determinants. The result can be expressed as

By - v ~GyKi-1
By + v ~GyKi-1

where the definitions of By, Gy, and Ky_; are similar as
before. Hence, we can express the letter in dMyy-; (for

even N) as
By- \/—51\17(1\/71
EN + \[—51\17(‘/\/71

As mentioned earlier, we do not require to consider
the divergent case Gy-; =0 or the trivial case Gy =0
here.

AMyn_1 = %dlog 45)

Wyn-1(X) = (46)

C. Dependence on sub-sectors with two
fewer propagators

As in the previous subsection, we consider the de-
pendence of the derivative of gy on sub-sectors with
N -2 propagators. Without loss of generality, we cut on
the variables z’ = {zi,...,zy-2}. Now, we remain with two
sub-sectors with N —1 propagators: one with z’,zy_; and
the other with z’,zy. We use a superscript to distinguish
these two, and the differential equation then becomes

dgN =€(dMN gn+ dMl(\},}V—l g;\ll)—l
+dMy), B +dMyyagn-). (A7)

where we have suppressed the arguments of the func-

tions for simplicity.

1. Odd number of propagators

If N is an odd number, assuming convergence and ex-
panding the integrands, we obtain

dzy-1 d
df N ﬂ =47TdMN’N_2
C

IN-1 ZN
~(D
7D G
1) * dZN-] N-1
¥ ZdMN’N_l »[r‘“) IN-1 (O
- GN—I(O 7ZN71)
~2
r(Z) G
@) R e
My L) w [~ ’
- GN_I(O/,ZN)

(43)

where the domain C is determined by Gy(0',zy-1,2y5) =0,
and " are the two roots of the polynomial G%)_l (0',2).

The two integrals on the right-hand side can be easily
performed using Eq. (35), and we obtain

i
dMN,N—Z = dIN,N—Z - E (dMg\;}V—l + dMI(\iz\’—l) , (49)
where Iy -, is the double integral:
1 dzy_1 d
InN-2 = — N1V (50)

4r Jo n-1 v

The integration domain C is controlled by the positivity
of the polynomial

/7 1 ’
Gy 2y 1,28) =— ZWN_Iz%V—BNw ,2n-1,0) 2y
+Gn(0',zy-1,0). (51)

The integration over zy can be easily performed to yield

T'N-1

1 -
Iny-2 = i I(zy-1)dzy-1

Fyoi-
B 1 N1+ dZN*l
4r Fya.  GN-1

By(0',zy-1,0) — VA(zn-1)

xlo . (52

By(0',2n-1,0) + VA(zy-1)

where ry_; . are the two roots of the polynomial
Gy (@ sav-1) = Gy, pE-1),s (53)

and
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Azn-1) =B, zn-1,0)]* + K1 Gn (0, zy-1,0)
=KnGy) (0 2y-1). (54)

We are now interested in the singularities of the integ-
rand I(zy-1) in Eq. (52). Two poles exist, at 0 and oo, re-
spectively. There is a branch cut between ry_;- and
rn—-1+ for the square root. There is also a branch cut
between Ry_;- and Ry-;. for the logarithm, where
Ry_1.+ are the two roots of the polynomial Gy (0’,zy-1,0).
These singularities are depicted in Fig. 2. We define the
integral path of Eq. (52) to be the upper half of the con-
tour C;. Hence, we obtain

1
Inn-o =§TfI(ZN—1)dZN—1
C

1
=—— I(zy-1)dzy-1 . (55)
87 Je,+ci+c,

The integration around Cs3 is simply (—2xi) multiply-
ing the residue at zy_; =0, i.e.,

By - \JKNGY,

1 i
—gdf I(zy-1)dzy-1 = dlog — —
G By + \[WNGS)_]
i

— (1)
=AMy, (56)

On the two sides of C,, the logarithm differs by 2xi,
and

1 i
- —d I(zy—_1)dzy—1 = =d1
o fQ (zy-1)dzn—1 7 dlog

n ~(2)
i By - V(](NGN—I i

=—dlog————— = ~dM) (57)

— N,N-1"°
4 BN+ ‘[(I(NG;%E] 2

From the above, we observe that the genuine contri-
bution to dMy -, results only from the integration along
C4. For that, we must investigate the behavior of the log-
arithm in Eq. (52) in the limit zy_; — co. We first note

®x

Ry-1+

RN—I,—

Cl C4
Cs
0 'N-1,- ;x'l. G Ry-14 TN-1+
Fig. 2.  (color online) Branch cuts and integration paths for

MNYN_Q with odd N.

that GE\})_l(O’,ZN_l) ~ —‘KN_2Z12V_ /4 in that limit. For
Bn(0',zy_1,0), it is a linear function of zy_, and the coef-
ficient can be extracted as

O0Bn(0,zn-1,0)

O0zZn-1
_0G(,p1,....PE-15 PEsP1s---» PE-1)
- Ozn-1
_0l-pp 8G(l, p1,...,PE-1; PE> P15+ > PE-1)
 Ozv- ol-pg
N 0l-pg-1 0G(L,p1,...,PE-1; PE>P1>---»DE-1)
0zn-1 ol pg-y

1
=§G(Pl,---spE—l;Pls---,pE—l)
1
+ EG(PI,---,PE—%PE—U Dis---»PE-2,PE)

1
=§G(P1, «-sPE-2,PE-1 P15---»PE-2,PE-1 +PE).  (58)
Hence, we obtain

1
dMy > =—§df I(zy-1)dzy-1

4

idlog Cn— V-KnKn-a
4 CN+ V_q(N(](N_z ’

(59)
where

Cy=G(p1,...,PE-2, PE-1} P1s---, PE-2, PE-1 + PE).  (60)

The letter Wy y—» can be readily read off. Note that
the Gram determinants in this letter only involve external
momenta. Hence, the letter has a well-defined limit when
Gy—p =0 and gn—-2 1s not a master. We explain the mean-
ing of this later.

2. Even number of propagators

If NV is an even number, assuming no divergence, we
obtain the differential equation

f dzy-1 dzy
c -1 2N VG0 ,zy-1,2n)

=47TdMN,N,2, (61)

where the domain C is determined by Gn(0’,zy-1,25) = 0.
Note that the dependence on g&’,{l vanishes in this case.
We select to integrate over zy first and obtain

1 N1+ d _ GN
dMy - f ZN-1 \
T T

N-1.- IN-1 VGN(()/’ZN—l’O)
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Xfr”'*dﬁ Gn(0',zy-1,0) ’ (62)
rv. N NGy zy-1,28)

where ry. are the two roots of the polynomial
Gn(0',zy-1,zy) With respect to zy (treating zy_; as a con-
stant). Consequently, the integration range of zy—; is de-
termined by the discriminant A of Gy (0',zy-1,zy) (With
respect to the variable zy). Expressing A=7(4G§\})_1><
(0",zn-1), we know that the bounds ry_; . are simply the
two roots of the polynomial Gxi (0",zy-1). Here, we
define

GS)_I(Z,’ZN—I) =G(, p1,...,PE-1)>

G (2 2w) =G pis.... pE-1 + PE). (63)

The integration over zy can be performed using Eq.
(35). We then obtain

i
dMyy_ = I dInn-2, (64)

where

FN-1+ dZN—l
Innon = , 65
NN=2 f -1 Vo .zv1.0) (65)

where ry_; . are the two roots of GE\}L(O,,ZN—I). We de-
note the two roots of Gy(0',zy-1,0) as Ry-; .. We can
then write

, 1
Gn(0',zy-1,0) = ~7 1(\/2,)1(ZN—1 —Rn-1+)(zn-1 = Rn-1-),

(66)
where
K\ =GP, PE-2, PE-1 + PE). (67)
We define
= i’ e = VNi,: > 1= RN: - (68)
The integral can then be expressed as
Iynos = f .
’ o NC-THa-T-)
=2log Ve T+ V2 T (69)

VT, + tT_

We now aim to rewrite the above expression in terms
of Gram determinants. Hence, we first write

’ 1 n ~
Gn(0',zy-1,0) == Z(Kl(vzzlzzzvq —Byzy-1+Gy,
’ 1 7l A
GE\R] (0',zn-1) =— 27(1\/—2112\;_1 - BS)_IZN—l +G§\P_] . (70)
where

Kn-2=G(p1,...,PE-2),
B (2) =G, p1.....PE-25 PE-1P1+- s PE-2)- (71)

The roots are given by

R ) ~
By~ £ Ky Gn-2

ty = —
26,
EN + ‘[7(1\/653)71

To=- " (72)

2Gy

where

G =G pr.....PE-2.PE-1 + PE), (73)

and we have used the relations

By + K\ Gy =KnGY, .
2

(BYL,) + KNGy, =Ky Gy a. (74)

We can now employ the geometric representations of
the Gram determinants in Eq. (31) to simplify the expres-
sions. Let [* be the solution to z = 0; we are interested in
the components of /*, pg_; and pg_; + pg orthogonal to
the subspace spanned by {py,..., pe-2}. For convenience,
we denote these components as k* (for I*), p* (for pg_1)
and ¢* (for pg_1 + pg). We note that k* is time-like, while
p* and ¢* are space-like. Hence, we can define the norms
k| = Vi2, Ipl = \/—_pz, and |¢| = \/—_q2 We further denote
the components of k* and p* perpendicular to g as k| and
P, respectively, and define the corresponding norms as
k.| and |p,|. We can finally write

_ sinh(m) i
:t - - 5. _ s
2|kl|pl cosh? (1)

3 sinh(np) £1
+= — )
20k, |lp.]cosh? ()

(75)

where 7; is the hyperbolic angle between & and p, and 7,
is the hyperbolic angle between k, and p, . It will be con-
venient to define the imaginary angle 6;, = 7/2—in; such
that cosh(r7;) =sinf, and isinh(r;) = cos6y,; similarly,
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gkp’lq = 71'/2 - i772.

We use 6, to denote the angle between p and ¢ and
define & as the hyperbolic angle between k and ¢ (with the
corresponding imaginary angle 6, =n/2-i¢). We then
obtain the relations

|pol=IplsinGp,, ko] =Ik|sinby,,

€08 B =C08 g COS By + COS Oy 1 4 SNy SINGp, . (76)

Thus,
P
t.—T. = - 211 > > (77)
20k ||p L] sin” O, sin” G 1g
where
P,y =(—icos6y,£1i) sin’ Okp, 14 51N 6,4 SIN Oy
— (~ico8Ogp 1 +1)8in* G, - (78)

Substituting the relation (76), we may express the func-
tions P, as

0 Oxg + 6 0
P,.,=-8i sin2(¥)cosz( i pq)sinz( kp’“’),

2 2
P._ =8isin® (6)¥)cos2 (@)cos2 (ekaLq) ,
P_, =—8icos’ (9167’7) sin? (qu ;gpq)sinz (ka;q ),
P__ =8i cos? (%)sinz(@)cosz(%%). (79)

Using trigonometry identities together with the relations

€08 0,5 =080 COS Oy +COS Oy 1 SINOp SIN Gy,

. . sin Qkp
sinfp, =sinbpg  f ————, (80)
Sin6p, 14

we obtain a surprisingly simple result:

€08 Opg, 1k —18In60,g 1k

Inn-2 = 210ge_i[’7"”-M =log

(81)

COSOpg 1k +1siNbpg 11

where 0, is the angle between p,; and g;. It is
straightforward to rewrite the above expression in terms
of Gram determinants, and we finally obtain

dMy.n-2 = %dlog : (82)

where Dy = Dy(0) and

Dy(z) =G, p1,....,pE-15L, P15 .., PE-1 + PE). (83)

D. Dependence on further lower sub-sectors

In the convergent case, dgy cannot depend on gy_3 or
integrals with even fewer propagators. For odd N, this can
be easily observed from the powers of € in Eq. (11).
However, for even N, dgy and gy-3 are multiplied by the
same power of e inthe differential equations. Sub-
sequently, we must examine the three-fold integrals ap-
pearing in the differential equations under the (N —3)-cut.
The first two folds can be performed using the calcula-
tions in Section III.C.2, and the last fold can be studied
similar to those in Section III.C.1. Finally, we can arrive
at the conclusion that dMy y-3 = 0 in the convergent case.
However, note that such dependence can be present in the
divergence cases, as discussed in the next section.

IV. LETTERS IN DIFFERENTIAL EQUATIONS:
DIVERGENT CASES

We now consider the scenario in which some cut in-
tegrals become divergent and we cannot perform a Taylor
expansion for the integrands. As discussed earlier, this
occurs when certain Gram determinants vanish under the
maximal cut, and the corresponding integrals are redu-
cible to lower sectors. A classical example is the mass-
less three-point integral that can be reduced to two-point
integrals. Reducible higher-point integrals can occur with
specific configurations of external momenta, which ap-
pear, e.g., at boundaries of differential equations or in
some effective field theories. Divergent cut integrals can
have two types of consequences, which we discuss in the
following.

A. N,N -2 dependence with a reducible (N —1)-point
integral

We consider the dependence of dgy on gy_», when
85\}11 is reducible, where N is even. Following the deriva-
tion in Section III.C.2, we observe that now one of ry_; .
is zero and Gﬁéi ,(0,0) = 0. Hence, integration over zy_
is divergent and we cannot perform Taylor expansion of
the integrand in €. Moreover, we observe that the entry

dMy y— obtained in Section III.C.2 is divergent. To pro-
ceed, we can maintain the regulator in the differential

equation:
ddeN_le—N V5N [_ Kn ]6
c an-1 N VGN(0,zyv_1,zv) | ON(0',2ZNn-1,2N)

dzy-1 d
eany [ ot don
¢ ZN-1 2N
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\[’G‘(N B (](N }f
Gn(0,zv_1,20) | GN(0,zy-1,2N)

+47rdM7\‘,,N2(— Z;N ‘2) +0(e), (84)

N-2

where dM?

N n_p denotes the entry in the divergent case.
Note that gm

v_; 1s not a master integral and does not con-
tribute to the right-hand side, while the last O(e) denotes
a suppressed contribution from another (N —1)-point in-
tegral gﬁzl . Here, we assume that Gﬁzl (0’,0) is non-zero
and the integration over zy is convergent for € — 0.

We now must perform Laurent expansions of the in-
tegrands in terms of distributions. We write

, 1
G\, (0, zy-1) = K-t (1= 2x1),

4B
r=— ﬁ (85)

We can then use

f — f@)= ——f(O) f

to perform the series expansion. In particular, we obtain

deN 1dZ_N VGN [_ Ky ]E
¢ an-1 v VGO, zn-1,zv) | GN(O',2n-1,2n)
_i”f dzy-i VG
0 2y VGn(0.zy1,0)
x| 1+ €h(zy-1)+0(e))

. (86)

=i

— é +log(r) — h(0)

+0(e),

f’ dzy-1 V5N
+ -1
0

N-1 Gn(0',zy-1,0)

(87)

where the function h(zy-;) results from the expansion in
€ after integrating over zy. When zy_; — 0, it reduces to

47((1)
h(0) =log =0
By,

]+ 4log(2). (88)

The last integral in Eq. (87) can be obtained by ob-
taining the limit GE\})—1 — 0 in the difference between Eq.
(82) and a simple integral of 1/zy_;:

[ B
0

IN-1 Gy (0, zn-1,0)

DN— \[—GNGN 2 B( ) 1t VEN—Z(J(I(VI_)I

= lim — .
G”"ﬁo DN+ \[—GNGN 2 B(l) \[GN—Z(J(I(VI_)I
(89)
Using the relations
~GnGy—» =D} -G\ G|,
2
Gn-2Ky), =(BYL,) + Gy K-, (90)

we can simplify the expression and obtain

" dzy-1 \/5N GnKn-
—1|=log =222 (91)
0

I{=1lo ——.
aN-1 | VGn(0,zy_1,0) g7<<“ GO,

Now, we can combine everything, and we observe
that in the divergent case (for even N),

Gn-2Ky

‘/L* = .
N.N-2 1 A2
Ky 1 Gr

92)

Comparing to Eq. (92), we note that the letter in the
divergent case is simpler (without square roots) than that
in the convergent case. Interestingly, this simple letter
can be obtained without using the tedious calculation
above. We observe that in the divergent case 55\1,)_ , —0,
we have the relation

_ 1
Bnl1 = 58N, (93)

This hints that we should combine dM](\}z\, , and

dMpy n-> to obtain dM NN 5

dM3y_, = Jim (—EdMI(V‘}V L+ dMN,Nz)

N-1

i, BN_\/_GNGN—Z
=-— lim [log
Y I
A Dy + A/-GnGn-2
By - Gy,
B+ \-Gyac

Using the relations in Eq. (90) as well as

—log (94)

093104-11



Jiagi Chen, Chichuan Ma, Li Lin Yang

Chin. Phys. C 46, 093104 (2022)

~Gy K, = (BOY + 61 K, 95)
we can easily arrive at Eq. (92).

Further divergences may occur if G(z) =0 in Eq.
(92). In this case, both gx)_l and 853)—1 are reducible to
lower-point integrals. The corresponding letter can be ob-
tained by including de@v ,» but we do not elaborate on
the calculation here. We finally note that the above con-
siderations can also be applied to the N-odd cases, al-
though here gﬁ\",)_ , can only be reducible for specific con-
figurations of external momenta. We discuss similar
scenarios in the next subsection.

B. N,N -3 dependence with a reducible (V- 2)-point
integral
In the convergent case, we have observed that dgy
can only depend on gy, g%) ,» and g(’) This picture
changes in the divergent case when one of gl N , 1s redu-
cible, and dgy may develop dependence on some (N — 3)-
point integrals. As a practical example, we consider the
dependence of 5-point integrals on 2-point ones. Accord-
ing to Eq. (17), we obtain

dgs =edMs §s + eZ am?, 3" + eZ amy g
i i
+€edMs2 32, (96)

where the cut on z; and z; is imposed. Using Eq. (11), we
arrive at

dMs +O0(e) = d15 2(6) - — Z aM&,19)(6)

(i) (l)
- ZdM DL€ (97)
where
dzz dz4 dzs Ks ¢
15,2(6)2 —
23 24 25 \ G5(0,0,23,24,25)

(@)
d {G(0,0,0,0)
1) = f ZZ’ d;"

7% 600,0,2,2)

(i) €
GX)(O, 0,z;j,2x)

(i) €
0 dz; %
hate= f ( G“’(OOZ,))’ o

where j<k and jk+#i. We note that each term on the
right-hand side of Eq. (97) has a factor of e. Therefore,
the term can only contribute if the integral is divergent in
the limit € > 0. For that to occur, at least one of
Gg)(0,0,0) must vanish. For simplicity, we assume
G(33)(0,0, 0) = 0, while the other two G(i)(O 0,0)'s are non-
zero. Generally, it is clear that the 1(’2(6) terms do not
contribute since they are either zero or non-divergent.
The integrals Ifz)(e) and Ifz)(e) are similar to Eq. (87)
with the result —in/e+O(e). Therefore, we only require
to address the divergent part of Is,(e):

dzz d
Isa(e) = f ﬁﬁm(a,zm ¢

Bf)(o, 0,23,24,0) — VA(3,24)
og
BY(0,0,23,24,0) + VA(z3,20)

+0(%), (99)

where

A(z3.24) = K5G{(0,0,23,24). (100)

The integration over z4 is similar to Eq. (52), except
for the additional factor A~¢, which regularizes the diver-
gence as z3 — 0. Since we are only interested in the lead-
ing term in e, it is equivalent to replacing this factor by

. We can then expand z;'~¢ in terms of distributions.
Mamtalmng only the 1/e terms, we obtain

dls>(€) + O(e%)

G BY0.0.024,0) - VED.)
BY(0,0,0,24,0)+ VA(D,z4)

Ly @) s e 2 (5) 3
=— p (27r1dM574 + 27r1dMi4 +47TdM513) s

__ 1
€ 24

(101)

where the second line follows from the calculation of Eq.
(52). We finally arrive at

1 \/_
dMs) = —=dMS) = ——dl G- 7(57(3 (102)
2 ’ C5 + V-
where
Cs = G(p1,D2,P3, P4 P1, D2, D3, P4+ D5). (103)

The result in Eq. (102) is unsurprising owing to the
relation g(33) =—g5/2. Similar behaviors are observed
when more than one G vanish. The corresponding dMs ,
is then a linear combination of several dMs3's. Hence, we
conclude that letters in these cases can also be obtained
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straightforwardly without tedious calculations.
The above discussion relates the appearance of

dMy -3 to the reducibility of one or more gﬁ\"])fz's. We

may consider that, if in addition, one or more g;",)_;s be-
comes reducible, dMy y_4 can appear in the differential
equations. This is impossible for integrals with generic
external momenta (i.e., the £ external momenta are in-
deed independent). However, such cases may occur at
certain boundaries of kinematic configurations. When this
occurs, the corresponding letters can be easily obtained
using the reduction rules among the integrals, as is con-

ducted in the previous paragraph.

V. SUMMARY AND OUTLOOK

In summary, we have studied the alphabet for one-
loop Feynman integrals. The alphabet governs the form
of the canonical differential equations and provides im-
portant information on the analytic solution of these
equations. We observe that the letters in the alphabet can

be generically constructed using UT integrals in the
Baikov representation under various cuts. We have first
considered cases in which all the cut integrals are conver-
gent in the limit € — 0. The corresponding letters coin-
cide with the results in [37-39], while our expressions are
simpler in certain cases. We have also thoroughly stud-
ied the cases of divergent cut integrals. We observe that
letters in the divergent cases can be easily obtained from
the convergent cases by applying certain limits. The let-
ters admit universal expressions in terms of various Gram
determinants. We have checked our general results for
several known examples and observed agreements. We
have also applied our results to the complicated case of a
2 — 3 amplitude with seven physical scales. The details
of that is presented in Ref. [44].

We expect that our results will be useful in many cal-
culations of 2 — 3 and 2 — 4 amplitudes, which are the-
oretically and/or phenomenologically interesting. It is
also interesting to observe whether similar universal
structures can be obtained at higher loop orders using the
UT integrals in the Baikov representation of [16, 23].
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